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OnepaTopsl BeKTOpHOrO aHajH3a. — CJEICTBHA TOXKAECTBA
dod =0, —Cnepncteua dopMyas auddepeHIHPOBAHHA T1POH3-
sepenusl. —Onepatops  Jlanmsaca u  Beabrpamu. —IloTok
BeKTOpHOro nouss. — Popmyaa I'aycca —Ocrporpaackoro aas
pacxopumocTH H dopmyast I puHa. —PacxoanmocTb Kak
TWIOTHOCTb HCTOYHHKOB.— Popmyna Crokca 2as UHPKYJIA-
unn. — Qopmyna TIaycca— OcTporpasckoro afa BHXPA. —
O6o6wenuas dopmysaa I'ayeca— Ocrporpaackoro.

B ar0o# slekuMH MBI H3YYHM 0COG0 BaXKHBIE JIS NpUJIO-
KeHHit cnyua#t ¢opm B mpocTpaHcTse RP.

Hanuuue B nmpoctpancTse R® (HKCHPOBAHHO!N KOODAHHAT-
HOil CHCTEeMbl M CTaHAAPTHOH eBKJIHAOBOH METPHKH MO03BO-
JISIeT OTOXJECTBHTb JIMHEHHble auddepeHunanbHble (HOpMbL
Pdx-Qdy- Rdz na R® (a rtakxke ¢opMer Pdy N dz -
+ Qdz N\ dx+Rdx \ dy BTOpOi creneHu) C BEKTOPHBIMH
NoJISMH
(1) u="Pi-+Qj+Rk,
rae i, j, k—BeKTophl ctaHaaptaoro Gasuca B R®. 3to npu-
BOAHT K BecbMa OOraToif TeOpHH, M3BECTHOH KaK BeKTOp-
HBlit aHaau3 (W1 Teopus noJs). XOTd TeopeTHueckoe
3HayeHHe BEKTOPHOrO aHa/lH3a MHHHMaJbHO, Mbl BCE XK€ ero
JOCTAaTOYHO MOJAPOGHO H3JNOKHM, MOCKOIBbKY OH HrpaeT Bax-
HYIO posib B (PU3HKO-TEXHHYECKHUX MPHIOKEHHSX, CBA3aHHBIX
C CH/JPOJMHAMHKON M 3/1eKTpOoMarneTuaMoM (JocTaToyHo cKa-
3aTh, YTO ypaBHeHHss MakcBe/nsa 3/1€KTPOMarHHTHOrO MOJsI
Hanbosee 3NeraHTHO — eC/IH He M0/1b30BaThCs YETbIpeXMEPHbLIM
(bopMaTU3MOM clleuHabHOi TeOPUH OTHOCHTENBLHOCTH — 3aiii-
CBIBAIOTCA C NOMOWbIO AH(depeHIHalbHbIX ONepaTopoB Bek-
TOPHOI'O aHa/H3a).

OcHOBHBIM 1OJIEM JeHCTBHSA BEKTODHOrO aHa/ju3a siBJs-
ercs anrebpa rialkux ¢yHkuu# F, onpejeseHHBEIX Ha HeKo-
TOpOM OTKpBITOM MHO)ectBe W —R® (kotopoe Bo BreM xasb-
HefitieM Mel OyAeM cuuTath (PHKCHPOBaHHBIM), H F-MOAy/aL 0
BEKTOpHBIX mojeit Ha W.

OroxjecTsienue MOAYAs « ¢ MopyssMu Q' u_ Q® nud-
(epeHunanbubIx opM crenenn 1 u 2 (a anrebpml F, pac-
CMaTpHBaeMOH KaK MOAy.nb Hajl caMoil coboii,—c MoayseMm
Q® dopM fdx N\ dy N\ dz crenedn 3) nossoasieT onepatopl
pHeniHero audpepenumposanus

d d d
F=Q Q- Q
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HHTepNpeTHPOBaTb KaK OnNepaToph
F—a—a—F.
[Mepemit U3 aTHX omeparopos (3 F B a) ofosnayaercs

cumposioM grad. OH conocrtaB/isieT NPOM3BOJBHOH T[J1agKOH
¢byHkuuu F BeKTOpHOE noJse

oF oF oF
(2) graszwi—ler»l—-éz—k,

HaseiBaeMoe epaduenmom dyHKuuu F.
Bropoi#t oneparop (3 a B a) o0603HauYaeTcsi CHMBOJIOM
rot. On conocraessier BekTOpHOMY noJio (1) nose

O w2 (E 84 (222

HasbiBaeMoe guxpem (HJAW pomopom) Noas (. -
®opmyny (3) MOXKHO 3andcaTh B CJAEAYIOWEM YCJIOBHOM
MHEMOHHYECKOM BHJE

i J kR

0 d 0
(4) rotu=|3; By ozl

P Q@ R

Panbiie smecto rot # wacto nucanu curl ¥, HO HblHe 3TO
0003HaueHHe BBIULIO H3 yIOTPeG/IeHHSI.

Tperuit oneparop (M3 a B F) o6o3Hauaercs CHUMBOJIOM
div. OH conocrasasier BekTopHOMY nouio (1) dyHKuuo

- . oP | Q.

(5) . dive= T3 + —+ dz

Ha3bIBAEMYIO pacxolumocmoo (mm dusepeenyueti) noast u.
KpoMme atux onepatopoB (M omepauHd YMHOMeEHHS Ha

¢yHKUHH), Ha MOAYyJ/e (i ompeleseHbl TaKxKe ONlepauHH cKa-

JIAPHOrO H BEKTOPHOr0 YMHOXEHHH, CONOCTaBJAIOUIHE BEK~
TOPHBIM NOJSAM

u=Pi+Qj+Rk uwo=Xi+{Yj+2Zk

(OYHKIHIO
uv=PX+QY |-RZ
H BEKTOpHOe foJe

ux0=(QZ—RY)i +(RX —PZ)j+ (PY—QX) k=

1] &
_| % &l
X v Zj

COOTBETCTBEHHO.
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Bce 3tH onmepaTtophi (M OnepaimuH) cBsidaHbl APYyr C Hpy-
TOM MHOTOYHCJIEHHBIMH TOX/ECTBAMH.

