Jdexuyun 24

KoMnakTHO HcueprnbiBaeMble H NTapaKOMIAKTHBIE TOMOJOTH-
YecKHe MpPOCTPAHCTBA,— [lapaKoMNaKTHEIE MHOroo6pasHs.—
Uurerpans 8 R”.— KyGupyemble MHOXecTBa H ILTOTHOCTH
B MpPOH3BOJMbKLIX MHOrooGpasusx.— MHTerpuposaHHe ILIOT-
nocreft.

AnanurHyeckHe MeTOABl BBLIYMCJIEHHS TPYMM KOrOMOJIOTHH
TPeGYIOT NpefBaPHTENLHOIO MOCTPOSHHS Ha MHOroo6pasusx
MHTEI PaJIbHOrO HCuHcleHHs. Mbl HauHeM 3TO MOCTPOEHHe
C HM3JIOXKEHHS Heo6XOAMMBIX CBeACHHH M3 TOMOJIOTHH.

HanomuuM (cM. onpeseneHue 5 neknuu 14), uro TOMoso-
THYEeCKOe MPOCTPAHCTBO Z° HA3LIBACTCA A0KAABRO KOMRAKM-
HoiM, ecnH Jiobas ero Ttouka o6najaer okpecrHocrbio U,
3ampikanue U KOTOpOHl KOMNaKTHO.

Slcuo, uto awboe xaycOopgoso mrozoobpasue X' A0KALbHO
komnaxkmro. (JIna nexaycmoptoBblx MHOroo6pasuii 3ro yxe
He TaK; HampuMep, HexaycaopdoBa npsiMas ¢ 0co6oil TOUKOH
GecKOHeUHOH KDATHOCTH He SIBJISIeTCS JIOKAJbHO KOMMaKTHbIM
NPOCTPAHCTBOM. )

Jlerko BHIETb TaKkXke, 4T0 ecau mnpocmparcmso X y0oe-
AemaopAem emopotl aKCUoMe CHemKocmu, A0KAAbKO KOMNAKMHKO
u xaycdopghoso, Mo 6 Hem cyuwjecmeyem ciemnas 6asa {U},
samwkanus U, ecex anremenmos xomopol xomnaxmust. (dns
JI0Ka3aTeNbCTBA JOCTATOYHO OTOOPAaTh B NPOM3BOJIBHON CHET-
HO¥ 6a3e npocrpaHcTBa £ MHOXECTBA C KOMMNAKTHBIMH 3aMbl-
KanusMid. KOHTpoabHBIA Bonpoc: 3aueM HYKHO Tpe-
GoBaHHe XaycAopdOBOCTH?)

Onpedenernne 1. Tononornyeckoe npocTpaHcTBo £ Hasbl-
BACTCH KOMMAKMHO UCHEPNbIBAeMbIM, €CJH OHO  SIBJISIETCS
oO0belHHeHHEM TaKO# Bo3pacraloiieil Mmocae0BaTeIbHOCTH

0,cOc ... c0,c0,,,<=...

OTKPHITHIX MHOXKeCTB (Ha3bIBAEMOH KOMNAKMHKbIM UCHepnaruem
npocrpaHcrea Z'), uto 3aMulkanue 0, kaxaoro MHoxecrsa O,
KOMNAaKTHO H cogepxurcs B O, ;.

Ipedroxncenue 1. Kaxooe xaycdopgposo A0KAAbHO KOM-
nakmuoe u Yyo0osaemeopsiouiee BMOPoLl AKCULOME CHemHocmiL
MONoAc2UYECKOe NPOCMPARCMB0 X KOMNAKMHO UCHepNbiBaemo.

HokasareabctBo. Ilycrp {U; 1<Ci < co}—cuer-
Hasl 6asa npocrpaHcTBa &, COCTOALAs H3 MHOXECTB C KOM-
nakTHeIMH 3aMelkaHusiMu. [Tosoxus O, = U,, npeanonoxuM,
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9T0 LA Hekotoporo n > 2 MHoxectBo O,_; YXKe MOCTPOEHO.
[Tockoabky MHoxectBa U; nokpuBaior 2 (a MHoxectso O,_,
KOMMNAKTHO), CyllecTByeT Takoe j>1 (koTopoe s omnpege-
JIEHHOCTH MOXHO BHIGpatb HauMenbwum), uto O,_,=U, U

UU,. Mu nomoxum 0,=U,u ... UU;. Tem camem
MHOxecTBa 0, MO HHAYKIMH GyRyT NMOCTPOEHB! AJs BceX
n>1, U ACHO, YTO OHH COCTaBJAIOT KOMIAKTHOE HCUeprnaHue
npocrpancrea 2. [}

B uwacTtHocTH, Mbl BHAMM, 4TO A060e xaycdophoso mHO20-
obpasue, ydoeremeopsowee Mool aKcuome cHemHocmu, Kom-
NAKMHKO UCHepnbIBaemo.

Onpedenenne 2. Otkpuiroe nokpuitie {U,} Tonosoru-
YeCKOTO NMpOCTpaHCTBa & HAa3HIBAETCH A0KAALKO KOHEHHbIM,
ecad jobasi Touka p € X obnajzaer OKpeCTHOCTbIO, Mepece-
Kaloueicsl JHIWb C KOHEUHBIM WYHCJAOM 3JIeMEHTOB 3TOro
TMOKpBITHS .

Hanomuum (cM. onpenenense | Jjekuuu 8), 4TO MOKpHI-
tie {U,} npocrpaHncTsa 2 enucarno B mokpuirhe {Vg}, ecan
s Jio6oro o cymecTsyeT takoe B, urto Uy V.

- Iped.aoxmcerue 2. Ecau xaycdopgoso npocmparcmeo X
KOMRAKMHO Ucdepnoigaemo, mo 04s 1106020 e20 OMKpbIMO20
nokpomus (V) cywecmeyem enucantoe 6 Hez0 A0KAALHO
KOHeuroe nokpuimue.

