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n3 (1X.31) umeem
(emHeig) () — (V@) (x) = (dmit)—rszeistine. §(etwist—Tye=ixuiziq (y) dy=
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®opmyna (IX.33) Jlonycxae'r HpocTyio $U3HUeCKyi0 HHTEepHpeTamnHio.
Uto6u y6exuThCA B 3TOM, BBeAeM Maccy, HoJaras H,=(—1/2m)A.
Ecau cucrema npu ¢{=0 HaXoAUTCA B COCTOSHHH ¢, To mno (1X.33)
acHMIITOTHYECKas IJIOTHOCTb BEPOSTHOCTH [Ji KOOpPIAHHATH paBHa
(m/t)n. |cp (mx/t)|2. Ho |<p (M) | 2—HayaabHAA NJIOTHOCTb BEPOATHOCTH
LA UMIyJabca. 3Hatm'r npH GOJIBIIMX BpEMeHaX BepOSAITHOCTb OGHa-
PYKHTb 4acTHLYy B TOYKe X B MOMEHT BpeMeHH [ NpONOpPHHOHAJIbHA
BEpPOSTHOCTH TOTO, YTO B HayaJibHbIA MOMEHT OHa 06Jiafajia HMNYJib-
com mx/t. CnenosarespbHo, NpH GOJBIMIHX BpeMEHAaX KBAHTOBAas CBO-
GonHasA 4acTHna BelleT ceb6A noaoGHO cBOGONHOH KjaaccHYeCKOH, Ha-
yapllell ABHkeHHe U3 x =0 B MoMeHT /=0 c NJOTHOCTBIO HMIyJbCa

[o ()=
iIX.8. Axcromm Topamnra—Basitmana

B stom pasgene Mbi 06CyAHM HEKOTOpHIE NPHJAOXKEHHS npeob-
pasoBanusa Q@ypbe K TEOpPHH KBaHTOBHIX moJiefi. Uurarenio He o6sa3a-
TeJbHO 06/13]aTh npejBapHTENbHLIM ONBITOM B KBaHTOBOH TEOPHH
nosss. Mbl HauHeM c KpaTkoil HcTopHH npobaeMel, copMmyJsHpyeM
akcuoMel BafitMaHa u omnpenennM ¢yHKuUHH BafitMaHa. 3aTteMm Mbl
npuMeHUM npeobpaszosanue Pypbe I NOKA3aTENbCTBA CBOHCTB aHa-
JIUTHYHOCTH BaiTMaHOBHIX ¢pyHKuHi, Habpocka fokasareancrsa PCT-
TeOpeMbl H BhIBOAa NpexactrasaeHds Yenanena—Jlemana pis AByxTo-
yeyHOH GYHKUHH. B nonosHeHHH MBI pacCMOTpPHM JIOpeHU-HHBapHaHT-
HBI€ MepHI.

KBaHTOBasi TeopHA NOJA pPOAMJIACh B ABajuarbie TQABI H3 IO-
HBITKH COEJHHHUTL KBAHTOBYIO MEXAaHHKY H CIEHHAaJbHYIO TEOPHIO
OTHOCHUTEJbHOCTH B KBaHTOBOM OOOOUIEHHH KJIAaCCHYECKHX MoJleselt
3JIEKTPOMArHUTHBIX siBaeHHN. C Tex mop TEOPHs NOJA MHPOKO NPH-
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MEHSAJaCh [JS NOCTPOEHUS MOJejell MHOrUX SsIBjeHH#l, B KOTOPBIX
y4acTBYIOT 3/eMeHTapHBIE YacCTHUHL. C caMoro Haya/ja OCHOBaTe-
asmastoli teopuu ([eifisenbepry, Tlayau, Jlupary) 6HJIO SICHO, 4TO
B HeH CKPHITO MHOXECTBO MaTeMaTHuyeCcKux tpyasocrefi. OqHako reo-
pus [HoJA IPOAOJXKANLA paCTH W K COPOKOBBIM rofaM NpeBpartugaach
B MEUAaHUHY «DOJBKJOPHBEIX» TEOpEeM, FHIIOTe3 Y CAOXKHLIX BhIYHUC-
JIeHH# 10 TeopUH BO3MYUIEHUH, TPHYEM TOJKOM JOKasath 4To-1ubo
6plI0 HEBO3MOXKHO, IIOTOMY YTO OCHOBHOH OOBEKT TEQpHH, CaMmu
noJst, Ovlnd onpeleneHsl BecbmMa cmyTtHo. Ho, HecmoTps Ha oOT-
CyTCTBUE TBEPAOro MaTeMaTH4yeCKoro ocHoBauust, IlIBuurep, ®eiiu-
maH, Tomonara, J[laficoH W JApyrue Cymeq¥ K KOHUY COPOKOBBIX
rolOB CHCTEMATH3HPOBAaTb TEOPHUI0 BO3MYHIEHHMI, U 5TO [O3BOJIMUJIO
NPOBOJAUTL BBIYUCJEHHUS B 3jekTpoxuHamuke. [lopasurenbHoe skcrne-
PHUMEHTAJBHOE [OATBEpPXKAEHHE STHX BBHIYHCJEHUH NMO3BOJAJO [OHYyC-
KaTh, 4YTO B paMKaxX KBAHTOBOH TeopHM IOJS CYILIECTBYIOT PA3yYMHBIE
MareMaTu4eCKMe MOJesH, Mo KpafiHeHl Mepe AJS HEKOTOPHIX B3aHUMO-
AeHCTBUH 3/IeMEHTAPHBIX YaCTHIL.

