Jexuyus 22

AUHKJHYHOCTD 110 CTPOKaM ABOIIHOTO KOMILICKCA HyMepiipye-
MOTO MOKPHITHA.— AUMKAHYHOCTh MO cToN6LAaM fBOfHOTO
KoMiiekea oKpwTHs Jlepe.— Teopema ae Pama— Jlepe.—

O6o6wenye,— Cpynny £8 9. —Tpynne FP 9-—Tpynna, npa-
NPHCOCAKICHHAT K TPajlyHpoBanHOf rpynne ¢ ¢HabTpalHed.

Orpeodeanenne 1. CemeiictBo {n.} riagknx HeoTpuua-
TeAbHBIX (YHKUHH 1),: 2 — R HA3bIBACTCS ACKANOHO KOHCH-
Holm, ecay st Jo0oH TOUKH MHOrooOpasusi 2 CyLecTByeT
ee OKPeCTHOCTb, B KOTOPOH TOJLKO KOHEUHOe YHCJI0 (PYHK-
UK 1, OTAMYHO OT Hy.s. JIOKaJpHO KOHEuHoe CeMeHCTBO
(M.} dyHKIME HaseiBaeTcH pasbuenuem cOuHUYbl, €CIH

Zm=1

(B cHaly YC/IOBHSl JIOKAJbHOH KOHEYHOCTH 3Ta CyMMa HMeEeT
cMmbic1). Paszbuenune eanHuupl {v,} HassBaeTcst noduurenroLi
OTKpbiTOMy noKpbiTHIO {U,} (C TeM e MHOXKECTBOM HMHJEK-
coB), ecau m,=0 Bue U, m1a awboro k. (3aMetnM, uto B
JHTEpaType BcTpeuaeTcsi Apyroe, Gosee orpaHMYeHHoe ompe-
AeneHHe, B KoTopoM TpebyeTcst, 4toGel B U, coAep:aaoco
He TOJIbKO MHOXeCTBO, TAe N, 0, HO M ero 3aMblKaHHe.)
Otkpeiroe nokpoitue {U,} uaswiBaetcst wymepupyemoin, ecau
CYUIECTBYeT MOJYHHEHHOE eMy pasGueHHe efuHHuusl {n,}. MHo-
roobpasue 2’ Ha3bIBACTCA HAPAKOMNAKMHLIM, €CJAH KaxXaoe
ero OTKpBITOE MOKpPBITHE HYMEPHPYEMO.

Okasblgaetcsi, uto ecau noxpoinue W={U,, k€ K} erao-
K020 mHO2000pasun & Hymepupyemo, mo e2o 080UKOU KOMN-
zexe C*(0) ayuxasuuen no cmpoxam. IleficTBuTesbHO, Cco-
IJIacHO CHeaHHOMY B KOHLE MpeAbAyIied JIeKUHH 3ameuva-
HHI0, HAM HAjAo0 JIHLIL A0KA3aTh, 4TO AAs Jawoforo g =0 kax-
Ablft  p-MepHblit (p > 0) KOUMK/I ¢ KOLEMHOIO KOMILIeKCa
C»e={Cr (1), 6} sBnsiercsi xorpanuue. C 310ff ueablO
MBI OTHECeM MpoM3BOJBHOM kouenn c€CP 7(ll) Kouenn
DceCr~t4(11), onpeaeneHHyo (OUeBHAHO, KOpPEKTHO) dop-
MyJo#

(1) (Dc) (ky, ...,kp_1)='§’<nwc(k, For <oy kyy),

(k(,, AR | kp—l)er—lv
rae {n,} —pasbuente efMHHULLI, NOAYMHEHHOe MNOKpbiTHIO 1l.
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Toraa mns mo6oro cumnsekca (R, - . ., k)EK,

-~

(ODC) (kg - .., kp) = ,;o (_I)IEK""C A N A R

=2 M D (kb o Ry k)
keK =0

H
(D&c) (o, - .. k) :k§<"" (Oc)(ky kv ..y k)=

-~

p
=2 (e Chor oo sky) - (=D ik R Ry)l=

-

p
=clkoy s k)= My 2 (1Y (ki ks - Ry oy k)=
ke K (=0
=c (ks - s kp)—(8DC) (s, .., k),

Déc + 8Dc=c¢
Anst moGoi kouenu c. Iloatomy, ecan 8¢ =0, to ¢=08Dc. [J

PaccmotpuM Tenepb ycsioBHsi, ofecrneyuBarouiie anuK/aAnY-
HocTh kKoMnsiekca C™ °(U) mo cronfuam.
Hanomuum (cp. onpenenenne 1 saekunu 10), uto Aast Apo-

H3BOJILHOTO CceMeiicTBa MHOxecTB {2} cumsosiom J] &, o6o-

o
3HAYAeTCS MHOXKECTBO BCEBO3MOXHBIX cemelictB (X}, rae
Xa € Lo. B cayuae, korma sce &' MpeAcTaBJsioT CoBOi Jiu-
HeHHBle MPOCTPAHCTBA, 3TO MHOXKECTBO SIBJISIETCS JIHHEHHBIM
IIPOCTPAHCTBOM OTHOCHUTE/JHLHO MOKOMIOHEHTHBIX —onepanui
({%a} + Yo} ={Xa 4 Yo} A{xa}={Axa}) ¥ HasuBaercs
npamoim npoussedenues JTUHEHHBIX NMpocTpaHCTB &'y, AHasoO-
rMYHO ONPEHeNsIOTCST NMpsIMbie MPOU3BENCHHS TpPyNm, Kowuen-
HbIX KOMILJIEKCOB, JBOHHBIX KOMIIJIEKCOB H T. IH.