HNokasateabcTso. [lycts {0,} —npouaBoabHoe KoM-
NaKTHOe McyepnaHue mpocTpancrea 2. [las kaxporo n> 1
mHoxkectBa Vi=(0,,,\0,-1)NVp (ycaosHo cuurtaeM, uro
0,= &) cocTaBJAIOT OTKpHI-
TOE TMOKpHITHE MHOMECTBA
0,+1\\0,. TlockoabpKy MHO-
xkectBo 0, ..\ 0, KOMNaKTHO
(mouemy?), u3 31Or0 MOKpHI-
THSl MOXHO BrI6paTb KOHeY-

HOe MOAMOKpHITHE {Vzl,. .
o Ve (n)}. Tak kak MHo-
xecrea 0,,,\0, NokpbiBa-
10T &, To BCe MHOXeCTBa
Bulia Vg, 1<<n< oo, 1<
<l << m(n), COCTaBJSIOT NOKPHTHE 1POCTpaHCTBa 2, OUEBHHO,
BrHCaHHOe B MOKpeITHe {Vg}, a Tak Kak Kaxzoe MHOXecTBO O,
He rnepeceKaercsl C MHOXECTBaMH VE‘, ¢ n>k (u, 3Hauwr,
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n
IePeCeKaeTCs JiHlllb ¢ KOHEYHBLIM YHCJIOM MHOXKECTB BHJA Vﬂi?

n< k), To noxpeirue {Vg !} nokanbHo KoweyHo (aas 06O

TOYKH p € .2 cymectsyer Takoe k, uyto p €O, H, 3HAyMT

MHoXecTBO O, ABJIsieTCS OKPECTHOCTBIO 5TOH TOUKH, Hepece-

Kaiueics JHIb C KOHEYHbIM YHCJOM 3JIEMEHTOB TOKpbi-
" -

tus {Vg.}). [

3ameyanue 1. B ofweit TOmosorHH TOMONOTHYECKOC
IPOCTPAHCTBO ' Ha3biBAETCH NAPAKOMRAKMHOIM, €CJH B JI0-
6oe ero OTKPBITOE NOKPBLITHE MOXKHO BIIHCATh JIOKAJNBHO KOHeY-
HOe TIOKpbITHE. B 3TOl TepMuHONIOrMH npelsioXKeHHe 2 O3HA-
yaetT, uTo A000e Xaycoopposo KOMNAKMHO UCHEDNbIBAEMOC
RPOCMPAHCMBO NAPAKOMNAKIMHO.

Hansa cnydas, koraa 2' saBasercs raajKkuM MHOrooGpasuem,
npeiNoKeHHe 2 MOXHO YTOYHHTH.

Bynem HasbiBate oTkpertoe mokpwmrue {U,} raagkoro
MHOT006pasua 2 KOMRAKMHO HYMepUpyembim, €ClH CYILecT-
BYeT TaKoe TNOAYHHEHHOe eMy pa3bHeHHe eaHHHUBb {V.}, 4TO
1. =0 BHe HeKOTOporo KoMmaktaoro MHOXKecTBa Coc 2.

[Ipedaoscenue 3. B aoboe omxpoimoe noxpoimue {Vg}
2aadkoeo xaycdopghosa mroezoobpasus L, yodoeremsopaoueco
8MOPOU AKCUOME CHEMHOCMIL, MONCHO 6nuUCamy AOKAALHO KO-
He4Hoe Komnaxmuo Hymepupyemoe nokpoimue {Uqd.

HokasatenbcTso. [locko/ibKy, COrVIaCHO Npejsoxe-
Huio 1, MHOroo6pasue 2 KOMNAaKTHO HCUEPNBIBAEMO, K HeMy

npuMeHuMo npeanoxenue 2. Ilycts {Vgt.}——uoprrme, no-
CTpOeHHoe NpPH JOKasaresbCcTRe npeiioxenus 2. das moboit
Toykn p € Vg, cymectsyer conepxawasnca b V§; Koopauuar-

Hasi okpectHocTs Uy ; , 3TOH TOUKM C KOMNAKTHHIM 3aMbl-

kanuem U, ; .. CornacHo npeanoxenuio 2 Jjekuuu 14 cy-

WECTBYIOT TAKHE OTKphiThie MHOXecTBa V, ; , u W, ; ,, uTO
pE Wp. fany WP| iy uCVP. [y VP- I uCUp. iy

n mapa (V, . ., W, ., obragaer ¢yukuue#i YpbicoHa.

Hnst  xamaoro (GHKCHPOBAHHOTO | BCe MHOXKeCTBa BHJA

W, . 06pasylT OTKpbITOE MOKpbITHE KOMNAKTHOIO MHO-

xectBa 0,,.,\O,. BuibpaB B 3TOM NOKPHITHH KOHEUHOE MOJ-

NOKPBLITHE U CcjeNdB 3TO IJsi Bcex {, 0603HAUYUM BhGpaHHBIC

muoxecrsa W, ; , wepes W,. Tlyers Vo n U,—cooTser-

cTByiouHe MHoxectBa V, ; , u U
Ilo nocTpoenuio

" Py iy
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a) 1uisi JI060To o HMEWT MeCTO BKJIOUEHHS

WocVay, VacUg,

[IPHYEM MHOXKECTBO U, (2 3HAUHMT, M KAXAOE H3 MHOMNECTB

W, u Vs) KOMDakTHO;
6) ana xaxpont mnapel (Ve, W) cyumectsyer dyuxuus
Ypoicona
Py L —R

(06s1aaolmas — HaMOMHUM —Te€M  CBOHCTBOM, 4TO (g = |
na Wo # @n =0 BHe Vy);

B) ceMeiictBo {W,}, a 3Hauur, u Kaxjoe H3 ceMeHCTB
{Va} n {Us} dABASIETCA OTKPBHITBIM MOKPBLITHEM MPOCTPAH-
crBa 2 (OYEBHJHO, JIOKA/bHO KOHEUHBIM M BIHCAHHBLIM B 110-
kpeiThe {Vg}).