B Tako#i umeHHO o6cranoBke lopauur u Baiitman chopmyaupo-
Ba/iu OnpejlesleHHe «KBAHTOBOTrO MOJIST», NMPEIJOXHUB CHCTEMY MaTe-
MaTHYeCKHUX CBOHCTB, KOTOPBHIMH, KaK OHHY IO0KasaJH, ZoJKHa obJja-
Jatp mo6as TeOpUS KBAHTOBAHHBIX MoOJel. DTH CBOHCTBA HA3BIBAIOTCH
akcuomamu BaiiTmana. l3yyeHue 3TUX aKCHOM U MX MateMaTHYeCKHUX
ciaeACTBUll OGHIYHO HA3bIBAETCS AKCHOMATHYECKOH KBAHTOBOH TeopHei
noJs. 3T0 Ha3BaHWE OTYacTW COHBaer C TOJKY, NOTOMY 4YTO y MHO-
rUX CO3laeTcsi OmMGOYHOe MpeACTaBJIeHWE, 4YTO OCHOBHOH HHTepec
OPEeJACTaBJASIOT CaMM aKCHOMBI, 2 HE HX MaTeMaTH4YeCKHE CJeACTBUS
H NOCTPOEHHE KOHKPETHHX npumepoB. Ilo sTofi npuyune uampas-
JE€HHE 3TO HHOT[Aa Ha3bIBAIOT Tak¥Ke «o0iiell Teopuell KBaHTOBAaH-
HBIX noJiefl».

Jdas npocTtoThl MBI MPHUBEJNEM aKCHOMEL JUIb [JS «TEOPHHU 3p-
MHTOBa CKaJNfpHOro MnoJf», 8 0 APYrHUX Cay4Yasx yrnoMaHeM B 3a-
MeYaHHusiX. Mbl NoJb3yeMcsl CUCTEMOt €JUHHL, B KOTOPOH KOHCTaHTa

Tlnanka, pneneHnas Ha 25, M CKOPOCTb CB€Ta paBHbl EXHHMUIE.
B cuny kparkoctu 06CyXaeHHS Ka)ZOro M3 CBOHCTB, caMu ompe-
JdeJieHUus! J0BOJIbHO Pa3BepPHYTHI.

3pMuTOoBA CKAaJfpHAS KBAHTOBAA TEOPUS MOJS €CMb UemeepKa
L, U, @, D>, obradarowasn caedywuwumuy céosicmeamu (1 —8).

C80icmeo I (peaaTUBHCTCKAs MHBAPHAHTHOCTb COCTOAHNUNA). T ecms
cenapabeavroe euavbepmoso npocmpaucmso, a U (-, <) —cuapHo
HenpepoigHoe yHumapHoe npedcmagserue Ha FL cobecmeenHoll opmo-
xpounod epynnet ITyanxape.

]
Co6creennast oproxpoHHasi rpynna Ilyankape onpejefsiercs
caeaytomum obpasom. ITycts x=<x% xt, X2, X3> ¥ y=<y°, yt, 4%, y*>—
aAea Bektopa B R4, JlopeHLeBO cKaJaapHOe NMPOU3BEJEHHE BEKTOPOB
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X W Yy, N0 OmnpelelfleHHIO, paBHO x°y®—xiyl—x2y?— x3y3, Kowmmo-
HEHTa Xx° HaspiBaeTCA BpeMeHHOH, a <x!, x?, x*>— MPOCTPAHCTBEH-
HbIMH KoMmoHeHTaMH x. O603HauuM 4epe3 X, KOMIIOHEHTH BEKTOpa
x =<{x° —x', —x® —Xx%>, TOrlla JIOPDeHUEeBO CKaJsfpHOe NpOoH3Be-
JleHUe X U y—He 4TO MHOe, KaKk OOblYHOe BHYTPEeHHee NHpou3BelleHHe
x ¥ y. Ilpumensas sHHIITEAHOBO INpPaBUJO CYMMHPOBaHHSA NO OJHHA-
KOBBIM BerHHM U HUXKHUM HHJAeKCaM, Mbl 6yJleM WHOr/a 3aluChiBaTh