IIpH 3TOM fICHO, 4YTO, HANpHMEp, epynnel KO2OMOAOUll
npsimozo npoussedenus Komnaexcos Oydym npameimu npo-
UBBCOCHUAMU 2PYNN KOSOMOAO2ULL COMHoNCUmenet.

CpaBuus ofluiee onpegesieHHe TNPSIMOTO I[IPOM3BEJCHHUS
JHHEeas 0B C ofpejejexueM Juxeanos CP’¢(l1), Mbl HeMej-
JIeHHO OGHApYXHM, UTO KaxcOwui aurear CP 4 (11) ssasemes He
wemM UHbIM, KAK NPAMbiM npoussederuem

Q. n... nUkP)
{kor -0 kp} €K
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aunearog Q1 (Uy N ... NUy,) no ecem p-meproim cumnaexcam
ko .. s Ry} cumnauyuarbrnot cxemor K. Ilpu 3Tom orobpa-
xenne d: CP 7 (11) — CP 7# (1) nepeBOAHT KaXAblfl MHOXH-
tenp Q (U, n...nU,,) nuneana CP7(11) B MHOXKHTENDL
QryW, n...NUy) auneana CP /'*(1) u siBAsercss Ha
HeM He ueM I[IHBIM, KaK BHEWHHM AH(xDepenirasiom

d: Q'(Uk“n PR nUl-‘/;) - QHI(U,NH P nU"'l’)'

Ato o3Hauaer, uto s Jwoboro p =0 xommieke CP * (1) apas-
eTcst PSIMBIM NPOH3BeLeHHeM Komiiekcos jie Pama Q'(U, n ...
... NUg,) n, 3HauuT, €ro rpyuisl KOroMosorHi — npsiMbIMH
npoussegedusmu rpynn H' (U, n...nU,,). Tlostomy ans
kommnsekca C™°(ll) yc/oBHe ALUKJIHYHOCTH CTOJAGLOB MOpH
g > 0 BbINOMHEHO TorjJa W TOJMBKO TOrAa, Korpa aist Jwoboro
cumnnekca  {k, ..., k,J<cK Bce rpymusl  KoroMoJsorui
Hi@U, n...NUg) g >0, paBHul Hymo. AHaloruuso, Tak
Kak aas Jwoboro p >0 rpynna CP(ll; R) siBasietcss He uem
WHBIM, KaK IIpSAMLIM NPOH3BE/IeHHeM JuiieasoB R 1Mo BceM

cumnyiekcaM  {k,, ..., k,} <K, TO ycr0BHE AUMKAMYHOCTH
ctTon6biios Kommyekca C” (1) mpu ¢ =:0 paBHOCHJIBLHO Tpe-
GoBanuw, 4Tobbl AJist Jwooro cummniekca (&, ..., k,} K

rpynna f°(U, n...NUs,) Gbiia nsomoppua R.

[TockonbKy B cuay semmsl [lyankape (¥ npepjoxeHust 2
Jexudd 20) oba yc/ioBusi 3aBEIOMO BBINOJIHEeHbI, KOraa BCC
nepeceuennst U, (... NU,, middeomopduol oTKpoiTOMY LIapy
B~ npocrpalcTBa R” (rae, kak Bcerga n=dim 2°), Mbl BUIHM,
uto komnaexkc C* (1) ayukauden no cmoabyam, ecau 0As
moboLx unoexkcog ky, . . ., k, € K nepecedenue U IR U, -
K020a 0HO He nycmo—Ouggeomoppro wapy B*.

Onpedenenue 2. Orkporroe nokpuithe 11=={U,; k €K}
[JaJIKOro n-MepHoro MHoroobpasusi 2 Mel OyaeM 11a3plBath
nokpeimnuen Jlepe, ecin past OOBIX HHAEKCOB Ry, ..., R, € K
nepeceuenne U, ... N Uy, mubo nycro, nubo auddeomopduo
wapy B~

Takum obpasoM, 0aa awGoeo nokpeunus Jlepe 11 xomn-
aexke CO " (W) ayurauden no cmosbyan.

ComnocTaBHB mojiyyeHHbIE pe3yJibTaTbi, Mbl B CHJY CJel-
CTBUA 2 jeMMbl | npeasiiyluedl JeKUUH HeMELNEHHO HoJydYlm
CJIeAYIOIWYIO TEeopeMy:

Teopema 1. [las 106020 Hymepupyemoeo nokpoimus Jlepe
enadkoco Mno2005pasus X epynnet koeomonozuid H™ (1. )
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usomophrbl epynnam xozomoaozuti 0e Pama H™Z muo2006-
pasus X.

Jra TeopeMa HasbiBaercs TeopeMoi gxe Pama B
dbopme Jlepe) (unH, Kopoue,—TeopeMoll 1e Pama—
Jlepe).

Hetpyaso ykasate u siBHyio GopMyay, 3ajaioiyio uso-
Mopdhu3aM

@) H=»(U; Ry — H»Z.

