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IX.7. CeoboHLIli FTAMMNBTOHHAH B HEPENATHMBMCTCKOM
KBaHTOBOM MeXaHMKe

B sTom paszene Mbl H3yuuM — A kKak onepatop Ha L2(R?). Has
HEro CYIIeCTBYIOT [Be pasyMHble 06JIaCTH ONpefeseHHs:

Dyox ={0|9€L*(R") u Ap€L?(R") B cmbiciie 0GOGMEHHBIX
dynkumitf,
Dy =C7 (R7).
O6o3nauuMm — A | D, uepes Ty, @ — A |} Dy uepes Topig-
Teopema 1X.27.

(a) 9 €Dyax TOrAa M TONBKO TOrAa, Korxa |M?¢ (M) €L?(R"),
B 3roM ciayydae T o=(A[2p (M)~

{b) Tiax CAMOCOMNpSIKEH.

(¢) Tomin B CYLIECTBEHHOM CaMOCONPSMEH H Tpmin = Tmax-

Hokasamenrscmaso. (a) HEMeLJIEHHO CIeAYeT U3 GOPMYJIEL —ﬁ=|M= T,
CHpaBeIJHBOH A5 IPOU3BOJIBHOH O6OGIIEHHOH QYHKIHH yMEPEHHOr 0
pocta. ITo npeanoxennio 1 us § VIII.3 ymuoxeune Ha |A|[*. camo-
conpsikeno Ha {@ €L*(R™")||L|2 @ €L? IR")} Hocxom:xy npeo6Gpa-
3oBanHe Dypbe & YHUTAPHO H Ty, =& “L|A|2F, TO Ty,x camo-
conpsixed Ha Dg,,.
Has pokasateqbcTBa TOro, YTo 7, B CYLIECTBEHHOM CaMOCO-
rrmeeH, AOCTAaTOUHO NMOKa3aTb, YTO T pmin= Ty, , MOCKOJIBKY TOTAA
= Thin = Tax- l'[pe}monomnm, uTo P € D(T’;nm) Torna
( Acp w)—( min®s V) =(@, Thiap) Ans Bcex ¢ € Cy (R”). 3uaumr,
— ApeL2(R*) B cmbicsie 0606IIeHHBIX (QYyHKLMH, mosToMy Y € Dy,
U Thinh =— AY = Ty, b O6paThHo, NpennogoxKHM, YTO P E Dy ..
Torna — Ay € L2 (R?), tak uTO fasa Bcex ¢ € Cy umeeM (—Agp, )=
=(p, — AY). CrnenoratenbHo, PE D (Thun) ¥ Trind=— AY. K

Jnpedesnenne. OGo3HauuM onepatop — A ¢ 06./1aCThIO Onpefe/eHHs
Omax U€pe3 H, u Ha30BeM ero caoﬁonHMM raMHJIbTOHHAHOM.

B ocrasulefics 4acTH 3TOrO pasjesa Mbl HpHMeHsiEeM npeoGpaso-
gaHue Pypbe u oueHkH U3 § 1X.4 K M3yUeHHIO Pa3/HIHBIX CBOHCTB
oneparopa H,. CHayasa MBI JOKaXXeM TeOopeMy, ONHCHBAWILYI0 GoJiee
o pO6GHO csoﬁCTBa dyukuui u3 D (H,). Jlasee BelBeeM siBHbIE ¢HOp-
Mysnsl aas Ry (H,) u é“fe. 1 nHakoHel Mbl JOKaxKeM HEKOTOpHIE
ACHMOTOTHYECKHE CBOHCTBA 3KCHOHEHTH €fo, korophie 6GynyT mno-
J€3HBl TIPU U3YYeHUHM TeOpUH paccesuus B ri. XII.