Tax kak nokpeitHe {V,} N0KaJbHO KOHEYHO, TO ceMefi-
ctBO (YHKUHHA {@,} Takxe oKanbHO KoHeurO. [loatomy
onpenesnena (QpyHKUHSA

(P=§(Pa-

Tak KaK Qo= 1 Ha W, u ¢,>0na 2, 10 ¢ =1 wa 2
H, B 9acTHocTH, ¢ =0 nHa 2. [losToMy onpenesenbl ¢yHK-
LUK

= P

e ¢
DyHKUHK 1), COCTABJIAIOT pasCueHHe eIHHHIIL!, MTOJUHHEHHOE,
oyeBHAHO, TNOKPBITHIO {Uy}. Ilockosbky 1, =0 BHE KOM-

HAaKTHOTO MHOXecTBa V, , 3TUM 10Ka3aHO, yTo ok peitie {Uq }
KOMNaKTHO HymepupyeMo. IlockonbKy 3TO TOKpbITHE JO-
Ka/lbHO KOHEYHO H BMHCAHO B nokphiTHe {Vg}, mpeinoxe-
1Ine 3 TeM caMBIM IOJIHOCTBHIO JOKAa3aHO. []

Caedcmeue 1. Kaxdoe omxpoimoe noxkpumue {Vg} 2aad-
Koeo xaycOopghosa muo2006pasus L', yooeremeopaowezo emo-
POL QKCUOME CHEMKOCHIL, HYMEPUPYEMO.

HokasartenbcTBO. B cuay npexnoxenns 3 gocra-
TOYHO nOKasaTh, 4tO noxpoimue {Vg} nymepupyemo, ecru
6 Heeco enucano Hymepupyemoe nokpomue {Uq}. Bribpa ais
KaxJoro uHjaekca o Takoil HHpekc P(a), uto Uy Vi (a),
paccMOTpHM pa3bHeHHe eIHHHULl {1}, TOAYHHEHHOE TMO-
kpeitHio {Uy}. Tlycrs



382 MAPAKOMITIAKTHBIE MHOT'OOBPA3HUA

rjle, CyMMHPOBaHHe DACTpOCTPAHEHO Ha Bce o, AN KOTOPBIX
B (ax)=P. (Ecan takux a Her, 10 {3 =0.) fIcHo, 4TO PyHK-
uus [z onpejeneHa M HeoTpHuatesibHa. Kpome Toro, Tak
Kak (g (p)w=0 ToMbKO TOrZa, KOrja CYIECTBYeT TaKoe d.,
ato =P () u Mo (p) %0, TO cemeiicTBo pyHKuMk {Lg} J0-
KallbHO KOHEYHO, a TaK KakK Kaxzasd (YHKUHSA 1), BXOXUT
C/TaraeMpiM B OJHY H TOJIBKO OIHY (QYHKUHIO (g, TO

2l =20 1.

Haxonen, ecnn p¢Vy, 10 p€ Uy a7 Becex a c P(a)=p,
H, 3Ha4dT, M (p)=0. CrenoBatenpno, Lg(p)=0. Takum
obpa3som, {Cﬁl) ABJseTcs pa3bieHHeM eMHHIbI, TOAYHHEHHBIM
nokpuiTHio {V,}. IlosToMy 3TO moKphiTHe HyMepHpyeMo. [

CioencrBre 1 osHauaer, 4t0 A060e 2aa0K0e xaycdopgoso
MHO2006pasue, yo0o6AemMBOpAIOLee 8MOPOLL AKCUOME CHEMHOCMILL,
napakomMnaKkmuo. JT0 YTBEpXKIEHHE COCTAaBJSET COJepXKaHHe
TEOpeMbl 2 JIEKUHMH 22, KOTOPYI0 TeM CaMBIM MBI MOXEM
Tenepb CYUTATh AO0Ka3aHHOI.

3aMeyanue 2. MoxHO NMOKa3aThb—3TO TPYAHAS TeO-
pemal —-uTO KQAXKAAR KOMNMOHEHMA AOKANLHO KOMNAKMHO20 U
Mempusyemo20 npocmpancmsa yooeaemeopsem 6mopoti aKcu-
ome ciemnocmu. C Ipyrofi CTOPOHBI, B CJEAYIOLIEM CEMeCTpe
Mbl TIOKaxKeM, 4YTO a/0b0e napaxkomnakmuoe u xaycdopgoso
eaadxoe mroezoobpasue mempusyemo. Iloatomy @ xaacce c8:3-
Hoix u xaycdopgoselx earadkux mroeoobpasull napaxomnaxm-
HOCMb PABHOCUALHA 8MOPOL AKCUOME CHEMHOCMU.

3amevanue 3. CoriacHo mnpeljioxeHHio 3 Kaxjoe
xaycnopdoBo raagkoe mMHoroobpasue, yIOBJETBOpsoLIEe BTO-
po#i aKcHOMe CYETHOCTH, NapaKOMNAKTHO KaK TONOJIOrHyec-
Koe npoctpaHcTBo (cM. Beime 3aMedaHde 1). ITockosbky
TOTIOJIOrHYECKOE TPOCTPAHCTBO TOrAa M TOJBKO TOrja mapa-
KOMNaKTHO, KOrja napakoMmnaKTHa Ka)kAas ero KOMIOHEHTa,
OTCIOZla, BBHAY CKa3aHHOrO B 3aMe4YaHHH 2, HeMeIJIeHHO
BHITEKAET, YTO XaycIop(oBO mapakOMmaKTHOe MHOrooGpasHe
napakoMNaKTHO M Kak TomosiorHdeckoe npoctpadcrso. C apy-