3apnaua |. Ecan x kouenn ic@€Cm. 0 (1), c€Cm (I1; R), Ma1 m pa3
npuMeuM oneparop deD, rae D—oneparop CP» 9 (1) — CP-1, (1),
onpenetennsit popmyaot (1), ro moayuutcs Kouenn u3 C% M (1), IToka-
KHTe, YTO:

1° B cayuae, Koraa ¢ sB/ifeTcH KOUMKJOM, Kouellb (d o D)™c nmeer
BHA J©, Tie ®—3amkdyTas dopma uz Qn9°;

2° xaacc xoroMoJsoruit [w] ¢OpMBI @ 3aBHCHT TOJIBKO OT KJaacca
woromoJstoriit [¢] Komuxaa c;

3° ¢ TounocThiO N0 3Haka oToGpaxenue [c] > [w] aBagerca u30-
mopdusmom (2).

Caedcmeue 1. Ian n06020 Hymepupyemozo noxkpoimus
Jlepe W enadkoeo mrnozoobpasus 2 epynnol Ko2omorocull
H=(11; R) ne sasucam——c modnocmoelo G0 u30m0pphusma— om
IM020 NOKPHMUA U ONpPeGesstfomes UCKMOYUMEAbHO COMUM
MHo2006pasuem L. [

3GaMeuanue |. MoXHO nOKasaTh—Ha OCHOBaHWH CoO-
BEpUICHHO MHBIX cooOpa)KeHu#, He cBA3aHHEIX ¢ Audpepen-
IHAJIbHEIMH (popMaMu,— 4T0 CJIeACTBHE | CrnpaBeaauBo AJst
rpynn koroMosoru#t H™(11; G) 1 Hap npou3sBojbHOM Tpyn-
ot G, )

Onpedeserae 3. Tpynnet H”(U; G), rpe U— npous-
BOJIbHOE HyMepupyeMoe MOKpnITHe Jlepe MHoroofpasusi 2,
HA3BIBAIOTCS epynnamu Kozomoroeull Hexa MHoroobpasus 2
it ofo3Haualorcsi cuMsosioM H™(Z; G). Oun onpeneneus,
ccot MHoroo6pasue 2 obnagaer xotsi Obl OZHHM HyMepHpye-
MLIM TOKpbITHEM Jlepe.

B cuny saMeuanust | 310 onpejeneHie KoppeKTHo. OHo
llo3BoJIsieT crepywowuM ofpasoM mnepedopMyaHpoBaTh Teo-
pemy 1:

Teopema la. Ecau 0ra mnocoobpasus X cyuwecmsyem
Hymepupyemoe noxpeimue Jlepe, mo e2o epynnsl K02o0mon02uLl
de Pama usomopgrer e2o epynnam kozomonoeud Yexa:

H*?T ~ H*(Z; R), m=0.
XoTs Ha mOpakTHKe BOMNPO: O CYLIECTBOBAHHM HyMepH-
Pyemoro mokphiTHsi Jlepe /19 JAaHHOTO KOHKPETHOrO MHOTO-

12 M, M. MNoctunkon, ¢ M. 111
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o6pasnsi £ O6LIMHO TPYHLHOCTEH He BbI3bIBAET, HO BCE XKe,
KOHEUHO, 3TOT BONPOC WHTEPECHO paccMOTpeTh B OOmIEM
BHAE.

Teopema 2. Jlwboe xaycdopgoso mHoeoolpasue, ydos-
aemsopsrowee emopotl axcuome cdemrocmu (8 wacmrocmu,
a06oe  xaycdopdoso KoMRaKmMuoe MHR02000pasue), nApPaKoM-
RAKMHo, M. e. Kaxooe e2o OMKpbImMoe NoKpoimue Hymepupyemo.

3aMeyanune 2. MoxHO mOKa3aTh, 4YTO H, 06paTHO,
Mmoboe CeABHOe NApPaKoMNaKmroe xaycdopgoso Muoeood pasue
yOosremsopsaem emopoti aKcuoMe CHemuocmil,

CM. Huxe, 3ameuanus 2 n 3 nexuun 24,

Teopema 3. Jlwboe napakomnakmuoe xaycdopghoso MHo-
2006 pasue obradaem nokpeimuesm Jlepe. Ecau muoz006pasue
KOMNAKMHKO, MO 0HO 064a00em KOHe4HbiM noxpbimuem Jlepe.

Caedcmsue 1. I'pynno xocomonrceudi Hexa H™(Z'; G)
onpedenensvl 04 106020 NAPAKOMNAKMHAHO20 XAYcOopgdhosa MHO-
2006pasus L. [rs KOMRAKMHO020 MK02006pa3us smu epynnb
umerom nad G koweunoe uucao obpasyrouwux (npu G=R
KOHE4HOMEPHbL).

Caredcmaue 2. I'pynner xocomonocuti de Pama H»Z
NPOU3B0ALHO20 NAPAKOMNAKMHAH020 xaycdopgdoea MHO2000 pasus
Z usomoppre ezo epynnam Yexa Had nosem R:

Hn& ~ H™ (T3 R).

Cnenctrre 2 o6biuHO HasbiBaeTcst TeopeMoil ne Pama
aasi rpynn koromonoruit Uexa.

[Boobuie, Teopemamn Ae Pama HasbiBaercs penblt GyKer
TeopeM, OIHCHBAIOWNX rpynnbl H?Z B TOMOMOrHYECKHX
TepmuHax. HasBaHne oObsicHsieTcsi TeM, uTO camasi mepsast
M3 3THX TeopeM Obl1a HAa caMoM gefe J0KasaHa fae Pamom.
Mgl mosHakoMuMcst ¢ 3ToH Teopemoit B aexuun 28.]