Tak xak H, caMoconpﬂ,KeH, TO H ero crenenu HY camoconps-
3KeHbl. Uocxom:xy Hit =& ~*|A > &, obracTe onpefeseHuss HY —
HEe YTO HHOE, KaK npocTpaHncTBo Co6osena W,,, Beegennoe B § 1X.6.
Vs semvb CoGoeBa (reopema I1X.24) ueMensieHHO cJleflyeT Takoe
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Hpe&)zowcenue. Bektop ¢ € L*(R") mnpunapaexur C%(H,)=
= n D(H"‘) TOrAa H TOJBKO TOTAa, Koraa chC’” (R*) u D*¢p €
GL*(R") JUI1 KamkIoro d.

Boniee BaxKHO TO, YTO CaMH BeKTODH H3 D(Ho) o6sajaT cJie-
AYIOIHMH CBOHCTBaMH.

Teopema IX.28. Ilyctb @€ L*(R") nexutr B D(H,). Toraa

(a) Ecau n<3 TO @ —OTpaHHYeHHas HelpephlBHasd QyHKUHA U NJs
J6oro a>0 CYLIECTBYeT HEKOTOpas KOHCTaHTa b, He 3aBHCH-
mad OT ¢, Takad, 4TO

ll<PL<a'lHo<PU+bU - (1X.25)

(b) Ectu n>4 n 2<<qg < 2n/(n—4), o ¢ €L1(R") u pasa mo6oro
a > 0 cyuectByer KOHCTaHTa b (3aBHcsALLas TOJBKO OT ¢, 1 H a),
Takas, 4TO

lol,<<e|Hee[+0]el (1X.26)

Hoxasameascmeo. CoraacHo Jemme Pumana—JleGera u Teopeme
Ilnanwepens, yTBepxieHue (a) GyleT [0Kas3aHO, €CNH [OKasaTh,
yro ¢ € L1 (R*) u
o Il <a|A@[s+b{ @[, (IX.27)

JlokaxeM (IX. 27) B cayuae n=3. Ilycts @€ D (H,); Torpa

(14+2%)¢ u (14-A2)~t npunaujexar L:(R3), Tak 4TO ¢ €L (R?)
H B cuny HepabeHcTBa lllBapuma

loh<clA+1 el <c (Mol +]ol), (IX.28)

rae ¢t = S (14 A2)~2dr. Iaa mo6oro r > 0 NIOJIOKHM @, (A)=r3¢ (r}).

Toraa [ @,y =[ @l [Pl =729l ¥ [M@,ls=r-2|A2p[,. Hraxk,
npumenss (1X.28) x ¢,, BcJejacTBHe NpeIbIAYLIHX HepaBeHCTB MO-
JydaeM

[ (B [ <Ser—1/2| )""@ Ha +cré/z| 63”2

aaa moboro r > 0. Ecau BuOpath r IOCTaTO4YHO OGOJABLUIUM, TO IO-
ayugaem (I1X.27).

B cuay nepaBenctBa Xaycropda—IOnra u teopemnl I1naHiepesns
IJIsl I0Kas3aTesJbCTBa yTBepkKAeHHA (b) Heo6XOAHMMO JIHIIb IIOKa3aTh,
Y7o g JI0GOro p, yAOBAETBOPAIOUEro HepaBeHcTBaM 2n/(n -+ 4) <
< p<2, u moboro a >0 cyulecTByeT Takasd KOHCTaHTa b, 4TO

lol, <a|Mely+b] .
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CorsacHo HepaBeHCTBY I'€abaepa,
lolB<<I(1+22)2 | I (1 +22)7 | 9|7,
rae r-14-s~1=1. Bui6upas s=2/p, ¢ NOMOLIbIO HEPABEHCTBA Tpe-
yroJIbHHKa HaXOHHUM
[ +A37 | @l7le =1 +29) [ @])7 <
. < (ol +1Ae ).
Hrax, ecan (1 4-2)"F|: a-p)-1=2¢; < o0, TO