rofl CTOPOHBI, HECKOJIbKO YCJIOXKHHMB J0Ka3aTebCTBO NpPeiIo-
XKeHHs 3, MOXKHO NOKa3aTh, 4TO 3aKJ/IIOYEHHE 3TOr0 TpenJo-
JKeHHA (a SHaYuT, M CJeACTBHA 1) ocTaercss B CHJje H AJs
JII060ro xayclopdoBa riafkoro MHOroo6pasus, KOTopoe napa-
KOMIAaKTHO KaK Tomojorudeckoe mnpocrpanctso. Ciegopa-
TEJIbHO, Xaycdopghoso mroz2006pasue mozda u moabko moaod
napaKoMnaKmuo, Ko20a OHO NAPAKOMRAKMHO KAK MOnoAo2i-
4ecKoe npocMmparcmso.
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3ameuanue 4. [lonATHE HYMepHPYeMOro MOKphHITHSA,
KOHeYHO, HeMelJIeHHO MepeHOCHTCS Ha JIo6ple TOMOMOTHYE-
CKHe TIpOCTPAHCTBA (OCTaTOYHO B ONpejeJIeHHH pa36GHeHus
eIMHHLB PAaJKHe (QYHKIHMH 3aMEHHTb HelpepHIBHBIMH), H
JIETKO BHJIETh, UTO €CAL 8 MONOA02U4ECKOM npocmpakcmee 2
M060e OMKpLIMOe NOKPLIMUE HYyMepupyemo, Mo npocmpancmso
napaxomnaxmro (IOCKONABKY A KaXJAOTO pDa3bHeHHs eflH-
HHIB {1} MHOXKecTBa Oy = {p € 2" Mo (p) =0} cocrasasior
JIOKa/IbHO KOHEUHOe OTKPHITO® NOKPhITHE, BMNHCAHHOE B JIO-
Goe MOKpPHITHE, KOTOPOMY MOAYHHEHO pa3GHeHHe {n, }). MHTe-
PecHO, YTO B KJjacce Xaycjop¢oBhIX NPOCTPAHCTB BEPHO H
obpaTHOoe yTBepXKJeHHe, T. €. 8 xaycOopphosom nNAPaAKOMNAKM-
HOM npocmpaxcmee Kaxcdoe Omipoimoe noKpsimue Hymepu-
pyemo. [3aMeTuM, uTO yTBepxleHHe saMeuaHHs 3 s rJaj-
KHX MHOroo6pasuit oTcioja ellle HeloCPe/CTBEHHO He CjefyerT,
MOCKOJIbKY HYMepHpyeMble OTKpbIThlE [OKPHITHA T[J1aJKOTO
MHOrooGpasHsi almpHOpPH COCTaBJAIOT JHWb YaCTb €ro HYyMe-
PHPYEMBIX OTKPHITHIX TOKPHTHH KaK TONOJOTHYECKOTO TpO-
crpaHcTea.] [lokasaTesbCTBO 3TOrO YTBEPXKIAEHHS] OTHIONbL He
NpoCTO U ONHpPAeTCsi Ha LBl pAx TPYAHBIX TeopeM oOledH
TonoJyioruy. B nepsyio ouepeap Tpebyercs TeopeMa ¥ phl-
COHa, yTsepxjaiomas, 4YyT0 B XaycioppoBoM HOPMajibHOM
npocTpaucTse s jmobok naput (V, W) OTKpHITBIX MHOXKECTB,
YIOBJIETBOPAIOIHX cooTHoweHHIo WV, cywecrsyer Helpe-

puiBHas GyHKUMs, pasHas eauuune Ha W u Hymio Bme V,
a Takke TpepioXKeHHe 3 JieKIHH 4 O CYLIECTBOBAHHH CXa-
THH (KOTOpOe Yy Hac 10Ka3aHO— HaIIOMHHM — JIHLIb HaCTHYHO).
C noMowupio 3THX IBYX TeopeM yxe 6e3 0co6oro Tpyaa A0Kas3bl-
BaeTcs, YTO B XaycOop(hosom HOpMALHOM NPOCMpaHCmEe A1000e
N0KAALRO KOHeuHoe omKpbimoe noxpuimue Kymepupyemo. Ilocne
3TOr0 OCTAaeTCsl JIHIIL J0OKa3aThb (Takxe Henpoctyio!l) Teo-
pemy IpenoHHe, cornacHoO KOTOpo# kaxdoe xaycoopghoeo
nApAKOMNaKmMKOoe NpoCMpPAaARCMEO HOPMAALHO.

Tenepp Mbl yKe MOXEM TUPUCTYNHTL K TOCTPOEHHIO HH-
Terpa/bHOTO HCYUHCJIEHHS HA TJ1aAKHX MHOroo6pasHsX.

Hanomunm u3 xypca aHamusa, uto MHOXectBo A mpocrpaHcrBa R7
HASHIBACTCH HYAL-MHOMECmBoM & cmuicre opdana (WIH  mHoxcecmeom
o6vema 0), ecim aas moboro e > 0 cyiecTByeT KOHeuHOe ceMelCTBO
mapos (HJH, YTO PABHOCHJBHO, KY60B MM mnapasJedenHmneoB) MpoOCT-
pancrsa R”, nokpmBalomux A, o6mui o6bvem Kotopsix < e. (Cp.compe-
HeMenueM H yJb-MHOMecTB B cMbicie JleGera B Jekuud 14, B KOTOpOM
IOMycKAlTC 1 cueTHble cemelcTBa.)
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Moamuoxkectso DCR” uaswuiBaeTc Kybupyemvim (WIAH UIMEPUMBIM

6 cueicre Xopdana), ecnu oHo orpanuueno (T. e. ero Samukanue D Kom-
nakTHO) W ero rpamuita FrD sBasercd wHyab-muoxecTBoM. (I panuyer
Fr D noamuoxecTsa D TONMOMOIHYECKOTO NMPOCTPAHCTBA HA3bIBAETCH MHO-
xectso D\Int D.)

Bo nsbexanne MHOTOUHCIEHHEIX OTOBOPOK, Mhl GyJ/ieM npeanosarats,
YTO BCe pacCMaTpHBaeMble (hyHKIIHH OTIpefielenbl Ha 6ceM npocTpancrse R72,
370 npennosokenHe He yMeHbinaeT o6IHOCTH, MOCKOABLKY KaXAYiO hyHK -
unio f, onpepenennyio Ha noAMHoxecTBe DCR”?, Mbl MoxeM 6e3 H3MeHe-
HHS HHTerpaja NpojO/KHTH HyJeMm Bue D, T. e. cunrath, uto f(x)=0
npu x&D.

Dyukuno f: R7 —» R Mpl GyneM HaseBaTh ¢unumnod, eciu cymecr-
ByeT TaKoe KoMnakTHoe MuoxectBo CCR7, uro f=0 Bue C, 1oxasto
oepanuuennod, ecau ua moboM KoMnakTHoM MuoxecTBe CCR” sra dyHK.
(HA OTPaHHYeHa, H nOYmu xenpepbisrod, ecn Aas JMo6Oro KoMHmaKTHOTO
MHoxectBa CCR” dymkuna f menpepeiBua ma C BHe HEKOTOPOTo HYJbe
MHOXKECTBa, T. €. eC/H CyilecTByeT Takasd HenpepbiBHas ua C hyHkunud fc
H TaKoe HyJb-MHOXecTBo ACC, uto f=fc ma C\ A.

