Jexyusn 13

JloKa3aTe/IbCTBO TeOpeMbl O JIOKAJNbHO IMJOCKHX OTOGpaxe-
HHAX. —JlorpyxeHus H cy6Mepcud. — I[ToamHoroo6pasus
raajxoro MHoroo6pasusi. — IloanpocTpaHcTBo, KacaTedbHoe
K ToaMHOTOOGpasuio. — JloKanbuoe 3ajaHde moxMHOroobpa-
3Hd. — EAHHCTBEHHOCTb  CTPYKTYpHl  NOAMHOrOOGDA3Hf.
— Cnyuvalt BnOXeHHBIX TOAMHOroOG6pasuii. — TeopeMa o
npooGpase peryJsipHOro 3HaueHHsi. — PelleHHs  CcHCTeM
ypasHenufi. —I'pynna SL (n) kak nmogmHorooGpasie.

JlokaxeM npensoxende 3 TpenbayLIeH JIEKLHH.
Ilycrs cuauana

U, ny=U, 2, ..., x») u V,R=({, ¢, ..., y™
— TIPOH3BOJILHEIE KapTel MHOroOGpasuil 2 1 ¢, obsanaioiue

TeM cpofictBoM, uto p €U u fUcV, 1 nycrh oto6paxenne |
3anHCHIBAeTCsl B 3THX Kaprax (opMyJsaMmu

Y= ..., x?), j=1,..., m
To ycjnoamo NPAMOYTOJbHas MaTpuLa, COCTosdINasi M3
yncen (gf—‘) , HMeeT paHr r. [lepeHyMepoBaB — eC/d HYKHO—
X

KOOpDZHHATEI, Mbl 6e3 orpaHHuYeHHs! OGIHOCTH MOXKEM TO3TOMY
CYHTaTh, YTO B 3TOH MaTpHue OT/IHYeH OT HYAs MHHOp

(1) det“(%)pﬂ, L=l 1

JIeXKAIIKA Ha TepeceyeHHu TepBBIX 7 CTPOK H CTONGLOB.
HMes 310 B BuAy, paccMOTpUM B oKpecTHoctd U TOUKH p

dyukIHa XY, ..., X", 3apaHHbIe DOpMYJIOH
0 . [ Pty .oy x"), ecmn =1, ..., 7,
@) T A, ecad i=r-+1, ..., n.

’

o

Oaa stux dyukuuit gkobuan det , OUEBH]HO, pasen

onpenenutento (1) u, 3Hauut, orauueH or Hyas. Cienosa-
TeJIbHO, COIVIACHO MpEVIOKeHHI0 2 JeKuuH 12, B HeKoTOpOH
oxpecrHoctd U’ ToukE p OyHKuKH (2) ABIAIOTCH JOKAMLHBIMH
KOOpAHHATaMH.

[Tpunsis teneps 3ayU okpecruoctn U’, a3a !, ..., x* —
KOOpAHHAThl X', ..., X*, MH TeM CaMbIM TOJYYHM KapThl
(U, h) u (V, k), B xoTOphix OTOGpaenue f 3anuchBAeTCs
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(opMysaMH Bula

3 7 xf, eCJIldj:],..., r,

©) o= F(xt, ..., %), ecu j=r+1, ..., n

CnenoBatenbHO, B 3THX KapTax siKkoGueBa MaTpuua oroGpa-
XKeHust [ uMmeer Bu]

1 ... 0 0o ... 0

o ... 1 0o ... 0 \
afr+1 ofr+1 gfr+1 ofret|
oxt TCT Qxt gxrtLTT Oxn

()fm ()fm ()fm ('}fm
XL U g O0xfr1 T Oxn

Tak kak, COrMaCHO YCJNOBMIO, PaHI' 3TOH MarpHlpl pa-
BeH r He TOJILKO B TOYKE p, HO M B HEKOTOPOH OKPECTHOCTH
37Ol TOUKH (KOTOPYIO Mbl (€3 OrpaHUUYeHHS OGUIHOCTH MOMXKEM
cuutaTh coBnajaiomeii ¢ U), To Bce mpou3BojHBIE

(';frol afn .
&f.m. .o Qf—,-”
Oxr 12 "7 Qxn

TOXKJeCTBeHHO paBHbl HyMo B U. ITockonbKy okpectHocTh U
MbI, OUEBHAHO, MOXXE€M CUMTaTb CEBA3HOH, OTCIO/la Cielyer,
yro B U (1. e., Tounee, B A (U)) byukuuu [7*1, ..., f" He 3a-
BHCHAT OT X™*!, ..., X" T. €. HX 3HaueHHS B JIIOG0H TOuKe
(x%, ..., x", ..., x")€A(U) Moryr GbITb 3anucaHbl B BUIE

Frev(xt, oo, X0, oo, R (Y, L, ).

HHKIMH ClTOBaMM, 3TH (PYHKLHH MOMKHO CUMTATbh (HYHKUHAMHU
Ha MuoxecrBe nph(U)cR”f, cocrosimeM H3 TaKuX TOUEeK
(x'y ..., XNERT, uwro (£, ..., xr, x™, L., XM ER(V)
xorsl OBl NPH ORHOM BHIGOpE yucea x"*!, ... x" (reoMeTpH-
yecky MHOXecTBO np(U)cR" sBnsiercs He ueM HHHIM, Kak
npoexyueid MHOxectBa h(U)cR" Ha mnoanpocrpaHcTRO
Rr=R®).

