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=7 no Teopeme I1X.9 KoHeuna, a Torsa (— A)7f=|x[t* u— noJo-
JKHTeJbHas Mepa MOJHHOMHAJbHOrO PoCTa.

OnpegeluM Tenepb, KakHe OrpaHHYeHHbIe H3MePHMEE QYHKIHH
0KAa3hIBAIOTCH MOJOXKHTEJIBHO Olpele/IeHHEIMH 0C0GIEeHHBIMH (QyHK-
puaAMH. OrpaHuuyeHHas u3MepuMas ¢(yHknus f Ha R” HasuBaercd
cia6o NOJOXMTENLHO omnpepenenHoli, ecau cnpabegiuso (1X.4).
[Mockonbky (IX.5) cremyer us (EX.4), To pacnpeaejienHe

T(oy=§ ftr) @ (x)dx

[OJIOXKHTEJBLHO OMNpejie/ieHo, a IOTOMY T = [ — IOJHHOMHAJIBLHO
orpaHH4YeHHas NOJIOXKHTeJbHass Mepa. Ecun ]8 {(x)— annpokcHMaTHB-
Had eJMHHUA, CHMMeTpHYHas OTHOCHTEJbHO Hauaja KQOpAWHAT, TO

[l =T Gerje) =T ((Gerie)) =
= (@) 2p ([fe () ) =
= @y 2§ |Te () [2duix).

Ha KajaoM KOMIaKTHOM NojiMHOXKecTBe H3 R™ ¢yHKuHA Je (x) mpm
e— 0 paBHOMepHO cTpemuTcs K (2m)~"/2, Tak 9IO W-Mepa NpPOH3-
BOJIbHOFO KOMIAaKTHOrO MHOyecTBa MeHbmle (27)%2|f|., T.e. p Ko-
HeYHa.

B uTore Mhbl MomajaeM B HHTepecHY10 cuTyauuio. Llockoasky p
KOHeYHa, ee ¢ypbe-06pa3 — HelpephIBHAA NOJI0KUTENLHO ONpeaeJeH-
Had (QYHKUHsI. A IOCKOJNbKY W H f ZO/DKHBI COBAAaTh NOYTH BCIOAY,
TO CHpaBelJHBO TaKoe

fipedaoscenne., Orpadnuendas caa6o ITOJORATENBHO ONpeliesieBHas
(YHKLHSA NOYTH BCIOAY paBHa HeNPepHIBHOH INOJIOXKHTENLHO ONpeje-
JIeHHOH (yHKIHH.

iX.3. O6nacts 3HaveHmit npecSpasosauns Mdypse.
AHanMTHUYHOCTD

B sroM paspese MH HcCleflyeM CBA3b MeXIYy CBOHCTBamMH YOH-
BaHHA (YHKUHH HJIH 06CO6neHHOH O(YHKUHMH Ha GeCKOHEWHOCTH H
CBOHCTBAaMH aHAJHTHYHOCTH ee npeoGpasoBanus Pypre. Camuie pa-
JHAKaJbHO YOLiBaloUlHe Ha GeCKOHEYHOCTH -hyHKUHHM —3TO (YHKIHH
C KOMIAKTHRIM HocHTeJeM. Mbr gokaxeM Teopemnl Ilanu— Bunepa
g [lBapna, ABHO omnuchBalomue Gypre-o6pasH GyHKuui u3s C*
pacnpejie/leHHH C KOMIAKTHHIM HOCHTeJeM. 3aTeM GyAyT chopMyJiH-
pOBaHbI JiBE€ TEODEMEHI, CBA3HBaIOLIME >3KClOHEHHHaJbHOE yGhlBaHHE
CO CBOHMCTBAMH aHaJHTHYHOCTH Gypbe-o6pa3oB. M B 3ak/mouenne
TOro pasjesa Mhl onHileM (ypbe-o6pa3bl OGOGIIEHHBIX (QYHKIHHA
YMEpPEHHOr'0 pOCTa, HOCHTEJH KOTOPHIX JeXaT B CHMMETPHYHHX KO-
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Hycax. Ecrp eme leanlfl psjf TeopeM TaKOro Xe THIA. Hexoropme_
M3 HHX OOCYXJalOTCsi B 3aMeYaHH siX.

Ipeanosoxum, uro f € Cg (R). Torna s BCeX §=<Lyy -+ +s Ln> €
€ C" onpegenen uHTErpal

f@©)=(@n)-m2 § e~ f (x) dx.

Boaee Toro, f(f)—uesnas aHamuTHuecKas QYHKUUSA OT 1 KOMIJEK-
CHEIX MNEepeMeHHHX [;, Ly ---» bn» HNOCKOJBbKY Mbl MOXeM AHbde-
PeHLUPOBaTh MNOJ 3HAKOM nHTerpaJIa Janee, ecin HocuTesb [ co-
JepXUTC B Cdepe paadyca R, To HHTerpHpOBaHHE MO YaCTAM

AaeT

TG f @ =@n-m2 §  e-&+Dof (v)dv.
i=1

<R

B3gs a6coJoTHoe 3HaueHHe o6eHX dacTeli H BOCIOJB30BaBIIHCh

orpanuuenHocThio [ (§) Ha Mmuoxectee {{||ImZ]< e}, nerko Haxo-
JMM, 4TO AJs Kaxkpgoro N

. CpeR11m tl

| f @) | << ———— npu Bcex [€Cr,/

e T ’
rae Cy— KoHcraHTa, 3aBucsamas or N u f. Hurepecno to, uro stu
OLIEHKH HE TOJbKO HEeOOXOAHUMEI, HO H JOCTaTOYHH AJsA TOro, YTOGH
dyukuus f npunagnexanaa Cy (R7).