Caedcmeue 3. [rs xomnakmuoeo xaycoopdosa MH020-
o6pasun X' ece aunelnme npocmpancmea H™Z koneurnoMepHol
(u, swagum, qucra bemmu k™2 onpederenst). U

Mol mokaxeM TeopeMy 2 B nekuun 24. Uro ke xacaercs
TeopeMbl 3, To—nopo6Ho eMMe [aycca M3 seKuuu 5—Mnl
BBHIHYKJCHBl OTJIOXKHTb €€ JOKa3aTeNbCTBO A0 CJEAYIOIIEro
ceMecTpa.

Boo6uie rosopsi, AaxKe AJsl CaMblX NPOCTHIX MHorooGpa-
suit 2 noxpuitus Jlepe 11 coxepxkar JAoBonbHO MHOro ane-
MEHTOB, YTO JAesaer 3anauy Beluncjenust rpynn H” (1 R) =
= H™(Z; R) ecan He cJ0XHOH, To, BO BCSIKOM cayuyae, I'po-
Mo3fakoft M yrtomutenbHol. IloaTomy HHTEpecHBl croco6bl
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BbiyuC/IeHHst rpynn H”(2'; R) ¢ noMombio OOKpbITUH, He
AABJISIIOIMXCSL NOKphITHAMU Jlepe. (Kaxk noxasbiBaiotT npume-
pbl u3 JeKuiH 20, 3TOT MOAX0J, MOXKET O0Ka3aThCsl BecbMa
sdexTuBHbIM.) [Ipy 3TOM BBHAY TeopeMbl 2 (npaBaa, Hamu
ele He JOKA3aHHOH) Mbl, NPAKTHYECKH HHTEPeCYfiChb JIMIUL
MHOrooOpasHsiIMH, YJOBJETBGPSIOULMMH BTOPOH aKCHOME cyer-
HOCTH, MOXEeM OrPaHHUYHTbCH JHLIb HYMEPHPYEMBIMH MNOKDLI-
THAMH lI—{Uk,kEK} JJIsl  KOTOPHIX OKAaWM/IEHHBIH KOM-
miekc C“'(U), KaKk Mbl 3HaeM, alUKJHYEH IO CTPOKaM, H,
SHAYMT, ero rpynnbl Koromojorui H™ (1l) u3oMopdHbl Tpym-
nam xoromonoru# gae Pama H”Z mHoroo6pasus 2. Takum
o6pasoM, 3afaua BhluMCIeHust rpynn H™Z' cBogHTCs K 3aja-
ge BhIYUCaeHHsi rpynn H™ (U).

Mbl 6GyaeM cuHTaTh, YTO HAM H3BECTHBI

a) HepB K nokpnitusi U (T. e. M3BECTHO, AN KAKHX HH-

AEKCOB Kk, ..., k, € K uepeceuenue Uk., .+« Ngp HE IYCTO);
6) nas mo()oro cHMNAeKca 1k, . . HepBa K H3BECTHbI
BCEe TPYnnbl KOroMoaoru#l e Pama Hi (HU - NUs,) or-

Kprrroro nopmuoroo6pasust U, N ... NU
H 6yjeM HCKaThb anre6pauqecxyxo npouenypy, NO3BONAIOILYIO
Ha OCHOBE 3THX CBeJieHHH, eclH He MONHOCTBIO BbIUHCIAHTH
rpynust - H? (\)=~H"Z —310 OCTaHeTcst  HEAOCTHKHMBIM
HaealioM,— TO, MO KpaHHeH Mepe, NMOAyuHTb 06 3THX CPyn-
nax JOCTaTOYHO OOIMPHYIO HHPOPMALHIO,

Myete C"={C? %; §, d} —noka npon3BoabHbIA ABOHHOMH
Kommieke. Taxk Kak croa6uel C# "= {C?* 9; d} xoMnyekca C”°
SIBASIIOTCS. OGBMHBIMH KOLEITHBIMH Komnnexcamu, TO omnpese-
JleHbl HX rpynnsl xoromosoruit H. (C?'°). Tlo Tpaguuuu npu-
HATO 0603HAyaTh 3TH TPyNmbl cuMmBojsoM E£ 4. (O6parture
BHHMaHHe Ha NOPsAOK BEPXHHUX HHJIeKcoB!)

TlockonbKy ropusoHTajbHbIE KOrpaHuYHble onepartopel :
CP' 9 — CP*Y' 4 cOCTaBASIOT 10 OIIpefesieHHIO KOLeMHOe OT06-
paxkenue CP* — CP*H ", OHH HHAYUHMPYIOT TOMOMOP(H3MEI

3) §%: Eprd — Eptiid

Tak Kak §086=0, 10 6*08"=0 H, 3HAYUHT, AAA KaNKIOI'O
q =0 cemeiticrBo Ep 9= {E{ 9, 6*} rpynn u roMoMophH3MOB
ABJISIETCS. KOUENMHBIM KoMmIiekcoM. (B panbHeiiem BMecto §*
Mbl 6yZeM nmucath npocro O.) I'pynmel Koromomordit He(E;9)
KomrinekcoB Ep¢ MBl — TaKkxke 1o Tpaguunu — 6yzneM o6o3Ha-
uaTh cHMBOJIoM E£ ¢ u 6yneM pacrnonaraTh MX B Ta6aHIy BHAA

12»
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[ A
E$a | Eye | ... | Ep7
|
" ,
E&t | Evt | | Epo
E%° | ELo | . | Epo

YenoBHo E2 9= HRHI(C" ') (m E% 9=H§HI), ecau
C»*=C"'(l)), roe HHXKHHE HHAEKCHl YKas3biBAIOT KOrpaHHy-
HbI omepaTop, MO OTHOIIEHHIO K KOTOPOMY BBIMHCISIOTCS

rpynfsl KoroMosorki.