IIpexxne Bcero ToxaectBo dod=0 paer HaMm 1Ba TOX-
JlecTBa

(6) rotgrad F=0 u divrotu=0,

J€TKO, BIIpOYeM, NpoBepsieMble M NPSIMBIM BbIYHCJIEHHEM.

[Tons Buma grad F HasbIBAIOTCS NomexyuareHbiMU, A BHIA
rot & —cosenoudarsnbimu (B nepesoge: mpybuamsimu). Ecau
u=grad F, ro F HasbiBaercs nomenyuaiom nojs #, a eciu
v=rot ¥, TO noJie ¥ Ha3bIBAETCS GEKMOPHOIM NOMEHUUAIOM
noasg v. Ecau W cBssno, To notenuuan F onpegenen nosaem
¥ c TOYHOCTBbIO JO TNOCTOSIHHOTO CJ1araeMoro.

Tlone u waswiBaetcs Gessuxpesvim, ecnu rot =0 u nosem
6ea ucmounuxos, ecau div #=0. BekTopHbli NOTEHLHAN K
nona rotx ompeneneH c TOYHOCTBIO A0 Ge3BHXPEBOro HOJS.

CoraacHo TOXAeCTBY (6) 210606 nomenyuasoHoe nose 18a0-
emcs 6esguxpesvim U A000€ COAEHOUOAAbHOE NOAE ABASEINCA
nosem Gea ucmoynukos. [Ilpy 3TOM (HaKTOPMPOCTPAHCTBO
JIHHelHOro npocrpaHcTBa Ge3BUXPeBbIX MoJeH MO NOANpPOCT-
PaHCTBY MOTEHIHAJbHEIX TOJEH ABJsSETCH He ueM HHBbIM, KaK
onHOMepHO# rpynnofi KoromoJoruii ne Pama H'W o6aactu
W, a ¢daktopnpocTpaHCTBO NoJsieit 6e3 HCTOYHHKOB MO MOA-
NPOCTPAHCTBY COJNIEHOHMAANbHBIX NoJel —rpynnoit A2W. Ilo-
9TOMYy Bce Ge3BHXpeBhie TONS MQTeHUHAIbLHbl TOCAA U TOJABKO
torna, korga H'W =0, a Bce nona 6e3 HCTOYHHKOB cCoOJe-
HOHJaJbHB TOT[a M ToJbKo Torja, Korja HEW =0.|

MNpumep 1. [Tone Buna

u=f(ryr, rs=0,

e r=xi+yf+zk, ar=|r|=Vx1 g1 2%, nasusaer-
cAa ueHmpa/leblM noaAem. ﬂﬂﬂ 3TOro noJda

P=f(r)x, Q=f(r)y, R=[(r)z
(a W=R\{0}). Tak kak
9

r_x O __y Or _2z
T T T
TO Marpuua

oP aP 9P

ox Ty oz

9Q 9Q aQ

ox oy 0z

dR 4R 4R

Y x|
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HMeeT BHJ
FOZ4tn roX P ll
|
M L ored roftio 1o "-
| rodE 0% ot

J

CumMeTpHYHOCTb 3TOH MaTpHIH O3Hauaer, yto rot # =0, T. e.
YTO KaoKcdoe yenmpaastoe noae ABAsemCs 6e36uxpessim NoseM.
Bonee Toro, Tak xKak H'(R3\ {0})=H'(S*) =0, 10 Kamdoe
yenmpasvroe noae nomenyuarsno. (CooTBETICTBYIOWHIE MOTEH-
unan F onpenenserca npu stoM dopmynoft
r .
F(r)= rf(r)dr,

1
e, KOHEYHO, HHXKHHWHA Npejlesl HHTETrPUPOBAHUA MOXKeT GHITh
JIOOLIM APYTHM MOJOKHTENbHBIM YHCJIOM.)
Ecnu, B uwactHoctH, f(r)= —'%‘1 H, 3Hauur, |u| =—':'Tf’
(rpaBHTAaNHOHHOEe NMoJe MaTepHAaJAbHON TOUKH
Macce my), 10 F(r) =m—r° (¢ TOUHOCTBIO MO KOHCTAHTHI).

DTOT MOTEHUMAJ HA3LIBAETCH HbIOMONOBCKUM.
PacxoguMocTb LEHTPANBHOIO MOJA PaBHA CyMMe

1 () ZELEE L 3f ()=’ () + 3 (1)

JMaroHaJbHLIX 3/7eMeHTOB Martpuun (7). Pewas puddepen-
nHaabHOe ypaBHenHe rf’ (r) +3f (r) =0, Mbl HEMeLJIeHHO MO-

C
nyuum, uto f(r)=—. TakuM o6pasom, yenmparotoe noie

mozda u mMmoabKO moz0a ABAAEMCA 2PABUMAYUORHIM NOLEM
(nosem H6IOMOROBCKO20 hOMERYUAAR), K020a OHO He UMeem
ucmounurog (B obnactu R¥*\ {0}, rae oHo ompeneneHo).