Teopema IX.11 (Teopema ITaau—Bunepa). Llenas anamuruueckas
dyaguua g{{) oT n KOMIJEKCHHX MNepeMeHHHIX fBJsercs (Qyphe-
o6pasom ¢pyHkuuH H3 Cy (R") c HocuTesem B wape {x|]x|<CR} To-
FAa H TOJbKO TOTAa, KOrja AJs Kaxphoro N CyUeCTBYeT TaKas
KoHcTauta Cy, YTO A/ BCeX C,eC"

R!lm tl
(1+I€!) )

Hoxasameabcmeo. YTBepKAeHHE <«TOJNbKO TOrAa» yKe MHOKa3aHO.
[Ipepnosoxum, uro YHKUHA g 1ejiag H YAOBJETBOPsieT OUEHKe
(IX.6). Ilyctb {=A-+4in, roe A, n€R". Torma npH KaxaoM m
¢oyukuHsa g (A -in) €L (R*) xax dyuxuus A, tak xak B cuay (I1X.6)
# ¢opMmyabi Kol ee MpoH3BOAHBIE YGHBAIOT Kak OGpaTHRIH NOJIH-
HoM. [lycrb

lg(c)l\ (1X.6)

Fx)y=(@m)-2 § o2 g (Myd. (1X.7)

R_ll

Toraa, no Teopeme I1X.1, f€ & (R®) u g(A)=f (A). Caexyer mnoxa-
3aTh, 4TO HOCHUTeJb f(Xx) comepuTcsi B iunape paauyca R. B cuay
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nepapercTBa (1X.6) 1 TeopeMer Komu MOXHO cABHHYTb 06.JacTh
uyurerpupoBanus B (IX.7) Tak, 4TOOH BHINOJHAJOCh PAaBeHCTBO

F(x)=(2m)=n2 § eithrimi -z g (A +in) dh. (1X.8)
R’l
Eme pa3 npumenss (1X.6), umeem
C
<L eRIN\~xn (2 -n/2j N <
rel<e (2 WA+ D"
inf-x -2 e N
Serinteen 2m)=os | oy — i,

rie N Bui6paHo HocTaTodyHO O6OJBIIMM, 4YTOOHI WHTErpaJj B NpaBoft
yactH cxoguics. Ho f(x) ne 3aBucHT oT 7, moatoMy, ycTpemJsst 1)
K co B NOAXOAfIIEM HanpaBJeHWH, Mbl y6egumcsd B TOM, UTO
|F(x)|=0 nmpu [x[>R. B

dra TeopeMa JONyCKaeT ecTecTBeHHoe oGOOIIeHHEe Ha CJayudai
pacnpeResieHHH C KOMNAakTHeIM HocuTedem. Hanomaum, uto 0606-
menHas ¢yukuua T €&’ (R") uMeeT HOCHTeNb B 3aMKHYTOM MHO-
’kectBe K Torma H ToJbKO Torpga, Korma T (p)=0 gmas mo6Go#
OoCcHOBHOH ¢(yHKUHH ¢ c HocHTedem B RN\ K. Ecan wmHoxkecrBo K
KOMIIAKTHO, TO TroBOpAT, 4To T HMeeT KOMNAKTHBIA HOCHTENb,
MuozxecTBO 0606IMEHHHIX (QYHKUHHA C KOMOAKTHRIM HOCHTeJeM obpa-
- 8yeT NPOCTPAHCTBO, ayaJnsHoe K & (R”) (cM. 3agaun 39 u 40 u3 rua. V).

Teopema IX.12. OGoGmennas oynkuus T €’ (R") umeer KoM-

NAKTHHIH HOCHTeNb TOTZAa H TOJBKO Torja, Koraa 7T pomyckaer
aHa/IMTHYECKOe INPOJOJKEeHHe [0 LeJOoH aHaJHTHUYeCKOH GyHKIHH

T(Q) OT 1 NEepeMeHHHX, YAOBJIETBOPSAIOMEH YCJIOBHIO
IT @ <C(+]ENeR1ImTY (1X.9)

ana Becex [€C" u uekoropeix Komcrant C, N, R. BoJee Toro,
ecan pumosHeno (I1X.9), To Hocureas T comepxHTCA B lIape pa-
aayca R.

Hoxasameascmeo. Tlpepnoaoxum, uto T €’ (R*) HMeeT KOMNaKT-
HEI# HocuTesb, H nycTb ¢—obyukuusa u3 Cg (R*), paBHas eguHule
Ha nocuresne T. Tomoxum F (3) =T [(2m)~"/2e~t%*p (x)]. Tlo Teope-
Me IX.5, F (A i0)—¢ypre-o6pasz 7. Ilajee, MOCKOJBLKY

(exp (Gt + 3 B ) o —em o (x))

hy

——

& (rR™)
——ixe~ %% g (x)
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g Te& (R*), To dyuxuns F ({) auddepenuvpyema B KOMNJICKCHOM
CMBIC/Ie MO KaXJofi nepemeHHoff, a NMOTOMY ueJsas.
Hockonpky T € &’ (R*), T

IT(HI<C 3 [x*DPf|.
{c{. <N
BI< N
i HekoTopeix N H C, u Bcex f€ & (R*). HUrak, ecau HocHTeAb @
JIEXUT BHYTpPH cbepel paguyca R, TO

IF@Q)I<C(1+ R (1+[TPM)eltmTiR,

O6patHo, npeanosoxuM, uto F (§)—nenas ¢ynruus, ynosne'r-
Bopsawomas ouenke (I1X.9). Torma F(A+4i0)eF’ (R*), e.
F (A+i0)—dypre-06pa3 HeKOTOpPOro pacnpeleseHHs TEJ’ (IR”)
ITycrs j, (x¥)—annpokcuMaTuBHas efunHua. Torga, no Teopeme [X .4,

T#j,=(2r)-#/2 ], (M) F (\). TIOCKONBKY j, HMEeT KOMOAKTHH HO-
cutenb B {x||x|< e}, To, corsacHo Teopeme Ilasim — BuHepa, pus
Kaxjaoro M Ha#ifierca Takas KoHcraHTa Cy, 4TO
3 ____C.M___ e |Im
e
[Toatomy
C..ColR+®) | Im g

a+1zpy

OTKYyZAa cJefyeT (CHoBa no TeopeMe Ilaju-— BHHepa), 4TO HOCHTeNb
T#j, cofepuTCA BHYTPH cdepnl paguyca R -+e. Ilockosabky e
npouzsosbHo H (T#j,) — T csaa6o, Mb! 3aKjaiouaeM, 4To HocHTesab T
COMepXKHTCA B Ilape pafgHyca R C HEHTPOM B HavaJie KOOpZHHAT. §