Hs xypca ananu3a M3BECTHO, UTO 06af AOKAALHO O2PAHUMERHAR U
noumu nenpepoisnan gynryus [ unmezpupyema no xascdomy Kybupyemomy
Mroxcecmay D, T. e. cymecTyeT KoHeuHhllt MHTerpan

(1 Sf(x) dx.
D

ITpu stom muterpan (1) He HSMEMMTCH, eC/TH Mbl NPOHSBOTLHEIM OGPasoM
M3MeHHM QYHKUHIO [ HA HEKOTOPOM HyJb-MHOMECTBe MJIH mpHGaBHM, HIH
OTHHMEM OT MHOXecTBa D npoH3BOJbHOE HYJb-MHOMECTBO.

[3neck MBI HMeeM B BHAY HHTerpad B cMbicie Pumana. Ecan nonm-
MaTb HuTerpan (1) B cmeicse JleGera, To TpeGoBaHHe KyGHpYEeMOCTH MHO-
mectBa D MoxHO sameHHT» TpeGoBaHHeM ero HamepumocTH. Opxaxo
B 9TOM OGOOIMIEHHH Mbl He HyXXJaemcs.]

B cayuae, koraa pyukuus f dunutna, nuterpan (1) AnS Kamporo
Ky6Hpyemoro MHoxectBa D, BHe KoToporo f paBHa HyJIO, HMeeT OfHO H
TO e SHauenHe. JTo ofuiee 3HauyeHHe Mbl GyneM Ha3blBATL UHMeE2PANOM
om [ no R" u Gynem o6o3nauaTh CHMBOJIOM

S f(x)dx
RN

WJAH CHMBOJIOM
@ {7 () ax,

omycKas ykasaHue Ha R,
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Tak xak ans mo6oro Ky6upyemoro mMeoxectBa D o mioGoii HHTerpH-
pyemoit mo D dynkunn | umeer mecTo pasencTBo

{10 dx— § (up)) s,
. D R"

re yp— xapakmepucmudeckan gynkyus Maoxecrsa D, 3afaBaeMas dop-
MyJ0ii

XD(x)"—’j 1, ccain x € D,

10, ecin x&£ D,

TO, CNENOBATENbHO, NMPH IKENAHHH MOMHO OOOHTHCL JMIlb HHTETpasnoM
BHAa (2).

Ecmu U o V—oTKpHiThie MOAMHOXKecTBa npocTpanctsa R7, 1o aaa
Joboro ragkoro otobpaxkewus ¢: U —V u noboro Hyab-MHOMECTBA
AcU muoxecTso (@A TaKme fBASeTCH HYyJb-MHOMecTsoM. [[TpHsenenxoe
B JeKUHH 14 KoKa3aTenbeTso 3TOro GaxkTa A HyJAb-MHOXKECTB B CMBIC/E
JleGera NOCJIOBHO COXpaHAeTCH W M HyJb-MHOXeCTB B cMbicae JKopaaua. ]
Orciofa caenyer, uto mis JmoGoro KyGupyemoro MuoxectBa DU, o6ia-

Naiomero Tem cBoficTBoM, wto DU, MHOXECTBO @DV takke KyOH-
pyemo. B wacTHocTH, 5T0 BepHO, Korma ¢ nBasgerca auddeomopduamom.
Bosee ToTo, Kak J0Ka3biBaeTCH B aHajau3e, B TOM Cayvae ans moGolt
nuterpepyemMot mo Muoxecrsy oD dynkumnn f oynxuns (fo@)| Jo |, rae
@ Jo = det ﬂ'll, f=j=1, oo m,
axt

— AKoGHan auddeomopdusmMa ¢, HuTerpHpyema mo D, M HMeeT wMecTo
paBeHCTBO

*) § rwyde={ (o@)1 701 () dx.
oD D

dTo yTBEpMAEHHE H3BECTHO KaK TeopeMa O 3aMeHe nmepemeH-
nut X. Jas unrerpanos Buaa (2) dopmyna (4) nmcer Bupg

®) (1@ dx=( (o) 70| (m)ax,

e f—npoxsBosbHan GUHHTHAS MHTETpupYemas DYHKUWA, paBHast HYJO
sHe MHOMecTBa V, a Jp— B COOTBETCTBHH C NMPHHATLIM BLIE COIaLIe-
lineM — sKoOnan (3), MpoAOMKeHHBI# HyJeM BHe muoxecrsa U,

UTto6bl NOCTPOHTH TEOPHIO HHTErPHPOBAHHA Ha IJIaJKOM
MHoroo6pasuu 2 (koropoe Mel OyleM INpepnosarath Xayc-
1opdoBBIM M NapakoMIAaKTHEIM), Haj0 B MepBY ouepelb
onpenenuTs B 2 KybupyeMmble TOJMHOXECTBa.

310 genaercA 6e3 BCAKOTO TPYAa.

Onpedenedue 3. MNogvmuoxectso A raajxkoro n-mMeproro
MHOTO0Opa3us 2 Ha3bIBAeTCS HYylb-MHONCECMBOM, €CIIN CYlILe-

13 M. M. Mocruuxos, cem. 111



386 KYBUPYEMbBIE MHOXECTBA H IJIOTHOCTH

CTBYeT Takoe 'KOHeuHoe cemelictBo kapr (U,, h,),

vovs (Upny hy)y uto Ac UU; v ana kaxporo i=1, ..., N
MHOXecTBO h;(ANU;) daBasgercs Hy/Ab-MHOXecTBOM B R”
(cp. onpenenenne 3 sekuun 14). Tloamuoxecrso Dc.2
HasbIBaeTCst KyOupyemsim, ecau ero 3amblkanue D KOMODakTHo,
a rpaHHua

FrD=D\ntD

fBjAeTcd HYJ/b-MHOXECTBOM.