Buewnee npousBenenne o A9 muddepenunansuux dopm
upu dego=1 u deg0=1 nepexogut B CHAY HAUWHX OTOXK-
JeCTBJEHHHI B BEKTOPHOE NpOMU3BeJeHHE MoJed, a npHu
degw=1 1 deg®=2—B ux ckansgpnoe npoussenenne (4 Npu
degw=0 sABAAETCA NMpoU3BefeHHeM Nogs 6 HA OYHKUHIO 0).
[Tostomy dopmyna

gi(fco):fd(o—!-df/\o)
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JactT HaM COOTHOUIeHHS

(8) grad (FG)= Fgrad G +Ggrad F,
(9) rot (Fu)=Frot u+ grad F x u,
(10) div(Fu)=F divu 4 grad F-u,

a dopmyaa
d(@ A 0)=do A\ 0—o A do, o, 8€Q1,

~— COOTHOLUEeHHE
(1H div (g x v) =(rot u) v—urot v.

KoneuHo, dopmyast (8)—(11) Ges Tpysa nosaydaiorcest u
NPAMBIM BBLIYHCJEHHEM.

MnueMonunyeckas ¢opmynaa (4) HaBOAMT HAa MbICIb BBECTH
B pacCMOTpPEHHE COMBOJHYECKOE BEKTOPHOE MnoJe

0 0 0

Torna nose rot # Gyner BeKTOpHBIM TNpoH3BeleHHEM V X &
moJas V Ha noje u:

rotu=vxu,

byrkuus div # —cKanspHEIM NPOH3BEACHHEM Vi nmoJs V Ha
noie #:

divu=vu,

a nose grad F—ecqn 3anucbiBaTL CKaJAPHBIA MHOXHTEND
cnpaBa —npoussefeHHeM VF ¢yrkumu F Ha noJe V:

grad F=YVF.

Otu npexncrasnenus onepatopoB rot, div u grad uepes
CHMBOJIHYECK it omepaTtop V MO3BOJAIOT 3aMUCaTh COOTHOLLE-
Hus (8)—(11) B BHOe ogHOro ynoGHOTO [J8 3aNOMHHAHHSA
TOXKIECTBA

12 7O@ON=vDEOH+7D@db)

rae oo 4 p—an6o dynkuuu, au6o noas, () H (J)—JaBa U3
TpeX BO3MOXHBIX YMHOMEHHH (Ha (QyHKIHIO, CKAJAPHOE HJH
BEKTODHOE), a CTpeJKa | OTMeYaeT MHOXHTENb, MOJBepraio-
IHica BO3JeHCTBHIO onepaTopa V. [elictsurenbHo, npu o= F
u fp=G—>3710, oueBHAHO, dopmyna (8), a npua=F uf=u
B 3aBHCHMOCTH OT BhIGOpa yMHOXeHHH— (opMy.bt (9) u (10).
[lpn o =u ¥ Pp= v, B npennosoxkennH, yro (D—cKanapHoe
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yMHOXKeHHe, a (9 —BekTopHoe, dopmyna (12) HMeer BHA
+ 4
V(iexo)=V(ex o)+ V(& X0).

Ho B cuny KOCOKOMMYTAaTHBHOCTH CMEMIaHHOT'O NPOH3BeNeHHS
(¥ KOMMYTaTHBHOCTH CKaMspPHOIO)

4 4 4
Viuxv)=veo=oVe=ovu=0(VXu)=(VXu)v

4 ') 4
V(BX0)=Vuv=—nvVo=—uvVo=—u(VX9).
IMostomy B 3tOM cayuae dopmysa (12) csogurcas K ¢opMy-

ae (11).
3ameruM, uto npu a=# H B=2o B popmyJse (12) ocra-
JOCh elle [Ba He PacCMOTPEHHBIX CJyyas:

(13) v (50) =¥ (40) + ¥ (40)
H
(14) vx(uxv)=vx(:zxv)+vx(ux$).

Yro6bl pacmupposath 3TH GOpMYJbl, Mbl IS J060ro Bek-
TopHoro nosas @ = Al + Bj +Ck ycnoBuMcss nox avV HOHH-
MaTh onepatop a — F, fAefictBylomn#t Ha none #=Pi+ Qf +
-+ Rk no ¢opmyJe

(av)u:A-‘E

Ox dz

0Q OR

+B G +Co

(0OTKa3biBasACh TEM CAMEIM B OTHOLIEHHH CHMBOJIHYECKOTO BEK-

TOpa ¥ OT KOMMYTaTHBHOCTH CKaJIsipHOTO yMHoXeHus). Tor-
¢

Ja, pacKpbiBas ABO{IHBIE BEKTOPHbIE NPOH3BeJeHHA ¥ X (& X V)

4
H VX (#X D) (no ussectHo#l dopmyse ¢ X (aXxb)=(cb)a—
— (ac)b; cM. aexkuuio 1.15), MBI nomyuum, uto

VX(:ZX 9)=(vv) u—(V8) v =(ov) e—(diva) v

VX (#X ;) = (Vo) u—(uV) v =(div o) u—(uv)v.

Tak kak no onpepenenHio VX (#X v)=rot (#x v), To dop-
mysa (14) npHoGperaer TeM caMbiM BHJ,

(15) rot(ux 9)=(vV)#—(uv) v+ (div o) s—(div ) v.
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AnaJloruyno, NpUMeHMB K noasaM u Xrot 0 = u X (VX v)
H oXrot u=0X(VX#) Ty Ke dopMyny ABOHHOrO BEKTOp-
HOro NPOH3BEJEHHS, HO MepenucaHHyi0 B BHAe ¢ X (@ Xb) =
=a (cb)—(ca)b, Mbl MONYyYHM COOTHOLIEHHA

4
uxroto =Y (0)—(uv) v

{
vxrotu=v (2v)—(vV)u.
B cuny atux coorHowenuit gopmyna (13) npuobperaer Bug
(16) grad (#v) = u X rot ¥ + v Xrol & + (vV) ¥ + (uy) v.

