Jdexyusn 12

BekTopsl, KacaTeabiHbie K TJIaZKOMY MHoroo6pasuio.— Ilpo-
H3BORHEIE TOJOMOPdHHIX DyHKUKHA.— KacaTesNbHble BeKTOpHI
KOMIIJIEKCHO aHAMHTHIECKHX MHOro0Gpasuit.— Jludwpepenuman
riajkoro oto6paxenns.— Llenuoe npasuno.— [ paguent raag-
Ko#l ¢yuKiuHH.— Teopema 06 3TalbHLIX OTOOGPAMKEHHFX . —
Teopema 0 3ameHe JIOKaJbHLIX KOOPAMHAT.— JIOKaAbHO MJIO-
ckiie oroGpaxenns.

BBegem MNOHsITHE BEKTOpa, KacaTebHOTO K IMPOH3BOJb-
oMy rJjajkomy MHoroobpasuio 2.

Uro6sl NMOHSTb, KakK 3TO MOXHO cleNaTh, PacCMOTPHM
yacTHBIfi cayuali MHOroobpasmss R”, koraa Mbl yXxe 3HaeM,
YTO TaKOe BEKTOP.

B nmpousBosbHHIX KOOpAHHATaX X%, ..., x7 (GBITH MOXeT,
Adxe KpHBOJHHEHHBIX) BekTop @ addutHoro npocrpadcrea R”
B KaxIoH Touke p,€R* 3ajaercss n uucaamu (a', ..., a")
(BeKTOpOM JIHHEHHOTO HpOCTpaHCTBa R®). Kak npeoépaayxorcn
STH YHCJA TpH Nepexoje K ApYTHM KoopAHHaTaM x'', ..., x"
(U3 nuueitHoH anreGpbl Mbl 3HaeM OTBET TOJILKO B cnyqae,
KOTHa HOBRle KOODAHHAThl JTHHEHHO BHIPAXKAalOTCH 4yepe3 CTa-
pbie; Tenepnh ke MBI MM€eM B BHIY camoe ofliee rnpeobpaso-
BaHHe KOOpJHHAT, 3ajaBaeMoe IpPOU3BOJILHBIMH [JIaAKHMH
GyHruuaMn X =x"(xt, ..., x*), i'=1,..., n.) Yrobu
JaTh OTBET Ha 3TOT BONPOC, paCCMOTPHM B R* NpoH3BOJBHYIO
rJajKkylo KPHBYIO

¥ =xi(t), i=1,...,n,

IpOXOASAILyi0 NpPH f=1[, 4epe3 TOUKY p, H HMEIOULyl0 B 3TOH
TOYKEe KaCaTelqbHBIH BEKTOp @, T. €. Takyl, 4To a' = x'(f,)
s moboro =1, ..., n (TOYKOH Mbl OG03HauaeM AHdpepeH-
ipoBaHHe mo f). B KOOp IHHaTaX xv, RE X" 3Ta KpuBas
6y11eT 324aBaThCA byHruHaMa x¥ (¢ =x" (x' (1), ..., x*(8)),
i"=1’, ..., n', a kacatenpHblii BeKTOp (T. €. TOT XK€ Bek-
TOp @) 6y11eT ¥MeTh KOMINOHeHTs a' = x* (f,). Ho no npa-
Buy AubdepeHuH poBaH sl CIOXKHOH (yHKUHH

. I (y1

x‘-/(l)zax (x (I), T (”) I(t)
dt‘
(KaK BCerga 110 i HpOHCXOIIHT (‘yMMHpOBaHHe), H, 3HAaYUT,

¢
(]) a[,_::((?x.) a",
axi /g

7%
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Jxt ox'
rie — ) ={ —— ) —3H4YeHHs! YACTHLIX MPOH3IBOJAHLIX
‘ oxt /g dxt 4 p,
ax' 1
e B TOYKE p, C KOOpAHHATAMHU X (to) coey XE(E)
xt

[TycTs Teneps &' — npoussonbHoe ryafkoe (Kaacca C’, r>1)
MHoroo6pasne paamepHoctH n. Jlag so6oH Touku p, € 4
CHMBOJIOM A (p,) GylZeM ofo3HauyaTb MHOXKECTBO BCEX KapT
(U, h) sroro MHOroofipasus, AIst KOTOPLIX py € U (0 TakHx
KapTax TOBODAT, UTO OHH YeKMPUpPOBaHsl & Py). TOMLKO UTO
NpOU3BEJIEHHOE BbIUHC/IEHHE MOTHBHDyeT CcJelyloillee oIrpe-
AeneHue:

Onpedesenue 1. Kacameavnoim 6eKmopom K mHo2006pa-
3u0 2 (MIH TIPOCTO 8eKMOpoM MH020006pasus Z') B TOUKE
Po € & HasbiBaercss Takoe orTobpakeHHe

@ A A(p) — R,
yro Aaa npoussodbhnix  Kapr (U, h)=(U, x', ..., x%
n (U’ hY)y=(x", ..., x*) u3 A(p,) BexTOpBI A(U h) =
=(a, ..., a") u AWU’, h')y=(a¥, ..., a¥) auHeana R*
eBsi3aHbl Gopmydoit (1), T. e (popmy.noﬂ

't on’
3) AU, h)=(—ah—>0 AU, b,

’

rie (%)o—uuﬂeﬂﬂuﬂ oneparop R"— R" ¢ wMarpuuei

(%)
axl /o’

Kowmnouentsr a!, ..., a* Bekropa A (U, h)ER" Ha3sul-
BalOTCA KkoopOunamamu eexmopa A 6 rapme (U, h) (uau
8 a0oKaabKbix KoopOuwamax x*, ..., x"). Jlaa ynpowenus
dopmyn pasenctBo A (U, h)=(a*, ..., a") oObIYHO 3amHCHI-
BalOT CJaeayiomuM obpasom:

A=(@', ..., a") B (U, h).

B cayuae, korza kapra (U, h) dukcupoBaHa, ykasaHue
«8 (U, h)» Kak npaBHJ/Io, ONyCKaercs.