191, <ci’ (A2 [y +] @ l)-

- 2{2— )—1 - dA,
“(l +}\'2) p”2(2—f7)_‘ —j‘(l+)\42)2p (2—p)—! < w’
ecnu 4p (2—p)~t>n, 1. e. ecaun p > 2n/(4-+n). Meron noxasa-
TEJTBCTBA TOTO, YTO KOHCTaHTa nepex [A2@| moxer OuHTbh BhGpaHa
CKOJIb YTOAHO MaJiofl, TOT XKe, 4TO H B 4acTH (a). i

Kax mu yBuaum B § X.2, yacTh (b) 3Toll Teopemhbl CrpaBejaHBa
B cayyae n=5 U g=2n/(n—4) npH HeKOTOPOM (PHKCHPOBAHHOM Q.

OG6partuMcst Tenepb K BHBOAY SABHHX dopmya masa (H,—E)™3,
rne E€CN\JO, o0), He-iHe rne Im ¢ < 0. Tlockoneky H,=& ~1A%F,
to f(Hy) =& ~f (M) &, rae f—npoH3BOJbHAA OrpaHH4YeHHass H3Me-
pHMas ¢yHKUuA. DTO O3Hayaer, 4uTo Kak (H,—E)~!, Tak U e~*Hd
MOT'yT OBIThb BbIpaXKEHbl Yepe3 ONepaTopbl YMHOXEeHHs:

(HO—E)'1==5:"1(7~2—E)‘1 g:'; e*"”nf==5~"1e“""5-".

ITockonbKy npeo6pasosanie Pypbe nepeBOIHT YMHOXKEH He B CBEPTKY,
MB NOJYYHM NPOCTHIE BRIpameHHA pis (H,—E)~! u e~ B Buge
CBEpTKH.

Iycts f€L™(R"). O6osnauum omepatop ¢+~ (f¢) Ha L3 (R*)
yepes f(— V). OTMeruM, uTO f(— [V)—KOPPEKTHO oONpeIeJeHHBIH
OrpaHHYEHHHIA OnepaTop B CHJIY OrpaHHYEHHOCTH YMHOMKEHHS Ha f.

Teopema I1X.29. Tlycte f€L”(R").. Ecau (i) f€L*(R*) wuau
(ii) feL* (R"), To
F(— iV @) ) =) Fe—newdy  (1X.29)

1 Bcex @ € L2 (R7). HuTerpan cxoauTcsa HpH BCeX x B cayvae (i)
H NpH NOYTH Bcex x B cayuae (ii).

Hoxasameascmso. Tlpexnmonoxum, uto fEL2NL™ u ¢ €. Toraa
f€&#', Tak uro no teopeme 1X.4

f(—iv) @E(\fg)=(2ﬂ)‘"/2f-x- o=
= (2n)=2 { F () ¢ (x— y) dy;

Ho
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caeposarenbro, (1X.29) suinoansertcs, ecan @ €. aa ¢ € L2 (R")’
MOXKHO HaHTH Takylo HOCJIGAOBaTeJIbHOCTb On €L, UTO @p> .

TMockoabky fE€L™, T0 fo, 25 f@, aTorna u f(—iV) @, — f (—iV) @.
Hrak, MOXHO BH5paTb IOCJ/IeI0BATENbHOCTL (TakxKe 0603HayaeMyIo
{fpm})' Takyl1o, 4to f (—iV) ¢, — f (—iV) ¢ noroueyHo n1. B. [lockoabKy
f € L*(R"),

lim (f(—iV) @m) (1) = lim (@m)=2 § F(x—1) 9, () dy =

= @n)- § fx—y) 9 (4) dy

ansi kaxpgoro x € R”. Urak, (1X.29) nokasano B cruyuae (i).
Oas poxkasatennctBa (1X.29) B cayuae (ii) sametum, 4TO eciau

fm 4 @ npuHagIexaT & (R”), T0 f,(—iV) @ =(2mn)~"2f, % ¢. BuGe-
peM fmee? (R®) Tak, uTOGHI f,,,-l'—- f. Torna f,,,-ll» f, caenoBaTebHO,
f,,,(p-———>f([) Orciona .