3ameuarenbHo, 4TO, KaK MOKashlBaeT HEMOCPEICTBEHHOE Bhl-
yncienue, dopMysan (19) u (16) Ha camoM pene copases-
JHBH (TaK 4To (opmy.sa (12) BepHa Bceraa, korjla ona uMeer
CMBICT).

[Cnoxknocts dopmya (15) u (16) ob6bAcusercs TeM, uTo
3Hayenus oneparopa rot Ha BeKTOPHOM moje KX U U Ofie-
patopa grad Ha (yHKUHH KV He HMeIOT NPAMOIl HHTepnpe-
Talllh B TEPMHUHAX . BHelIHero aH(bepeHnupoBaHus (GopM. |

Mpumep 2. Ilyerb a—nocrogunsit BekTop. Hailnem
nose grad(ar), rme, Kak Bceraa, r=uxi -+ yj+2i. SlcHo,
yro rota=0 u (rv)a=0. Kpome [roro, kak nokasniaer
HenocpelCcTBeHHOe BhYHc/eHHe, rotp=0 (None r ueHT-
panbho) H (av)r =a. CrepoBatensro, grad (ar)=a.

Komnonupysa onepatopwr grad, rot u div, Mbl mosyunm
ONepaTophl

rot o grad: F—aq, divograd: F—F,
grad o div: a—a, rotorot: a—uq,
divorot: a—F.

Oneparopst rot o grad u div o rot, kKaK Mel 3HaeM, TOX-
NIECTBEHHO DaBHBl HyJiO. [3aMeTHM, UTO omepaTop V CBOAUT
3T0 K YTBEpXJEHHIO, YTO BEKTOpHOe NpPOH3BeleHHe [BYX
OLMHAKOBBIX BEKTOPOB PaBHO HyJO: (rot o grad) F =V X VF-=
=(VXV)F=0 u (divorot)u=v (VY xu)=(VX7)u=0.]

Ha ocranbHeix omepaTopoB HauGoOMbLIHN HHTEpeC Mpejl-
CTaBJIfIET ONepaTop

div o grad = y2.

dtor onepaTop 0603HauaeTcs CHMBOJIOM A H HasulBaer-
ca onepamopom Jlanaraca (unu aansacuanom). Kaxayto
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tdynxuuio F oH nepesogur B cpyHKumo

G’F a“F
AF= ay"’ + azﬁ

C ero nomompbi0 3amHCHIBAIOTCA BaXKHeHluHe ypaBHeHHsl Ma-
TEMaTHUeCKON (H3HKH, KOTOpPHIM MO yueGHOMY MAaHy yIH-
BEPCHTETOB MOCBALLEH OTAENLHBIA Kypc.

Onepamp A MOXHO NpPHMEHATb H K BEKTOPHBIM TNOJAM,
BO3/JefCTBYSl HM Ha KaXAyl0 KOMMOHEHTY B OTAENLHOCTH:
ecnn #=Pi+ Qf+ Rk, 1o no onpeneseHHio

Au=(AP)i4- (AQ)Jj+ (AR)k
Torpa 6yner umerb Mecto dopmyna
rot o rot =grad o div—A.

HeitctButenbHo, corsiacHo dopMyJie JUIS ABOHHOTO BEKTOP-
HOTO TMPOH3BeNeHHs

rot (rot u) =V X (VX u)=v (Vu)— (V) . O

[Koneyuo, 310 He n0Ka3atenbcTBO, a JHIIL 3BPHCTHUECKOE
toaTBepxaeHne. HactoamuM nokasatenbcTBOM, KOTOpPOE Mbi
npexocTaBuM yHTarteno, OyneT JHWbL NpsAMOe BhIYHC/IEHHe
¢ nomoubio dopmya (2), (3) # (5).]

Moxno coctaBnath u apyrie AuddepeHuHaNbHEE BHIPA-
KeHHs. Hanpumep, aas mo6bix aByx ¢yHkiuit F u G onpe-
JeneHo CKainsipHOe NMpOH3BeAeHHE HX TI'PAaJHEHTOB:

OF oG | OF aG | OF oG
grad rgmda “Ox Ox k—01/ dy *_02 0z°

OHo o6o3Hauaercs cHmBosom A(F, G) u HasbBaetcs cue-
wanneim  Ougpgepenyuaronoin  napamempom  Beasmpamu
¢ynxyud F w G. B uacTHoctH, npu F G MBl nosyuaeMm
CKanAgpHbIA KBajpaT rpaiHeHTa:

2 '\ 2 JF \2
A(F, F)=(grad F)”=<5x-> + (%) +(5> .
OH o6o3Hayaerca cHMBoJIOM A F M HasuIBaeTCs nepesim Oug-
epenyuarensin napamempom Lerompamu pynxyun F (cp.
¢ Jekuueit 3).

CMmelnaHioe npousBeneHHe rpajHeHToB Tpex (GYHKUHII Ha-
3biBaetcs Ouggpepenyuaronoin napamempon Japby. Bnpouem,
3TOT TepMHH HbIHE TNOYTH COBCEM He ymoTpeGasiercs, mno-
CKOMBKY 3T0O CMelIaHHOe MpOH3BeleHHe HABAAETCA He 4YeM
HHBIM, KaK AKOGHAHOM OTOOpaKeHHs, 3aJaBaeMoro NaHHBIMH
TpeMA (PyHKUHAMH,
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C nomoIbi0 ONEPaTOPOB BEKTOPHOTO AHAJIH3A MOMKHO
B yno0HOA M KoMnakTHO# dopMe npencTasuTh (GOPMyTy
I'aycca—Ocrporpanckoro (1 dopmyay Crokca).

