20 . IX. Ilpeobpasosanue ®ypve

(paBHOMEDHO Ha KOMIIAKTHHIX MHOXECTBAaX) H DaBHOMEPHO OrpaHH-
yeHa. Anasoruuso, D*]. paBHOMepHO cxoaurcs Kk Hyawo. Orcioxa

caenyer, uro (23,5 — .

IX.2. O6nacts 3HauyeHwH npeobpaszosanus Mypse.
Knacenyeckne npoctpaHcTBa

Mbi onpenenunu npeoGpasoBanue Typre Ha & (R?) u &’ (R").
B srom pasgesne u ganee B § 1X.3 u I1X.9 MBI Hccaeayem o6Jgacrtb
3Ha4YeHRH npeob6pasoBanus dypse, xKorja 370 IpeobpasoBaHHE CYy-
JeHO Ha pa3JiHYHhle noaMHoxecrBa u3 o  (R”). IlogoGHBle 3ajpauH
O4YeHb €CTEeCTBEHHHI H HMEIOT HCTOPDHYECKHil HHTepec, HO, 4TO BaXK-
Hee,— ONMHCaHHe oGJacTH 3Ha4YeHHH mnpeo6pasoBaHHsA Dypbe OYEHb
[oJie3HO caMo 1o ce6e. B camowm jeJie, 4acro Jerko UsyduTb dyphbe-
o6pas ¢pyHKUHH K XoTeJoch OBl 3HaTh, 4TO M3 3TOr0 CJeayer AJsd
camoit QYHKIHH, HauneM ¢ msyx TeopeM, JIerKO BLITEKAIOMUX H3
nocrpoenuit § 1X.1.

Teopema IX.6 (reopema Ilnanimepesns). Ilpeo6pasoBanue Pyphe
OJHO3HA4YHO MNPOJOJIKaercs X0.yHHTapHOro oro6paxenus L2 (R") na
L2 (R#), O6parHoe mnpeo6pa3oBaHHe OAHO3HAYHO IPOJAOJKAeTCsA 110
COMNPSKEHHOrO OTOGpaXKeHHs.

Hokasameascmeo. CiaeicrBue TeopeMbl IX. 1 yTBepKJAaer, 4TO €CJH

f €& (R?), To ]lf lla -—uf[[, Tak kak & [F]=, 10 a"i"——cwp'beKTHBHaa
uH3omerpus Ha L2(R"). I

Teopema IX.7 (jiemma Pumana—JleGera). [Ipeo6pasoBanne Pypne
OJIHO3HAYHO IMPOJOJXKaeTcsd [0 OTPAaHHUEHHOIO OTOOpaXKeHUA H3
L*(R®) Bo mHOoxectBo C, (R”) HenpephBHHX ¢YHKUHH, HCYe3alo-
IMUX Ha oo.

Hoxasameascmeo. [as [ € & (R*) ussecrHo, uro f € & (R"), nostomy
f € C. (R*). Ouenka

1F b < (@m)=72| |,y

TpHBHalbHA. [lpeo6pasoBanre Pypbe sBagerca, cieloBaTesbHO,
OrpaHHYeHHLIM JHHelHHM oro6paxenueM B C _ (R”) MHoxecTBa, NJOT-
noro B L*(R"). Tlo Teopeme 06 orpaHH4eHHOM JIHHEHHOM OTOOpaKeHHH
OHO OJHO3HAYHO IIPOJOJIKAETCA A0 OrpaHHYEHHOro JHHEHHOro OTO-
6paxeHHus Bcero mpocrpaHcrBa L1(R?) B C_(R™). &

3ameTuM, 4YTO npeofipasoBannHe Pypbe mnepepoaur L (R") «B»,
a He ¢Ha» C_ (R"®) (3amaua 16).