C npyroii cropoHnl, H3 ¢GopMyn (3) HenocpeACTBEHHO
CJIelYeT, 4TO aHAJNIOTHYHO onpelensieMas npoekuus np k (V)< R’
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mHoXKecTBa k (V)= R” copepxut muoxkectso np h (U). Tosromy
Ha HeKOTOPOH OKpecTHOCTH ToukH ¢=[(p) (a UMEHHo, Ha
oxpectHoctd k™ ((np A (U)) X R™~7)) onpenenenbt dHyHKIMH

fr+1(y1’ R yr), R fm(y1’ e yr)_
Mal monoxuM
¥, ecom j=1, ..., r,
y'=q .
Y=, ...,y7), ecan j=r+1, ..., m.
Tlockonbky
l 0 0...0
dt”ayf 0...1 (1)8=1
? e
0 ... 1

rige 3HaK ? O003HayaeT 3JjileMeHThl, HaM He HHTepECHbIe TO,
COTJIAcHO NPe/OKEHHIO 2 nexuun 12, bynkuuu y' 7
ABJAIOTCH B HEKOTOPOH OKPeCTHOCTH V' Touk q JIOKaJIbeIMH
KOOplIHHaTaMI/I [Tpu stom oroGpameHue f Gyner B Kaprtax

W, = ..., x)yu (V', g, ..., y*) 3anaBarbcst hopMyJiaMu
. f x, ecau j=1,..., r,
Y 0, eCJm]=r+l , m.

Jns 3aBepuieHust JoKa3aTenhcTBa OCTaeTcsi 0GO3HAuHTh V'
cHoea vepe3 V, a y'', ..., y*'—uepes ¥, ..., y*. [J

Onpedesenue 1. U'nankoe oroGpaxenue f: & —»Y raaj-
KOTro n-MepHOoro MHorooGpasus 2 B rJajKoe m-MepHOEe MHO-
roobpasue & HasbiBaeTcst nozpyxceruexm (WIu ummepcuel) B
Touke p €%, ec/lM ero paHr B 3TOH TOYKe paBeH n (410,
KOHEYHO, BO3MOXKHO TOJILKO TPH 1 << m), T. e. ecau otol pa-
KeHue

(4) dfp: Tp‘z.-*’rqtyv q=f(/’)»

IBJISIETCS] MOHOMOP(H3MOM.

Ananoruyno, oro6paxenue f: 2 — @ Ha3biBaercs cy -
mepcueldl (Anu waaoKcenuem) B Touke pE L, ecaH €ro paHr
B 3T0R TouKe paBeH m (4, CJelOBaTeNbHO, n =m), T. €.
ecad oTobpaxeHnue (4) sBnsiercs 30HMOPHH3IMOM.

Takum o6pasoM, oToGpakenue [ sBJIsieTC HMMepChei
und cyOMepcHeH, ecqH ero paHr TpHHHMaeT MaKCHMaJbHO
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BO3MOXKHOE (NP AaHHLIX 1 ¥ m) 3HayeHue. [losTomy umMepcHH
H CyOMepCHHM HAa3bIBAIOTCH TaKkKe O0mobpaneruimu maxcu-
MAAbHOSO paHaa.

CorstacHo npemjioxeHuio 1 sekuus 12 otobparkeHHe Torza
H TOJIBKO TOFJa OJHOBPEMEHHO SIBJSieTc HMMepcHeld H CYO-
Mepcuefi (IIpH n =), KOrga OHO 3TaJbHO.

OroGpaxenue f[: 2 —%, sBagioUleecss MNOrPYKeHHEM
(cy6mepcueit) B Kaxpuofi Touke p € .2, Ha3blBaeTCf IMPOCTO
nozpysceruem (COOTBETCTBEHHO cydmepcued).

SIcHO, yTO CyGMEpCHH M HMMepCHH, NBJASCH oTOGpaxe-
IMAMH MaKCHMaJbHOI'O paHra, JOKaJbHO IUIOCKH B p.
[TosTomy, corsiacHO npensoxeHHio 3 JeKuHu 7, 844 050l
cyomepcuu f: X —Y ¢ mouke pEX cywecmsyom maxue
kapmer (U, x*, ..., x®) u (V, yt, ..., y™) mHoeoobpasuii &
ud, umo peU, fUCV, u omobpaxenue | 3anucesaemcs 8
A0KAAbHOLX  KoOopOuwamax X', ..., x* u y', ..., y™ gop-
myaamy

(5) yr=x, ..., yr=x"

Harnsiguo 310 03HayaeT, YTO B COOTBETCTBYIOIMX KO-
opanHatax JoGasg cyGMepcusi JIOKaJbHO [PencTaBisercs
npoektuposaHHeM R”-— R”, nepesoasinuM TOUKy (x', ...
ce, X .00, XD ER® B TOuky (&, ..., xM)ER™

Jasi norpyxkeHuii Mbl nepecraBuM 0GO3HayeHHs H Oynem
cuutaTh [ otoGpaxenueM & — 2. Torna 028 awdo20 no-
epysmcenus [ Y — X 6 mouke &Y cywecmsyom maxue
kapmot (V, y*, ..., y™ u (U, x%, ..., x") muoeoo5pasud
Y u X, umo g€V, [VcU, u omoSpascenue f aanucosaemca
8 A0KaNbHUIX KOOpOUKamaxy', ..., y"ux', ..., x* popmyramu

(6) t=yt, ..., x"=y" x'*1=0,..., x*=0.

Harnsano 3710 03nayaer, Y4To B COOTBETCTBYIOLHX KO-
OpAHHATaX JI0G0e IOrpyXeHHe JIOKaJbHO MpelcTasisiercs
BJIOKeHHeM R™-— R", mepeBousuuM Touky (4', ..., y')ER"
B TOYKY (4%, ..., y*, 0, ..., 0)eR"

Onpedeserue 2. Tnankoe mHOrooGpasve ¥ Ha3sblBaercs
no0mro2006pasuem riagKoro MHorooGpasus 2, €cidH OHO
COJepKUTCH B Y, U COOTBETCTBYIOIIEE OTOGPaXKEHHe BJIOXKEHHS

) Y -2, v(p)=p,

SBJISIETCS NOrpy)XeHHeM B JoGo# Touke p €Y (1, B yacTio-
CTH, TJIafKHM OTOOPaXKEHHEM).
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[Nockonbky ¥ <2 na % onpeneseHa TONOJOTHSA Tgy/z-
I'iiAyuuposannas tonosoruell T o MHOroo6pasus 2. BooGiue

roeopsi (CM. HHXKe), 3Ta TONOJIOTH# OTJHYaeTC$H OT TO-
nonornd Ty MHOrooGpasus &. MoxHo JIHIb yTBEPKAATE, UTO
Tyg<Ty (370 BKITIOUEHHE PABHOCHALHO HENpPepHIBHOCTH
OTOOpAIKEHHS L).