[Mycts 9 —ByMepHas OpUEHTHPOBaHHAR [OBEPXHOCTD
B R® (c kpaem unu 6e3). Mul 3HaeM (cM. 3aMeuaHue 2 B Jek-
uun 27), yTo opueHTauus NOBepXHOcTH & 3anaeTcss HEKO-
TOPHIM TNaJAKUM nonem r=n(M) OTAMUHBX OT HyAs HOP-
Ma/bHBIX BeKTOPOB, KOTODOe MNocjAe HOPMHPOBKH MOXHO
CYMTATb COCTOALIHM H3 €JHHUYHBIX BEKTOPOB.

[TponssonbHOe BEKTOPHOE Nose @, ONpejeNeHHoe B OTKPHI-
tTom MHoxecrBe W, conepikamem nosepxHocTe £, 3ajaeT Ha
9 ¢yHKUUIO a,, COMOCTABASIOWYIO Kaxaoi Touke M € D
npoekunio a, (M)=a (M) n(M) sektopa a (M) Ha Hanpas-
NeHue BekTopa n (M) (Tak Ha3biBaeMylo HOPMAAbHYIO COC-
masasuouyyro Bektopa a (M)).

Onpeoenerine 1, Vinterpan

d ’
(17) ;a” o

OT GOYHKUMH @, N0 MNOBEPXHOCTH &) HAsHIBaeTCst NOMOKOM
nons a uyepes mnoeepxHoctb D. (3mech do-—aneMeHT mio-
mwagy nosepxHocTH £; cM. npumep 2 nekuuu 24.)

[Tonuepknem, uro B dopmyne (17) umeerct B BuAy
HHTErpan NepBoOro pojga (OT NAOTHOCTH).

Ecnu none @ sBnsercs noaeM cKopocTel HEKOTOPOi
KUAKOCTH, TO MOTOK (17) paBeH KOnHYECTBY :KHJKOCTH, MpO-
TEKAIoLeil 3a €IHHUIY BPeMeHH uepe3 nosepxioctb D.

Ecnau noeepxnocte &) 3nemeHTtapHa, To AJdst J0Goi ee
napameTpusanuy r=r (4, v), C02AQCO8aHKOL ¢ Opucumayuell,
T. €. TaKoii, 4TO BEKTOpHl F, H F, COCTABASAIOT NOJOKH-
TeNbHO OpPHEHTHPOBAHHKI 6as3Hc KacaTenbHOH MJNOCKOCTH,
BEKTOD HOpManu n 3ajaerca (opmy.oi

ruXry ___ FyXPy
T lruXry| VEGTF?

n

(cp. nexuuto 4). C apyroit cTOpoHbl, U3 JEKUHH 3 Mbl 3HaEM,
YTO 3MEMEHT MJOWAAH MOBEPXHOCTH 3ajaercsi (GOpMynoil

do=V EG—F*dudv. Tlostomy ans notoka (17) umeer mecto
tdhopmyna
P Q R
(18) \ a,do=\\(ar,r,)dudv= fy Ya 24|dudv,
Joto = o= |

U Yv 29
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rae P, Q, R—&koopaunatul Bektopa @, a U-—o6nacte mio-
ckocti R?, Ha Koropolt ompexeneHa napamerpusalus F=
=r(u, v). Utobbl BBIYUCAHTb MOTOK YEpE3 HedTeMeHTapHYIO
MOBEPXHOCTb, HAN0 pasGHTb ee HA 3JeMeHTapHHIE 4YacTH
H K KaXaod npuMeHuts dopmyny (18).

BenomuuM Teneps, uto nodo @ = Pi4 Qf 4 Rk orseuaer
niugepennranpian ¢opma

Pdy Ndz4Qdz A\ dx+ Rdx A\ dy,
a Irol opmMe— HHTErpan

(19) {PdyAdz+ Qdz Adx- Rdx \dy=
)

=Smgpdydz+ Qdzdx+ R dxdy

(cm. Qopmyay (13) aeknuu 27). B cayuae, Koraa nosepx-
HocThb 2 aneMeHTapHa M NapaMerpH3oBaHa (C mapaMeTpH-
sanueid r=r(u, v), ONpeneneHHOH Ha OTKPBLITOM MHOXECTBe
UcR?), 10, pacwundpoBas onpenenenne surerpana (19), mal
HEMEINeHHO MOJYYHM, YTO OH BhIpaxKaercsi (opMyJioH

Yu 2u|__ ¥« 2u Xy Yu —
S;JS[P!N 2y va 2v+va yv]dudv
P Q R
=SS Xy Yu Zuldudv.
U Xy Yo 2o

Cpaguenue 310it (opmyanl ¢ dopmyaoit (18) o6napyxusaer,
yro nomox (17) norn a 4epez nosepxrocme D ssipaxcaemcs
unmeepasom (19):

(20) ; a, do = ; g Pdydz+ Qdzdx-+ Rdxdy.

[dokasannas pns sj1eMEHTAapHBIX MOBepXHOCTell 3ra Qopmyna
10 aJJNTHBHOCTH BepHA H AJA JIOOLIX HOBepXIocTed. |

3ameruM, uto (opmyna (20) BbipakaeT NOTOK yepe3 Mo-
BEPXHOCTHBIH HHTErpas BTOpPOro poAa.