[ (2n)= 72/, (D) FO) | <<

OnMH H3 eCTeCTBEHHHIX CINOCOG0B 06GOGHINTDL NpeAbIyHIHe Teope-
MBI COCTOHT B TOM, UYTOOB! 3aMEHHMTb «yCJOBHE KOMMNAKTHOCTH HOCH-
TeJiA» HEKOTOpPbIM GoJiee cJjalbiM ycJOBHeM YObIBAHHS Ha GeCKoHed-
HocTH. [Be ciefyoliue TeopeMnl (Z0Kas3aTeJbCTBa KOTOPHIX HaMeYeHH
B 3ajjaye 76) 6yAyT Hcnoab3oBaHul B ra. XIII gas ackasarenbcTBa
TOro, 4ro co6cTBeHHble (PYHKIMH, OTBedaiolide CBA3aHHBLIM COCTOf-
HHUSIM aTOMHBIX TaMHJbTOHHAHOB, 3KCHOHEHUHAJbHO YOLIBAOT.

Teopema [X.13. Tlycre f€L*(R"). B raxkoM ciydae ePMf¢g

€L2(R") npu Bcex b < a TOrZa H TOJBKO TOTAa, Korfa f uMeeT
aHaJIHTHYEeCKoe NPoLokeHHe Ha MHOXKecTBO {L||ImT| < a}, npuuem
aas kaxjgoro nER®, |n|<a, dyukuusa f (- +in) €L (R?) u paa
aoboro b < a ' :

sup [f (- +in) ], < oo.
Ini<®
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Teopema 1X.14. Tlycts T € &' (R*). Tpennonoxum, uto T — dpynx-
1Ms, NOMyCKaomas AHANHTHYECKOE NPOJO/IKEHHE Ha MHOMKECTBO
{¢]1Im{| <a} ana nexoroporo a> 0. IlpeanosoxuM Takxe, 4TO

nas xaxporo MeER®, |v|<a, dyuruus T (- +in) €L* (R*) u nan
moboro b <a

Sup IT (- +in)], < oo.
V<b

Torna T—orpaunqeauaﬂ HenpepuiBHas ¢GyHKOUA, H AJs .moéoro
b < a cymecTByeT Takas KoHcTaHTa C,, 4TO

- T (x)] < Cpe= 2151,

Teopemsl Ilasn — BuHepa nosie3Hel A1 NMOHHMAaHHS HEKOTOPOTO
KJacca TeopeM o6 aHaJHTHYECKOM NONOJHEHHH H3 TeOPHH (yHKIMMH
MHOI'MX KOMIMJIEKCHBIX nepeMeHHbIX. OCHOBHOM (hakT HJIMIOCTPHpPYeTCH
cnenyromnM npoctiM npumepoM. Ilyers D,—nommuauck, D, =

= {Kz, wi|z|<r, lw|<r} B C2 Hpennonome 4TO f—auann-
THYecKass (YHKLUHMS IBYX NEpeMeHHHX B «monukoasue» D\ Dysz.
Torza nns mo6oro z u3 1/2 <|z| <1 dyuruusa g, (w)=f(z, w)
aHaJMTHYHa B EIHHHYHOM Kpyre, a HJasa JuoSoro z u3 |z|<<1/2
aTa Xe (yHKUHS aHaAMTH4YHA B Koamue 1/2 <w < 1. Hrak, mas
KaXIO0ro z CyuUIeCTBYET JIOPAaHOBO DasJIoKeHHe

[- -3

g, ()= 2 a, (2) w",

n=-—

npudyeM a,(z)=0 nmpu n<0 u 1>]|z|> 1/2. Ho, KaK Jerko Bu-
Ietb, @, (z)—-auannmqecxne GyHRUHM 2z, Tak u4To a,(2)=0 npu
n<<0 n_|z| < 1. Orciona caenyer, 4to f JOMyCKaeT nponomeune

¢ DN\ D,; ua secb D,! 10T daxT IEMOHCTPHPYET NOPa3HTEJIbHOE
OT/IHYHE OT CJHyuas ONHOH mnepeMeHHoi, rae a1a JMo6oro 3afaHHOTO
OTKPHITOrO cBfisHoro MuoxectBa Q< C MoxHO HahtH dyukuuio f,
AHANMUTHYECKYI0O Ha @ M He aHAJHTHYECKYIO HH Ha oJHOM GoJibmieM
MHO:KeCTBe.

Onpedenenue. OTxpHTOE CBsisHoe MHoxkecrBo QcC Ha3biBaeres

o6aacTbio roJoMopdHOCTH, €ClH AJs JOOOH TOUKH wQEQ CYyHIECTBYET
¢yuruua f, aHanutHyeckad B 2, HO He HMEIOIIasd NPONOKEHHS

B W. I'chn: Q — Q = C*— oTKpHITHIE CBf3HBIE MHOXECTBa. MHoXe-

cTBO ) HA3LIBAIOT aHANMTHUECKMM HOHOJHEHHEM HJH 06GOXOYKOM
roaomopguocTy 2, ecuau

(i) Q—o6aacTs roJoMopdHOCTH.

(il) Kaxngaa ¢yukuus, aHaauTHyYeckas B £, JONMyCKaeT NpPOXOJKe-
HHE Ha BclO Q. '
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B cuay 3Toro onpepesenus, He KakKias OTKpHTas CBA3Has 06-
JacTe obJsafaeT 060J049KOM ronomqp@uoc'rn, OJHAKO €CJH 0600 HUThE
onpejedeHHe, gomycKas o6JsiacTH {2 MHOTOJUCTHOH CTPYKTYPHl, TO
" Kaxpgasa Q 6y11eT HMEeTh €IHHCTBEHHYIO 060J1I09KY ro.nomop«jmoc*rn.
B npeamayweM npumepe D;—o060/104Ka TroJOMOPGHOCTH 06/1acTH
D\ Di2. Msl yxe Bumeau, 4To D; ynoBserBopsieT ycsoBuio (if).
Yro6bl yOenuTbcsi, UTO CIpaBelNuBO H (i), JOKaXKeM TaKoe

Hpedaoocenue. Eciu QcC”—npousBospHOE OTKPBITOE CBA3HOE
BBHIITYKJIOE MHOXECTBO, TO $—060JI04Ka roJIoMOPGhHOCTH.