3amerum, uTo B CNEUHaNbHOM CJayyae IBOHHOrO KOMILIEK-
ca suga C" " (1) ungopmayus, codepycauiaacs 6 nyskmax a
u 6 (cm. svlwe), 6 npuryune 0ocmamo4na OAf Bol4UCIEHUR epynn
Eg 9. NefictBHTENBHO, KK MBI 3HaeM, KaxJpli crober, C? *(11)
kommiekca C°(11) sBasercas npsMbIM TPOH3BELEHHEM KOMII-
Jekcos ne Pama Buma Q' (UpN...NUk,) H, 3HAudT, ero
rpynnel KoroMostorHit E2 9= H9 (CP'* (1)) — npsAMeIMH Hpo-
M3BeIEHUAMH rpynn koromonorkit ne Pama H9 (U, N ... N Uy,).
Sto osHauaer, uTo mepexox ot rpymmer C?'4(11) k rpymne
E® @ cocToHMT B TOM, 4TO MbI, OIpDAHHUYHBAACH KOLEMSMH

C: (koy s Rp)—Clkoy .. k) EQTU, ... NU4),
3HaueHuss C(kg, ..., Rp,) KOTOPBHIX SIBJASIOTCA 3AMKHYTHIMH
dopmamu, nepexogMM K HX KjaaccaM KOrOMOJIOTHH

v ey - k) E€EHI(Up N ... N UL,).

CnenoBarenbHO, /ieMeHTaMH rpynnbl £2: 9 MBI MOXKEM CUHTATH
onpefeneHHsie Ha K, KocoCHMMETpHUeCKHe (YHKUHH

R (N T (S

AJIs KOTOPBIX C(Kyy ..., kp) €EHI(Up 01 ... N Ug,) (oyenu co
3Hauenusmu ¢ Koeomoroeusx). Ilpu stom oneparop (3) 6yner
3agaBarbcdl HopMyJoi

p+1

(8°) Ckas + s kpr) = B (— 1) Ckoy -, v e k),
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rae clipaBa IpOllyuIeHbl MoApa3yMeBaeMble roMoMOPdU3MbI
OrpaHHYEHHs

HO U 00, Voo N Usp) = H Uy 01 (U

(cp. dopmyay (2) npeapinywieit nekunn). Bece 3to naer aaro-
pHOM—B He OueHb I'POMO3IKHX Cjyuasix BroJHe paborocno-
cobHbifi — gaisi BeiuMcaeHus rpynn E5 9, [J

Taxkum ob6pasom, rpymnsl E% 9 pis IBOMHBIX KOMIJIEKCOB
Buga C™ °(11) Ml MOXeM CUMTaTh H3BECTHBIMHM, MO KpaiiHeit
Mepe TeOpeTHUYECKH.

Npumep 1. Ecan N={U, V} —gByxs1eMeHTHOE NOKPHI-
THe cdepnl S”, paccMOoTpeHHOoe B Jekuud 20, To cpegH rpymi
H=U), H™(V) u H* (U V) oTaiHuHB OT BYJ5 TOJNbKO TPYMMbL

H(U)~R, H(V)=R, HUnV)~R
H

Hn—l (U N V) ~ Hn—lSn—l ~ R.

[Toaromy komnaexkc Ep® usomopden komnaekcy C'(11; R) u,
3HauHT, epynnot E2 ° usomopgrer epynnam HP (11; R). (STo—
obwuit dakrt, cnparepauBHiEl Aias n06oro MuHorooGpasust 2
H moboro ero NOKpPuITHA 11 co cea3Hbimu mepecedeHHSIMU
ngn e ﬂUkp.)

C npyroit cropoHsl, Jerko BHzers, uto H°(l}; R) =R
(sro—onaATb obwHit GakT, cnpaBeAaHBhLIA AJst JI060H CBSA3-
HOM — B NOHAITHOM CMBIC/I€é— CUMIIHIIHANBLHOA CXEMBI), H UTO
Hep(1; R)=0 npu p >0 (HepBoM NoKpuiTHs 11, WJIH, TOu-
Hee, €ro reoMeTPHUECKOH peanusauueil sBAsieTCs OTPe3oK
(5) i 1
W, 3HauHT, npH p > | paBHa Hy/o aaxe rpynna CP(11; R),
a npu p=1 mo6oit anement rpynnb C!(11; R)=2'(ll; R)
OIHO3HAYHO onpegesnsiercss uucaoM A=c (0, 1) 1 noromy pa-
BeH Oe, rie e— Hy/bMEpHasi Kollelb, onpefe/ieHHas ¢opMyoi
e(0)=0, e(1)=A).

Takum oGpa3som,

Epo— R, ecan p=0,
2 0, ecam p>0.