Onpedeaerue 3. B cayuae, Korma v sIBJISIETCH TOMEO-
MopdH3MOM Ha CBOH 06pa3 (1. e. ecan Tay g =Ty), MHO-
roofpasve % Ha3bIBACTCH BAONEHHOIM NOOMHO200C pasuem.
I3 npotusHOM cryuae & Ha3LIBACTCH f102PYMEHHLIM 1OOMHO-
coo5pasuem. (Bnpouem, nocnenHuit TepMHH yrnorpebissiercs
TAKKE KAaK CHHOHUM TepMHHA «IOIMHOroo0pasue» B cJyuae,
KOrIa HYXHO MOAUePKHYTh, YTO NogMHorooGpasue ¥, BooGie
FOBOPH, BJIOXKEHHHIM He sBJistercs.)

[Torpyxenue (7) saBasercs, KOHEYHO, HHBEKTHBHBIM
otoGpaxxenneM. O6patHo, nycth f: & --» .2 —TNpOU3BOJILHOE
norpyxeHde, fBJfOLeeC HHbEKTHBHBIM OTOGpaxKeHHeM, H
nycthb f =tof’ —ero paajoxeHue B KOMIO3HIHIO GHEKTHBHOTO
otoGpaxenus [ zy—>f(~y) u Baoxenus u. [ (¥Y)— 2. Tlo-
CKOJIbKY OoTOGpaxeHue [’ GHEKTHBHO, Mbl C MOMOUIBIO HEro
MOXeM [MepeHecTH rJagkocth ¢ ¥ Ha ' =f(%). Torga ¥’
Oyler rJyagKum MHOF005p33HEM " — nudpbeomophHbEIM  0TOG-
paxenueM, a t=fo(f’) '—mnorpyxenueM (KaK KOMNO3HIUS
norpyxenuss u guddeomopdusma), T. e. ¥’ 6yner noamuo-
rooGpa3yeM mMHoroofpasus 2.

Takum o6pa3oMm, noaMHoroo6pasusg MHOroo6pasnus 2 — 3to
B TOYHOCTH 00pasbl B £ NPOH3BOJIbHHX NOrpyXkeHuit ¥— 2,
ABJAIOMUXCA HHBEKTHBHEIMU OTOGpaXKeHnsiMH. [lpu stom Bio-
JKeHHbie NOoAMHOroo0pasusi—3To o6pa3snl NOrpyKeHuil, ABJa-
fompxcss  MoneoMopduamMamu  (roMeomopdusmMaMu Ha CBOH
o6pas).

[lpumepamMu  BJIOXKEHHBIX HOAMHOrooGpasHit  #ABJIAIOTCH
[POCTHie PeryJaspHule AYrH H 3JeMeHTapHble [OBepXHOCTH.
CoOTBETCTBYIOIAMH MOTPYKEHHSMH SABJAKTCA NapaMeTpusa-
uud. [lpu 3ToM ycJjoBHE peryJispHOCTH NapaMeTpH3alud B
TOYHOCTH O3HAuaeT, YTO NapaMeTpu3alus ABJseTCH Morpyxe-
HUeM.

Tak kKak a1 moGoro nomgmHorooGpasuss ¥ .2 Bioxke-
uue (7) npencrassiser cofofl norpyxenue, TO AIs  J06oil
TOUKH p €YY orobpaxeHue

dt,,: Tp@ —_ TP.fZ'
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sIBJISIETCS H30MOPHUIMOM JIHHE#Horo npocrpanctsa T, Ha
JMHEAHOe NoANpOCTpaHcTBO Imdi, = (di,) (T %) npocrpakcTsa
T,&. 3T0 NOANPOCTPAHCTBO Ha3hIBAETCH KACAMEAbHbIM N pO-
cmpancmgom nodmrozooipasus Y ¢ mouxe p. OGBHIUHO OHO
oroxjectenserca ¢ T,% (nocpencraoM usomopduama di,).
Hexoropas cneuubpuxka BO3HHMKaeT B cayuae, Korlda %
siBNIsteTC adUHHLIM NPOCTPAHCTBOM o, a NOTOMY IJas1 oGOk
TOUkH p€.Z (4, B YaCTHOCTH, AJsI JOGOH TOYKH p €Y) nu-

nefinoe npocrpauctBo T2 OTOKIECTBISICTCE C aCCOMMMPO=
BAHHLIM JHHeaJoM %°. B 3TOM cayuae NpHHATO MNOANpO-
CTpaHCTBO T,,?y OTOXKAECTBJAATL C JHHEHHHIM MOAMHOI0O6DA-
suem p -+ T,% adpunnoro npocrpaHcrsa A (T. €. —B HAMIAAHON
HHTEpNpPeTALMii —CUHTATh €ro BeKTOpbl OTJOXKEHHHMH OT
touku p). Cp. onpenenenne 3 Jekuud 3.