JHoxasameascmeo. Hnas sanansoll TOukH wQQ no Teopeme XaHa —
Danaxa MOXHO HaNTH BeUIECTBEHHEH JIHHeHHBIH GYyHKIHOHAJ
[:C"—R, Takoii, uto [ (@) > sup! (). Ilycts

2¢Q

L@)=1(x—il(i2)

ﬁ f@=M({L(2)—L (w))~. Torza dyuknusa [ aHajuTHYHAa B %,
nockoseKy Re L (2) 5= Re L (w) ans 2z € 2, HO CHHTYJIsIDHA B TO4YKe w.}i

Hpeu Tlssn—Buuepa mnoJiesHHE NpPU pPacCMOTPEHHH 060J04eK
ro/ioMophHOCTH HEKOTOPBIX CNelHaJ/JbHbIX O6JacTeH.

Onpedesenne. Tlycty MHoxecTBo ScR™ orkphito. TpyGoii Ham S
(o6o3nauaercss J (S)) Ha3BIBaeTCSI MHOXKECTBO

I (S)={x+iy|x€R" yeS}.

Teopesma I1X.14.1 (teopema Boxmepa o TpyGe). Ilycts muoxecTsO
S < R" oTKpHTO, H MycThb S—€ro OTKphITas BhIIyKJas 060J0YKa.
Torma & (S)—o6osouka ronomopdHocTH & (S).

Habpocox dokasamerscmea. VI3 npefbAyILEro NPe/OXKEHHS CACLYET,
yto Kaxpaasa & (S)—o6JacThk roJoMOpGHOCTH, TaK UTO JOCTATOUYHO
AokasaTh cBoiicTBo (ii). Mel npuseneM HaGpOCOK JOKa3aTeJbCTBa
HECKOJIBKO GoJiee cnaboro pesyJ bTaTa, COCTOAILEro B TOM, 4YTO JIO-
Gasi MOJMHOMHAJBHO OrpannuenHas o¢ynkuus f(z) na & (S) mpo-
pouxaercd Ha & (S). TlocKosbKY NMPOH3BOJBHYIO f MOXHO 3aMEHHUTD,
manpumep, o¢yHKuuelt e-#f(z), 3To He MABJAETCA CYUECTBEHHBIM
orpaHH4YeHHeM, W OGIUH pe3y bTaT MOXKET OBITH NOJIYYEH HA OCHOBE
3TOro 4YaCTHOTO CJydas. BbinoJHHB cIBHT, MOXHO 6e3 notrepH oG-
mHOCTH cuuTath, 4to 0 €S. Ilycrs g, (x) =f (x+iy). Tlpu KaxaoMm
YES g, ecTb_pacnpelie/ieHye yMEPEHHOTO POCT4, TAK YTO MOXKHO
BeectH T,=g,. C momompio Merona Isnu—Bunepa moxno moka-
saTh, 4T0 T, (x)==e*¥T, (x). Urak, T,— pacnpenesieHue yMepeHHOro
pocta, AJst KoOToporo e*¥T,(x)—Toxe pacrnpelesieHie yMepeHHOro
pocta mpH BCcex y€S. B cuy mnpHBeNEHHOR HHIKE JEMMBI, 3To
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~ crpaBeAIHBO LJIA BCex y €8, a roraa, o6pamas nocrpoenne Isan—
BuHepa, HaxoxuM, uro 7, aHaautudHa Ha & (S). N

Jieuma. Ilycte T €&’ (R?). Toria MHOXKeCTBO TaKMX Y, 4TO
ex¥T (x) € &’ (R"), BeImyKJIO.

Joxasameabcmeo. TIOCKOJIBKY BBIMYKJIOCTh ONPEAE/AETCS ¢ MOMOMIBIO
JHHEHHBIX OTPE3KOB, HETPYAHO BHAETH, YTO NOCTATOYHO IOKA3aTh,
gro ecau T u e*T (M) nexar B &' (R), To u e%T (M) nexur 8 &’ (R)
npu Bcex 0 € (0, 1). Ilycrs ¢, ects n-a pyHkuua Spmura (cM. fo-
nosHenue Kk § V.3). BBeneM QyHKUHH

g, @)= T (0) e, () dA.
DYHKUUH g, Le/ble, TOCKOJIBKY e#*¢, (L) € S. Tak kKak T, &*T (M) € &',

HaXOAHM, HTO
lgn (x) l <C(l + n2)™ (2 4 x2)=,
g, (x—D|<C(1+n)=(2+x2)=

ans  moaxogsamux C v m. TlpumeHAasa NPHHUHND MaKCHMyMa
K (2+4-2?)~""1g,(2), Bumum, uro |g,(—i0)|<<D (1+4n?" pas
Bcex O u3 uHTepBajda (0, 1), Tak uto e*T (A) €& . 1

DTOT METOA HAeaJpbHO MPHCMOCOGJEH IJiA MpPHMEHEHHWsT B HEKo-
TOPBHIX «BBIPOXKIEHHHIX CJydasx». Tak, IPH PacCMOTPEHHH IpHBe-
JEHHOro HHKe pe3yJ/pTaTa CJAefyeT HMeTh B BHAY CJydall MHOXKe-
- erBa S={<y1, ¥>|y,=0 um y,=0; |y,|+|y,| < 1}, koTOpOE HeE
A64AeMCA OTKPBITHM.

Teopema I[X.14.2 (teopema o TpyGe, BBIDOXKASHHHEH cJaydaii).
IMycts T, (x4, 2,) U T, (2,, x,)—o00600IEeHHEE DYHKIHH yMEPEHHOro
pocTa No mepeMeHHbIM x (x €R”) W NOJMHOMHAJBHO OrpaHHYeHHBIE
aHalUTHYeCKHE (YHKIMHM 10 nepeMeHHbIM 2z B oGsactH {z € C#|
IImz] <1}, 1. e. Ty(xy, 2,) mpU KaXaoM 2z, ecTb 06OGUmIEHHAaA.
¢yHRUHSA IO x; H HHTErpads Sg(xl)T(xl-, 2,)dx; aHaJHTHYeH.
Mpeanonoxkum, uro Ty(x,, x,+i0)=T, (x;+i0, x,) B cMEICJe
06061IeHHBIX QYHKUHA 1o o0ouUM MepeMeHHEM. Torjga CyLecTBYeT
byuxruud f (zg, 2,), anaautuueckaa B & (S), rae S={<y,, y.>||y:|+
+ly, | < 1}, takas, uro T,(x;, z,)=f(x,+i0, 2,) U Ty(z;, ;) =
= [ (24, Xx,+i0).