Yro xke Kacaercst rpynn E?2 7 npu ¢ >0, To cpemu Hux
OTVIHYHA OT HyJas ToJbko rpymma E} "~ 1=C!'(l1; R), u3o-
mopdHasi R. [Tostomy cpean rpynn E£ 9, g > 0, Takxke or-
JUYHA OT Hyasd ToabKo rpymna E} "'~ R
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Takum o6pasoM, Tabauua rpynu E2 9 naif  HOKpBITHsI
{U,V} cdepbl S” umeer BHA

n-1 R

0 R coo | |
51

(B OCTaNLHBIX KJETKAaX, KPOME ABYX YKa3aHHBIX, CTOAT HYJH). |

OcTtanoce HayuyHTLCSl mepexoguth or rpynn Eg9 x rpyn-
nam A=(C"°). [lna storo M B nepByio odepeib OMHLIEM
rpynnbl Ef 9 HemocpepctseHHo no rpynmaM CP’ 4. IIpu atowM,
BO H30eXaHHe MHOTMOYHCICHHBIX OTOBOPOK, Mbl 6yaeM CUHTaTh,
uTo rpynmnsl CP'9 onpeneleHsl H JNSL OMpUyamenssHolx p, ¢
H PaBHBLl B 3TOM CJyuae HYJIO:

CP9=0, ecin p< 0 unn q <0,

[To ompenenennio Kaxuuiit sneMent x rpynnsl Ef 9 aBis-
eTcsi KnaccoM 8-xoromonoruit Hekoroporo §-xounkna c€ E5 9,
KOTOPHI B CBOIO ouepelb SIBASICTCS KJACCOM d-KOroMosorHii
HekoTOporo d-xkouvknaa c€CP’Y. (B xommiexkce MOKPBITHs
U1 anement ¢ mpeacTaBisier COGOM KOUMKJA CO 3HAUGHHAMH B
KOTOMOJIOTHSAX, a ¢ MONYYaeTcs H3 ¢ BLIOOPOM B KaXKAOM KJac-

ce Koromonorui c(kg, ..., k,) HEKOTOpOro npeicTaBuTeIsl.)
TakuM o6pasoM, Kaxppid aneMeHT x € Efr 7 3agaercsi HEKOTO-
pHIM 371eMenTOM ¢ € CP* 4. Mul 6y nieM mucath x = [c], (1 c={c],).
Yro6l anemeHT [c], 6bln ompegeneH, HeoGXOAHMO, KOHEY-
Ho, uTo6nl dc=0. KpoMe Toro, snement & € CP+':¢ moskeH
uMerb Bug de,, rme ¢, € CP+V 9! (yto6hl anemenr [c], € E5 ¢
6ot O-kouuknom). BrmpoueM, naM Gymer ymoGuee 3fech 32a-
MeHuTh d Ha d' u nmpeacrasaste 8¢ B BHAe —d'c, (4TO, KO-
HEYHO, HHKAaKoro NPHHLUHMNHAJIBLHOrO 3HAYeHHsi He HMeeT).
O6parHo, ecan dc=0, To onpegened 3jneMedtr [c],, a ecau
6c=—d'c;, 10 6[c];=0 u, 3nauur, onpeneneH 3JaeMEHT
[c];- Taxum o6pasoM, ssemenm [c], onpedesen mozda u morvko
moeda, Ko20a cywecmeyem OBY4ICHRAS yenoska (C, ¢;) suoa

0
d'
(6) l o, d'c=0,
le 8c —|— d'Cl =0.

6,
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Anxasornuso noxaseiBaercs, uro [¢], =[c'], mozda u moas-
K0 mozda, Koeda cywecmsyrom makue Koyenu a€CP~V 7 u
beCP 271, umo
da=0 u ¢’ —c=08a—d'b;
CXEMAMUYECKU:

QN— O

Q)

—

! —¢C
!
b.

C npyro#t cTopoHel, Ml 3HaeM (cM. dopmyasl (7) npenpl-
nyuiefi JNEKIHH), YTO KOUHKAAMH KoMiiekca C™° (1o orHo-
UIEHHIO K omepaTopy D) fAIBAAIOTCA UENOYKH BHAA

?
Co ——f
d'00=0,
@ “f 8co4-d'c; =0,
(8) Cg — 66‘1 +d'c, = 0,
. 8m-i+d'cy =0,
.T 60,”:0'
Cm-1 ——T*
cm—0,

MMeiolIHe MaKCHMAJIbHO BO3MOXHYIO MJIHHY (KOHYalouecs
Ha HIKHeH cTpoke kommaekca C* °). TlostoMy, €C/IH KOLHKJ
(8) o6nanaer TeM cBoiicTBOM, yT0 (=0, ..., ¢,_; =0, T0
ANl €r0 KOMIIOHEHTH Cp, Gyner orpemenen aaeMent [c,],
rpynnsl Egm-p,

Takum o6pa3oM, cooTsercTBHe C+>[c,], OmpenensieT He-
KOTopoe oTo6paxKeHHe

9) Zr m-p _y Egom-p,

rae ZP ™-P—noArpynna rpynnel d-kouukmaos Z7(C* °) apoi-
Horo Kommnekca C™°, cocrosmas M3 KOUHKJIOB C=(Cpy ». .