B cayuae, korja mosepxHocTb AiBiserca Kpaem 0D obGna-
CTH C peryasapro#t rpaHHued, HHrerpan (19) aBaserca He
yeM gHHBIM, KaK HHTerpanoM, (uUrypHpylomuM B npaBo#t
yacth dopmynasl I'aycca—Ocrporpanckoro (cm. dopmyny (6)
Aekuun 27). TlockonbKy nopbiHTerpanbHas QYHKUHA B J1€-
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BOM UHTerpane 3T1oii (OopMyanl ecTb He 4YTO HHoe, Kak
diva, Mo BuguM, uto ¢opmyna Taycca—Octporpaackoro
MOXeT ObITh MepenHcaHa B CNENYIOWEM BHJAe:

(21) S“ diva dV=<& a,da,
D 0

rne dV o6osHauaer dxdydz (a 3HaK (ﬁ) cnpaBa MoguepKu-

BAeT, YTO HHTerpHpoBaHHEe BejeTCs [0 3aMKHYTOH moBepx-
Hoctu). CroBamu: nomox 6exkmopHOzO NOAR Hepe3 2panuyy

obaacmu pasen unmezpasy om pacxodumocmu noas no
obaacmut.

B cnyuae, korpa @ =grad F, Hopmanbﬂa? COCTaBAAIOWAR
0
a,=grad F-n 0603HayaeTcsi CHMBOJIOM 5, 1 HasbBaercs
hpou3so0rol qbymcquu F no wuanpagaenuio nopmasu (unu
Kopoue— HopMaaenoli npouseodnod). Tak kak diva=AF,
1O hopmyna (21) npuoGperaer B 5TOM cnyuae BHJ

(22) SSS AFdV=£gdc.
D

Mpu a=F grad G, cornacio dopmyne (10),

diva = Fdivgrad G+ grad F-gradG=F-AG-+ A(F, G),
a

a,,=FgradG-n=Fg.

Tostomy
(23) SSS[F-AG+A(F, G)]dV=§§)F%dc.

D D
Sra ¢opmyna HaswiBaercsa mepBo#t dopMmyaol I'puna.
[Tpu F =G oHa npeBpamaercs B HopMy.ay

(SS (F-AF + AIF)dV=®F§£-dc

“ oD
a upu F=1—8 dopmyny (22).

[Tepectasius B dopmyae (23) (pymumu F u G u BbUTA
noJy4yeHHYIO (GOpMyNy H3 HCXORHOH, MBI Hp}IlIeM K ¢(opmyJe

(24)_ SS’\‘(F AG—G-AF)dV = ﬁ% - )d

n3BeCTHOM Kak BTopas popmynaa Fpuna.
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Ona noas cKopocTell JKHAKOCTH MNpaBblil  MHTErpaJa
B ¢opmyJie (21) paBeH KOJMHUECTBY XKHIKOCTH, BBITEKAIOLLEH
us obsaacty D. Caenosate/ibHO, €ro MOJOXKHTENBHOCTh YKa-
3biBa€T HA Ha/auuue B OGJIACTH UCMOYHUKO8— TOUEK, B KOTO-
PBIX KHAKOCTb MOSABJSAETCH, a OTPUUATENBHOCTb YKa3bIBAET
Hd HaJu4YHe C(MoKo8—TOoYeK, B KOTOPbIX KHIKOCTH HCUe-
3aer. (Bupouem, CTOKM ya0OHO TaKe 1a3biBaTb HCTOYHHU-
KaMH, HO C OTpHuaTelbHbiM Jae6uToM.) CaMm Ke uHTerpan
BbIDAXKAET COGOH TMOJHYIO MOLHOCTb MCTOUHHKOB MOJs
B obnacty D. INostomy, paspenuB ero Ha o6beM 3TOH 06Ja-
CTH, MbI MOJYYHM CPEIHIOI0 MOILHOCTb 3TUX UCTOMHUKOB B D,

durcuposas B obaacth D uexoTopylo Touky M,, pac-
CMOTpUM nocaenoBaTesnbHocTh {D } obnactei, cTATUBaOWIHX=
cd K 3TOfl Touke, T. €. Takux, uto M,€ D, u diam D,— 0
npu n--oo, rae diamD,—nuamerp obaacty D,. Torpa

npejen
SS a, do
0Dy

lim v

n-—-- w

(xorza oH cywectByer), rae V, —o6bem obnacth D, asas-
eTcst He uYeM MHBIM, KaK RAOMHOCMbIO UCMOUHUKO8 TOJS
B touke M,. Ho, cornacio dopmyae (21), sror npenen

paseH
SSSdivadV

lin RPo—_

n— w V"

M, 3HAauuT, paBeH 3HaueHuto ¢yukuuu diva B Touke M,.
Taxkum o6pasoM, pacxodumocms 6eKMOPHO20 NOASL SBASEMCS
HE dem UHbIM, KAK NAOMHOCMbIO €20 UCMOYHUKO:

Sga,, da ‘
Dpn

diva= lim 7

n—rxr

10 paeT HOBoe oONpejesieHHe PacXOAMMOCTH (M, B 4acTHO-
CTH, npH a=grad F—mnoBoe onpeleneHue oneparopa Jlan-
naca AF), umelolllee npexMmylecTBo (DU3HUECKOH HATIJIfAAHO-
CTH (M oObsicHsieT, NoueMy nosaa ¢ diva=0Q nassBalorcs
nojsamMu 6a3 HCTOUHHKOB).