byayun norpyxenneM, ortoGpaxenue (7) Moxer 6hiTh
3aMHCaHO B JIOKAJLHBIX KoopJauHatax ¢opMmyaamu (6). Sto
O3HayaeT, yro AFA JoGofi TouKH p noAMHOrooGpasua
cywecrByer takas kapra (U, %%, ..., x*), p€U, wmHoro-
o6pasusi Z', uTO, BO-NEPBHIX, Ha HEKOTOPOM (OTKPLITOM B %)
muoxecrse Vo U N ¥ orpandueHrus

y1=x1!Vr C ym___xmlv

NEpBRIX /M KOOpJAHHAT X, ..., X ABJAAIOTCH JOKaJAbHLIMH
KOOpJHHAaTaMH Ha V u, Bo-BTOpHIX, Touka ¢€U rorma u
TOMILKO TOTJla MpHHajnexur V, Korza

(8) x*1(g)=0, ..., x"(q)=0.
Takue koopauHatel X!, ..., x* MH OyleM Ha3hBaTb CO2AQ-
CO8aHKBIMU C TIONMHOrooGpasueM %Y.
Koopaunars 4, ..., y™ onpenensior B T, Gasuc
0 0
® )y o ()
a koopjauHaru X!, ..., x"—B sz' 6asHc
0 IR
(10) (ar), - (3,
[Tpu sTOM, Tak Kak BJOKeHHe L. ¥ —» ' 3anuchiBaercs B
STHX KOODRHHATaX QyHKUHAMH y'=Xxt, ..., y"=Xx", TO €ro

nupdepenuuan dv, 6yaer nepepoautb Gasuc (9) B nepsuie m
BekTOpoB Gasuca (10). B cuny oroxpecrsnenus T, c

Imdv, sro osnavaer, uto
( 0 L
Jdy'n P T\ gy p'

AN
(), (),
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0
T. €. 6eKImopol ('ﬁ)p‘ ceey ( x,,,\ cocmaeasuont  €asuc
nodjipocmpancmea T2 /zpocmpaucmea T,2Z.

Ecnn nogmuorooGpasue % BaoxkeHo B %, To Ges orpa-
HHUYEHHS OOIIHOCTH MOXHO CYHTATh, UTO

(11) V=Uny.

HeficteLTenbHo, Tak Kak V OTKpMWTO B %, a TOMOJOTHS B &
HHJyuxpoBaHa Tonojorveii £, yto B .2 CyllecTByeT TaKoe
oTKkpeiioe MHoxectBo W, uwto V=W n%. 3amenns U Ha

40
UV

JIBC TMNMYLLIC CHTyalHM, B KOTOPHIX HeJb3Sl ROOHTLCS BHIMOJHEHHA
y
paBencTea V=UNY

UnW, Mol fo6bemcsl, He OrpaHuuKBasi OGIHOCTH, BBINOJIHE-
Husi paseHcrBa (11). [

PaseunctBo (11) o3Hauaet, uto Touka ¢ € U Torja u ToJbKO
TOr/la NPUHALJEKUT <Y, Korja Jiaq Hee HMET Mecto pa-
peHcTBa (8). Jlpyrumu chaoBamu, JaokaasHo (T. €. B OKpe-
ctHocti U) muorooGpasue & 3ajaercss r—n ypaBHEHHAMII

(12) me__zo, ey )C"=O.

B ofmeMm cayyae Ans HEBJOXKEHHOTO (IOTPYIKEHHOrO)
noamuoroobpasust & JAOCTHYL BulMONHEHHs paBeHcTBa (11),
BooOlle TOBOpS, Hesb3s, W cBA3b Mexay V u UN¥Y ycaox-
HAeTes.

Tak kaxk GyHkuuu x™*1!, ..., x* HeNnpepuIBHLI U, 3HAUUT,
ycsoBusa (8) Boigenstor B U 3aMKHYTOE MNOAMHOXKECTBO, TO
MHOXecTBO V 3amMkuyTo B U (10 OTHOWEHHIO K TOMOJOTHH,
uuayunposantoit B U ronosorueit Ty, 4). Cnenoparensno,

V samknyro u B UN% (no OTHOWEHHIO K TONOJOTHY,
HHAYUHpOBaHHOK Tomostorned Tay g, & MOTOMY M O OTHO-

IEHHIO K TONOJOTKHH HHAyuMpoBanuoi Ttonosoruedt Toy).
(. ApYyro# CTOPOHBI, 110 YCJIOBHIO MHOXECTBO V OTKpHITO B ¥,
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a 3Hauut, ¥ B UNY (10 OTHOWEHHIO K TONOJOIHH, HHIY-
unposanHoi tomosorneft Tqy). Takum o6pasom, MHoxecteo V

OTKPHITO-3aMKHYTO B UN® (N0 OTHOWIEHHIO K TOMOJOCHH,
HHAyUnpoBaHHOH TomoJoruel Ta). CaenoBarennHo, ecau
Koopdunamuas okpecmuocms V cesa3wa, mo oHa sngasemcs
Komnonenmot mroxcecmsa U NY, codepacaweii mouxy p.
[HanomHum, uto mo6asi Todka IMIafKOro MHOroo6pasus
obJsiaaet GpyHaaMenTaNbHOM CHCTEMON CBA3HBIX KOOPAUHATHBIX
OKpecTHoCcTeH —HanpHMep roMeoMOpP(HBIX OTKPBITbIM 1ApaM
€BKJ/IHJ0Ba TPOCTPAHCTBA COOTBETCTBYIOULEH pasMepHOCTH. |

IIpepnonoxum Teneps, YTO Ha MOAMHOXKECTBE & I1aAKOrO
MHOroo6pasus 2 3ajpaHel ABe IVIANKOCTH, IO OTHOWEHHIO K
KOTOPHIM OHO ABJIfieTcs NnojaMHOroobpasuem MHoroo6pasus 4
M KOTOpBle OMNpefeNsAiOT Ha & 00HYy U my e monoso2uio.
Torpa pas obeux raapkocreit kaprtel Buga (V, y*, ..., y™),
obJajalomuye onyucaHHbIMKM Bbilie cBoOHCTBaMH, OYAYT ORHH H
Te e ([oCKOJAbKY (YHKLHH y*, ..., Y™ XapakTepH3YIOTCA
KaK orpaHuueHHs JIOKAJbHBIX KOOpAMHAT X', ..., X", a4 MHO-
xectBa V—xak xommoHentsr muoXectB U N%). C apyroit
CTOPOHBI, B Ka*KJ0# rJIaigKOCTH 3TH KapTel COCTABJ/AIOT, oye-
BHAHO, TMoOJaT/iaC MakcHMaJbHoro artsaca. I[lostomy obe
TafKOCTH COBIAJAIOT.