CyMMY E x%y, mpocro Kak x"y,. JlopeHuesa rpynna .# ecTb MHO-

JKECTBO JIHHeHHbIX npeo6pasoBaHuu Ha R4, COXpaHAIOMHUX JOPEHUEBO
ckalapHoe npousseleHue. CoGcTseHHas opToxpoHHasa (uHaue, ciie-
yuaasuas) rpynna JlopeHua 21 —»s10 noarpynmna %, cocrosimas
U3 takux A €%, uro detA=1, a marpuuHbili 3jJeMeHT A MeXA1y
Bektopom <1, 0, 0, 0> u um e camum nosoxureneH. CoGcTBeHHad
opToxpoHHas rpynna INyamkape P! —»sto MmHOMecTBO map <a, A,
rae a € R4, AGJI, cHabXeHHOe IpyHNIIOBOH omnepanuel

<a, A><b, Ay =<a+Ab, AA,.

Ipvnna 21 ecrecreemno geifictsyer Ha R* mo ¢opmyae <a, A>x =
== AX4-a W UHOrJAa Ha3bBaeTCA CeMeHCTBOM pPeJATHBHCTCKHX INpe-
oGpasoBaHuii npoctpaHcrea R4,

Ecau nonoxute A =: [, To U (a) =U (a, I)—cuabHO HenpepuIBHOE
. yHuTapiioe npexcraBiaeHue R¢. M3 teopemm VI1I.12 caenyer, urto
CYIIECTBYIOT YeThlpe KOMMYTHPYIOIIMX CaMOCONpPAXKeHHbIX ollepaTtopa
P, P, P,, P, B 7 u npoektopuozHayHas Mepa Eq Ha R*, Ttakas,
470

(@ U (@ @) =(@ exp (@*P,) @) = | ¢“"vd (0, Evp). (1X.34)

Onepartop P, Ha3blBaeTcs raMuibTOHHAHOM (UM ONEPATOPOM SHEp-
rud), a P;,, j=1, 2, 3,—onepaTopamu HuMIylbca.
Csolicmso 2 (cnektpanbHoe ycjaoBue). [1poekmopHosHauHas mepa

. ol
Eq na R*, coomeemcmeyowan U (a, 1) =€ v, o6aadaem nocumenrem
8 3aMKHYMOM nepedHem C6emosoM KOHyce.

3amMkHYTHII nNepeXHuil CBETOBOH KOHyC—MHOXeCTBO V. =
={x|x-x>=0, x*>=0}. Ero BHyTpeHnocTp Gyjner 08603HayaThCs
yepes V.. CnekTpajJbHOe yCJOBHE 3KBHBAJEHTHO TAaKOMY YCJOBHIO!
P, u P}— P?— P?— P}—10JIOXKHTEIbHBIE ONEPATOPHI.

C80licmeo 3 (cymiecTBOBaHME M eAMHCTBEHHOCTH Bakyyma). Cyuje-
cmeyem eduncmeennotil eexmop P, € ', marod, umo U (a, 1) P, =1,
Oaa scex a &R On na3vweaernca saKyyMmom.
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Hs csoiictBa 3 caenyer, yro Touka <0, 0, 0, 0> HMeeT HeHyse-
Byto Eg-Mepy H 4TO Ey, o, 0, o> HMEET ONHOMEPHYIO 06JiacTh 3Ha-
yenuil. IlpencraBaenns U (0, A) ocraBasior RanEy, o, o, oo UHBaA-
puaHTHeiM, mostoMy U (0, A) [ RanE, o, o, oy— OHOMEpHOE mpel-
craBieHHe Z 1. T10CKO/IBKY elHHCTBEHHOE OHOMEPHOE Npe/icTaBJeHHE
2} —toxnecTBenHoe, Ml nmoJiydaeM, 4to U (a, A) P, =1, AJa9 Bcex

<a, A>ePl.

Csoiicmeo 4 (uuBapuaHTHbIE OGJACTH ompepeneHHs noaeit). Cyuye-
cmeyiom naomuoe nodnpocmparcmeo D < F£ u omobpasenue @ u3
& (R) 6o mHodxECmE0 (HEO2paHUH4EHHbLX) onepamopos 8 T, maxue, 4rmo

(i) 924 raxdoeo [E€F (RY) umeem D <D (@ (f)), D= D (9 (f)*) u
e(* D=9 () I D;
(i) v, €D u @ (f) D = D 0as scex [ €F (R).
(iii) Tpu ¢urcuposarrom P € D omobpascenue [+ @ (f)p aunedino.