MHoKecTBO BceX BEKTOPOB MHOroobpasusi 2 B TOUKE p,
o6GosHauaercst cumBosioM T,.Z° W Ha3IBAETCH KACAMEALHbIM
RPOCMPAHCMEOM Mﬂorooépasuﬂ &2 B Touke p,. OHO ABNgETCS
JIMHEAHBIM TNPOCTPAHCTBOM Hal NoJieM R OTHOCHTENbHO JHHel -
HBIX onepauui, onpeleneHHsiXx GopMmyJaamu

(A+By(U, hy=A (U, h)+ B(U, h),
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roe A, BeT,Z, LeR, a (U, h)eA(p). [BKJIEO‘-IQHHH
A+BET,Z v AMET,Z obecneunsaiorcss JHHEHHOCTDIO
oneparopoB (W)o' ]

Takum o6pasom, no omnpezenenuio, ecin A =(at, ..., a")
u B=(b", ..., b") B (U, hgj, 0 A+ B=(@a'-t?b', ...,a"4b")
u AA=(Aa', ..., ") B (U, h). [losromy a1s n1060i KapThi
(U, h) coorsercraue
A— AU, h)
onpejesser JHHeHHOe 0TOOpaXKeHHe
4) T, 2 — R"

Jlerko Buzers, uTo o0moSpaxcenue (4) asasemes uzomopguc-
mom. [eficrButennuo, ecau A (U, h)=0, To BBHLY dopMy-
aol (3) A(U’, B'y=0 u ana xkaxaoit kaptel (U', h') € A(py),
1. . A=0. 310 03Hauaer, 4TO OTOGpaAKenHe (4) MOHOMOPHHO,
C npyroit cTopoHbl, MONOXHB AJs JIO6Or0 BEKTOpa @ =

=(a', ..., a")€R* u moboit kaptet (U, h')E A (p,)
Y on’
A, =), e

Mbl 1oJyduM otoGpaxenue A: A (p,) — R”, ofnajaiouiee Tem
cpoiicrBoM, uto A (U, h)=a. [Tostomy s LOKa3aTeJbCTBA
T0ro, 4to orobpakeHue (4) sBJjsiercs snuMopdu3MoM (M, 3Ha-
4uT, M30MOpQU3MOM), JOCTaTOYHO nokasaTh, yto A €T, L,
T. € uTO
n " ah" !

AU, h)=<FfT>OA(U’, 1)
Ans mo6bix asyx kapr (U’, n'), (U", K")€A(p,). Ho no
ONpeeNIeHHIO

AU, W=(5) e v AU, )=(50), @

a 1o IleNHOMY NpaBuny AudpepeHiupoBanus CNOXKHON HYHKUNH
(%), =052 ),(57)
ot /o \oxt o\ axt /o’
oh" on" on'
T. € <W>o-<w)o (W)o . CnenoBareinbHo,

AU, h”):(i*i)oa=<2h_”>0/\(u', B').

oh on’
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Takum ofpasom, T, 2 asisemcs aunetinoim npocmpancm-
80M pasmeprocmu n:

dim T, 2 =dim 2.

Bexrophbl, nepexoisuue npH Haomopdusme (4) B craH-
JapTHeii Gasuc ey, ..., €, npoctpaHctBa R”, oGosHaualorcs
CHMBOJIAMH

®) () (588

Onn cocrasastor 6asuc npocrpancrea T,.Z, npuHyeM KOOpIH-
Hathl Bektopa A €T, 2 oTHOCHTENbHO 3TOro Gasuca-—3TO
B TOYHOCTH €ro KoopAHHaThl B Kapre (U, h): ecan A=
=, ..., a®) B (U, h), 10

H Hao60poT.

B cayuae, korga 2 aBasercsa mpocrpaHctBoM R7, cpeau
Bcex H30MOpGhH3MOB (4) ecTh OJHH H3GpaHHBIN, OTBEYalOLIHi1
kapre (R?, id), H MBI MOXeM nocCpeICTBOM 3TOrO0 H30MOp-
¢usma oroxaecTBHTb npocTpaHcTo T, R ¢ npoctpancTeom R”.
Takum o6pasom,

™ T,R"=R"

A 060N TOYKH p, € R”, 4TO NOJIHOCTBIO COrJ1acyerTcs C TeM,
C 4ero Mbl HavaJjH.

[ockonbKy anst KaxIOH TOYKH p, JIO6Or0 OTKPHITOrO NOJ-
MHoroo6pasusa U npousBojbHOro MHOroo6pasusa £ npocrpas-
ctBo T, U ecrecTBenHnIM 06pasom oroxzaectsisierca ¢ T,.2

T,U=T,2,

Mpl IoJgy4aeM, B 4aCTHOCTH, 4YTO
(8) TpoU =R"

ans  JM060H ToukH p, € U NpOHM3BOJBHOTO OTKpPLITOIO MHO-
xecrBa U R

STHMH OTOXIECTBNEHHAMH Mbl GyJeM NOCTOSHHO IOJb30-
BaThCs, HE BCerja sIBHO MX YKa3sblBasl.

Bosiee ofuiuM obpasoM, ecau £ ABAsieTCS AHHEHHBIM I1PO-
CTPaHCTBOM 77 (HJH OTKPBITHIM MHOXECTBOM B 9“), TO Cpelli
H30MOpHH3MOB (4) BbLIENAIOTCH M30MOPGU3MBI, OTBeYaiolLHe
KapraM Buia (9°, h), rie h—KoopAuHaTHHIH H3oMOphHIM
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9? — R", orBevaromuii HekoTOpoMy Gasucy e,, ..., e, B ¥°.
[TockonbKy A1 ABYX TaKHX H30MOP(H3MOB h M A’ nrHelHsI
on'
orneparop (ﬁ)o’ Po € ¥°, coBnajaeT, OuYeBHAHO, C OMNEpATO-
poM A’ o h™! (M, B YACTHOCTH, HE 3aBUCHT OT p,), KOMIO3H-
nua T, 2 — 9° nsomopduama (4) oTBeuawlero kapre (92, h),
i usomopcpusma h™1: R*—>9?—oaHa u Ta XKe AJis Bcex A.
Taknm o6pasom, T, ¥ ecmecmsgennvim ob6pasom omoxcdecm-
sasemcs ¢ V°:

T,3° =% naa moboro p, € 9°.

3amernM, 4TO B 3TOM OTOXKJECTBJeHHH Gasucy (5) orse-
yaer 6asuc e,, ..., €,.

Ecan xe 2 asnsercs apduuueiM npocrpaHctBoMm A, TO
s qo€oit Toukn p, € A KacareabHoe mnpocrpaHcrso T, A
aHaJIOTHYHbIM 06pa3oM OTOXKAECTBSAETCS C accouuupoaaﬂﬂmm
JHHeasoM 97 (M, 3HAYHT, CHOBA OJHO M TO XKe JJIS BCEX p,).
BrnpoueM, 3aecs YAOOHO HACHJbCTBEHHO BBECTH 3aBHCHMOCTb
oT p, ¥ oToxnuectsasth T, A ¢ npocrpanctBoM A, B KOTO-
pOM B- KauecTBe HayaJja 0cheTa Bhi6paHa TOYKa p,, T. €.,
WHBIMH CJIOBAMH, CYHTaTh BCe BeKTOphl H3 T, A OTIONEH HEIMH
OT TOYKH py.