CpoiicTBa OCHOBHHIX ()YHKUHH INO3BOJIAIOT 3aKJIOYHTh, 4TO HpO-
JoJuKeHHs npeo6pasoBanus Pypbe Ha L1 (R”) u L2 (R") cyTb CyKeHHUSA
npeo6pasoBadusa Pypne, 3agaHroro Ha &’ (R”), ogHaKo N0JI€3HO HMETH
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15 HHX fIBHbIE MHTerpaJbHBHE npelcTasfienus. B cayuae f €L (R”)
OCTPOMTH TAKOE MpeNCTaBJeHHe JIerKo, TaK KaK MOXHO HaHTH
 rakue fn, € (R?), 9t0 |f—f,l,— 0. Torza ana kaxmoro A uMeeM

Fy=lim F,(0)=

— L 1 —ihex _
_n}l_r.nm{(m)"/? Se [ (x)dx}
Rll
=__l__ —iAx
T j e f(x)dx.
Rﬂ
WUrak, npeo6pa3osanHe ®ypre pynkuun ua L! (R”) sagaerca o6uiu-
no# ¢opmyJioH. _
[Ipexnosoxum Tenepsb, 4ro f€L2(R?), u nycThk
(x)_{ L IxI<R,
REI=Y 0,  jx]>R.

Toraa ypf € L*(R*) u ygaf ——I::——rf, Tak 4To o teopeme Ilianuiepenas
o~ Le ~ R
%=l ypi f. Hasa yef uveem OGHIMHYIO GOPMYJIY, MOSTOMY

FM=Lim. @n-» { enaf(x)ds,
Row Ixf < R

rfe nox bLi.m. noHuMaercs upegea no L*-unopMe. FlHorna mui GyneM
oflycKaTh ycJjoBHe |x|<CR u ana [ €L?(R") 6yzem nucaTk OPOCTO

FA) =Lim. (2n)=22 { e=5f (x) dx.

Bruue 6nii0 mokasano, aro L2(R”) = L2(R”) u L!(R*) = L~ (R7)
{oueBuano, uro C, (R*)=L”{R")) u B oboux ciayuasax npeoGpaso-
BaHHe ~ —oOrpaHHYeHHBI onepartop. MMEHHO B TakKMX CHTyauHsx
MOXKHO HCIIOJIb30BaTb HHTEpIIONALHOHHbIE TeOpeMEl, KOTophle 6YAYT
JOKas3aHnl B JAONOJHeHHBH K § 4. '

Teopema 1X.8 (mepasenctBo Xaycmopga — IOnra). Ilyers
1<<g<{2 u p7*4¢g~t=1. Toraa npeo6pazoBanue Pypbe—orpa-
HHYeHHOe oroGpaxeHHe L7(R”) B L#(R") u ero HopMa He mpesoc-
XOAHUT (Z2m)r (1/i2=1/4),

Hoxasameaocmeo. Tlpumenum Teopemy Pucca—TopuHa (teope-
uy IX.17) npu g,=2=p,, p,=o0 u ¢, = L. Tlockomsxy |F|,=|Fl

B [fle <(2m)~%2||fl;, sakmiouaem, uro )fl,, <Ci|fl,, Tae pi*=
={1—1)2, qi*=(1—1t)/24+t=1—p;', a logC,=1¢log(2n)-7/2. A}
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Temepb MBI NepexoauM K cJelyIONleMy ecTeCTBEHHOMY Bompocy.’
Yro Takoe ¢ypre-o6paskl KOHEUHHIX IIOJOXUTEBHEIX Mep Ha R7?
HonycTum, yro mo onpeResieHHIO

B (M) =(2n)-2 § e=fxdp(x).
Rn

Torna ecaun ¢ €& (R7), 1o -
[ B eydr=(2m)-re § (§ e-treay <x>> 9 (1) dh —

R? RE \ R

— (2m)-a ( { e-rsq) d?»)dp (¥) =
RAN\RP
={ px)an(),
Rll
U MBI BHIHM, 4TO Takoe onpe,ueneune COBIIazmaeT C cymeuneM npe-

ob6pasoBanHsa Pypbe, 3agagHoro Ha ' (R”), Ha MoJOKHUTENbHHE
mepsl. Tlyetb Ay, ..., AyER” B §=<§,, &, ..., Ex> €CA. Toraa

N _ N )
2 1 (l.,-‘—-— A)EE = S L§1 gie_ll"‘ *

2
dp (x)=0.
{,isl

3ro nokashiBaer, 4TO QYHKUHA W (A) o6NajaeT CJeIyIOHHM CBOH-
cTBOM: AJIsl JIOBHIX Ay, ..., Ay€R" martpuua {u(A;—AX,)} onpene-
JseT NoJoXHTedbHBIH onepatop Ha C¥. [lanee, no TeopeMe o Ma-
JKOPHPOBAHHOH CXOAMMOCTH {i HENpEepHBHA, a MOCKOJIBKY

i) [ < @m)=e § Jemitx | dp (x) =
Rﬂ
=(2n)_n/2 1 ([R_n),
T0 (yHKuMa p(-) Takxke M OrpaHHYeHa.