Takum obpasoM, npu OaxHOd monosoczul Ha NOOMHOMNCe-
cmee Y 2nadKo20 MHO2000pasus X Ha Y Moxem CYuyecmeo-
eamp He 60aee 00HOU cmpykmypbt esadKko20 MH02000pA3UA,
no omrouwleruro K xomopoid ¥ sAsafemcs nodmHoeoobpasuen
muoeoobpasun .

Koneuno, Bapbupysi TONOJOrMIO, Mbl MOXKEM MOJYYHTD
Ha % MHOrO pas3au4HBIX CTPYKTYp mnoaMHoroo6pasus. Ha-
npumep, Mmoboe NOAMHOXKECT-

BO % < 2 Mbl MOXKeM CHab- C>©
AMTb JAUCKDETHOH TOIOJOrH-
efl, npeBpaTuB ero Tem ca- OQ b
MbIM B HYJ/IbMepHOe [OAMHO-
roo6pasue. A
Bonee nnrepecHsiit npu- <>©

MeD Mbl MOJYYHM, PaccMOT- g
peB Ha IJOCKOCTH MHOXECT-

BO, H3o6paxkeHHoe Ha puc. A («BocbMepKy»). OHO He MoKeT
ObITb B HHAYUHPOBAHHOK TOIOJIOPHH TOAMHOr006pasueM I.oc-
KOCTH HM3-3a oco6oft Touku B ueHTpe. OfHaKo OHO ke B GoJiee
ca1a6olt Tononoruy, ycJosHO H300paxceHHOH Ha puc. b, Oy-
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AeT NOrpyiKeHHHIM MHorooGpasuem, audxpeoMopdHBIM NPAMON
R. OHo O6yzeT morpyxeHHIM NOAMHOrooGpasieM, anddeo-
MopdHEIM npsAMOH R, 1 B jApyroft TOmOJNOrHH, YCJOBEO
usoGpaxceddofi Ha puc. B. CoorseTcTByiOHiNE BJAOKEHHUA
6yayT HeSKBHBAJEHTHBIMU peryasipHBIMH KpHUBEIMH 6e3 JABOH-
HBIX TOYEK, HMEWOIHMH OJMH H TOT Ke HOCHTENb.

IlpumenutenbHo k TomoJorud Ha %, HHAYIHPOBAHHON
TonoJorueii MHOroo6pasusa 2, Mbl MOJyyaeM, B YacTHOCTH,
YTO HQ noOmHoxecmee Y eaadKozo MHo2000pazus X moscem
cywecmsosamo He 604ee 00HOUE cmpyKkmypor eaa0K020 MHO20-
obpasus, no oOmMHOWeERUO K Komopol Y A8AAEMCS 6AONEHHbIM
nodmroeoobpasuem. IlosaToMy BrosiHe 3aKOHHO TOBOPHTB, UTO
BJIOXKEHHBIM IMOAMHOrooOpa3yueM  SBJAETCA MOJXMH OXe-
CTBO ¥.

UTo6bl onpenesuTh, BIAAETCH JH JaHHOE OAMHOKECTBO Y
BJIOKEHHBIM MOAMHOroobpasHeM, cjenyer

1° PaccmoTpeTh BCeBO3MOXKHBIE IAPHI BUAA (Vi]yl, e g ),

rae V—nepecevenne UNY ¢ ¥ Hocutens HEeKOTO[ Ot
kaptel (U, %%, ..., x") MmHoroo6pasus 2, a y', ..., y" —
orpanuuedns x'|,, ..., x”|, Ha V JOKa/NbHBIX KOOPAHHAT
x4, ..., x*.

2° Oro6pats u3 stux nap napet (V, g, ..., y™), HE-
JflomMecs KapraMd Ha Y, T. €. Takue, uTO QYyHKUHH
Y ..., Y™ BajaloT GHEKTHBHOe OTOGpaXkeHHe MHOXecTea

V=UnN® Ha HeKOTOpOE OTKpHITOE MHOXKECTBO V< R™.

Torpa, ecau ua omoGpaHHbIX Kapm MOICHO COCMABUMib
amaac Ha Y, mo Y Gydem 6A0KHCEHHHIM NOOMHO2006pABUEM.
HeiicTBHTENBHO, ACHO, YTO ITOT aTyiac 3ajdeT Ha &Y IIajKOCTb,
00 OTHOWIEHWIO K KOTOpOH & sBJAfeTc NOAMHOroOGpasuem
¥ KOTOpas COI/acoBaHa C HHAYIHMPOBAHHOM TOMOJOrHEH.
[3ameTnm, uTO, BOOGILE FOBOPS, MAaKCHMAJBHBIA aTaac MHO-
roobpasus ¥ MOXeT COAepXKaTb TONbKO HaCTb OTOGPAHHBLIX
Kaprt.] [

Ilpumennm 3To ofwee yTBepxKAeHHE K MHOXECTBY Y =
= [71(q,), ABAAOMEMYCH TOJHLIM MPoobpPa3oM HeKOoTOpoil
TOYKH Gy € Z Npu TIafkoM oTobpakenuu f: 2 — 3.

Onpedeaerue 4. Touka ¢, € £ HA3LIBACTCA pe2YALPHLIM
3rauenuem orobpaxenus f: X —Z, ecan [ aABaserca cyt-
MepcHelt B Kaxjaof Touke pEY.