.+ C,)s AN ROTOPHIX ¢, =0, ..., ¢,_, =0. [Ipu 3170M 13 onpe-
\efleHus oneparopa d (cM. dopMysanl (6) npenbiAyued Jex-
IlHH) HEeNOCPeICTBEHHO CJIELYeT, YTO eCaH KOUHMKIB ¢ =
=0, ..., 0, Cor v vy tm)in =0, ..., 0,¢, ..., cn)
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H3 rpynns ZP™-P KOTrOMOJIOTHYHBI, TO CYLIeCTBYeT Takas

uenoyka (@, a, ..., a, 0, ..., 0), uro

(10
0
ay __,T

d'ao “:01 .
6al + d’al =0, . ’o
Gap..z-l—d'a,,_lto',
8a, 1+d'ap=cp—c,, T
ap~2—»

dp-t — cp?cl,

a,,.
ST0 OTHOWIEHHE MNpeBPAllaeTCsi B OTHOLUEHHE, BhIpaXKaeMoe
auarpammoit (7) npu @,=0, ..., a, ,=0, HO B obmmeM cJy-
yae OHO csabee oTHoweHHs (7). 3To BHIHYXKIAeT HAac BBECTW
B paccMoTpende dakroprpynny E3 ™77 rpynmmt E 7P uo
noArpynne Bcex sneMentos Buaa[8a,_, + d'a,), ¥ Komnosuuuio

(11) Zrm-p _ Ehm-p

romomopcduama (9) ¢ romomopdusMoM akTopusaunuu E2 m-P —-
— E5"™77. Bce KorpaHuubl, colepxatiuecs B ZP ™-P, romo-
MopdusMm (11), B ornnuue ot romMomopdusama (9), nepesoaut
B HYJAb M, 3Ha4YuT, HHAYUHPYET HEKOTOPLIH TroMoMOp(hH3M

(12) From=-p _ERm-P,

rie Fr m-r—npoarpynna rpynnet H”(C"°), saBasiomascs
006pasoM NMoArpynnsl ZP:™-P [pH rOMOMOp(H3Me (aKTopusa-
unu Z#(C'' ") — H™(C' *), 1. e. cocToAWAA H3 KJAaCCOB KO-
romosoruit [c], comepxamux kouuka ¢ Bupa (0, ..., 0,
Coy -y Cp)e

! SlcHo, uTO NpH romoMopduame (12) moarpynna Fr+1.m~p-1
rpynnst FP-m=~r nepexogut B HyJb. [losToMy 3TOT romomop-
(HSM HHAyLHpYeT HeKOTophbii romoMophH3SM

(13) Fo.m~piFo+1.m-p-1 _ FBm=P
C npyroit CTopoHbl, yTBEpXKIEHHE, YTO KJACC KOrOMOJO-
ruit [c] € Frm=p, c=(0, ..., 0,¢p ...y Cp_p) MEPEXONUT nIPI!
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roMoMopdusme (12) B Hy/ b, 03HAYAET, YTO CYUIECTBYET TaKast

uenodka a=(ay, ..., @, 0, ..., 0), uto
‘r’
"7
d/ao ‘_0, ay
6(10+ d’01 - 0,
60!1—2+d,ap—1"':0' r
6ap_1+d'ap~cp. T
ap—2~>
Gp-i— fﬂ
ap.

Ho roraa ans kouukna ¢’ = c— ba koMnonenta c, 6y ier paBHa
HYMO, T. €. ITOT KONMKJA OyIeT NMpHHa[IexRaTh NOArpymnme
Zp*rb m=p-1 Tlockoaeky [¢]=[c’], aTo pokasviBaer, uto nog-
rpynna Fr+lim-p=1 gpnsgeTcd AApOM roMoMopousma (12) u,
3HAYHT, YTO eomomopguam (13) npedcmasasem coboid mowo-
MOPPU3M.

Honrpynnbl FP» m=p cocTaBasioT p#J BJIOKEHHBIX MOArPYHI
(14) H™(C"")=FomoFn-1s, SFm oo Fmsl 1 (0},

HayHHawwuiics co Beell rpynmsl 4 (C* *) = F® ™ y KoHyaio-
mHAcA HyJeBo#t moarpymno#i F~ b ~!=1{0}.

3nech yA06HO BBECTH COOTBETCTBYIOLLYIO OGILIYIO TepMH-
HOJIOTHIO,

Onpedenernne 4. I padyuposannoll abesesoli epynnoll
HA3HBAETCH MPOH3BOJbHAA MOCJEI0BaTENbHOCTD

H ={H°, H*, ..., H", ...}

aGeneBblx rpynn H=. Quasmpayueid rpaiynpoBaHHOH rpyn-
net H® naswiBaercs Takoe ceMeficTBo {F?'9} aGeneBbix rpymm,
e —1<{p, g < o0, yTO:

1) kaxpaa rpynna Fr'4 aBnsiercs MOArpynmod rpymmsi
He+q,

2) s moGoro m =0 HMeOT MECTO BKJIOUeHHS

H®"=Fv»mo Fm=1= S Fmos Frth ~1={(},

[pynno#, npucoedunennol Kk rpanydpoBaHHOM rpymne H'
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¢ dunsTpanHed, Ha3piBaeTCH rpajyHpoBaHHas rpynna
Gr (') = {Gr (H™)}, pus Koropoit

(15) GI’(H"’)=F°’ m/Fl;m—l@“'®Fm,o/Fm+1,—1.