B cayuae, korha £ sABAdercs 3JeMeHTaPHOH MOBepx-
HOCTbIO B a}XpHHHOM NpoOCTpaHCcTBe A, KacaTenbHOE MPOCTPaH-
crBo T, .2 ecrecTBeHHbIM 06Pa30M OTOXJECTBJISETCS C BBEJEH-
HbIM B .nexmm 3 kacaTenbHbIM MPOCTPAHCTBOM (SIBJISAIOLIMMCH
MOANPOCTPAHCTBOM aCCOLMHPOBAHHOrO JuHeana 9°). Mmenno,
€c/H 4, U—JOKaJdbHble KOOpAHHATel Ha 2, OTBeyalouye
HEKOTOPOH napamerpHsauuu r =r (1, v) noBepxHoctH %', TO

COOTBETCTBYIOLIHE 6a3ycHble BEKTOpbI (%) <(%> npocCT-

paHctBa T, 2 OTOXKIECTBASIOTCA C BeKTOpaMH r,, ry, Npo-
CTPaHCTBA °i/” [TockosbKy npu 3ameHe KOOpAHHAT BeKTOpr

<0()u> , (%) npeo6pasyloTcs Mo TeM Xe (opMmyJsaM, 4TO

i BEKTODSI r,,(, 7y, 3TO OTOXJecTBJeHHe npocrpaHcTsa T, %
¢ IIOANMPOCTPAHCTBOM IIPOCTPAHCTBA %° He 3aBHCHT OT Bbie
fopa napameTpusauHu r=r(u, v).

[NonsTHe KacaTeJbHOTO MPOCTpPAaHCTBAa HeMeIJIEHHO Mepe-
[IOCHTCA HA CJAYYaH KOMIJIEKCHO aHaJHTHYECKHX MHOroo6pa-
suit (cm. Jexkuuio 11). YUToGel 3/1eraHTHO OCYLIECTBHTH 3TOT
[IEPEHOC, HYXKHbI HEKOTOpbie 0G03HAU€HHsi M3 KOMIIIEKCHOro
AHA/M3a, KOTODPblE Mbl B NMEPBYIO oyepelb H HalOMHHM.
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Jas npoussosibHOl KoMnieKcHOH GYyHKuMH W (2) = u (x, y)4-iv (x, 4)
KOMIIJIEKCHOH nepeMeHHOl 2=x-}-iy Mbl N0J0XKUM

ow 1/ dw , ow 1 ou , dv ,[0v  ou\’
o F=z(w—u)z[(F+F)+(EFF)]

H
Ow 1 /0w  .O0w 1 du Ov ., [0V, Ou
§’7<W+‘Ty>‘7 [<a—a—y>+‘ (aﬂ—y) |

[OchoBanueM aas 3Tux obosHaueHuil sBaserca dopMmyaa

dw: g—‘:-dz—}-gi_’ dz,
0z
rie dz— dx--idy u dz- dx—idy.|
Y pasuenusa Koiuu — Pumana
du_dv  dv_ Ou
way w0
XapakTepusyiciue rosoMopgHble (yHKIHH, 3aUCHBAIOTCA TeNmepb B BHAC
OJIHOTO paBeHCTBa
‘ oo _
~ 0z
[TakuM o6pasoM, rosomopduesie yHKIHH MOXHO HUTEPNpPETUPOBATL
KaK OyHKUMK, «He 3aBHcAl(Me oT 2»! Ha 3TOM OCHOBAHHH NDPOH3BOJIbHbIE

bYHKIMM OT 2z 3alUMCHBAlOTCA HHOTJa B Blje W= W(2, 2), a 3amkch
w - w(2) ynorpebusieTcsl JiMilb A1 TOJIOMOPHHLIX (yHKuuH. |
3aMeTuM, uTO ecau byHKUHS w—w (2) roaoMophHa, TO B CHJY COOT-
HoweHKit Kown — Pumana
ow Ou , .0v
oz e o

. ow
T. €. 0in ecacmepgrcl dynkyun w= w(2) npcusccoHan 55 N0 2 coona-

. . . Ow
Ouem ¢ 06bIHOE NPOU3BOOHOL —— NO X. AHAIOTHYHO,

ox
e _ 10w
0z i Jdy°

Ortciofia A TcObx rosoMopdubix dynkiuil w=w(2) 0 {=:{ (w)
cJelyer, uTo craHpapTHas ¢opMmyaa
0% 0f du , 0f dv
T duax T d0ox
AR npousBoxHON caoxHoi dyHKnuuu {= { (w(2)) Moxer ObiThb rmepe-
NHCAHA B CJCHYIOWEM BHJE:

ol _ of ow

oz 0w 0z
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310 o3nauaeT, uTo 0an npoussodueix (9) coromopproix (hyrkyuic cnpased-
ALBO 06bIHOE LenHee npasiao.

Jnst KomnueKCHBIX ¢YHKUMA @ (¢) =-w (21, ..., 27) OT n KoMmJjeKc-
HBIX MepeMeHHbIX aHaJIOTHYHbLIM O6Da3oM OMNpeie/sloTCs YacTHbie npous-

Ow Jw
Bonuuew H 57 l<<f=sCn, n OyHKuMA w TOrja H TOJBKO TOrAA
2 2

rosioMoptHa, Korjpa

ow Jw
— 3"0,...,'—:'—'*0.
92! gzt
Kaxgoe oTob6paxenue w: U --»>C#, rge U < C”, 3apaercs m Komn-
JICKCHBIMH (DYHKIHAMH

(10) wl=w'(2), ..., w"- wr(2), 2= (2%, ..., 27 €U,
n KOMIJIEKCHLIX MepeMeHHbIX 21, ..., 2%, onpexesenHbiMu Ha U. Otox-
nectsus €7 ¢ R2% = R# ¢ K" nocpeicTBoM cOOTBETCTBHSA
= (2 .., e E, L, L) =(x )
u Cm ¢ R2m=Rm gy R™ nocpegcTBoM COOTBETCTBHS
w- (@, ..., wn) Wk, ..., um, vt L, )= (., 2),

rie

xt= Rezt, ..., x" = Rez", ul= Rew!, ..., um: Reu™,

yr=1Imz, ..., y?» =Imz~, vi=Imwt, ..., v7- Imw™,

MBI MOX(EM paccMaTpuBaThb W KakK .orofpaxenne us U < k2 B R¥7,
3aj1aBaeMoe 2/m BeLeCTBEHHBIMH (DYHKIHAMH

w=uw(x, ), v/=0/(x,9), l<j<n

Ecau 310 oTofpaxeHHe TJIagko, TO ero akobuesa mampuya (Matpula
YaCTHBIX MPOM3BOJAHBIX) HMEET MOITOMY BHJ

on ou
ox Oy
v odv |’
ox Oy
rue
ou _|ow/| ou _|ow dv _|lov/| ov _|ou/
ox |oxF|" Ty T |auki W”W'W“‘W'
[Tosromy
ow oul |E. E.| |2® 9%
ox | |2 2| |98 92 |En iEn
gv 90| |En _En| |Ow ow| |Em —iEn]|
9x W 2 2 oz 02
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rae E, w E,—eauununble MaTpPHubl TIOPSAKA . H M COOTBETCTBEHHO, a

.wall 6w

ow
ozk ll = ” dz® ! !