Onpeodeaenne. KomnjekcHosHauHas OrpaHHYeHHas HenpephBHaA
dynkuua [ Ha R”, aias xotopo#t {f(Ah;—A;)}; ;~—TNoONOXHTeNbHAA
Matpuua Ha CV npu kaxjgom N M JMOGRIX A,, ..., Ay€R", Ha3H-
Baercs NONOKMTEALHO ONpefeseHHON (yHkuueH.

H3 sroro ompeneseHua cpasy CJeAYIOT TaxkHe TpH CBOHCTBa
NIOJIOXKXHUTENBHO onpeneseHHbix dyHkuuit. Ilycrs N =1, x € R?; Toraa

(1) f(0)=0,

MIOCKOJAbKY 3HadeHue f(0) DOMKHO OHITh IOJIOXHTEJNBHBIM OnepaTo-
pom Ha Cl. Ilomaras N =2 u BHOHpas A;=ZX, A,=0, BHLUM, 4TO
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(f (0) f(X)>

F(—x) F(0)

Jo/KHA GHTH NOJOXKHTENIbHOH, a IOTOMY CaMOCONPSIAKEHHOH ¢ noJo-
HHTEJbHEIM JleTepMHHAHTOM. DTO O3Hadaer, 4To

(2) f@=F(—x),
(3 [} (z) << F(0).

OrMeTHM, 4TO, NOKasbiBas 3TH TPH CBOHCTBA, MBI HHI'Jle He [OJIb-
30BaJIHCh Or'PAaHHYEHHOCTBIO f (X), TaK YTO MOXHO OBLIO ONYCTHTH
CJIOBO O2PAHUMEHHAA B ONpeJe/ieHHH H NOJYy4YHTb OrpaHHUYEHHOCTh
kak cjeacrBue cBodicrBa (3). OueBHIHO, YTO BCEBO3MOXHBIE BHIMYK-
Jsle KOMOHHALIMH HJH [POM3BEACHHS Ha MOJIOXKHTEJNbHBE CKaJspH
[OJIOXKHUTEJBHO OMNpele/eHHbX (YHKIHH BHOBb JAlOT MOJIOKHTEJIBLHO
onpejeNeHHbe QYHKLHH, TaK 4TO TH QYHKIHH 06pa3yioT KOHYC.

o

MaTpHua

Teopema IX.9 (reopema DBoxuepa). MHoxecrBo ¢ypbe-06pa3oB
KOHEYHHIX IOJIOXHTeJbHBIX Mep Ha R? cocraBJisier B TOYHOCTH KOHYC
NOJIOXXHUTEJbHO ONpPeAeJeHHBIX (QYyHKIHHA.

Joxazameascmso. Mbl NpHUBOAHM He OPHrHHAJbHOE [0Ka3aTeNbCTBO
BoxHnepa, a HecJoxKHOe, HO HHTEpeCHOE I[OCTPOEHHe, OCHOBaHHOE
Ha teopeMe CroyHa. ¥Yxke GHJIO MOKas3aHO, 4r0 ¢ypbe-o6paskl KO-
HEYHBIX MOJIOXKHTEJNbHBIA Mep CyTb MOJOXKHTEJbHO oONpeeJeHHbIe
" ¢yHknuu. TpebGyercs nokasarb o6patHoe. Ilpeanosoxum, gro f no-
JICKHUTENbHO onpefiedieHa. ITyerb % — MHOMXeCTBO KOMIIJIEKCHO3HAYHKIX
¢byHkuu#i Ha R”, kaxkjgad H3 KOTODHIX OTJHYHA OF HyJA JIHIIb
B KOHEYHOM 4YHCJe TodeK. Toria aad ¢, Y €K BeJHUHHaA