IIpedaoocenue 1 (Teopema o npoobGpase pery-
AsspHoro 3HaueHwua). [{poobpas ¥ =f~1(q,) npoussons-
HO20 pesyAfipHO20 3HOYEHUR ¢, (K020a OH He nycm) fsasemcs
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BAONCEHHLLM NOOMHO2005 pasuem m#02005pasus L . Pasmeprocme
amozo nodmuozoodpasus pasHa n—r, e&0e r=dimZ (a
n=dim 2).

HJokasartenbcrtBo. Jas nmo6oli Toukn pE€Y B MHO-
roo6pa3ud # cyllecTsyer Takaa kapra (U, x', ..., x*) =
== (U, h), a B mHoroobpasun z-—raxkas kapra (W, 2%, ...

o 20, uto peU, fUcW, u B 3Tux kapTax oTo6 paxenue
3anuceiBaeTcs (hopMyJamH

(13) Zl=ymtl L 2 =xn,

rae m=n—r. [Ipn 3ToM 6e3 orpaHHueHusi OOILHOCTH Mbi
MOXEeM CUHMTaTh, YTO B TOYKe g, BCe KOOpDJAMHATHI 2!, ..., 2
paBHL HYJIO H, 3HauWT, uTo Touka u € U Torga M TOJIBKO

TOraa NpPHHANLIEKHT MHOXecTBY & (T. e., TOYHee,—Iepece-
yenuto V=UNY), xoraa

xm+1 (u) =0’ cen, x" (u) :_0.
Orcroga caenyer, uTo ecau otobpaxkenne k: V— R™,
3ajlaHHOe hopmyJloH
k(u)=(y" (1), ..., y"(w), u€U,
riae
Pr=xty, ooy Yr=x"|y,

paccMaTpHBaTh B CHJy €CTECTBEHHOrO BJIOKEHHS
R™ —R", (¥, ..., x")r—>(x% ..., x%, 0, ..., 0)

Kak oro6paxenne B R”, ToOHO OyJeT He 4eM HHbIM, Kak
orpaHuueHdem h}, Ha V oro6paxenus h: U— h (U). Tlo-
stomy MHOXecTBO K (V), sBasasce nepecesendem R” N A (U),
Oyaer oTkpeito B R™, a oroGpaxenue k: V-—k (V) Gyner

GuekTHsHO. Jlpyrumu caosamu, napa (V, k) =(V, 4%, ..., y™)
6yner kaproit B Y.

[lyers Temeps (U', XY, ..., x™)—ppyras KapTa MHO-
roobpasusa 2, 06Jajaiolas no OTHOUIEHHIO K 0TOBpaXKeHH!O [
aHaJOrMuHBIMH cBofictBamH, u nycts (V', y*', ..., y™)—
cootBercTBYIOIAn KapTa B %. Tak kak B nepeceuennn U N U’
KOOPAMHATHL XY, ..., x* H x*', ..., x*' CBf3aHbl HopMyaMH
BHIA

i =xi (a0, xh), =1, 00, 0,
rae
Oxt’ ’
(14) det o 0 Bcrony Ha UNU’,
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10 B nepecevenun VN V' =UnU'NY koopauunatsl yt,
e ym oy, L., y™ GyayT cBs3aHbl GopMyJsiamu

(15)  yl=x"(}, ..., 4™ 0,...,0), [=1,...,m
Kpome Toro, Tak kak B U’ MHOXecTBO &Y omnpelensercs
ypaBHEHHAMH
am+l =0, ..., x""=0,

T0 B VNV’ 2 & 10MKHB HMETb MECTO TaKXe M COOTHOLLe-
HUS

2y, oy, 0, o, 0)=0, K'=m- 1, ..., n.
Orciofa creftyer, 4To B Kaxjaoi Touke U3 VNV’ mas uact-
HbIX IPOM3BOJHBIX 07— l=1, ..., m, OYLyT UMeTb MeCTO
paBeHCTBa

oxt’ f_@y;i_, ecd =1, ..., m,
6xl—i 0, ecu i'=m4-1, ..., n,

U, 3HAUUT, AKOGHAH (14) OyzneT 1enUTbCS Ha SAKOGHaH

(16) det 1\

4

i'=1, ..., m,
5yl ’ =1, ..., m

CnenoBarenbHo, siko6uaH (16) oT/iMueH OT HyJs, W, 3HAUUT,

dopmyne (15) 3apgaoT  auddpeoMophu3M COOTBETCTBYIOLLHX
MHOJKECTB.

druM JoKasaHo, yTO Jmobble gBe KapTel Buga (V, y', ...
...y Y™) Ha Y coraacoBaHu. CJlel0BaTeNbHO, — MOCKOABKY
OHH, OYEBMJHO, MOKPLIBAIOT %,—3TH KapThl COCTaBJSIOT
aTaac 4, 3HaUUT, Y ABIAETCH BJAOKEHHHIM MHOTOOGpasHeM. [

N3 dopmyan (13), sanaroumux oToGpaxeHdie [ B JOKaJb-
HEIX KOOpJAMHATAX, HENOCpeICTBEHHO cJenyer, 4To Judipe-
peHLHa

dfp: T, —T,3
3TOro oToGpaeHif B TOUKe p €% JefCTByeT Ha BEKTOpax
Gasuca mpoctpatctea T,2" no Qopmyaam

f 0, ecu (=1, ..., m,
= 0 ,
f”<axi> i(———) , eI i=m+1, ..., n

Jdzf ~m P

3HAUUT, BeKMOpbL,

an (3 ) (),
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noposxcdarom sadpo Kerdf, omobpaxenusn df,, a sexmopvi

(18) (o), o0 (),

nopoxcoarom noONPOCMPAHCmBo, U3OMOpgHo omobpasxaro-
weccs Ha Kacameavroe npocmpancmao T, & mroz000pasus 3.
Takum obpasom,

T, =Kerdf, B T,.2,

rae T, Z— NoAnpocTpaHCTBO, HaTsHyToe Ha BeKTopnl (18).