fl—iv) o= lim @n)-"*f, ==

n—= %

= @)= f =0

B cuJy HepaseHcTBa [Oura. IlocKosbKy OrpaHuYeHHBIE OnepaTOPhI
f(—iV) u cBepTka c (2@)-%2f coBmajaloT Ha ¢, OHH COBHANAIOT
Ha BceM L?(R7?). To, uro cBepTKa 3ajaercs a6<‘omoTHo CXONANLUMCS
HHTEerpaJsoM, JokasaHo B npumepe | u3 § 1X.4 @

Hpu.uep 1 (cBo6Goanasi pesoabBeHTa, n=3). Ilyctb £ =— %2, raue
Rex >0. Takum of6pasom, E € p(H,). Tlockoabky f(A)==
== (M 4-%2)"rt€L2(R*)N L™ (R?), TO MOXHO MPHMEHHTHb 4acTb (i) Teo-
pemol 1X.29 u Bbuucautrs (H,— E)~*. Ilockoasky f € L2,

ei?vx a
IAI<R
[lepexons x cdepHYecKHM KOOpAHHATAM, I[IOJIOXKHM & = COSO ==

= MA-x/|x||M| u r=|M]|. Toraa

(2m)-372 f (x) = 1éi.m. (2m)-3

R 1
(2m)=*/+f (x) = Li.m. (2m)"" f %rzdrdu__
Z ._lrlxl
=Li.m. (m—l & er;_l_u: .
—1im. &7 S AALNPE
Ro>w LlX| (r~,—m)(r—m) ’

R
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rlle 7 JEeXUT B KOMIJIEKCHOH IJIOCKOCTH 7, a KOHTYyp Cp—JiOMaHas,
nokasanHast Ha puc. 1X.5. [as Kaxnoro | x| npeies CyuiectByer
.H paBen e~*!*l/4n|x|. 3Hayut, no teopeme 1X.29

(n=3) [(H,+x*)"29](x) =(4n)'1§-‘3—,_—:—';)%—' ?(y)dy. (1X.30)

dynkuuo Gy (¥, y; E)=e-%*!1*-v1/4n|x—y| 4acTO Ha3LIBAlOT CBO-
GopHoil ¢yskumeir I'puna.

—R+IVE @ — R+iVR

Y F-nnockoctb A

OCb I

i a

~R o R

Puc. 1X.5. Koutyp Cp.

flpumep 2 (cBobGozuasi pe3o.bBeHTa, n=3), Ecau n ue pasHO 1
uWiaH 3, BuIYHCAUTh obpaTHoe npeo6pasoBanue ®ypbe oT (A4 %)~
He TaK NpOCTO, KaK B npuMepe l; oHO BbipakaeTcs yepe3 GyHKLUHH
‘Becvce.nﬂ. Herpyaro BuzeTs, ognako, yto ecau f (M) = (M2 =2)"1,
to f €LY (R”) (cm. ripumep 6 u3 § I1X.10 u samauy 49). Hrak, sl
oka3biBaeMcss B paMkax cay4as (ii) Teopemst 1X.29. Jonoasurens-
Hple cBoicTBa dyuknuéi I'puna maumt B 3apaue 49, :

Iflipumep 3 (cBoGonmbll npomnaratop). MBI XOTHM BLIBECTH SABHYIO
dopmyay ans e~Hd  {E€R,— yHuTapHo#i rpynmnel, onpenedsiomien
CBOGOAHYIO KBAaHTOBYIO JAuHAMHMKYy. @PyHRuUuA e~*! He yJI0BJETBO-
pseT HU OJHOMY U3 yCJOBUU TeopeMmh 1X.29, mosromy nocrynum
crenywomum o6paszom. Ilpexnonoxum, uto a €C u Rea >> 0. Torza

e~Me g L2 (R") N L™ (R"),

TakK 4TO

\nj/2

1 ¢ 2 'y
(e e29) () = (g | " et ov oo () dy,

IIOCKOJIBKY & ~1 (e~ M%) = (2a)—n/2 g—+¥/4% .(npumep 1 us § IX.IZ.