@, @)= 2 [Ex=yeEe®

X, Y€

o6azaeT BCeMH CBOHCTBAaMH KOPPEKTHO ollpeJeJleHHOro BHyTPEHHero
NPOHM3BEJEHHAS, 3a HCKJIOUEHHEM TOro, uro (¢, @), Moxker o6pa-
warbcs B HyJb MJIA Hekorophix ¢ ==0. Ilycrs of'— mHOXKecTBO
TakHdX @; Toraa #'/JN —npearunb6eproBo NpPOCTPAHCTBO C BHYTpeH-
HUM npousBenenueM (-, ), Ilycrb t€R*; onpemenum oneparop
Uy na % dopmyaoht (Ui @) (x)=¢ (x—t). Tax kax U coxpanser
dopmy (-, +)y, TO OH NEPEBOAMT KJIaCChl SKBHBAJIEHTHOCTH B KJIACCH
3KBHBAJIEHTHOCTH, a I[OTOMY CBOJAHTCH K H30MeTpHH Ha /.
ITockoabKy TO Xe caMoe cnpaBeAninsc H maasa U_i, ra H30OMeTpHS
#MeeT IJIOTHYIO 06J1aCTh 3HaYeHHH H, CJe0BaTe/]bHO, NPOJOJIKaeTCA

IO YHHTapHOro omeparopa Ui na 2 =%/N. Bouaee TOTO, Utys =
= UUs, Uo=1I, a B cusay HenpepmBHOCTH [ rpynma U CHJBHO
HenpepriBHA. Hrak, oToGpaxenne t—> Ut YIOBJIETBOpSeT yCJOBHSM
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reopeMul VIII.12 (o6o6menne teopembl CroyHa). CrefioBaTeiibHo,
CyulecTByer NpOeKTOpHO3HayHas Mmepa P, Ha R”, rakasd, 4r0

(9, Unp),= S etrd (o, Pp);,-
R" :
TTycTh ,— KJ1aCC SKBHBAJIEHTHOCTH, COAepXauuil hyHKUHIO
(1, ecan x=0,
o (x) = 0, ecau x=:0.
Torza

f ) =(Ut€)o: a)o)f=(60n U- 1a’o>f= Se—“'kd (;1501 Pla)o)f’

TaK YTO MHl MNPEACTAaBHJH [ KaK (ypbe-o6pa3 KOHEYHOH NOJIOKH-
TeAbHOH Mephi.

TloHATHe NOJIOXKATEJRHON ORpeJe/eHHOCTHE MOXKHO 06ofUHThL Ha
pacnpenenenus. Ecnn ¢yHKuusa f(x) orpaHvuueHa W HempephiBHa,
TO OHA MOJIOXKHTEJNLHO OMpejel]eHa TOrja # TOJBKO Torja, Korfa

Sfe—no@ox)dedy=0 (1X.4)

gas Beex @ € Cy (R™). UTto6Hl ySenuibes B 3TOM, AOCTaTOYHO aNMAPOK-
camupoBarb Hurerpas B (1X.4) puMaHOBHIMH CyMMaMH. 3T0 yCJOBHE
MOXKHO NepenHcarb TakK:

{{fmee—memdrdr={ ) Gro)mdr=>0, (1X.5)
rae ¢ (x)=@ (— x). D10 HOACKasHBaeT HaM cJenyiouee

Onpedesenne. C6obuenHas o¢yukuua T € D'(R”) nasuiBaercs
OJOKMTENBHO onpeaenennoi, ecmu T (@ # ¢)=0 nasa scex ¢ € D (R?).

Crenymouree o6oGuienue reopemsl BoxHepa npuHanaexut lsapuy.
OHo 0COGEeHHO HHTEPeCHO, TAaK KaK H3 Hero CJefyer, YTo MOJIOXKH-
TeJBHO onpexesneHHble o6obuleHHBle (YHKUHH € HeoOXOAYMOCTLIO
CyTbh oGoOUeHHbie (PYHKLHH yMepeHHOro pocra. OCHOBHEIE MOMEHTH
OOKas3areJbCTBA HaMedeHH B 3afiade 20 (nojpoGHEIE CCHIJIKH CM.
B 3aMeyaHHAX).

Teopema IX.1) (reopema BoxHepa—IIBapua). O6o6uieHHas ¢$yHK-
nua T € D' (R*) noJoXKHTENbHO OMnpefie/ieHa B TOM H TOJBKO TOM
cayyvae, korfa T €’ (R*) u T —¢ypre-06pa3 nosioKUTEIAbHON MepH
He GoJsiee yeM NOJHHOMHANLHOIO pOCTA.