3anava 1. Hoxaxure, 4ro eciu 4 Torga M TOMBKO TOTHA SABJA-
eTcd HyJb-MHOMECTBOM, KOTHa A/ JoGoro KOHEYHOTO CeMelicTBa KapT
(U1, h1), ..., (Un, hy), nokpuBaomero muoxectso A (T. e. Takoro,
uto Ac{JU;), Bce muoxkecrsa k; (ANU;), 1 <iiex N, aBlsoTCA HYJIb-
MHOXecTBaMH B R,

C BhIpaxeHHSAMH TOX 3HaKOM HHTErpasda CHTyauusi OKa-
sHBaerca Gosee AenHkaTHOf. UTo6hl HHTErpas He 3aBHCe
OT BhI6Opa JIOKa/IbHBIX KOOpAMHAT, HYXXHO, 4TOOBl NpH 3a-
MeHe KOODAMHAT MOAMHTErpasibHOE BblpaXKeHHe Tpeobpaso-
BLIBAJIOCh B COOTBeTCTBHH ¢ ¢opMmynamu (4) uam (5). Ito
TPHUBOAUT K CJERYIOWIEMY OINpee/eHHIO:

Onpedenerue 4. Ilycts B Kaxpoit kapre (U, h) Muoro-
o6pasus 2 onpeleneHa Hekotopasa QyHkuusa pU-#: U —R
(koTopyio B RaJjbHefilueM Mbl 6yjfeM KOpode 0GO3Ha4yaTh de-
pe3 pY), u nycTh AaA JOGLIX ABYX MepeceKaiolUXCA KapT
(U, h) u (V, k) umeer MeCTO paBeHCTBO

(6) pvzpuldet %! waUNV,

rie detg—:——ﬂxodnau nudxpeomopduama @ =koh™! (HHTep-
npeTHpoBaHHbIA Kak dyukuus Ha U NV U, 1. e. cBA3aHHBI]
¢ ero siko6uanoM J, B R* dopmysioh det—g% = J(poh> . Tor-

Ja cemefictso {pV} Ha3biBaercs naomnocmeo na 2.

ITpumep 1. IIponssonbvnas audxpepeninannHas hopMa o
cTeneHu n Ha MHorooGpasuu 2 (rae, Kak Beerfa, n==dim.2’)
B Kaxao# Kapre (U, h)=(U, x', ..., x") uMeer BHX

o=wVda A...A dx",
rie wV-—Hekoropas raafkas ¢yukuusa na U. Ilpn atom

aas Jqobslx aByx Kapt (U, h) u (V, k) coorserctByomHe
byHkuny WV U wY cBA3aHB HOPMYJIOH

ok :
w =wV detm Ha UnV.
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Cnenosatensno, nonoxus pY=|wV|, mut onpegenum Ha &
HEKOTOPYIO HJIOTHOCTb.

[TnorHocts p={pY} HasbiBaercs eaadkod, eci Bce PyHK-
1iu pY TNanKH, A0KAALKO O02PAKUYeHROU, ecad (YHKIHH
oY JIOKaJIbHO OTDaHHYEHBI, U NO4YMU HenpepbieHol, eclu Bce
hyrkuun pY mOUTH HempepbiBHBHL.

Bee JiokanbHO OrpaHHYeHHBIC H TIOYTH HEMpephIBHbIE MJI0T-
HOCTH Ha MuorooOpa3aun Z' o6pa3yioT JHMHEHHOe NpPOCTpaH-
ctBo 112, ectecTBeHHBIM 06pa3oM fBJsAOLIEeCT MOAYJEM HAX
KOJIBLOM BCEX JIOKAJIbHO OTPAHHYEHHBIX M MOYTH HelpephIB-
HBIX ¢yHKOuA Ha 2. AHa/NOruyHO, JNHHEHHOE MPOCTPAHCTBO
% Bcex raagkux mJAOTHOCTEH SABJSETCA MOAYyJ/eM Haxg
KOMbUOM TJ1aAKUX (YHKIIHH.

Mbr 6ynem roeoputb, uTo B TouKe p€.Z NJIOTHOCTB p
pasHa HYya1o (COOTBETCTBEHHO NOAOKUMEALHA), €U AN OGO
KOOpAMHATHOH oKpecTHoctH U, conepXauled TOUKY p, HMeer
Mecto paBeHCTBO pY (p)=0 (COOTBETCTBERHO HEPABEHCTBO

oV (p) > 0). Tlockonbky dYyHKuUHS detg—: HHrZe He o6pawma-

ercsl B HyJb, H3 cooTHowerus (6) caenyer, uro sro ompe-
Je/leHye KOPPEKTHO (He 3aBHCHT OT BHIGOpA KOOpAIHATHOH
okpecrroctu U).

[BaMeruM, YTO O 3HAYUEHMH [JIOTHOCTH P B TOYKE p
TOBOPUTL GecCMBIC/IEHKO. |

[TnorHocTs HA MHOTOOGpa3suH Z' HaswBaeTcs Qurumuod,
€CJIM CYUIECTBYET TaKoe KOMNaxkTHoe MHoxectBo Cc ., d4ro
p=0 Bre C. Bce q)nﬂwmble IJIOTHOCTH 06pasyioT NOAUpO-
crpancrso (noaMony.in) I1"2° npoctpancrsa (Mopyas) ILZ.
Ha koMnaxTHeM (M TO/BbKO Ha KOMNakTHOM!) MHOro06pasuu &
KaxJasg NJOTHOCTh (DHHUTHA.

[TnorrocTs, NMOMOXHTENbHAA B KaXHOA TOuKe p € ', Ha-
3plBaeTcss naomuocmero o6tema Ha . Ilo rTpamunuu s
NJIOTHOCTH ofbeMa ucrosib3yercsi oGosHaueHue dv. [las kax-
JoH nJjoTHOCTH p dopMmyJia

=2
T duU
(npn HaHHOM NJIOTHOCTH oGbema dv) KOPPEKTHO oOnpejenser
na 2 ¢ynkuuo f, obnajamouyr0 TeM CBOHCTBOM, uTO p==fdv
na 2. CnenosarenbHo, ecau Ha muozoo6pasuy X cyuwecm-
oyem 2aa0Kkas NAOMKOCH 00DEMA, MO AUHEIHbEe NPOCMpaM-
cmea 1LE ull, 2 ssasiomes 00HOMepHOIMU CBOGOOHBIMU MOOY-

a9mu (HAO KOAbYOM NOKUAbHO 02PAHUHEHHbIX U NOYMU  He-
NPepoIBHLIX (PYHKYUL 1 COOMBEINCIBERHO HUO KOAbLOM 2nad-

Ha U

13*
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Kux ¢ynxyuid). [Mx e nogMoxynu, coctosiuive U3 (DHHHUT-
HBIX TJIOTHOCTeH, He OyayT, Boo6uie roBOpfi, HH CBOOOA-
HBIMH, HH OXHOMEDHBIMH. ]

[Tpu 3apaHHON MJIOTHOCTH O6BEMa HMHTErpaJ

de

b
Ha3sepiBaeTcsi 0J%emom KybGupyemoro MHoxectBa D.