C gpyrofi cTopoHsl, Tak Kak y'=x'|y, ..., Y"=x"|y,
To BekTOpH (17) MOPOXKIAIOT NMOANpocTpaHcTBO T, mpo-
ctpanctsa T,Z'. Cnenosatenbho, 0as awobod mouku p €Y
a0po Kerdf, omobpaxenus df, cosnadaem c¢ KacomenrbHolM
npocmpancmsom T, nodmnozo006pasus ¥:

(19) T, = Kerdf,,
U nomomy
(20) T, =T,9PHT,z2.

- [ToguepkHeM, uTo 3T0 pas/oXKeHHE HMeeT MeCTo AJISA JIo-
Goit ToukH p €Y.

3ameuanue 1. Crnegyer nMero B BHAY, UYTO OTHIOIb
He JoGoe BJOXKEHHOE MoJMHOroobpasue Y .2 sABAsderca
npoo6pa3oM peryJsipHOro 3HAYEHHS NMPH HEKOTOpPOM oTobpa-
xKeHuu [: % — Z (cM. HiKe 3afauy I).

Cornacko topmyse (20), Ana Toro 4ToObl BJIOKEHHOE
noaMHorooGpasie Y = Z Ow10 MpooSpa3oM PeryJspHoOro 3Ha-
yeHusi, HeoOXoAHMO (M KaK MOXKHO MOKas3aTb, AOCTAaTOYHO),
yToOHl A1 JIOGOH TOUKH p € Z HMEN0 MECTO pasoXKeHHe
BHJa

T,Z=T,%DN,,
rne N,—noanpoctpaHcTso, A/t KOTOPOro 3ajaHo—npu

ecex p— usomopdHoe orobpaxenne N, — R"~™, raagko 3a-
BUCAIlee (B NOHATHOM CMBbIC/I€) OT TOYKH p.

[ycrs f*, ..., ff— r;agxue QYHKUMM HA TVIAJKOM MHO-
roo6pasun %, a a', ..., a’—BeluecTBeHHble yncaa. Touka
p € Z HashlBaeTCs pelleHtieM CHCTEMBI YpaBHeHHH
(21 fl=a', ..., fr=a",
ecau fl(p)=a! pns moboro i=1, ..., r

[Tyctb & —MHOXKECTBO BceX pelleHu#t cucteMer (21),

8 M. M. Mocrnukos, cem. 111
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Tosopsat, uto ypasHenus (21) gyuxyuonarono nesasucu-
Mol, ecny 1as mo6oH TOUKH p € %Y KOBEKTOpHI

dfy, -, dfs €TZ
JNHHE1HO HEe3aBHCHMEI, H, 3HAUYHT, ypaBHEHHSA
(22) df,=0, ..., dfp=0

onpezensior B T,Z nHHEAHOE NOANPOCTPAHCTBO PAMEPHOCTH
me=n—r.

IIpedaoscenue 2. [aa xaxood cucmemot (21) ynk-
YUOHANLHO He3aBUCUMbIX YPABHEHUT MHOKecmso Y ee peiue-
HUL S8AALMCS BAONCEHHBIM NOOMH02000pa3uem MHO2006pasus &
pasmepHocmu m=n-—r.

HAas kamdod mouku p €Y noanpocmpaucmeo T,y sgas-
emcs noOnpPOCMPanHCMBOM peleHuli cucmemst AuHed b ypas-
Hernutl (22).

HokasareabctBo. Pyukuuu fi, ..., fr onpegensior
(no dopmyae f(p)=(*(p), ..., [ (p)) rnagkoe orobpaxeHnue
f: & —R", 113 KoTOoporo MHOXecTBO & sBJf€TCA Npoobpa-
3oM [~!(a) ToukH a={(a', ..., a")ER". llpu srom dyHk-
UHOHAJBHAA HE3aBHCHMOCTb ypaBHeHHH (21) osHauaer, oue-
BHJHO, YTO TOYKAa @ SIBJIIETCS peryJ/sipHbIM 3HaueHHeM oTobpa-
xenusa f. [losromy nepsoe yTBepxueHHe mnpensoXeHHs 2
ABJISIETCS BCEro JMIIb nepedopMy/HPOBKO# mnpennoxeHns |
g caydasi, Korga 2 =R".

AHaNOrMYHO, MOCKO/MbKY INpPOCTPAHCTBO peuieHHH ypas-
HeHu# (22) ABnsiercA He yeM WHEIM, Kak SiApoM oroGpae-
HHSA df,, BTOpOE yTBepXJeHHe sBJAETCA mepedopMyTHpPOB-
Koft pasenctBa (19).

Caedcmsue 1, I[Tycmy [— eqalkan pynkyus Ha esadxkom
muo2006pasun ', u nycmo Y — mHoAceCMB0 8Cex movek p €Y,
0as xomopox [(p)=a, e0e a€ R—duxcuposarroe utcao.
Ecu df, 0 0sn kaxdod mouku p€Y, mo Y npedcmas-
asem coboil eromcerHoe no0mHo2000pasue pasmeprocmu n—1,
KACQMEAbHOIM  NPOCMPAHCMBOM KOMOPo20 6 RpPOU3BOALH OL
mouke pEY ngasemcs eunepriocKoCHb df =0. O