. M3 srofi Teopemnl crenyer, 4ro ecyu [ (X¥)— MOJIOKHUTENLHO Onpe-
AéjeHHas ¢(yHKuMA, TO cJjabble NpousBoxHble (— A)”f—noJoxu-
TeJbHO OnpegjenHble oOCOGlIeHAbe GyHKIAK. JleficTBHTENbHO, MEpa
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=7 no Teopeme I1X.9 KoHeuna, a Torsa (— A)7f=|x[t* u— noJo-
JKHTeJbHas Mepa MOJHHOMHAJbHOrO PoCTa.

OnpegeluM Tenepb, KakHe OrpaHHYeHHbIe H3MePHMEE QYHKIHH
0KAa3hIBAIOTCH MOJOXKHTEJIBHO Olpele/IeHHEIMH 0C0GIEeHHBIMH (QyHK-
puaAMH. OrpaHuuyeHHas u3MepuMas ¢(yHknus f Ha R” HasuBaercd
cia6o NOJOXMTENLHO omnpepenenHoli, ecau cnpabegiuso (1X.4).
[Mockonbky (IX.5) cremyer us (EX.4), To pacnpeaejienHe

T(oy=§ ftr) @ (x)dx

[OJIOXKHTEJBLHO OMNpejie/ieHo, a IOTOMY T = [ — IOJHHOMHAJIBLHO
orpaHH4YeHHas NOJIOXKHTeJbHass Mepa. Ecun ]8 {(x)— annpokcHMaTHB-
Had eJMHHUA, CHMMeTpHYHas OTHOCHTEJbHO Hauaja KQOpAWHAT, TO

[l =T Gerje) =T ((Gerie)) =
= (@) 2p ([fe () ) =
= @y 2§ |Te () [2duix).

Ha KajaoM KOMIaKTHOM NojiMHOXKecTBe H3 R™ ¢yHKuHA Je (x) mpm
e— 0 paBHOMepHO cTpemuTcs K (2m)~"/2, Tak 9IO W-Mepa NpPOH3-
BOJIbHOFO KOMIAaKTHOrO MHOyecTBa MeHbmle (27)%2|f|., T.e. p Ko-
HeYHa.

B uTore Mhbl MomajaeM B HHTepecHY10 cuTyauuio. Llockoasky p
KOHeYHa, ee ¢ypbe-06pa3 — HelpephIBHAA NOJI0KUTENLHO ONpeaeJeH-
Had (QYHKUHsI. A IOCKOJNbKY W H f ZO/DKHBI COBAAaTh NOYTH BCIOAY,
TO CHpaBelJHBO TaKoe

fipedaoscenne., Orpadnuendas caa6o ITOJORATENBHO ONpeliesieBHas
(YHKLHSA NOYTH BCIOAY paBHa HeNPepHIBHOH INOJIOXKHTENLHO ONpeje-
JIeHHOH (yHKIHH.

iX.3. O6nacts 3HaveHmit npecSpasosauns Mdypse.
AHanMTHUYHOCTD

B sroM paspese MH HcCleflyeM CBA3b MeXIYy CBOHCTBamMH YOH-
BaHHA (YHKUHH HJIH 06CO6neHHOH O(YHKUHMH Ha GeCKOHEWHOCTH H
CBOHCTBAaMH aHAJHTHYHOCTH ee npeoGpasoBanus Pypre. Camuie pa-
JHAKaJbHO YOLiBaloUlHe Ha GeCKOHEYHOCTH -hyHKUHHM —3TO (YHKIHH
C KOMIAKTHRIM HocHTeJeM. Mbr gokaxeM Teopemnl Ilanu— Bunepa
g [lBapna, ABHO omnuchBalomue Gypre-o6pasH GyHKuui u3s C*
pacnpejie/leHHH C KOMIAKTHHIM HOCHTeJeM. 3aTeM GyAyT chopMyJiH-
pOBaHbI JiBE€ TEODEMEHI, CBA3HBaIOLIME >3KClOHEHHHaJbHOE yGhlBaHHE
CO CBOHMCTBAMH aHaJHTHYHOCTH Gypbe-o6pa3oB. M B 3ak/mouenne
TOro pasjesa Mhl onHileM (ypbe-o6pa3bl OGOGIIEHHBIX (QYHKIHHA
YMEpPEHHOr'0 pOCTa, HOCHTEJH KOTOPHIX JeXaT B CHMMETPHYHHX KO-



