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1X.8. SnnunTuueckas perynapHocTs

C omep3senuem U yoLacom A 0mMeopaiusarcy om smot
3408PEOHOL R385 — HenpepoisHoix dynxyull, Huzde wHe
UMEIOWUX NPOUISOOHELX.

APMUT, B nuceme XK CTHJIBTBECY

ITpeanonoxuM, 4To u—caaboe peileHHe ypaBHeHHS —Au =g B
ob6sactH Q. Hama rsaBHas LeJgb B 3TOM pasfese—fOKa3aTh, YTO
eciu GyHKHHA g Ha Q npuHagnexHutr C™, TO U 4 Ha 2 npuHalle-
xKuT C”. Dra Teopema, H3BecTHas IOA Ha3BaHHeM JieMMBl Beiias,
UMeeT MHOTO BaXKHBIX 0600lleHHil. MBI orpaHHYMMCSH 3[eCh [JOKasa-
TeJbCTBOM JieMMBl Befiisa, a ob6cyxaenHe ee o6006uieHHH BbIHECEM B
3aMeyaHHs. BaXHOCTb Tax Ha3blBaeMbIX TEOpeM «peryJisipHOCTH»
COCTOHT B TOM, YTO OHH OOecneyuBalOT BTOPOH WIar B AOKa3aTellb-
CTBe CYUIECTBOBAHHSA KJIACCHUYECKHMX pelleHHH [JIs HEKOTODLIX KJlac-
COB IJHUNTHYECKHX AH(depeHNHaJbHEIX ypaBHEHHH B YaCTHBHIX MpO-
u3BogHbix. CHauaJsa, A4s1 HOKa3aTeJbCTBa CYLIECTBOBAHHA C;1aboro
pelleHusi, NpUMeHsieTC TeopeMa XaHa— DaHaxa uJju paccy:KIeHHs,
OCHOBaHHble Ha camoconpsi:keHHocTH (cMm. § IX.5 uau § X.3), a 3a-
TeM C [IOMOLUbIO TeOPEeMBbI PEryJspPHOCTH AOKAa3bIBAeTCH, UTO Kaxaoe
cnaboe pellleHHe €CTh KJacCHYeckKoe pemeHHe. B § V.4 mbl oTMe-
yaJii, YTO ypaBHEHHE Uy—U,, =0 HMEeT MHOro cjalblX pelleHHH,
KOTODble He SABJIAIOTCA KJacCHuUeCKHMH. Pasiuuue MexAy ABYyMA
cayyasaMH: Uy;—U,, =0 H Uy+ U, =0-—COCTOHT B TOM, 4TO NOJH-
HOMBI xf, X, { U 1 MOryT OBITH Bce OrpaHHYEHBI BequHHoﬁ C(x? -} t2),
HO He C (x2—¢2). UuraTesb yBHOUT, KaX OLEHKH TAKOrO THIA BXO-
OAT B [IOKAa3aTesJbCTBO. XOTH Teopema peryJsipHocTH C-Tuna (Uau
Jdaxe C*-THna) AJ19 HE3JJHNITHYECKHX AHddepeHnHalbHEIX ONepaTOPOB
B YacTHBIX TPOM3BOAHBIX He BLIMOJHAETCS, TeM He MeHee CYIIeCT-
ByeT Gosiee cJsabas TeopeMa pPeryJsipHOCTH, KOTODYIO MBI OOCYJIHM
B 3ameuvanusx k § IX.10.