T

B cnyvae, koraa omoépameuue W 20ACMOpPHHO <'r. €. FoJIoMOPGHEI Y HK-

uun (10), u, SHauur, —-—=. ) OTCIONA CAelyeT, YTO
o ou £2 Ed| |2
" ox oyl _i2 20 192 __ b |Em iE,,,'
W oo oo 7iE ET], @R i)
ox oyl |2 2i oz

[lpy n = m orciona, B YaCTHOCTH, BHITEKaeT, UTO fx06uAH Dq 20a0M0pd-
Hozo omobpancerun w: U— Ch ewipancaemen gopmyrod

ow |2
Du=|Z |
u, ciedosamertHo, NOAOHUMENEH.,
Kpome TOro, mockoibKy
E E
.E iE| 72 20 1B o
—iE|"|E _E|"|o E
2i 2i

OTCIOfla TaKxe BHTeKaeT (Afs JIOOHX 7 M m), YTO IpH KOMIIOSHUHH
otoGpaXeHuii UX MaTpUIH

ow  ow
oz oz
dw ow
oz 0z |

niepeMHOXKATC (H60 3TO BepHO A1 AKOGHEBBIX MaTpHI).
J1ns ronoMopdHbIX 0To6paxKeHn it 0Tcioa CeAYeT, UTO NpU KOMNOZUy Uil

. dw
2040MIPhHBIX CIMOGpadCeruti ux Mampuybl —5 Mepemnoxanomen:  ecan
wh=wk (2) u t =t (w), T0

o _ U gt

0/ owk  o0z)

(uemHoe [npaBUAO AJAA TrosioMOpHHHX OToGpaxeHH i)

Mu BuJUM, TaKUM 00pa3oM, YTO 048 2040MOpgHbIX GYHKYUL npous-
600Hble (9) NOGHUHAICMCA MEM He JOPMANbHOLM NPABUAAM, 4MO U 0GbIYHGLE
uacmmuoie NPOU3GOOHBIE 2AAOKUX BEUECseHHbIX dymKyuLl.
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Ilycts Teneps & — KOMIVIEKCHO aHAJIHTHYECKOE MHOTroo6-
pasue, u mnycte p,€Z. Ilycrs, nanee, A (p,)— MHOXKECTBO
Bcex Kommnekcurix kapt (U, h) muoroo6pasus 2%, Lnst Ko-
topuix p, € U. Tlo onperenennto maa awobsix kapt (U, h)=

=(U, 2z, ..., 2%, (U, W)=’ zv, ..., z%) us A(p,)
oro6paxeHue A’ o A~' 3anaercs rosOMOp(HBLIMH GYHKUHAMH
(12) 2" =2V (2), ..., 2% =2%"(2), roe 2=(z', ..., ).

[Tycrs (%ﬁ:—h——nnﬂeﬁﬂmﬁ ornepatop C* — C* c marpuueit

( a:') e

0z /o 027 /o
o2’ o2/’ .

rie ( —- ) —3HayeHHsT MPOHU3BOAHBIX —— (yHKLMi (12) B
dz/ /o o2/

TOUKe p,. [lo aHajoruu c omnpeleneHueM | Mbl 6yneMm Hasbl-

BAaTh KOACOMEAbHWIM 6eKmOpOM K MHoroo6pasuio 2 B TOyke
p, Takoe oToOpaxeHue

’ jy j,=1’--'1n1

(13) C: A(p,)—C»,
uro aas Jobeix Kapt (U, h) u (U', k') us A (p,)
(14) c, h')=(-%f’h—>ocw, b).

Bce Takue BeKTOPbI COCTABJISAIOT JHHENHOE [POCTPAHCTBO
T,,Z nap nonem C pasMepHoctu n=dim¢ %, npuuem s
moGolt kaptsl (U, h) u3 A(p,) otofpaxenue

(15) T, & —C" C—C(U, h),

fiBastercst n3omopcduaMoM. Bekrtophl, nepexonsumne npu H3o-
mopousme (15) B cranmaprHsi 6asnc npoctpancta C#, 0603-
HaYaloTC CHMBOJAMH

(.2. <__" )
92! po, B gz" / !’o'

Ony cocrapasor Gasuc npocrpauctsa T, %, obianaromuit
TeM cBoiicTBoM, uto paseHctso C (U, h)=(c, ..., c") pas-
HOCUJIBHO paBeHcTBY C=¢/ (—-a-— .
0z/ Po

HHrepecHo cpaBHHTH KOMILIEKCHOE 7-MepHOE NPOCTPaHCTBO
T,Z c BeumecTseHHHM 2n-mepHnIM npocrpancteom T, L,
rie 2'r —oBewecTeiene MHoroobpasua 2 (cM. sekuuio 11).

I moGoit kommtekcHoit Kaptel (U, k) oro6Gpaxenue A,
paccMatpuBaeMoe Kak ortofipakenne B R2?, MBl 0OGO3HaYHM
yepes hg, a MHOXecTBO Bcex Kapt Buja (U, hg), rne
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(U, k)€ A(p,),— uepes A (p,)r. [To onpenenenuio MHOXECTBO
A(p))r CONEpPXHTCA B MHOMecTse AR (p,) BCeX KapT MHO-
roo6pasust Z'r B TOuKe p,, MpHueM, XOTA A (po)r 7= AR (Po)s
HO ollepalss OrpaHHuYeHHs orofpaxeHuHH Ap (p,) — R?* Ha
A (p,)r TO3BOJISIET, OYEBHJHO, OTOXKIECTBUTb KaXibll Kaca-
TeJbHEIN BeKTop Apg (p,) — R?" MHoroofpasussi Z'r B TOuKe
Po C OTOOpPaXKeHUSAMH

(16) A: A(py)r — R?",

y FoBJeTBopsiomuMu  anist Jiobeix  kapt (U, h) u (U’, h') us
A(p,) COOTHOUIEHHIO

.

(17) AU, h;‘)=<g’;—2>o AU, hg).

C npyrofi cTopoHB, KaXXimi KacateibHuli Bektop (13) MHO-
roobpasus 2 B TOYKE p, Mbl B CUJY OTOXJIECTBJEHHS
C*=R2" MoxeM paccMaTpuBaTb Kak orobpaxenue Cp:
A (py)r — R2*, Tlpu stom mna mobeix kapt (U, h) u (U', A"
u3 A(p,) 6yzer UMeTb MecTO paBeHCTBO \

(18) Cr (U’ h&z)=(%’}{—)fcn(U, h),

Oh' \R on’ o
rue <_0r>o —onepatop (-—bT)o, paccMaTpuBaeMbIid Kak ofle-

patop R%#" — R2",

Ho sicHo, uTo ecnu HeKoTOpHIt JWHeHHHIH ollepaTop
C" —Cr sapaerca (B craHzapTHOM O6a3uce) Marpule
C= A+ iB, To TOT Xe omepaTtop, HO paccMaTpHBaeMbill KaK
onepatop R2"— R2", Gyjner sajaBaThcd MaTpuued

ls ~al
[NockonbKy Matpulell oneparopa (0—>
(%)o = (%)o -}‘i (%)o’
oTCIOofa CJefyer, 4TO Omneparop (
R
(

(%)
0x 0
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coBnajamomell B cuay cootHomwednsi Kouwn—Pumana ¢ ma-

1puielt , ’
(22, ().]