Boo6uwe rosopst, rpynnsl (15) eme He nosBossOT BoccTa-
HOBHTb Tpymnul H™, HO ecau epynna H™ agasemes Kowedno-
MEPHBIM AUNEURbIM npocmpancmeom (a epynnst FP» m~P —ec
nodnpocmpancmeamu), mo epynna Gr (H™) usomopgua epyn-
ne H™, JleficTBHTeNILHO, B 3TOM cCiyyae ofe rpynnbl H™ u
Gr (H™) ABNAOTCA KOHEYHOMEPHHIMH JIHHEHHHIMH NMpPOCTPaH-
CTBAMH OJHOH H TOH XKe pasMepHOCTH (paBHOH cymMe pas-
MepHocTe#i (aKTOPNpOCTPaHCTB FP» m~P[FP+lym=p=1  p
=0, ..., m), a MBI 3HaeM, YTO JIHHeHHHE NPOCTPAHCTBA
ofiHOK W TOM ke pasMepHOCTH H3oMopdHb. [UTo6H nocTpouts
usoMoptpuaM H” — Gr(H™) Hapo B KaXAOM MOANpPOCTPaH-
crBe FP'™~P BrI6paTb MOANPOCTPAHCTBO RP’ =P, HOMONHH-
TeJbHOE K NMOAMPOCTPaHCTBY FP+1»m~P~1 (1 e, TaKoe, YTO
Fpym~p — Fp+1, m—p—l@an m-p). Torna

Hrn=Ro,m@Rl,m—l@.“@Rm,o

1 otobpaxeHus akTopusanuu FrP =P~y Fp m=p/Fp+lym—p-1
HHAYLHPYIOT H30MOPOU3MBl RP "~F — FPim=p|Fp+lym=p-1,
cocraBJstiomue usomopousm H” — Gr (H™). (3amerum, 4ro
n3oMopdpuam H” — Gr (H™) cTpOHTCS TeM caMbIM CO 3HayH-
TEJbHLIM MPOH3BOJIOM, H36€XaTb KOTOPOro B MHPHHUHUNE
Heub3s.)] [

Sameuanue 3. YTeepkjenue o6 H3oMopdH3Me JHHel-
HHIX npoctpaHcTB H™ u Gr (H™) gepro u 6e3 npednorodcerus
KOHe4YHoMepRoCmU, NOCKONBKY TeOPeMa O CYILeCTBOBaHHH /s
JIOGOI0  NOAMPOCTPAHCTBA JHOMOJHHTENBLHOTO IIOAMNPOCTpaH-
CTBa 3TOrO NPEATIONOKEHHSI He Tpebyer.

HeficTBUTeIbHO, WYCTh 92 — NPOUSBOJIBHOE JIHHEHRHOE NPOCTPAHCTBO.
Hanomuum (cM. onpefienenue b aekuuu 1.2 u onpegenenne 4 nekuuu 1.3),
4TO CeMeHCTBO (MHOXECTBO) BEKTOPOB NPOCTpaHCTBA PP HashiBaeTCH .Au-
HellHO He3asUCUMbIM, €ClH JI000e €ro KOHEYHOe NOACEMEHCTBO (NOAMHO-
JKECTBO) JMHEHO HeSaBHCHMO, H NOAHbIM, €CIH Jkobok BekTOp Bpocrpail-
cTBa P spasercsl JHHelHOR KomOHHAUKeH BEKTOPOB HEKOTOPOro KOHEY-
HOTO ero mopiceMefictBa (noMHoMKecTBa). JIHHEAHO HESABHCHMOE H NOJNHOE
ceMeHCTBO BEKTO OB HasmBaercs 6asucoM. SICHO, 4T0 o6beAuHeHHe Nioboro
JMHeHO YNOPAJOYEHHOTO N0 BKJIOYEHHIO cemeficrBa (LiemM) JuHERHO
HEeSABHCHMHIX TOAMHOMECTB TIPOCTpaHCTBA PP JHHEAHO HE3aBHCHMO.
CaepoBaTtenbHo, no JeMme Liopra (cm. Jekudio 10) B MHOMecTBe BCeX
AUHEHHO HESABHCHMEIX MOAMHOMECTB [POCTPAHCTBE PP CYIIECTBYIOT MakK-
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cUMaabHbie 3JdeMeHTH. IloCKOMBKY KaxAbI TaKOi 3jeMeHT sBJAeTCH,
OYEBHAMO, NMOJHHEM TOAMHOXECTBOM, 3THM JOKa3aHO, UTO Kawcdoe AuKedl-
Hoe npocmparcmeo PP obaadaem Gasucom. Tlpu aToM— 10 TOH Ke NeMMe
Hopua— kaxaoe NHHEHHO HE3aBHCHMOE TOAMHOMKECTBO TPOCTPaHCTBA PP
COIEPKHUTCA B HeKOTOpoM Gasuce. B uacTHocTH, ecam 9P — nognpocrpas-
CTBO mpocTpaHcTBa 93, To awboft Gasuc {xg} mopmpocrpauctBa P co-
Jepxutca B HekoTopom Oasuce {xg, yp} Beero mpocrpascrsa 92, Jlnnedt-
nast 060704ka @ AONMOJHHUTENBHBIX BEKTOPOB Yg 6yzeT, O4eBHAHO, NMOA-
NPOCTPaHCTBOM NPOCTPaHCTBa P2, AOTIONHUTEBHBIM K IOAT POCTPAHCTBY P.

Hama 6auxaiimas uenb 6yjgeT COCTOATb B BBIYUCIEHUH
Aas rpagyuposanto# rpynnet H'(C” ") = {H™»(C" ")} ¢ duab1-
pauueit (14) mpucoenunenuelx rpynn (15). Jna 3storo nHam
Hajo, BO-MepBBIX, OXapakTepH30BaTh 06pa3 KaKHOro roMo-
MopdH3Ma (9), a BO-BTOpHIX, OMHCaTh nepexoj OT rpymn
E2 9 x rpynnam ET'?. Mwe 3afiMemcsi stMM B caenyomeh
JIeKLHH.