JokazatesbeTBO JeMmMmbl Befsis genaurca Ha gse dacTtu. Ledb
nepBoil —nokasaTh, YTO ecli — Au =g u ecJu Bce cjalbble POU3-
BOJHEIE g MOpPfAKA, MEHBLWIErO HJIH DaBHOro m, cyTh L2-QyHKLHH,
TO u Bce cJabble NMPOU3BOAHbIE 1 MOPSAJAKA, MEHbLIErO0 HJH PaBHOTO
m-4-2, Takxke MNpeACTaBJs0T cobo#l L2-pynkuuu. Bropas uacTs,
u3BecTHass Kak Jiemma Co6osieBa, MOKa3biBaeT, 4TO Jobas (GpyHKUHSA
us L2 (R"), y koropoil k ciabelx npousBoABbIX npunagiaexar L2 (R?),
rae k > (n/2)+o, paBHa (Il. B.) HekOoTopoli ¢hyHKuHU u3 C°. JlemMma
Beliiia nmoJgyyaerca oObefHHEHHeM ABYX 3THX yYacTeH IPH JOMOJHH-
TE&JLHOM TIPEANOJIOXKeHHH, 4TO gEC™.

Haunem c onpepenenus MPOCTPAHCTB CoGoseBa H nepeyucJeHusn
HEKOTOPHIX HX BaXKHBIX CBOHCTB,

Onpedenenue. ToBOpPAT, UTO 0606 eHRas bvakuusa T € & (R
NpHHAAJNEXKHUT pe-My npocrpancTBy CoGosesa W, (m€R), ecan
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7' —usMepuMas QYHKLIHA U
1T = § (L4127 T () P dh < co.

Tlpocrpancteo W, siBAsiercs ru/ibGepTOBLIM OTHOCHTEJIbHO HOPMEI
(T, Ty =|T |, Kak u NpH MCCJIEeJOBAaHHH KBaApaTHYHHIX GHOpPM B
$ VIII.6, nose3no oTBJeubcsi OT COOTBETCTBHS Mexay W, u W,
3afaBaemoro JieMMo#i Pucca. BMecTo 3TOro Mm OTOXKAECTBHM Wi,
¢ W_,, conocraBasas anementy TEW_, q)yHKuHOHaJI na W,, on-
pefesIieMBId HOpMY 10K

T®)={T(=n3Mar

Takoe OTOXk[IecTBJIEHHE €CTeCTBEHHO, TaK KaK OHO COrJacyercs
co cmeicaioM 7 (@), korma ¢ €< (R"), a T paccMaTpuBaercsi Kak
saement &' (R7).

{Ipednoorcenne 1. Eecnum —nHeoTpuLaTe/IbHOe HeJoe yucao, To f € W,
TOrfa H TOJbLKO Toraa, korga D% f €& L*(R®) maa Bcex ¢, yaOBJeT-
BODSIOMHUX HepaBeHCTBY |a|<Cm, rae D*f-—npou3BogHasi B CMbIC/Ie
0606IeHHBIX (PVHKIHH.

Hoxasameasvcmso. Tlo teopeme I¥.2, ﬁ":(ik)“f‘ nnasa Bcex 7 mz
&' R*. Ecu TEW,, 10 ((M*T €L2(R") npu |a|<m, nostomy,
coryacuo teopeme [Mnanmepens, DT € L2 (R"). Oﬁpamo ecmu DT €
(€L*([R") ans Bcex o mpu jo|<<m, To (AT = D"‘TGL2 (R") npu
Jaj<<m, nostomy TEW,,. &

Mpedaoocenne 2. Tlycte m-—uenoe auciao. Eciu T €W, a g € Ciml
‘M UMeeT orpaHHYeHHbie NMPOH3BOAHBEE, TO T €W .