c s L:
[Mpeanosoxum Teneps, uto p € L1 L2 Tlockoapky e—i(f=ie)Hop —
—>e~HHop npu ¢ 0, MOXHO BHIGpATh MO/NOCAEJAOBATEABHOCTL, CXO-



74 1X. IIpeoSpasosante Pypoe

Asuylocss moTodeyHo n. B. Mrax,
(e-Ht1eq) () = lim (e~ =40 Heg) (x) =
240

— lim (4ni (¢ — ie))="/2 S e=1 2=y /el t=le)p (y) dy =
el .
= (4mit)=riz etz /et g (y) dy

710 TéOpeMe O MaxOpPHPOBAHHOM CXOAMMOCTH. I/ NPOH3BOJILHOM
¢ €L2*(R") Tenepb MOXHO npuMeHUTb npHeM H3 § IX.2 u 3armo-
YHUTB, YTO

(e=itHoq) (x) = Li.m. (4mit)-n2 { el 5-v /et o (y) dy.  (1X.31)

Dyukrnuto P, (x, y; t)=(4nit)-"/3¢l*-vyl/4¢ yacTo Ha3bLIBAIOT CBO-
0oaHBIM NMpoNAraTopoM, :

YTo6H NOKa3aTh, CKOJIb IOJIE3HEl 3TH sBHEIE GOPMYJIbI, BHIBEAEM
u3 (I1X.31) nBa caencTBusA, npHMeHsieMbie B TEOPHH paccesiHHs. [lep-
BOe H3 HHX-—OleHKa, OTpaxalollas pacnJbiBaHHe CBOGOJHEIX BOJIHO-
BLIX TIaKETOB.

Teopema I[X.30. Tlycts H,—cBoGonueifi ramMHJbTOHHaH Ha R”.
IMycrs 2<<g<<oo H p=(1—g~1)"t. Toraa

le-#Hog] , < t-nte=*-1/2) | @, (1X.32)

Hoxasamearscmeo. Tax kak oneparop e—“*Me yuurapen na L2 (R”),
To |e-itHop|, =] @|,. Ecim o &L*NL? To us (IX.31) caenyer, uro
|e—#Heq| » < (47f)="/2| @|,. Ilo Teopeme Pucca— Topuna e-#. onno-
3HayHO MPpOJOJIKaeTcAd N0 oto6paxeHusa U3 LP(R”) B L1(R") u cnpa-
BenauBa ouenka (I1X.32). & .

Ipyroe npuioxenne ¢opmyanl ([X.31)—noxasatenbCTBO ABHOM
aCHMIITOTHYECKOH QopMYJnl R e~itHo,

Teopema IX.31. Tlycts H,—cBOGOXHBII raMuabTOHHaH Ha R”, u
npexnoJioxuMm, uro ¢ € L2 (R"). Torzxa

(e=itHop) (x) — (2it) /2% 4 @ (x/2¢) (1X.33)
B TOM CMEICJe, yTO L3*-HOpMa pasHOCTH JeBOH W mpaBo#l yacTeH crpe-
MHUTCST K HYJ/O TpH ! — oco.

Hoxasamesscmeo. Jns ¢ukenpoBaHHoro ! otobpaxkenue Vi @ i»
b> (2it)-n/2e'**/4¢ @ (x/2¢) yHHTapHO, 1O3TOMY HeOGXOAMMO JHIIb JO-
Ka3aTh yTBepXJeHHe TeOpeMHl IJs @ €, a 3aTeM MNPHMEHHTh &/3-
npueMm. Ilockoabky

S e . —ixeu)2f i
etlx y['/4t=etx=/4te ix-y/ tety’/4t’
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n3 (1X.31) umeem
(emHeig) () — (V@) (x) = (dmit)—rszeistine. §(etwist—Tye=ixuiziq (y) dy=

Sx/at 5
= ey O (7) ’
rae G, (y) = (e’#*/* — 1) ¢ (y). CaenosaTensHoO,

1e—zmt<p——V:<Puz—(2t) 2\ Gy (+/2t) ), =]G: ()], =[Gy “
\F"y @ (y))l,— O npu ¢ — oco.