(%) (5).
oh

ofepatopa <Fh£> . JT0 noKaskBaeT, YTO
R Jo

ow \R [ ohg

(”aT)., NG
u, 3Ha4uT, ¢opmyaa (18) coBnapaer c copmymson (17)
(mpu A =Cpgr). CnegoBartenbuo, Cr sBAseTCSd KacaTeJbHbIM

BEKTOPOM MHOroo6pasus Z'r B TOUKE p,.
[ocTpoentoe otobpaeHue

TPo'%‘—_) TPn'%‘R’ Cb—>CR,

0YeBHANHO, GHEKTHBHO H COXpaHseT CYMMHI U I[POH3BeleHHs
1Ia BelecTBeHHble uucaa. MHKMH cJioBaMH, OHO fBJfeTCs
nsomopdusmom npocrpauctea T,.2°, paccMartpHBaeMoro
B cuny Bnokenus RcC kak nHHelHOe MpOCTPaHCTBO Haj
nonem R, Ha npocrpaucteo T, Zr. B o6osHaueHHsax, Bae-
JeHHbIX B Jeknuu 11.25, sto osnaqae'r UTO UMeem Mecmo
ecmecmsenoe omoscdeceene

(19) (T, 2)e =T, Zz.

B stoM cmbicie MHoroo6pasus 2 W Zr HMEOT OJHH U Te
e KacarelibHble BEKTOpHI.
Cornacno ckasanHoMy B Jekuud 11.25 6asuc

Sy

npoctpanctea T,.Z, orsevaiomuii kapre (U, h) us A(p,),
nopoxJaaer Gasic.

0 (e () () 9,

npocrpanctsa (T, Z)r, rae J-—onepatop KoMIJleKCHOH
LprxTypu"(yMﬂomenua Ha i). Jlerko Buierb, 4TO 8 CUAY
omogxcOecmanenus (19) 6asuc (20) cosnadaem ¢ 6asucom

(0 o (3 )
oxt Jpy " T\ 0xm Jp” N\ Oyt Jpt T\ OyR ),

npocmparncmsa Tp L', omseuarowum kapme (U, hr).
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B nanbHefieM KOMIIEKCHO aHANHTHYeCKHe MHOroo0Opasus
Mbl paccMaTpHBatbh Gosbwie He GyjeM. I'epeHecenHHe— KOTna
OHO BO3MOXHO— Pe3yJbTaToB, 10Ka3aHHBIX I/ IaJKHX MHO-
roofpasui, Ha cJyuYail KOMILUIEKCHO AHaJHTHYECKHX MHO-
roo6pasuii Mbl TeM CamMbiM [10JHOCTLIO OCTABHM HHHLUATHUBE
yyTartens.

[Mycte 2 u & —jBa raagkix MHoroo6pasusi (pasmepxo-
cTell COOTBETCTBEHHO f U m), U nycts [: & — Y —rnpous-
BOJILHOE IJ1ajkoe oTobpaxkenHe.

[TycTs, nanee, p— npou3eoNbHAS Touka MHOroo6pasua 2,
g=1{f(p)—ee o6pas B MHOrooGpasuu %, a

U, =, =, ..., x) u V, )=V, ¢, ..., y™
— TaKHe Kapth MHOroot6pasuit £ U % cOOTBETCTBEHHO, YTO
peU u fUcV,

Torna, kKak Mbl yxe 3HaeM (cm. sexnuio 7), otofpaxkenue
[ sanucwiBaercs B kaptax (U, h) u (V, k) dopMysamu BHEa

y/:f](xl’_._’ x")$ j=1;-"v m,
rie f/—HekoTtopbie Iafkue HYHKIUH.
Marpuna

, i=1,...,n, j=1,..., m,

1) ‘Kax>

pasmepa nXm, 3JeMEHTaMH KOTOpOﬁ ABJAIOTCA 3HAYeHHSA

of/
(—ax,. >p YacTHBIX MpPOH3BOAHbIX GyHKmME [/ no xf B Toyke p

(t. e., TouHee, B Touke h(p) € R"), HasbiBaeTcs saxobuesol
mampuyed otobpaxkenus [ B KapTax (U, h) u (V, k).
Ora mMaTtpuna 3ajaer JuHeliHOe orto6Gpaxenue R”— R,

nepepojsiiee  Bektop (a', ..., a®)€R® B  BeKTOD
(LY, ..., b™)ER™, rae

. [ OF . .
(22) bz=(3x—,.> g, j=1,..., m.

Koopnunatasie  usomoppusmbl Ar-> AU, h) n A
— AV, k) MO3BOJISIOT 9TO OTOGPa)KeHHe HHTepIpPeTHPOBATh
Kak JHuHeliHoe otoOpaxenue T, 2 — T & kacateabHbx Mpo-
CTPAHCTB.

Onpeodenerue 2., Iloctpoentoe oto6paxenne T2 — T Y
HaseiBaercsd Odugpepenyuarom 2radkoeo omoﬁpaofceuu;z f B
Touke p. Mbr OyjeM o€o3HauaTb ero cuMBoJsoM (df), Huil
npocto df ,.
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Ilnsi sneMeHTapHBIX MOBEPXHOCTEH 3TA KOHCTPYKLHUS HAM
yxKe H3BeCTHA M3 JeKkIuu 3.

Takum oGpasom, ecan A=(a', ..., a*) B kapte (U, h),
10 df, (A)=(b*, ..., b") B xapte (V, k), rae b/, j=1,
..+, m,—uncna (22). Ha sasbike JuHeiiHO# anreGpbl 370
03HAyaeT, YTo omodpasienue df, AvAKeMC He 4em UHBLM, KAK
auneidnom omobpaxcenvem T, 2 - - T &, umeowum 6 6a3ucax

(_6_) <L u <_"_ <__Q_ uuy (21
N AN >,, ay! >q’ T oy )a Mampuy (21).
OHEYHO, HeOOXOAHMO T[POBEpHTh KOPPEKTHOCThH
9TOFO ONpejeseHHs, T. €. He3aBHCHMOCTb OTOOpaxewus df,
or BeiGopa kapt (U, h) u (V, k).
Oyers (U', By=U', %, ..., x") u (V', k)=
= V', yv, ..., y¥')—10pyrue Kaptel MHOroo6pasuii & n %Y,
obnagaiomue TteM cpolicteoM, yto pE U’ u g€V’, u nycrs
d'f ,—orobpaxekue df ,, NOCTPOCHHOE C NOMOIIBIO ITHX KAPT.
Toraa, ecmt A=(a", ..., av) B (U, A'), 10 d'f,(A) =