Hoxasameavcmso. Ecan m =0, To yrBepXkiaeHHe cJjegyeT H3 fpa-
Busa Jlefi6uuua u npeanoxenus 1. Ecau m < 0, TO yMHOXeHUe Ha
¢ B W, conpsixKeHO YyMHOXeHHIO Ha ¢ B Wy, IpH eCTeCTBEHHOM
oroxpectsiaeduun W, u Wi, ,. [TostoMy yMHOXeHHe Ha @ OTpaHH-
geHo. K

TIpepsoxkenue 2 npeacTaB/sieT COG0H dacTHBRIH ciaydad npeaso-
xenus 10 us LOTIOJIHEHHS K § 1X.4. Mul nOBTOpDHJM 3[eCh AOKa-
3aTeJbCTBO 3TOH zacTH npeasoXeHus 10, Tak kKakK OHO He Tpebyer
WHTEPNOJAALNKH. '

Onpedenenune. Tlyctb Q-—oTKpBITOE mnoxMHOXectBO B R7. -
JlokanbHoe npoctpancTBo CoGoaesa W, (€2)—3T0 MHOXKeCTBO 0606-
meHHbX ¢yukuuit T € D' (R"), Ttakux, 910 ¢T €W, u1a Bcex
@ €Cy (R") ¢ HocureneM B Q.

TTone3sHoe CBOHCTBO JOKaJbHBIX IpocTpancTs CoGoJieBa gaeT cie-
Ayioliee

3 M 1749
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IIpedaooxcernue 3. Eciun Q—oTkpHTas o2parudernas obnacte B R7,
To kaxkaoe T € D’ (R?) nexur B W, (RQ) c HeKOTOpPHIM m. DTO 03-

Hayaet, yto ' R = U W, (Q).
m=-—ow
Horxasameavcmgo. Ilycte nm—oynxkuusa us C7 (R7), ToXaecTBeHHO
paBHasa exunuie Ha Q. ITockoabky NT — pacnpejelieHHe ¢ KOMIAKT-
P

HbIM HOCHTeseM, TO, no TeopeMe IX.12, |(MT) (M) |<<C(1+|A)M
oA Hexkoroporo M. Hrak, ecian p—nejoe yucio, OGoJibliee 4YeEM
M-(n/2), To n"T €W _,. [To npemnoxenmo 2, ecan ¢ €CY (R”) u
supp =L, 0 U ¢T = cpnTeW . Hrak, TEW_p(Q) |

Tenepr Mbl T'OTOBEl TPOBECTH nepBylo 9acTb JOKa3aTesbCTBA
JeMMHl Beftss,

Jdenma. Tycte TED' (R”) u Q—oTKpHTOE MHOXKecTBO B R™.

(@ Eciu T€EW, uw —ATeW,, o T€EW,,,. Boaee Toro, eciau
TEW,, 10 0T/0x; EW ,_;.

®) Ecmu TeEW,(Q) u —ATEW, (Q), 0o TEW 4, (Q).

(¢) Ecau T€W,, u m—nenoe yucao, o T €W, (Q).

Hoxasameascmeo. s foKasateanCcTBa (a) 3aMeTHM, uto ecau T € W,
0 (14+|A|»)72TeLl2R?), a eciu —ATEW,, T0 [A2(1+
+ | AT € L® R™). Htak,
(1 +l7" lz)(m_/z)+ 17‘: €l (Rn)
H, CJe[0BaTe/bHO, " TeW,,,. Hanee, ecmm TEW,, 10
Ay (14| A[2)tm— 12T € L2 (R7), nostomy 0T /0x; € W ;.-
Ina pgokasaTesnbcTBa (b) OTMETHM cHayaja, 4TO NpaBusoO JIei6-

HULA CNpaBelJIUBO I/ TPOU3BefeHUs pacnpeleseHHst U (YHKIHH,
T. €.

5 0D =(52) T+o%. (1X.23)
—A (@T) = (—Ag) T— 22‘3"’57 QAT. (1X.24)

Ipeanonoxum rteneps, uto T u —AT nexar B W, (). Ecau
¢ €Cy (82), To, cornacio (IX.23) u uyactu (a), cpt?T/t?x]eW,,,_1
Hrak, no (IX.24), —A (¢T)€W ,_,, OTKyAa B cuay uacTu (a) Ha-
xoxuM, uto 9T €W, ,,. [IpuMensis tenepr cuoBa (1X.23), moay-
yaeM, uto @07 /0x, €W ,, a Toraa onath mno (I1X.24) maxoaum, uro
—A(9T)EW,,. I/iTaK u3 uyactu (a) caexayer, uro o € W, ,,. Ilo-
CKOJIbKY chC"" (%)) 651710 HpOHBBOJXbelM, TeW,..(RQ). 3ro aoka-
spiBaer (b).