[Mpumep 2. Ilycte £ — aBymepHoe nogMHOTOOGpasue

€BKJ/IHJIOBA TpPOCTPaHCTBAa (TNOBEpXHOCTb). Torma (cM. Jek-
uHio 3) B KaXa0# KOOpAMHATHOH okpectHocTH Uc.Z (dB-
JsioleNcs 3/1eMeHTapHOH MOBepXHOCTLIO B CMbiC/e Onpefe-
Jenus 2 jekuuu 3) onpepenedbl pyHxkunu E, F u G (kosd-
(bHIHeHTE TepBOM KBaApaTHYHOH (JopMbl), Ob6jajfaroliue TeM
CBOHCTBOM, YTO mpH Npeo6pPa3oBaHHH KOODJAHHAT OnpenesH-
TeJb

|§ g|=EG—F2>0

YMHOXKAeTCS Ha KBaApaT ONpeNe/HTe/Nsl MaTpHUBl Nepexoaa.
[Tosromy dopmyana

oV =V EG—F*

3ajaeT Ha 2 HeKOTOPYIO INIOTHOCTb of6beMa (MJIH, Jyullie
CKasaTh, MWJOMmAgH). 3Ta MJOTHOCTb OGO3HayaeTcs CHMBO-
JoM do (MM Kak-HHGYAb moxome, Hampumep dS) u Hasbl-
Baetcsi aaemermonm naowadu nosepxroctd 2. (Cp. jekuuio 3.)

3apava 2. Ioxaxurte, 4TO Ha KaxzoM XaycaopdoBoM mapaxom-

MaKTHOM TJIafikoM MHOroo6pasuH .2 cyuiecTByeT TJafikast IIOTHOCTb
obGneMma dv.

Takum o6pasoM, Ha xaycnaophoBoM NapaKOMIAKTHOM
MHOroo6pa3uy NJIOTHOCTH MOXKHO, BbIGpAaB HEKOTOPYIO MJI0T-
HOCTb O6BEMA, OTOXKAECTBJATH C (PYHKUHSAMH.

Tenepe Mbl yxe MoxeM CHOPMYJIHPOBATh OCHOBHYIO TeO-
peMy O CyIEeCTBOBaHHM H €AHHCTBEHHOCTH HHTerpasia. Mel
cjesiaeM 3TO Jaxe B JBYX BapHaHTax.

[Tycte 2 —raankoe xaycophoBO NMapakOMNAKTHOE MHO-
roo6pasHe.

Teopema 1. [rn xaxdozo Kybupyemoeo MHOXMCECMSEQ
DcZ cywecmsyem eduncmeennsiii AuHEUHbIL GyHKYUOHAA

(7) {: nz R,
D
obaradarowull caedyrouumy 08yms ceoticmsamu:
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a) Ecoau D=Dy,D, (m. e. ecau D=D,UD, u DN

ND,= &), mo
fo={o {0
h) b, b,

das mobold naomuocmu p €12
6) Ecau 0aa naomuocmu p € L2 cyuwecmsyem makas kapma
(U, h), amo p=0 ene U, mo

Sp= S (pVoh™') (x)dx,
D h(Dn U)

2de cnpasa— utimezpaa 8. R*.
Teopema la. Cywecmsyem eduncmoennmli Aunelinbll ¢yHx-
yuonan

(8) {: ming R,

obradarouull mem C8OLCMBOM, 4MO

©) o= (vor)(x)dx
h(U)

oan amoboti kapmet (U, h) u ao€oii ¢purnumnod naomuocmu o,
paskoli Kyao eére U.

Qyukunonan (8) ofo3HauaeTcs TaKKe CHMBOJIOM S .
Z
Urto6el BhIBECTH TeopeMy la M3 TeopeMHl |, J0CTaTOYHO
g 6ol naorHocty p € 102" nosoRuTh

(10) : fo="00,

D

rae D—npousBosibHoe KyGupyeMoe MHOXECTBO, BHE KOTO-
poit mJIOTHOCTH P paBHa Hyso. (SICHO, YTO TaKoe MHOXXECTBO
cyuiecTByer H uto uuterpas (10) or ero BHGopa He 3aBUCHT.)
O6patHo, Tak Kak pas Jaw6oit njornoctu p €112 u so6oro
Ky6upyemoro MHoxectsa D=2 mniotHOCTb ypP, ThE Yp—
XapakTepucTnyeckas QYHKUMA MHoxecTBa D, dBasercs, oue-
BUAHO, QHHUTHOH JIOKA/JbHO OTPAHWYEHHOH W TIOYTH HElpe-
PLIBHOH TJIOTHOCTBIO, TO, TIOJIOXHB

fo=11en

Mbl To HHTerpaay (8) moctpoum unterpan (7). (CsoiicrBo 6
L)l TIocJ/le[lHero WHTerpasa OueBHAHO, a CBOHCTBO a BeITEKAET
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H3 TOrO, YTO ¥\ \p ==%0, + %XD,") Takum o6pa3soM, Teopemsbl |
i la BbITEKAIOT OAHAa M3 JApyro#f, H NMOTOMY B JOKa3arejlb-
CTBE HYXJaeTcsi TOJbKO OJHA H3 HHX. Mbl J0KaxeM Teo-
pemy la.

Hdokaszateabcrso teopemu la. Kak Bcersa, zo-
KaXkeM CHayaja eIHHCTBEHHOCTb.