, i . 1’
—=(bY', ..., b™), rae bi =< af;» > a’ u < of ) —3Ha4Yenus
» n

Ox ox'’
B TOYKE p YaCTHHIX NPOH3BOAHBIX MO x' dyHkuwil [/°, Beipa-
xaromux B kaprax (U’, A') u (V', k') otoGpaxenne |.
[Tycts, nanee,

X=xl(xV, ..., ¥y n y'=y'y, ..., y"

— BbIPAXKEHHA JIOKAJNbHBIX KOOPAHHAT X' 1 y/' uepe3 JokaJb-
nble KoopauHatel X' H y/.

s ynpouieHHs HOPMYJ Mbi TOJOKHM

x=(x', ..., x') (4 aHanoruyHo x'==(x'", ..., x"')),

y=(y' ..., y”) (41 awanoruuso y'=(yv, ..., y™)).

CooTBETCTBEHHO ITOMY BMECTO X' (X!, ..., x*) Mol Oyem
nucate x'(x'), a BMecto (x!(xX), ..., x*(x)) Oyiem mucarhb

x(x'). AHaJIOI‘HlEHbIl‘fl cMbicsl OyAyT HMeTh O6O3HAYeHHA
Y(9). £ (0 nf(2). |

B stux ofosHaueHusx cBA3b MexAy (yHKuMsMH [/ u
fi* 6ynmer BblpaxaTtbcs (opmyJioH

Fr(®)=y" (f (x (x7)),

OTKYyZa no [paBuay AHDDEPEHLHPOBAHHUSA CJOKHON (DYHKUHMH
cJefyer, 4To

(3),=(3), (5, (35
o5t /Jp dy/ 0( Oxf >p < 05" >p.
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al = -?-’fl— a’ " b= —a—fj—) a’,
oxt Jp oxi Jp -

OTCl0Jja BpITEKAET, UTO
b — "_fj_> o = M) _'_’ﬂ_) ai) o =
Oxt » Jy J g \ Oxf p o P

i' . ;e
- <_(3y__> <ﬂ/_> a = <_.%> b/,
Oy/ Jq\ 0xi Jp dy/ Jq

T. €. uueaa b’ u b/ gBAsIOTCE KOOpAHHATAMH (B KapTax
(V', &) v (V, k)) ogHoro u Toro ke KacaTeJbHOrO BEKTOpa.
Cregosarensto, d'f,(A)=df,(A) nna moGoro BeKTOpa
AeT, & w snaunt, d'f,=df,. [J

Cp. coOTBETCTBYIOLHE PAacCyXAEHHA B JEKLHUH 3.

3ameruM, uTo orobpaxkenue df, 3aBHCHT TOJBKO OT JO-
KaJbHOTO NOBefeHHS OTOOPaXKeHU [ B OKPECTHOCTH TOUKM p,
T. €. ecau 0aa omospascenul f, g1 X — Y cyujecmsyem maxas
oxpecrnuocme U mouru p, umo =g na U, mo df,=dg,.

B cayuae, korna & u Y ABAAIOTCA OTKPBITHIMH 10OJ-
MHOroo6pasusMH npoctpacts R* H R™ (n notoMy npoctpaH-
cra T,2 u T, ecrecTBeHHbIM 06pa3soM OTOXKIECTBAAIOTCH
C 3THMH TpocTpaHcTsamu), oTobpaxkenue df,: T,2 — T Y
coBnajaer, OYEBHAHO, C I'VIaBHOH NHMHEHHON 4YacTblo R* —» R”
otoGpaxenus [ (1. e. ABAsieTCs ero gudxbepeHIHANOM B CMbICTE
3JleMEHTAPHOTO aHaJH3a).

[ockoabky

[lyers f: & —¥ n g1 Y — Z—raajgkue OTOGparKeHHS.
Ecam (U, h)=U, x*, ..., x), (V, B)={V. ¢, ..., y™)
n (W, =W, 2!, ..., z5)—TaKknHe KapTel MHOrooGpasHii
Z, Y u &, uto JUcV n gV=W, n eciu y=f(x) u
2 =g (y)—ObyHKuHuH, 3ajaiolHe B 3THX KapTtax oToGpaxe-
HUS [ M g (Mbi TIOJIb3YeMCSl BBEJEHHBIMH BBIIlE COKpAameH-
HBIMH 0003HAYEHHSMHU), TO IMaaKoe oToGpaxenue gof: &' — 2
6ymer, oueBHIHO, 3aiamaThest B kaprax (U, h) u (W, [)
dynkumelt 2 =g (f(x)) [lostomy B cuny cdopmyast gudxpe-
peHUHPOBAHUSA CJOXKHON QYHKUHM a5 J1060# Touku p €U
Oy RyT HUMeThb MECTO paBeHCTBA

dzk \  / 02F dy/

(52), (7). (o), a=i
o3HavalolMe, 4TO JHHelHoe oToGpakeHue d(gof), ABagercs
KOMMo3HuHed JHHedHbIX oToGpaxennit df, n dg,:

(23) d(gof)p:dgqodfp'
ra (opMy/ia Ha3BBAETCS HENHBIM MPAaBHUJOM.
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OcofeHHbIfi HHTEpeC HMeEIOT fABa cJjydas, korga ¥ =R
WIH m=n.

B cayuae, xorga ¥ sBasercs ocblo R (4, 3uaudT, 0TOG-
paxenne f—raankol ¢ynxkuueil Ha Z7), amuddepenunan df,
o6blYHO HaseiBaeTcs epaduenmom GYHKUUH f.

B cuny ortoxpectsrenust (7) rpafueHt sBasercs JuHel-
ubiM otoGpaxenuem T,2'—» R, T. e. KOBEKTOPOM MpocTpaH-
crea T,2' (BexkTopoM colpskeHHoro MpocTpancTea T2,
KOTopoe, KCTaTH CKa3aTbh, OObIYHO HA3LIBAETCH KOKQCAMeb-
Hotm  npocmpancmseosn MilorooOpasusd 2 B Touke p). Ilo
onpellefieHtio koeektop df, wa JioboM Bextope A € T2 npu-
HUMaeT 3HauYeHHe

— _Qi_ i
(24) dip () =(55) a.
D10 3HauenHe HaswlBaeTc npoussodroll dynkyuu f no eex-
mopyKA H of6o3nayaercss cumsoioM Af. Takum o6pasow,

Af=df,(A)
H .
Af.—=<-0£f7>a", eemi A=(a, ..., a*) B (U, ¥, ..., x7).
xl
9N j—(9F =
B yacTtHoCTH, <ax[ >pf_< o ),, g gwboro (=1, ..., n,

YTO i 06BACHSAET BbIfOpP 0603HAYEHHIT AV BeKTOPOB 6asuca (5).
Qopmysa (24) o3Hauaer, yto B OGasice MPOCTPAHCTBA
T,Z, conpaxendom Kk O6asucy (5) mnpocrpanctBa T,Z,

KoBeKTOp df, HUMeeT KOOpAHHATHI /A of
P a4, p ot ) oA
[To3ToMy, Bo-NeEpBbIX, 3TOT 6a3HC COCTOHT M3 KOBEKTOPOB

did, ..., dxt

(icHO, 4YTO KOBeKTop df , onpeleneH H sl GYyHKUHI [, 3aRaH-
HbIX JIHLIb B HEKOTOPOH OKPECTHOCTH TOYKH p) M, BO-BTOPHIX,

! of of of
dfp= W)pdx‘,, S ((T){,T)pdxg =<5;>de1[,.