(c) caenyer us npenJoxenus 2. i
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Teopema IX.24 (nemma CoGoaera). Ilycrs T €2’ (R*), u nycrs
Q—orkpuiToe MHOXKecTBO B R”, [Ipeanosnoxum, uto 7 € W, (), rae
m>n/2, W nycTb [-—HeOoTpHIaTeJbHOE I[€JI0€ UYHCJO, MPHUYEM
I <m—(n/2). Toraa T Ha Q paBHO HekOTOpOH (yHKuMH u3 C’.

Loxasameavcmeo. HauneMm co ciyuas, korga Q=R? TIlockoabKy
TeWw
me

(L+|r 2T € L2 R7).

Tak xak (1 4]A[?)-/9)~-e Toxe mpurapaexutr L2 (R*) mpu KamaoMm
e > 0, MBI 3aKJI04YaeM, YTO . .
(L[N )= ro=e (1 + 2 p)meT (b) €Lt R7).

CnegoBaTesbHO, KaK TOJNBKO || <!/, HMeeM
2T ) <A (L[ M)~ (w942 G (1),

rae G € L! (R"). MoxHo BriGpaTth Takoe € > 0, 4T0 [ < m— (n/2)— 2e,

nostomy AT €L!(R") ana kaxgoro |o|<Cl. Tlo sevme Pumana —
JleGera

T (1) = @u)=2 § exT (1) dh
H

S (x) = (2m) -2 S érx(ia) T () di

— HenpepeiBHEE GYHKUHH cO 3HayeHHsMH B R uw B R” cootsercT-
BeHHo. DoJee Toro, Mo TeopeMé O MaXXOPHPOBAZHHOH CXOXMMOCTH
OTHOUIEHHE

T (x-+h)—T (x)—h.S (x) _

1
I (E+R) Mk a o fhex o
=(2n)-n/25[e e x]T(?»)d?»

crpemutcst K nymo mpu |h|| 0. CregoarenpHo, 7' mNpHHANIEXHT
C' u DT =S. Tlpumensia csoiictso (14-|A[) 7 € L* (R”) u nosropsis
3TOT mpouecc / pa3, HaxoguM, 4T0 T (x) HENpephIBHO AH(dEpeHIH-
pyema [ pas.

PaccmoTpuMm Tenepb o6wuit cayuvait. Ilyets W u ' npuHagiexar
Co (2), u nmpeanmosoOKHM, 4YTO KakK 1, TaK H P DaBHH €IHHHIE B
okpectHocTH N Hekortopolt Toukm x € L. [lockonbky T €W, (Q), To
YT u T cytb C'-dyukuum na R”. Jlajee, I0/MKHO BHIIOJHATLES
paBeHcTBO * (YT) (x) = (nT) (x), TOCKOJIbKY B NMDPOTHBHOM CJyuyae Ha-
nutack Obl Takast GyHKUMS ¢ C Hocuresem B N, uto T (9) =
= (YT) (9) = (MT) (¢)=T (¢). Hrax, MOXKHO BBeCTH (YHKIHIO
F (x) = ($T) (x) Ha Q, BHIGUpas B KayecTBe  NPOHU3BOJbHYIO QYHK-

3*-
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nmio u3 Cy (), paBHYIO eIHHHIE B OKPECTHOCTH x.. B cuJy JOKa-
3aHHOTrO BhIlNe F (X) HenpepwiBHO AudpepeHuupyema [ pas.