Hoxasameascmeo. Tlycrs g (A) =T, (-, +i0) (7). Toraa no mpexmo-
JoxeHuo e%hg (M) u e%: g (1) nexar B’ npu —1 <0 < 1, TaK uto
edrg (M) €L’ nna |a,|+a,| < 1, 9To u nokasbiBaer Teopemy. N

Cnenyiolnuil eCTeCTBEHHLIH BONPOC: KaKOBBl aHaJUTHUECKHE CBOH-~
cTBa GyHKUMH (06o6weHHOH GYHKIUH) C HOCHTEJEM Ha Jyde, B Mo-
JynpocTpaHCcTBe MJH, Gosiee 06O, B KOoHyce? B Kauecrse mpocToro
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npuMepa paccMoTpEM (ypbe-obpa3 f HeKoropo# (yHRUME [ € &L (R)
C HocHuTeseM, cozepxRamumMca B [0, oo). HaTaTeAb MOXKET JieTKE APO-
BEpHTb, YTO .
fv—in)=(2m)-1/2 { e-t A-tm-x f () dx (IX.10)
— aHaJHTHYeCKas QYHKUHA, QIpejie/ieHHas B OTKDHITOH HUMHEH no-
JyDROCKOCTH (T. €. HpH: 1> @), H 4T0 [ (- —imn) Z®) Fupu 0. 310
o3sagaer, uTro f, KOTopasF He o6sizaHa OHTH BEIleCTBEHHO aBaJuTH-
PeCKOMR, eCTh «FpaBHyHoe 3HaveHHe> QYHKUAE, aHaIUTHYECKOH B HHX-
Heft noaynaockocTH. Msyuewue npeolpasosaskft Pypbe GyHRUHK
H pacnpejefeHHHi C HOCHTELSMH B [OJYIOPOCTPAHCTBAX BOCXOAUT
K KJacCHYeCKHM HCC/Iei0BaHHAM npeoGpa3oBanua Jlannaca u cuirpado
BaXHYyl> pOdb B COBpPEMEBHOM aHann3e. OCHOBHLIE HASH K TEXHWYeC-
KHe IIpHeMbl 3/lecb AaHAJOTHYHBI yNOTPeONABIIHMCA B TeopeMax
1X.11 u 1X.12. Ozwaka HMeeLcs AONOJHHTEJbHAsA TPYAHOCTh, BH-
3BaHHas HEOGXORHMOCTBIO yKa3aTh, B KAaKOM CMEICJe npeoGpasoBanHe
Qypbe ecTb «rpaHH4HOe 3HadeHHe» aHaNHTHYecKOH dyHKuuu. Cyre-
CTByeT OOCMIHpHasg KoaAJeKIHA Takore pofla teopeM. Ilogpo6uo ME
PaccMOTpHM JMIIb TY H3 HHX, Koropas noHago6uTca HaM B § 1X.8
NpH H3y4YeHHH KBaHTOBOW TEOPHH noJs; APyrHe KpaTKo 06CyKAAIOTCS
B 3aMeuaHHAX.

Onpedeaenue. Tlycts a €R", |a]=1 u 6€(0, n/2). MuoxecTso
Ts,6={E€R"|E-a>|E|cosB}

HasplBaeTc KoHycoM Bokpyr a pactsopa 0. Konyc I'; g=T; ;-8
HasniBaercs AYanbHBIM KOHYCOM. B oueBHIHEIX ciydasx Mui GyfeM
ONYeKaTh HHAEKCH W nHeaTh npocto I' u T'*.

HOyanbuuit kouyc I'™ nu6o copepxut I' (kak Ha puc. 1X.1), 6o
cofepxurcad B I'. 3amerum, yre I —BHYTpeHHOCTh. IepecedeHHus II0-
AynpocTpaHcTs {v|n-§ > 0}, orBevaromux § € I'. Ecan I'—~orkpriTnifs
nepesHuii cBeroBoit XoHyc B R¢ (1. e. I'=T,,, n/¢, TA€ ¢,—OPT Bpe-
MeHHOH OCH, H CKOPOCThb CBeTa NpHpaBHEHa efAHHHIE), To I'* Takxe.
OTKPHITHIE nepefHHA CBeTOBOH KoHyc. Jlisi 3amaHHOTO OTKPBITOTC
Konyca C=R" o6o3nauum yepe3 R”—iC OTKPHTYIO 061aCTh TaKHX ==
={Kk—inyg, Mg—ing, ..., M—in,>E€C", uro A=<(h,, ..., A,>ER"
g n={%, ..., N> €C. Obnacte R*—iC pasmBaerca Tpyboit ¢ Ga-
soii C.

Temepp MOXHO OOGBACHUTB, 4TC MH IIOHUMAeM HOX «TPaHHYHBIM
3HaYEHHEM?.

Onpedeaenue. ycts 8 € &’ (R"), u nycts F ({) —dyHKuua, ananau-'
THueckas B R”—iC gas sHexkoroporo KoHvca C. TlpennmosoxuMm, urto
F (A—in,) npu KaxAoM OGHKCHPOBAHHOM 1, € C ecTh oGoCllenAas
GYyHKLUHS YMEPEHHOrO poCTa (T. €. pacTeT He OHICTpee NOJHHOMA N0 A)
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u uto npu £}0 B R
énF (A —itn,) @ () dh — S ()

ana Bcex @ € (R"). Torna rosopar, 4to S— (06061eHHO3HAYHOe)
rpaHHYHOe 3HaueHue [ B cmbicae & (R7).