Has dynxund f=f(x, y) na R?* ycnosue df, 0 osra-

yaeT, 4To Ju6o -37#:0, aubo —@#:0. [TosToMy ycaoBue,

YTO MOAMHOXECTBO Ha IJIOCKOCTH ¢ ypaBHenuem f(x, y)=0
AAB/IAIETCH BJIOXKEHHBIM OJRHOMEpHBIM MHOrooGpasueM, B TO4-
HOCTH O3Ha4aeT, 4TO OHO He HMeeT OCQOBIX TOYyeK (CM. JeK-
o 1),
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3ameuanue 2. Kak nokaseiBaer Teopema YHTHH U3
JIeKILHH | ocBoBoauTbCA OT ycaoBus df, =0 B cnencrsuyu 1,
BooOllle roBops, HeMb3sl. TeM He MeHee OHO OTHIONb He HeoO-
XOJMMO 1/ TOro, YTOOBl MHOXECTBO & OLLIO BJIOKEHHKIM
(1 He ofbssateqbHO (n— l)-MepHBIM) MOAMHOrooOpa3ueM.
Hanpumep, B R* ypaBueHne

x2_1_ y2=0

onpenensier NpAMyl0 (BJIOXKEHHOE MOAMHOroobpasue), HO BO
BCeX Toukax 3Tod npamoi muddepenuvan df, dynkuun f =
= x4 y? TOXKIECTBEHHO paBeH HYJIO.

Kpowme Toro, cornacHo saMeyauuio 1, oTHIOLL He Jo0oe
NOZMHOro00pa3ue MOXKHO 3a/laTh CHCTEMOH (DyHKIIHOHABHO
He3aBHCHMbIX YpaBHeHHH.

3apaua 1. [NokaxuTte, 4To Ha npoeKTHBHOH njockocTH RP? ne

CYIIECTBYET TajKoH %ynxuml [, MHOXKecTBOM HyJseft KoTopoit Oblia Gbl
npoektuBHas npamas KPIcCRP2,

Tem He MeHee Ha mMpaKTHKe TOT (aKT, YTO TO WIH HHOe
MOJMHOXKECTBO TIMaJAKOr0 MHOrooGpasus fABJseTCS BJOKEH-
HEIM MOXMHOroo6pasueM, YcTaHaBAMBaeTcs, KaK MpaBuio,
C TTOMOILBIO TpelIoKeHHA 2 (uau ero cJaeicTBus 1).

[Tpumep 1. Onpenenurens det A kBanpaTHO! MaTpuubl
A=la;| sBNAeTCs MHOrOYJIEHOM OT a;;, KMEIOUWHM MO Kax-
Jomy nepemeHHoMy crenenb 1. Tlpu sTom nerko BuaeTsb, 4To

ddet A

(23) “—&11'7—"-:AU,

rie A;,—anrefpanueckoe AOTONHeHHE djaeMeHTa a;;. (Locra-
TOYHO 3aMeTHTh, YTO MO (opMyJe pasoKeHHs oONpelenH-
Tens 1m0 dnemedTaM cronbua det A=A;a; + Ay, rae Ay ne
saBucuT oT a;.) Tak kak npu det A= obssarenbuo A, 0
XoTa OHl 1/ ORHOrO 3JeMeHTa «,;,, OTCIOfa CHefyer, uTo
Ans ypaBHEHHS

det A=1

(na MHoroobpasuu GL (n)) ycnoBust cmenctsus | mpexnoxe-
Hus 2 BoimonHedkl. CienoBatensho, epynna SL (n) ssasemca
BAONCEHHBIM N0OMHO2000pasuen pasmeprocmu n*—1 epynnet
GL (n).

anaua 2. [lokaxure, 4To IIafKoCTb HA Trpyfie
SL (n) kax Ha nmoamHorooGpasun mHoroobpa3us GL (n) coBna-
JaerT ¢ ee raajKoCcTbio, KaK MaTpuHuHoH rpynnel Jln (cM.
JAeKuuo 5).

8*
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Tax kax rpynna GL (n) siBasiercst OTKpHITBIM NOJMHOTrO-
obpasueM JauHeliHOro mpoctpaHcTBa Mat, (R), To a1s moGoit
matpunsl A =GL (n) kacatennhoe mpoctpatictso T,GL (n)
k GL(n) B A ecrecTBeHHbIM 00pasoM OTOX/JECTBJISETCS
¢ Mat,(R). B sToM oroxjecTBneHnn Ga3HCHOMY BEKTOPY

<0a , MpOCTpaHCTBa T,GL (n) oTBeyaer MaTpuyHas epH-
i/

wuua E,; € Mat, (R), u, snaunt, KoBekTopy (da,;), OTBeuaeT
kosektop Mat, (R) — R, conocrasasiouiet Matpuue B=|b;;]|
ee 3/eMeHT by;.

B cuny dopmymet (23) orciona cneayer, uto augepen-
unan df, Gyukuuu f: Arsdet A, paccmatpnBaeMbllt  Kak
KOBEKTOp mpocrpanctBa Mat, (R), nelictByer mo dopmyse

n

dfaBy= X Ayby,  B=|b,}€Mat,(®),

=1

rae A,/-—a.nreﬁpanqecxﬂe JAOIOJIHEHHA 3/JIEMEHTOB MaTpHILbI A.

B uacTuocty, npy A=E (xorza A;;=98,) Mpi monyuaem,
4TO

dfs (B)= £=21 b,;,=TrB,

u, suauut, uto Kerdf,=8l(n).

[Tockonbky Kerdfy=TgSL (n) atum gokasaHo, 4to Kaca-
meabrbim npocmparcmeom nodepynnst SL(n) e mouxe E
seanemes ee aseebpa Jlu 8l (n).

3ameuaunune 3. B crenywomem ceMecTpe Mbl MOKaXeM
(eM. sexipno 1V.10), uTo smoGas matpuusast rpynma JIn ¥
npeficTaBasieT COGOH BJIOXKEHHOEe M0JAMHoroo6passe MHOro-
obpasus GL (n), kacaTenbHbIM MPOCTPAHCTBOM KOTOPOrO
B Touke E senseTca ee anrebpa JIu g.