3ameuyanue 1. OGpatTuM BHUMaKHe Ha TO, 4TO 2pudUeHm
feasemcs.  Kosekmopom. VI3BecTHoe U3 Kypca aHagausa fpel-
cTaBjeHHe O rpajdeHTte rjaaxod Gynkumu Ha R” Kak o Bek-
Tope (CM. HHXe JIeKUHIO 24), OCHOBAHO Ha HESABHO MOZpasy-
MEBAaEMOM  OTOXKJIECTBJCHHH  BEKTOPOB H  KOBEKTOPOB
[IOCPeACTBOM CTAaHAAPTHOH €BKJAHAOBOM CTpYKTYphl Ha R”.
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Ilycte Tenmepes n=m.

Onpedenenue 3. I'naaxoe otobpaxenue f: 2 -— Y MHO-
rooBpasuifl oqHON H TOM e pa3MepHOCTH Ha3bIBaeTCH IMAAb-
Hoim 8 mouke pE XL (unu aokareHoim Jduggeomopduamon),
eci Ha HeKOoTopo# okpectHocTH U 3TOH TOUKH OHO siBAsieTCS
anpdheoMophHI3MOM 3TOI OKPECTHOCTH Ha OKpecTHocTh V= fU
Touku q={(p).

Kowneano, moboi pudpeomopdusm & —»Y 6yzner srasb-
HhIM oToOpaxenueM (B kaxaoit Touke pé€.Z). OO6paTHo,
COIVIACHO TeopeMe aHaJn3a o IudxbepeHuupyeMocTH 06paTHOR
OYHKUNKY, Kaxdoe smassHoe Guexkmugnoe 0mobpacerue
f: & —Y sasasemcs Ougpgpeomoppuamom, npuueM, Kak NOKa-
3bIBAIOT TIpOCThIE MpHMephl (M. 3aMmeyaHue 1 B sekuuu 6),
ycioBre OGHeKTHBHOCTH 3JieCb, BooOlle ToBOps, HeoGXOIMMO
(T. e. M3 3Ta/NBLHOCTY OHO He BHITEKaer).

N3 ¢opmyner (12) (npumeHenHOl K HMucdbdeomopduamy
flv: U—V u x obparnomy auddeomopdusmy g: V-— U)
HeMeJAMeHHO cJeAyeT (MOCKONbKY AuddepeHinHasoM Toxie-
CTBEHHOTO OTOODAMEHHS! CJYMKHT, OYERHAHUL, TOMXKIECTBEHHOE
otoGpaxkeHue), uyto Ougpgpepenyuan df,: T,2 — T & npous-
804bH0O20 3MAALHOEO 8 modke p omobpaxenus f: & — %
agasemca usomopuamom (06paTHUMBIM JTHHEHHBIM OTOGpaKe-
uueMm). OkaspiBaercss, uTo M 00paTHO, ecau Ouggeperyuan
df . T,& —T,% 2aa0kozo omobpaxcenus f: X —Y 8 mouxe
pE XL asasemcs usomopduamom, mo omobpaxcerue f amaibro
8 mouke p. JleficTBUTeNbHO, yTBepXIeHue, 4TO OTOGpaxKeHHe
df, sBasercs wusoMophu3MOM, o3HayaeT (NpH 3alaHHBIX
kaprax (U, ) u (V, k) ¢ peU u fUcV), uto onpepenu-
Tens Matpuubl (9) otiuueH ot Hyxas. Ilockoseky 3ToT onpe-
AeJuTeNb SIBJISETCH He YeM HHhIM, Kak skoGuasoM Do
raagkoro otobpaxenuss @ =~kofoh™: h(U)— f(V), orciona
cjellyeT—B CHJIY TeopeMhl 00 o6paTHOM OTOOpaxeHuu
(cm. sexumio 6),—uto Ha HekoTopoi okpecTHoctH W' Touku
h(p)eh(U) B h(U) otoGpaxenue ¢ sBasercs nudxbeomop-
¢dusMoM. [losToMy ortoGpaxeHue [ Oyzer nudxbeoMopdramom

na okpecroctu U' =h"'W’' touku p B 2, u 3HauuT, Gyaer
3TaaLHO B p. ]

TeMm caMmbiM HaMu [OKAa3aHO CJjepyollee INpeRIoxeHue,
M3BECTHOE KaK TeopeMa o0 3TasbHbIX OTOGpaxe-
HUAX:

Ilpedarosicernue 1. [aadxoe omobpancenue f: X —Y
moeda u moabko moz0a smassHo 8 mouke p &X', Koeda ezo0



TEOPEMA O 3AMEHE JIOKAJNIBHBIX KOOPAMHAT 211

duppepenyuan
dfp: T,Z —T,%, q=f(p),

seasemes uaomopguamon. O

Ecnu stanbhoe B Touke p orobpaxenue f: 2 —Y fiB-
asercsa audeomopdusmom Ha nocurene U kaprel (U, k), TO
napa (V, k) =(fU, ho(f|y)~?) 6yZer, oueBUAHO, KapTOil B Y.
[lpn 3TOM oOTBeuaromee oTobGpaxkeHHio [ ortoGpameHue @:
A(U) — k(V) 6yneT TOKAECTBEHHHIM OTOGPAXKEHHEM, T. e.

B COOTBEeTCTBYIOIMX JIOKA/NbHHX KOOpAWHATax x!, ..., X"
B Y, ..., y® orobpaxenue [ Gyjmer 3amaBaThCsi (HOPMYyJIaMH
BHJA

(25) Yy=xt, i=1,..., n.

Takum o6pasom, ecau omoSpancenue f: L — Y smarero
g mouke pE€ZL, mo & mHozo06pasusx & u Y cywecmsyrom

aokaabrble Koopdunamet x*, ..., X" u y' ..., y*, obaadaio-
wue mem ceoticmeom, 4mo @ Wux omolpaxcenue | 3anucel-
eaemcs opmyramu (25) (T. e. sBAsieTcs orTOGpaXKEHHEM

[I0 PaBeHCTBY KOOPAMHAT).