3ameuanue 1. IlonesHo umeTb B BHLY, 4TO STO o pe-
IelleHHe pPACXOAMMOCTH M omnepaTopa Jlamnaca npurogHo u

15 M. M. Moctuukon, cem. 111
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AAs  HerJajkux (jax<e pa3pbIBHBIX) INoJel H (yHKIHIL.
Hy»xHo JHwWb, 4TO6GHL CYIECTBOBAJ COOTBETCTBYIOWME Npexen.
Kak mbl 3HaeM (cM. Bblwe npumep 1), mose

(25) a= —rLa My

TATOTEIOMER MacCchl He MMeeT MCTOYHHKOB (B o6JacTtu
R2\{0}, rme ouo onpeaeneno). C apyroil CTOpOHHI, eciH
S,—cdepa paguyca e ¢ UEHTPOM B Touke 0, TO

(26) @a,,dc=»—mo§>‘f:=—%§>dc=——4nm,
g € g

NOCKOJIbKY HuTerpaJ g)do paBeH mJomagn 4me? cheps S,.
“8

310 O3Hayaer, YTO UCMOYHUK 2pasumayuonnoeo noas (25)
pacnoaoxen ¢ mouxe 0 u €20 MOULHOCMG NPONOPYUORAALHA
macce. (3Hak muHyc B ¢opmyJe (26) ykasbiBaer, 4To Ha ca-
MOM JieJie 3TO He HCTOYHHK, a CTOK.)

TakuM o6pa3oM, MOXHO cKasaTb, YTO HCTOYHHKAMH
(cTokaMK) rpaBHTALMOHHBIX MOsied  ABAAIOTCA TAroTEloUIHe
Macchl.

3aMeuanue 2. Beels B paccMOTPeHHe HbIOTOHOBCKME
NOTEHUHAMBl MACCHBHBIX TeJ, MOXHO [0Ka3aTb, 4TO 3TOT
BBIBOZA OCTaercsl B CHJe H A rpaBHUTAalMOHHBIX MOJEH Jio-
6o KOH(MrypalHH, HO Bce 3TO JA/IeKO BBIXOAMT 32 DaMKH
Hawero u3joxenus. [Takoro pojga BonpocaMi 3aHHMaercs
TeopHs MoTeHUMaAaJsa, H3naralouascs B Kypce ypas-
HeHHH MaTeMaTHYecKOH (H3HKH.]

®urypupylownit 8 dopmysae Crokca (cM. dopmyay (14)
Jekuun 27) uHTerpad no INOBEPXHOCTH ABJAETCS B CHAY
obweit dopmyast (20) He yeM HHBIM, KaK MOTOKOM

S;Dg (rot a),do

BHX S NoJs rot@ yepe3 OPHEHTHPOBANHYIO MOBEPXHOCTL D).
Yro6bl aHA/JOrHYHBIM 06Pa3OM HUTEPHPETHPOBATH HHTErpall
Nno Xpaw MNOBEPXHOCTH, MBI Npexjae BCEro 3aMeTHM, 4To
aubdepenunanbuas dopMa o =Pdx-- Qdy- Rdz, oreyato-
1asi BEKTOpHOMY noJito @ = Pi -- Qf -~ Rk, MoxeT GHITh Mmpea-
craB/eHa B BHJE CKaJjspDHOrO MPOH3BEJEHHA adr, rae

dr=dx-i- dy-j +dz-k,
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H, 3HAYWT, HHTerpan OT (OPMbl ©® MO NPOHU3BOJBHOH KpH-
Bo# y MoxeT GbiThb 3amHicaH B BuJe

27) g adr.

v

[lycte kpuBas y 3amkHyTa.

Onpedenenue 2. Unrerpan (27) no 3aMKHyTO#l KpHBOIT
HashlBaeTCs YupKysdyued BeKTOPHOIO NOJSl @ IO ¥.

Urto6pl MOAYEPKHYTb 3aMKHYTOCTb KPHBOiH Y, HHTelI'pa
(27) o6o3HayaloT B 3TOM C/1y4yae CHMBOJIOM

(28) fadr.
s

B 4acrHocTH, unpkyasuus (28) onpegenena no kpawo 09
I POH3BONIbHON OpHEHTHPyeMoi moBepxHOCTH % W AB/sAETCA
He YeM HHBIM, KakK QurypupywowuM B dopmyae Crokca kpu-
BOJIHHEHHBIM HMHTET PaJoM.

Mbl BuauM, TakuM of6pasoM, 4to ¢dopmyna Crokca ans
MOBEPXHOCTHBIX HHTErpasos B R® MoXeT OBHITL mepenicaHa
B CJeAYIoEeM BHJIE:

(29) S;)g (rota), do = ;?g adr.

CiioBaMH: YUPKYAAYUS BEKIMOPRO20 NOAS MO KPAKD NOBEPXHO-
Cmu pasHa NOmoKYy 6UXPA 9M020 NOARL 4epe3 NnoeepxHOcHib.

Hna rola umeercs w japyras uHTerpaibHasi Qopmyaa,
KOTOPYIO MOXHO paccMaTpuBaTh KaK OJHH H3 BapHAHTOB
dopmyasl aycca-—Octporpagackoro.

[Tyctb no-npexHeMy %) —OpHeHTHPOBaHHAsl NOBEPXHOCTb
B R® ¢ moseM egMHMYHBEIX HOPMaJ/bHbIX BEKTOPOB 12, 3ajalo-
MM JAHHYIO OpHUEHTAaLHI0 3TOil noBepxHoctH. [as mo6Goro
BekTOpHoro moast #=Xi+ Yj-- Zk, 3ajgansoro Ha %, Ml
ornpepenuM uxmezpar om 8 no D dopmyioh

XJ udn::<5;§ Xdc> i+ (ig ch>j+ @g Zdo) .

B u4actHoctH, 3TO onpegeNeHHe [PHMEHHMO K TOJIO
U—=nXxa, rie G—IOpou3BOJIbHOE BEKTOPHOe IoJe, onpeje-
JEeHHOe B 06/1aCTH, CojgepXaiuel noBepxHocTh D.

15*
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Onpeodesernune 3. B cayuae, korpa noBepxHOCTb D
3aMKHYyTa (KOMIMAKTHA M He HMeeT Kpas), HHTerpas -

(30) {{(nxaydo
b .