Tak Kak MHoOrooGpasue 2 no ycaoBuo xaycaophoso
H NapakOMNaKTHO, TO OHO 00/1aaeT HYMePHPYCMBIM JOKAABHO
KOHeYHBIM TMOKpHITHeM {U,}, COCTOAIUMM H3 KOOpIHHATHHIX
okpectHoctell. [Iycrb {n,} —pa3bueHne exHHHIBI, MOLUHHEH-
Hoe nokpuituio {U,}. Torpa aas mo6oit niaortHocty p € 1fing’
JIMID KOHEYHOE YMCJO IJIOTHOCTEH 1,0 Oyler OTJIHYHO OT
uyns (nokaxurel) u, 3HauuT, OyfeT UMeTb MecTo QopMyJa

p = 2 Mep.
o

[TockoabKy n.p =0 sHe U,, OTcioga caepyetr (cM. ¢opmy.ay
(9)), uyro

(11) fo=2 §  (mupl=onz?) (x)dx,

* kg (Ug)

rjae h,—KoopjpuHaTHoe oTOGpaxenue U, — R”. Tlockosbky
npasasi yacTb ¢opmynnl (11) He 3aBHcHT oT BHIGOpa (YHK-
nHoHasta (8), 3TO 1OKa3blBaeT €ro eJHHCTBEHHOCTb.

Hns  JokasatenpcTBa CYLIeCTBOBAHHS MBI  ONpee/]HM
¢ynkuuonan (8) dopmynoét (11). fcuo, 4T0 3TOT PyHKIIHO-
Han gauHeeH. Kpome roro, ecay p=0 BHe U, 10, cOrjacHo
TeopeMe O 3aMeHe nepeMeHHHIX (cM. dopmyay (4)),

{ (ap"eohz) (x)dx = { (MapY=onz!) (x)dx =
ho (V) ho (UgnU)
= § mapYeoh )| Jg| (x) dux,
h (UgnU)

rge @ =hohy'. Tak kak no onpegenenuio
-~ ah -1
J(p R det Tla oh
oh

(Mep’ 0 B71). \det s oh—xl Vo k™t
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(cM. dopmyay (6)), 1O, caeloBarenbHO,

§ mupeon)(@yde = § (maploh ) (x)dx =
ha(Uoc) h(UanU)
= { (quoYor") (%) dx
o (U) ’
H, 3Ha4uT,
(o2 { mupVort)(w)de=
o h{l)
=(Zma) | @Veh(x)de = § (Voh)(x)de. O
o /R (U) k()

Ecnu Ha mHoroo6pasuu 2 3ajgaHa NJIOTHOCTb ofbeMa dv,
1O A/s Job6olt PUHUTHOH JOKa/JAbHO OrpaHHYeHHOR H NOYTH
HenpepuIBHOM Ha 2 ¢GYHKIHUM [ onpejeseH HHTerpas

Sfdvzg f dv,

Z

Ha3biBaeMmbllt unmeepasom om [ no L ommuocumersto dv.

[Tpumep 3 (npoxoaxenue npumepa 2). Haa
atoboft puHUTHON (M, cKakeM, rjajgkofl) ¢dyHKuHM f Ha mo-
1epxHocTH £ €BK/MJ0BA NpPOCTPAHCTBA ONpeneseH HHTErpas

(12) { fdo,
' z

rre do—sjieMeHT Mowaid Ha £ (cM. Bblle npHMep 2).
Murerpaasl Bupa (12) HasblBalOTCH NOBEPXHOCMHLIMU UHME-
eparamu nepeoco poda. B Kypce aHanu3a nOKa3blBaetcs,
YTO OHH ABJSIOTCS NpefiesiaMH ecTecTBeHHbIM 00pasoM omnpe-
JleisieMbIX UHTErpaJibHbIX CYMM, BO3HHKAWOUIMX NpH pa36ue-
HUM TOBEDPXHOCTH Ha G6GoJiblloe YUCJIO (B JaJjbHeleM ycTpeM-
JasieMoe K OeCKOHEeYHOCTH) 3/MeMEeHTAPHHIX IJIOLAJOK.

[Cp. chenanHble B jJekuuu 3 3ameuyaHusi 06 u3MepeHuH
mjowake Ha MOBEPXHOCTH. ]

[MTpumep 4. Ilycrs y: [a, D] — R”—npoussonbHas
rjajkas KpuBasi B eBKJMAOBOM npoctpaHctBe R*, He mof-
yuHeHHas, BooOlle roBopsi, HHKAKHM TpeGOBaHHSM peryJasp-
HOCTH, T. €., HHBIMH CJJOBaMH, NPOU3BOJIbHAS I'V1aJKast BEKTOD-
hynkuHua

r=r(t), a<t<b

(em. sekwuio 1). g nwoboit ¢pyukuuu f={(r) Ha R", 06-
JacTb ONpeAeseHUst KOTOpOHl cOomepXut Hocureab v (a, b]
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KDHBO# Y, MBI NMOJIOKHM
b

(13) {fds={franir @)at.

Y a

JTOT MHTerpaj HAa3blBAETCH KPUBOAUHEUHOIM UHIMEZPANOM
nepgoeo poda ot ¢yHruuu [ no Kpusofi y. OH sBasiercs
MpejieJIOM HHTErpPalbHBIX CyMM Bupa X, f(r)s; rie s;—
IJIMHBL OTPe3KOB IPOH3BOJILHOrO pa3bHeHHst KpUBOH v, 4 r;—
HEKOTOpble HX TOYKH. B cu/ly BBefeHHBIX Bbllle 0GLIUX Orpefie-
JIEHHH 3TOT MHTErpaJs npeicrasJseT co6ol HHTErpasa no raaf-
KOMY MHoroobpasuio .2 = (a, b) ot dpyHkuuu foy: f+—f (£(f))
OTHOCHMTENBHO TVIOTHOCTH ds, 3ajaBaeMoil B KapTe (2, id)
dopmynost ¢t+—|r’ (f)|. B 4yacTHOM ciyuae, KOrza Kpusas y
(unu, ToyHee, ee orpaHHYeHHe Ha (a, b)) npocTa U peryJspHa,
T. €. KOIZa ee HOCHTeNb £ SIBJSIETCA OJIHOMEPHBIM BJIOXKEH-
HbIM nojAMHOrooGpasueM, a napa (%, y~')—kapro#i Ha .Z,
uHTerpan (13) MOXKHO HHTEpNpeTHPOBATH TaKKe KaK HHTe-
rpal no . oT ¢yHKuMH [ (TO4Hee—OT ee oOrpaHuye-
HUA [|g Ha Z) OTHOCHTEJBHO MJOTHOCTH O6bema ds (Hasbl-
BaeMBllf B 3TOM cJyuae 3aeMeHmom OAunbl), 3ajaBaeMmoOil
B Kapte (&, y~!) dyukuuel {+—|r’ (f)].