_TpennonoxuM, dro 7 €' (R”) u uto Hocutenn 7' copepiRuTCs
B I';, g ¢ HekoTopniMH a€R” u 0€ (0, n/2). Ecau pacnpepenesue T

Puc. 1X.1. Konycnt I‘a‘ g 4 I‘;,e

zanaercst byHKuue T (x), TO MOKHC HENOCPESACTBEHHO NPOACJIKUTE I
B TpySy R”—il'; o, nonaras

T (h—in) =(2a)-w> { e-iG—mxT (x)dx,
I‘LI,G

Hna n€Tl; ¢ vUHTErpas HMeeT CMbICJ, NOCKOJBKY
|e~t (A=in)-x l —e-Inltxlcos(n, x) <e—1xld (m,

rie d(n)—[nl mm cos(n, x) =dist (n, OT%, ¢); cM. puc. IX.1. Tak

Kak T(x) I'IOJIHHOMI{QJ‘II:IIO orpann4yeHa, TO HaJH4YHEe MHOXKHUTENA
e~ 1*¥14M o3HayaeT BO3MOMKHOCTb AH(hepeHUHPOBAHUA NOJ 3HAKOM

2 M 1749



34 1X. IIpeobpasosanue Pypse

uuTerpana. Mol 3akuaiouaem, 4yTto 7 (A—in) aHaJUTH4YHa B Tpy6e
Rr—il'; ¢, MOCKOJIBKY OHa Geckomeuso IuddepeHuipyeMa B KOMII-
JieKCHOM cMuicsie. Bodee Toro, ecan @ € (R?) u n, €17, 4, TO

{ To—itm)eydr=
RII

=@y { § e-ra-utnasp ) T (x)dxdh =
R™ I, g

= S e~ Mo "cp(x)T(x)dx—»

___,S (x)T(x)dx T ()

o TeopeMme o Ma)xopmpoaaﬁnoﬁ cxomuMoctu. Mrak, T —rpannysoe
sgayende QYHKIHH T (\—in), anmaauTHdeckoii B TpyGe Rr—iT'z, o-

Ecnu pacnpepenenue T d"e 3amnaercd (yHKHHER, a NpeaCcTaBUMO
B Busie P(D)G, rae G—nosuHOMHAJNBHO OTpaHH4YeHHas HellpephBHAA

(DYHKIHA C HOCHTeNEM B Lg g, TO MOXKHO IOJIOXKUTH

T (A= in) = @n)=r2P (i A—in)) | e~fO~m5G (x) dx.
Fa,e

Tax xe, xak ¥ Bbllle, MOKHO M0Ka3aThb, YTO PyHkuUA T (A—in)
aganutuyHa B R*—il'; ¢ u uro T —ee rpanuunoe snauenue. Tenepsb
Mbl XOTHM JOKa3aTb, YTO 6CAKYH OGOOLIeHHYIO QYHKIUIO YMEPEeHHOro
pPOCTa C HOCHTENEM B KOHYCE MOXKHO NpeACTaBUTb B Buae I' =P (D) G
C HEKOTOpHM JuddepeHntaNbHBM ONepaToOpoOM B YacTHBIX ITPOU3BOA-
HbiXx P (D) 1 HeKOTOpOH NoJIMHOMHAJILHO OrPaHHYEHHON HellpepLIBHOH
byuxkuueds G ¢ Hocumenem 6 mom e KotHyce. UToObl NOHATH, 4TO
3TO— CUJIbHOE YTBEPXKAEHHUE, UHUTATEO CJIELYeT BCIIOMHHTD, YTO aHa-
JIOTHYHOE YTBEPKAEHHE JJIsi KOMMAaKTHBIX MHOXECTB (a He JJIA KOHY-
coB) HeBepHO. [lesbTa-PpyHKIHIO, HATIP UMED, HENMb3s NPEACTaBUTh Kak
P (D)@, rme G umeer HOCUTeNp B HayajJe KOOPAMHAT. .

Teopema IX.15 (nevma Bpoca —3Smureiina— [nasepa). [Tyers I' —
coOGCTBEHHBIH OTKDBLITHIH BbINYKJbll Kouyc B R?, T € &’ (R*) u HocH-
teab T nexuT B I'. Toraa cymecTsyOT NOJHHOMHAJIBHO OrpaHHYeHHAs

HenpepbisHasd Gyukuus G ¢ Hocumesem 8¢ I' u pudxpepeHuua bubi
omepaTop B 4acTHbIX npoussopusix P (D), takue, uto T =P (D)G.

Hokasaméavcmeo. Tlycte {e;}f. —6asuc B R”, cocrosimufi U3 BeKTO-
pos, npunannexamux I'. Kaxaeii BekTop x € R* MoXHO equdcTBeH-

HBEIM 06p830M NpeaAcTaBuTb B BHAE X = Zy,-e‘-, H NIO3TOMY {y‘}?=
i=1
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MOXKHO HCIIOJIb30BaTh KakK KoopauHaTh B R”. Beenem ¢yukiuto
FonWo - Yu) =(m)~"ylyst ... y8(yy) - .. 0 (4),

rae 6 —xapakTepucTHdeckaad QYHKIHUA MHOMKECTBa {x[x€R, x >0}.

Torna F,€Cm 1(R") u uocutenp F, aexur B I'. Jlanee, ecau
Q (D)=0"/9y, ... 0Yy,, TO, KaK JIeTKO MOMKET MPOBEPHTb UUTATENb,

Puc. I1X.2. Konyc I'—b.

Q (D)»+'F, =§. Tlokaxem, 4TO mpH HOCTATOYHO GOJIBILHX M CBEPTKa
T#F,—KODPEKTHO OMpeje/eHHas HenpepriBHas QYHKUHA C HOCHTE-

aem B I u uToO QD)+t (T+Fy,) =T+Q(Dy**'F,=T+8=T.
Ecau beT, to T conepxurcs Bo BHyTpeHHOCTH MHOXKecTBa I'—b,
TaK 9TO MOXHO HaiiTy (yEKImO Y u3 C™, DaBHYIO eIWHMIE Ha T

U uMerouylo HocuTeds B I'—b (puc. I1X.2). [Tockosnbky 7 € &' (R7)
cyiecTByeT Takoe N, 4TO

|7 (@) [=IT (bo) | < Cy [ x*DP (he) o <<

Ia|2< N
IBI< N
<C, X (sup |x2DPox))=|lo|l,-
la]l< N X€ ]_"_
IBl< N
Hrak, T uMeeT eIHHCTBEHHOE NPOJOJIKeHHe, HempepbiBHOe 1O ||| - ||| 5

Ha Te ¢yHKuuH [ u3 CV¥, pas KoTopeix MHoxkecTBO (suppf) N (I'—b)
KOMIIaKTHO.