Ha3bIBd€TCSsT qupfcyﬂﬂqueti BCKTOPHOrQ mMoAs @ N0 NMOBEPXHO-
ctH &) u ofo3Hayaercsi CHMBOMOM

(H) (nxa)do.
D

Ecau nosepxHocts % saeMeHTapHa H r=r (4, v)—ecc
napamerpHsalHs, TO MO YXKe H3BECTHLIM HaM OCHOBAHIiSIM

(31 gg (nx a)do = ﬁ (Pux r,) % @) dudo,
D U

rie U —oOTKpbiTOe MHOMNECTBO NJOCKOCTH R?, Ha KoTopoM
3ajana napamerpusauus r=r(u, v).
Ho
(ruxry)xa=(ar,)r,—(@r,)r,=
=[(Pxy+ Qy,+ Rz,)x,—(Px,+ Qy,+ Rz,) x,) L +
+ [(Px, + Quut Rz,) y,—(Pxy - Qyy + R2,) y,)J +
- [(qu +- Q!/11+Rzu) z,,—(Px.v + va" sz) Zu]k"_‘

(Rl sl ol ) e (P L =R 2 ]+
(e el —p i ) e

Sﬂ R dz dx— Qdxdy = \;j (R|z || ) duav,
&S‘dedy-—Rdydz=S]S<P ot )du do,
'WQdydz——szd x= U{(Q yodol—p |20 %) dudo.

C.ue,r_xosaTebeHo,

W(nxa)dc:<WRdzdx—-dedgf)i—!

'z 3 .

. <§( Pdvdy—Rdydz\j+ <((Qdydz—szdx> 3
) WA
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[lo apautuBHOCTH 3Ta dopMmysa BepHa M /s NPOH3BOJIb-
HOil (HednemeHTapHO#) noBepxHoctH 9D

Ho eciw @ =90D, rpge D—obaacts ¢ pery/aspHoit rpa-
HUUell, To no dopmyae [aycca—Ocrtporpaackoro

G Rdzdr—Qardy = [{{ (5o —F) av,
D

v

fpasis—ravae= 1 (42 v
@Qdde—szdxzﬁg(%_i_>

[TockonbKy

_[9R 0Q P R\ . [0Q P
mt“*( 3y %z )‘ﬂw W)-’ v <dx . ay>k’
3THM JOKa3aHO, UTO YUPKYAAYUS 6eKMOPHO20 nOAs no epa-
nuye 8D ob6aacmu D paena unmeepary no D om euxps

3Moeo noas:

(32) ﬁ(nxa)da:SLS)SrotadV.

[B uactaocty,¥o1ciona ,ciieyer, 4TO BHXPb BEKTOPHOTO
MOJIsi MOXKHO HHTEPIPETHPOBATb KaK MAOMHOCMbL YUPKYASYUU
atoro mnosas (M TeM CaMbiM, B YacTHOCTH, MOJYYHTb HOBOE
onpejeneHHe BHUXpsl, MPUTOAHOE H AJSl HErJafKuX noJeit).]

®opmyna (32) sBasiercss YACTHBIM caydaeM HeKol oflued
dopMyJibl, JOKa3aTelbCTBO KOTOPOH, KaK 3TO 4acTo OnlBaer,
CYLLECTBEHHO KOpOue J0Ka3aTesbCTBa ee HaCTHOro ca1yyas (32).

[Tycts @ — nuneiiHoe otoGpaxcenHe npoctpancrsa R* nu6o
B npocrpanctBo dyHkuUMA F, 1H60 B NpocTPaHCTBO BEKTOP-
HuIX monelt a. (JIuHefiHOCTb O3Hauaer, uto s JIIOGOTO BEK-
topa r=xi-| yf-+zk npocrpancrBa R® HMeer MecTo paBeH-
ctBO @ () = x¢ () -y (J)+29 (B).) OtHeceM oTo6pareHHio @
byukuuio (uau nose) @ (V) onpegeneHnyio(oe) GopmyJoi

0 . ) . d
oV =50 () + 5,0 (N + 5 0 (A).

Hanpumep, ecnu ¢ (r)=rF (npoussegenHe BekTOpa r Ha
obyukuuio F), 1o

CP(V)—VF—OF

oF

oy Rt IF p—grad F,

i
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ecan ¢o(ry=ra win ¢(ry=rxa, raie @a—rmoje, TO COOT-
BeTCTBEHHO

¢(V)=vVa=diva 1 ¢(V)=Vxa=rota.

[Mycrs ana onpepenennoctd @: R*—F. Torga ¢ (V)=diva,
rae a=¢@ )1+ ¢(J)J -9 (k) Rk, u, 3Hauut, corjacuo op-
myJe aycca—Octporpaackoro (20), s moGoi o6nacty D
6yner MUMeTb MeCTO PaBeHCTBO

SSS cp(V)dV:(ﬁ)a,,dd.
D ab

Ho ecau n=cosa -1+ cosB.j- cosy-k, 10
a,=an=¢(l)cosa+ ¢ (j)cosp -+ ¢ (k) cosy=

=@ (cosa-I cosP-f--cosy - Ry=¢(r)
M, 3HAUMT,

(33) {{femav=Eomdo.
D , oD

Ecau ¢: R* — a, 10, npuMerus dopmyay (33) K Kaxaoi
KoMrioHeHTe OTOGpa)<eHHA ¢, Mbl HEMeIJIeHHO MOJy4YuM, UTO
sta ¢opMyJla BepHAa H B 3ITOM cJyuae.

®opmyia (33) HasbiBaeTcss o 6o6uieHHOR popMyaoi
Faycca—OcTporpaAcKoro.

Ipu @ (r)=ra ona nepexoaur B dopmyay (20), a npu
¢ (ry=rxa—s dopmyay (32).