[lpennoxenne 1 siBasiercs, NO CYINECTBY, JHIUL HHOMN
nepeOpMyIHPOBKOH TeopeMbl 06 06paTHBIX OTOGParkeHHsX.
HHTepecHO, YTo ToOCJIeIHsAS TeopeMa JONMYCKaeT ¥ NPHHIH-
NUaJbHO APYroe BOMNJIOMIEHHE.

Iyers (U, B)=(U, x*, ..., x*)—nDpoH3BOJNLHAA KapTa
IaJKoro MHOroo6pasHsi &£ LEHTPHPOBaHHAs B TOUKe p, € 2
(t. e. Takas, uTo p, €U), u nyctb

(26) X=x(x, .., x7), =1, ..., 4,

—rnafkue (GYHKUMH, 3aJaHHble B HEKOTOPOH OKPECTHOCTH
U’cU TtoukHu p,.

Hanomuum (cM. nekuuio 6), uto cumsoa xi' B dopmyie
(26) uMeer ABosiKoe 3HaueHHe: CJieBa OH 0603HAYaeT GYHKIHIO
na U’, a cnpaBa—pyHkuuio na okpectHoctd A (U') Touku
X,=h(p,) B npocrpanctee R”. B cOOTBeTCTBHH C 3THM
sKobuay ‘
(27) det |2
ox!

’

..., n
v, ..., n,

GyHkuui (26) Mbl TakxKe MOXeM paccMaTpHBaTh JHGO Kak
pyukumo Ha U’, nu6o kak ¢yukuuio na i (U’). B xakom us
3THX ABYX CMBICJIOB OH NOHHMaercsl, KaxAbli pa3 HOJ/IKHO
ObITb SICHO M3 KOHTeKCTa.
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Ecan ¢yuxuun (26) sBasiorcs jn0KaAbHBIME KOOPAHHA-
TaMH B okpecTHoctH U’, 10 B J060H TOYKe 3TOH OKpecTHo-
CTH H, B YacTHOCTH, B TOYKe p, AKoGHaH (27) oT/HUeH OT
uyas. O6GpatHoe yTBepKAEHHE HMeeT MeCTo B Caepyiomedt
tdopmyHpoBKe:

IIpedroxncenue 2. Ecau axobuan (27) omauuen om HYyas
8 mouke p,, mo 8 Hexomopoti oxpecmrocmu U"<U’ amoii
mouky pynrxyun (26) A8A810MCA A0KANLHBIMU KOO pOUHAMAMY.

HokasareabctBo. Pyukuun (26), paccMaTpHBaeMmsle
KaKk (GYHKUHH HA OTKpbiToM MHOxkectBe A (U') mpocrpaucrea
R”, onpefensior HekOTOpoe oToGpaxenue ¢ MHoxecTsa ki (U')
B npoctpaucrso R”. Ecaum ux sxo6uan (27) loTiiHuen ot
HY/s B TOuKe X,=Ah(p,) 5TOr0 MHOXECTBAa, TO N0 TEOpEMe
06 o6paTHOM “oTOGpakeHHH CymecTByeT OKpectHocTs V'
TOYKH X, (Colepxkamascss B OTKpblToM MHOXectBe A(U’)),
Ha KOTOpo#H oToOpaxenHe ¢ sBasercs auddeoMopduamMom
Ha uekotopoe OTKphelroe MHOecTBO H3 R”. Torma napa

(U, b"), rae
U'=h™V, B =(p|v)o(k]uvm),

6yner Kapro#t Ha .2, cBs3auHoi ¢ kaproit (U, k) dyukuusmu
nepexoda (26). CrenoBarensHo, byukuun (26),— o paccma-
TpUBaeMble yxe Kak QyHkuumH Ha U”,— OynyT JOKaJbHBIMH
KOODJAMHATAMH, COOTBETCTBYIOMIHMH KOOpDAHHATHOMY OTOGpa-
xenuwo A", [

[Tpemnoxenne 2 u3BeCTHO KaK TeopeMa O 3aMeHe
JOKa/NbHBX KOODAHHAT,

BepueMcss Temepb K NpOH3BOJBHBIM TJ1aIKHM OTOGparKe-
Husm [: & — @, rae dimZ=n u dim¥ =m.

Onpedenernue 4. Paneom TNaRKoro oTOGpaKEHHS
f: £ —% B Touke p € .2 Ha3blBaeTCH DAHT 7 JHHEHHOrO
oro6pamenns df,: T,Z —T&, g=f(p), . e. paur sxo-
Guesoit MatpHubl (21) oTo6pakenns [ B TOUKe p.

dcuno, uto

0 r<<min(n, m).

Tak Kak NpH ManoM H3MEHEHHH 3/IeMEHTOB MAaTpHUBI ee
PaHT MOXET TOJIbKO YBENHUHTbCS, TO paHr OTOGpaxeHHs f
B [IPOH3BOJILHOMN TOUKE NOCTATOUHO MaJIOH OKPECTHOCTH TOYKH p
He MeHee ero paHra B TOuke p,. ONHAKO OH BIOJIHE MOXeET
OuiTh GoJiblne.

Onpedenenue 5. Oro6paxenne f: L - HasbiBaercs
AOKQAbHO NAOCKUM B TOUKe p €%, ecid CyLIecTByeT OKpe-
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crHocte U TouKM p, Ha KOTOpOH paHr oro6paxenus [ mo-
cTOsiHeH (paBeH paHry r B TOUKe p).

IIpedaoacenue 3. Ecau omobpancenue [: 2 —%Y ao0-
KaAbHO NAOCKO 6 mouke p €42, mo 8 MHoeo0lpasusx 4 u

Y cywecmsyrom marue kapmot (U, xt, ..., xYu(V,y', ..., y™),
amo pe U, fUCV, u omobpaxenue [ 3anuceisaemcs 6 a0-
Kaabrolx KoopOunamax x', ..., x* u y, ..., y™ dopmyranu
o8 ; X, ecnu j=1,...,r,

(28) ¥= 0, ecrw j=r+1,..., m.

(3ameruM, 9T0 KOoOpAMHATHI x™*!, ..., x* B ¢opmynax (28)

He YYacCTBYIOT.)
Harunsgno npeayioxense 3 yTeepxaer, 4ro BOIM3H TOUKH p

JIOKaJIbHO MJIOCKOE B p OTOGPaKeHHe YCTPOeHO KaK IPOEKTH-
poBanue R” — R'<=R™ npocrpancrsa R” Bjosib MOCJHeqHHX
n—r KOOpJIHHATHRIX OCell HA KOOPJIHHATHOE NMOJANPOCTPaHCTBO
R* npocrpaHctBa R™, cocrofiuee H3 ToueK, Y KOTOPBIX m—r7r
NOCNEAHHX KOODIAMHAT paBHbI HYJIIO.

Mul JlokakeMm OpeloxeHue 3 B caepyrouiefl JIEKLHH.