BrGepem m=N+1 u ana y€ER" nonomuM Fyyy;4(x) =
= Fy+1(y—x). Toraa Qynkuus Fn 41,y Npudagnexut CN u nepece-
~ uenne (suppFysi;,)N(I'—b) KomnakTHo (puc. 1X.3). Bosee Toro,

oTo6paxente Yr» Fyiy;y lll Il ;-HENpepHBHO H NOJHHOMHAJIbHO
OrpaHy4eHo Mo Y (CM. pHC. 1X.2). Urak, dyukuus G(y)=T*F ., (¥)=

=7 (Fn+1;y) TIOJHHOMHAJBHO OrpaHHY€Ha M HENpPEpPHBHa H

2%
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supp G < T', mockosbKy
(suppFnsi ) NT =g, ecan y¢T.
BoJsee Toro, ecau [ € Cy (R"), To
(F#G) (9) = T ((F*F y+1)5) (IX.11)

D (f2G) () =T (D*[*F n+1)5)- (IX.12)

S1u dopMysbl aHaJOTHuHBI (opmysaM u3 teopembl 1X.4. HMx takxe
MOXKHO JoKa3aTh, HCIOJNb3ys pPHMaHOBBI cyMMBbl [AJi HHTErpasoB

Puc. 1X.3. Hocutems Fy ;. .

B MpaBhiX YacTAX H 3aMeyass, 4T0 TH CyMMbl cxogsarcs mo ||| «||l,.
ITycrk Temepb je (X¥)—annpokcuMaTHBHAs €IWHHIA; COTJAcHO Npef-
JIOXKEHHIo, fokaszaHHoMy B konue § 1X.1, umeem

Q (D)YV+2G = 1im Q (D)N+3 (j,%G) =
gl
(mo 1X.12)
= iiﬂ T ((Q(DYV*2jexFyiy)y) =
{(nc Teopeme 1X.4)
=~ lm 7T ((jesQ (D)¥**F y.);) =
= 1m7T ((jo),) =
el o
=1limjxT=7. &

g0
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Teopema IX.16. Tlycte T —oGobiensas QYHKUUS YMEPEHHOTO po-
¢rta C HOCHTeJeM B KOHYCe I‘a 9, @ €ER7, 0<9<n/2 Torna T—
rpaHu4HOe 3Hauenue B cmpicne &' (R”) dysruun 7 (A—iv), asanu-

tuyeckodl B Tpybe R»—iT'; 4. BoJsee toro, T (A—im) yXoBaerBOpSeT
HEPaBEHCTBY

| T (A —in) | <<| P (A—in) | (1 +[dist (n, 3T5, 0)]¥) (IX.13)

¢ HEKOTOPHIM MOJHHOMOM P W DEJBIM MOJIOKUTENbHbIM N.
O6paTtHo, npeanoJsioxkumM, 4to byHrous F(h—in) azaauTHuxa
B R"—il'; o u ynoBserBopsier Gosee cjabbM OLEHKaM:

(1) Hna kaxporo m, €'z, o CyuIeCTBYET MOJIHHOM Pn OT 2n mepe-
MEHHBIX, Tako#, uTo npu Bcex AER" u nely,

|[FA—i(My+ )| <] Py, (A, m)].

{ii) CymectByer nesoe r >0, Taxkoe, 4TO AJs Kaxaoro 1, €T} g cy-
' WIECTBYeT TaKOH MOJMHOM (y , uTo npu Bcex AER" u z‘E(O 1]

lF()\/_Ltno)l< IQT]o (X)' .

Torza cymecTByer o6o0mennas pynkuus 7 yMEPEHHOTO POCTa C HOCH=
TeseM B KoHyce Iy o, Takad, uto 7 —rpaHnuHoe 3HaueHue F {(A—in)
B cMbicse ' (R?). Bonaee toro, F MOXHO BOCCTaHOBHTH [0 T C MOMO-
* b0 QOPMYJIBL N\

F(-—in)=en=T. (1X.14)
Loxkasameascmeo. Tlycte T €' (R?) u suppT < Ta.o. Ilo Jemme
Bpoca—3murefina— [1asepa cymecTByer Takas NOJHHOMHAJIBHO

OrpaHH4YeHHas HenpepnlBHadA ¢yHKIUs G ¢ HOCHTesneM B i, g, UTG
T=P(D)G pgna HexoToporo pucbdepennnaspHoOro oneparopa B 4acr-
HbIx npousBogHbix P (D). Ys o6cyxrenus, npeamieCTBYOLWIEr O JeMMeE,

MBI y)Ke 3HaeM, 4to T —rpasuuHoe 3HadeHHe QYHKIUHU
T (h—in) = (27)~"/2P (i (h— im)) éﬂe“ (h=my- G (x) dix.
Hrax,
|7 (i) | < (@)% | P (¢ o—im)] § e 1514 |G () [ de <

<C|PEGR—im) ]|+ @)~

u60 G (x) uMeeT HOCHTeNb B I, ¢ M DAacTer Ha oo He BHCTpeEe, ueMm
|x[¥=" ¢ HekortopeiM N. DTO 3aBepilaeT AOKa3aTejbCTBO MEPBOrO
VTBEDPXKICHUSA.
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OGparHo, npexnosioxuM, 4ro F (A —in) adanutuasa B R*—(I; ¢
¥ 4YTO BhINOJHEHbI OoueHKH (i) H (ii). JlokasareJnCTBO MPOBOAUTCA
B HeCKospKo InaroB. Cuauana ME mokaxeM, uto F (A—ifn) umeer

060611eHHYI0 QYHKIHIO yMepeHHOro pocta 7'y CBOMM IDaHHYHBbIM 3Ha-
yenuem npu ¢}0. 3atem yGeaumcs, 9TO 3TOT Ipefes He 3aBUCHT

or 1. U, HakoHel, nokamxeM, 4to HocHTeabp T sexHut B I, g.
durcupyeM HeKoTopoe 1, € I';, o; TOrA2 F (A—if1),) npy 0<#<{1—

pacnpesesese u3 ' (R?), Koropoe Mbl o6osuaunum 7' 4. HyCTb
P € & (R?); mosoxum

h(t) = S F (h—itng) b (A) dh =T, , ().
Torga :
2 hit)= § F(v—itny) (img-—-) b 0

TaK 4TO
l ho|<Csup |Qng ) (1AL e 0O S W) 1y 15

rae k BHGpaHo JoCcTaToYHO Go/bIIHM, 4TOOB HHTEr pasI S (14 A])~*dr
Rn
CXOIUJICS . '
Ilycts p=r-+2. Torza, no oCHOBHOH TeopeMe aHaJsu3a,
11

rty=—(1... f (i;h(z,,))dt,, cdtyh(D) 4
tp_t .