Jloxa3aresbCTBO 3aBepllaeTcsi AeMOHCTpalneii Toro, uto B
pacnpenesnenue 7 3amaercs ¢yHknued F (x). Ilycrs ¢, a2 €C7 (L)
H «(x) paBHa eikHHIle Ha supp ¢. Torza

T (9)=T (29) = @) (¢) = | F (x) ¢ (x) dx. &
Q

Jlemma CobosieBa monyckaer oGOOILEHHS HA pasJHYHBIE IIPOCT-
panctBa L”, a NpuU HEKOTODPHIX YCJOBUAX —Ha caydall [ =m— (n/2).
Ity 0000IIeH A JOKAa3bIBAIOTCS CJOXKHEe, H MBI HX ob6cynuM B 3a-
MeYaHuAX.

Teopema IX.25 (nemma Beitas). ITycTs u—cia6oe peuieHHe ypas-
HeHuss —Au=g Ha R*®. Ecau g ectb C”-QpyHKIHA Ha OTKPHITOM
MHOXecTBe Qc—R”, TO0 Ha Q peienue u paBHO HEKOTOPOH C’-PyHK-
IHH A/1s1 Kaxjgoro [ €17,, yIOBJIETBOPSIOUIErO HEPaBEHCTBY ! < m—
—(n/2)+2. B vacTHOCTH, ec/u g mNpuHagieXkuTr C~ B L, TO H u
npunagiexur C~ B Q

Hoxasameabcmeo. He Tepsas OOIIHOCTH, MOXKHO CYHTaTh, YTO MHO-
:KectBo @ orpanunyeno. [lockonbky ¢g € W, nas kaxznoro ¢ € Cg (),
To g €W, (). CornacHo npexnoxenuo 3, u € W, () nns HekoTO-
poro k, u6o u €2’ (R?). Ecau k << m--2, To BCJAEACTBHE YCJOBHI
ueW,(Q), —Au=g¢eW,(Q) unemms 3akmouaenm, uto u € W, , ().
[ToBTOpsis 3TOT Mpoiecc, NPUXOAWM K BBIBOAY, uTo #4 €W ., (RQ),
oTKyZa B cuay Jemmbl CoGoJgeBa ciepyer, uTo u ecTb Cl-QyHKUHUA
Ha Q npu [ < m—(n/2)+2. &

Teopema IX.26 (noxkasbHas peryJspHocTb ypaBHeuus Hlpeaunre-
pa). Ilycte u—cnaboe peuienHe ypaBHeHus (—A-+-Vyu=~FEu, rae
V—wusmepumas ¢pyukuus, a E—xommiekcHoe uucao. Toraa ecau
V ectp C”-pyHkIHsi Ha OTKPLITOH 06sacTH &, TO U 4 GeCKOHEUHO
IugpepeHnupyeMa B 3TOH OG/AaCTH.

Hoxasameascmso. He tepsis oOMIHOCTH, MOXKHO CUMTaTh, YTO 00J1aCTh

Q orpanuueHa. Ilockoabky u €9’ (R"), To, mo mnpexnoxenuio 3,

u €W, (Q) nas uekoroporo 2. Ho VeEC™ (), nostomy Vu € W, (Q)

corJiacHo npennoxenuio 2. CoefoBarenbHo, u € Wy(Q) u —Au € W (),

Tak 4yTto no Jemme u € W, ,(Q). TloBropuo mpumeHsiss JeMMy, Ha-
@

xoxum, 410 u€ N W, (Q), orkyza B cuay Jemmsl CoGosea.
k -

=—-3R

BbITekaeT, 41o u € C™ (RQ).

3aMeTuM, 4TO HAIl METOJ AOKasareabcTBa TeopeMel 1X.26 mMoxHO
0606MTE M AOKas3aTh, uTo ecau V E€C™(Q), To u €C'(Q), koria
l<<m—(n/2)-1-2 (3agaua 45).