Ha npeanocaegHeM iiare Mel BOCHOJb30BAJHCh OLEHKOM
y*/4t 2
2 d i Y
|e':y_/“—1|= S —d—x-(ex)dx <T- | |
0

®opmyna (IX.33) Jlonycxae'r HpocTyio $U3HUeCKyi0 HHTEepHpeTamnHio.
Uto6u y6exuThCA B 3TOM, BBeAeM Maccy, HoJaras H,=(—1/2m)A.
Ecau cucrema npu ¢{=0 HaXoAUTCA B COCTOSHHH ¢, To mno (1X.33)
acHMIITOTHYECKas IJIOTHOCTb BEPOSTHOCTH [Ji KOOpPIAHHATH paBHa
(m/t)n. |cp (mx/t)|2. Ho |<p (M) | 2—HayaabHAA NJIOTHOCTb BEPOATHOCTH
LA UMIyJabca. 3Hatm'r npH GOJIBIIMX BpEMeHaX BepOSAITHOCTb OGHa-
PYKHTb 4acTHLYy B TOYKe X B MOMEHT BpeMeHH [ NpONOpPHHOHAJIbHA
BEpPOSTHOCTH TOTO, YTO B HayaJibHbIA MOMEHT OHa 06Jiafajia HMNYJib-
com mx/t. CnenosarespbHo, NpH GOJBIMIHX BpeMEHAaX KBAHTOBAas CBO-
GonHasA 4acTHna BelleT ceb6A noaoGHO cBOGONHOH KjaaccHYeCKOH, Ha-
yapllell ABHkeHHe U3 x =0 B MoMeHT /=0 c NJOTHOCTBIO HMIyJbCa

[o ()=
iIX.8. Axcromm Topamnra—Basitmana

B stom pasgene Mbi 06CyAHM HEKOTOpHIE NPHJAOXKEHHS npeob-
pasoBanusa Q@ypbe K TEOpPHH KBaHTOBHIX moJiefi. Uurarenio He o6sa3a-
TeJbHO 06/13]aTh npejBapHTENbHLIM ONBITOM B KBaHTOBOH TEOPHH
nosss. Mbl HauHeM c KpaTkoil HcTopHH npobaeMel, copMmyJsHpyeM
akcuoMel BafitMaHa u omnpenennM ¢yHKuUHH BafitMaHa. 3aTteMm Mbl
npuMeHUM npeobpaszosanue Pypbe I NOKA3aTENbCTBA CBOHCTB aHa-
JIUTHYHOCTH BaiTMaHOBHIX ¢pyHKuHi, Habpocka fokasareancrsa PCT-
TeOpeMbl H BhIBOAa NpexactrasaeHds Yenanena—Jlemana pis AByxTo-
yeyHOH GYHKUHH. B nonosHeHHH MBI pacCMOTpPHM JIOpeHU-HHBapHaHT-
HBI€ MepHI.

KBaHTOBasi TeopHA NOJA pPOAMJIACh B ABajuarbie TQABI H3 IO-
HBITKH COEJHHHUTL KBAHTOBYIO MEXAaHHKY H CIEHHAaJbHYIO TEOPHIO
OTHOCHUTEJbHOCTH B KBaHTOBOM OOOOUIEHHH KJIAaCCHYECKHX MoJleselt
3JIEKTPOMArHUTHBIX siBaeHHN. C Tex mop TEOPHs NOJA MHPOKO NPH-