1, t,
+p__21 Q ) (L7 k),

rae Q, —noaxoxsainne noinHomel. Hepasenctea (I1X.15) mokaswiBaror,
4710 CymecTByeT npemena h(¢,) mpu ¢,}0 U 4ro Kaxgoe cjaraeMoe
B mpeJeJie He MPEBOCXOAUT KOHCTaHTHI, yMHO}KeHHOﬁ Ha MoJIyHOpPMY
B & (R"). Hrak, F(A—itn,) cxonutca B &' (R*) npu £ |0 K 0606-
mieHHoll GYHKIHH YMEDEHHOro pocta, KOTOpYio MbI 0603HaYHM T, o
ITpeanonoXuM Tenepb, 41o 1;, M, €T o ¥ 4TO VP x) €eCy (R"). Torna

Pron@) = § FA—itn,+it my—np)) b (M) dh =
Rn
= § F—itn)p (h—it (n,—my) dh =
Rn
N /\
= T, n, (e=* Ma=ni)ex q, (%)),
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rae LJs nepexoja KO BTOpPOH cTPOYKE MBI BOCHOJb30BAJIHCH TEM,
gro P (A)—uesqas (GYHKIWS H JJd Hee clpaBelJUBbl OLEHKH TEOo-
pembi Ilanu—Busepa, 4TO nNO3BOJIAJIO CABMHYTb THMNEPIIOCKOCTb

ueTerpHpoBanus. Tak Kak ¢ €Cy (R?), 1O e~ (Me=M) ¥ () —— s
npu ¢} 0. TakuMm o6pasom, mo Teopeme V.8

T, ny (€t =24 (x)) — To,n, ()

H, CJ/IeIOBATEJIbHO, T(, n W) =To, n @). Hocko/bKY Takue ) m1oTHb
B & (R"), To T, ,,,—To n- HTaK, mpeznen T“b opH {40 He 3aBu-
cuT oT 1,. O6Go3HaunM 3TOT mpejes 4epes T.

Puc. 1X.4. Hocureas o.

Brumie nokasaso, 4to F (A—im) UMeeT B KauecTBe TpaHHYHOTO
3HaueHUs O6GOOIIEeHHYIO (PYHKIIHIO T yMepeusoro pocta. OcraeTcs
NOKa3aTb, 4YTO HOcHTesnb ee ofipaTHoro npeoGpasoBaHus Pypne T
AeKHT B 1, 9, ¥ mpoBeputb (1X.14). Ilyets 3anaso 1, €T} o; npex-
noJioxuM, 4to ¢ €Ly (R?) Mmeer KOMNAKTHBIH HOCHTEIb B OTKPLITOM
noaynpocrpascrBe {x|1,-x << 0}. Torza cymecrByeT Takoe & > 0,
470 €CJAH X E€supp @, 10 1,-x <—¢e (puc. 1X.4). Orcrona caeayer,
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9T0 (PYHKUHA @ Ledas M 4To AJa kaxjoro N

o (A

ismy) |=| @m)=nre § o misnozg () dx | <
Rll
Cpe—se (IX .16)
(U A—isny 1Y)
¢ Hekoropo# koHnctaHTOH Cp. [ainee,

T (@) =T 0, (@ =§ F h— itn)o (1) dh=

= F (o—i (t+5) m) & (h—isn,) dh

no ¢opmyae Komu. Hrak, npuMmeHsas npeamnoJoxende (i) u BbiGH-
pas N B ouenke (IX.16) noctaroyno GOAbLINM, HAaXOAHUM, YTO MpHU
Jgio6oM s > 0

| Te, m, (@) | < Ces@

u, sHauuT, Ty, q, () =0. CnegoBaTesibHO, HOCUTENb Ty, v, COJAEPKUTCSA
B noaynpocTpaHcTBe {x|m;-x>0} npm kaxaom ¢>0. Tak kak
Tin—T mnpu t}0, naxoaum, uro suppT < {x|n,-x=0}. Tlo-
CKOJIBKY 1, g—TM€peceyen e 3aMKHY THX MOANPOCTPAHCTB {x] N, x2=20},
e m; npoCeraer Bech KOmyC I g, Mbl mosyuaeM, uto supp T <y, o.
Haxkownen, XomycTuUM, 4YTO, Kak MW Bhuue, P € Cy (R?). Torzaa
(P —imy W dr= F m—isn)p (v —(s—1) in) di =
Rn
L =
=T, nle-s-Dnxp)—
N
T ) =
=T (e""l'”l];) =
= " T)(W) =
N
=(e="*T) ().

910 nokaseiBaer (IX.14) u 3aBepmaeT 10Ka3aTeJbCTBO TEOPEMEl.

Mpi npumenuM 3Ty TeopeMy INpH OGCYXKIEHHH aKCHOMAaTHUYECKOM
KBaHTOBOH TeopHH moJnd B § 9. :

iX.4. Ouenxy 8 L°

Yimeercsa GoJsbllioe YHCAO OLEHOK A/iA Npeo6GpasoBanuii ®yphe u
CBEPTOK B NpocTpaHcTBax L?, PoJib 5THX OLUEHOK COCTOHT B TOM, 4YTO
OHH ONpPEeNeJIAIOT Te YCJOBHS Ha p U ¢, NPH KOTOPHIX NpeoGpazo-