B panHuUX (opMyJHpPOBKAaxX TeOPHH IOJS ¢ paccMaTpHBaJH Kak
onepaTOpHO3HauYHYI0 (PYHKUHIO, XOTA CO3jaTe/H TEOPHH H MTOHHMAJIH,
YTO ¢ (¥)—BecbMa CHHryJspHbIi 06beKT. [lo aHa/loruu ¢ KJjaaccH-
YeCKHM 5JIEKTPOMarHHTHELIM I10JIEM OIIepaTop @ (X¥) Has3pIBaJICS «IIOJEM
B TOYKe x». Takas (popMyJIHpOBKa Besia K Pas/IHYHBIM TPYIHOCTAM,
KOTOpHEe OulM 1npeoJloJieHbl, Koria moJie ¢ cTaJd NOHHMaTh Kak
omepaTopHO3HaYHOe pacmpeflejieHHe, a He KaK OlepaTOpHO3HaYHYIO
dyHKuuio. HMHbIMH cioBaMH, ¢ onpellejeHo Ha o (R*), a He Ha R4,
Ilpu stom @ (f) caenyer paccMaTpHBaTh KaK NPOCTPaHCTBEHHO-Bpe-
MeHHOe CpejlHee THIIOTETHYECKOro moJis @ (x) ¢ ycpeiaHswomes ¢yHK-
udeit f, CHMBOJIMYECKH 3TO BBITJIAAHT TaK: _

(N =" owfEdx

R+

Yxe Bop u Posendenbn ykasajnH, 4To ¢ hH3HYECKOH TOYKH 3peHHS
HeBO3MOXKHO H3MEepHTb HalPSXKEHHOCTb 3/JeKTPHUYECKOro MoJisi B TOYKE
B CHJY clielH(HYeCKHX KBaHTOBOMeXaHH4YeCKHX 3(]eKTQB, CBSA3aHHRIX
C MpHHUMIIOM HeompeleaeHHocTH. [losToMy B ¢ MareMaTHYecKOH
H C ¢husuueckoil Touex 3peHHst Pa3yMHO paccMaTpuBaTh CriaxeHHoe
nose ¢ (f). JleAcTsHTeNbHO, MOXHO. NOKa3aTb (3azasa 53), 4Yro
B KBaHTOBOi TeopHu noJs, obJajaoueli cBoiictBamu 1—8, nose ¢ (f)
He MOXKeT OHTh pe3yJ/bTaTOM HHTETPHPOBAHHS XOPOIUO ONpeleeHHOM
onepaTopHO3HayHOH (PyHKUHH @ (X) C [ (x).

BpiGop B KauecTBe NpPOCTPaHCTBA OCHOBHHIX (YHKHHEA  (RY),
a "e' Cy (R*) uam eme kKakoro-uubGyI» npocTpascTBa, He o6si3a-
TesieH. [leraspHoe ucciaepoBanue 5Toit mpobaembl nposea Jxkadgpe
(cM. 3amedanus). Mel BBeqH HUMeHHO ycJoBue (ii) ana Ttoro, 4To6bl
Bakyymunie cpeanue (bg, ¢ (f;) ... @ (f,) b,) uMenu cmpica. MoxHo
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6b110 GBI MOAYMATh, YTO pasyMHee CYHTATb ¢ (f) CAMOCONPAXKEHHBIM
B CymecTBeHHOM Ha D, a He NPOCTO CUMMETPHYECKUM, HO TaKOe
JOTONHUTeIbHOe TpeGoBaHHe, NO-BUIHMOMY, He NPHBORUT K BaXKHEIM
CJIEJICTBHAM.

Csoiicmeo 5 (peryaspHocte noas). Jaa awboix Py u P, us D omobpa-
acenue fr>(Py, ¢ (F)b,) ecms obobujennas QYHKYUSL YMmepenHozo
pocma.

HUs croficte 4 U 5 caexyetr Bosee CHAbHOE YTBEPKIECHHE: HJS
Y €D orobpaxenue fr— @ (f)p CuIbHO HenpepbiBHO (3amaua H4).

Ceoiicmneo 6 (nyaHkape-uHBapuMaHTHOCTh nodd). a8 xaxdoeo
a, A>EPL umeen U@ A DcD u 923 ecex f€F (R, y€D

Ula, Mo (f)U (a, )" =9 (Ka, A> )Y,
20e
<a, A>T () =[ (A~ (x—a)).

YcioBHE MHBAPUAHTHOCTH HACTO (hOPMAJBHO 3aMHCHLIBAIOT B BHJE
U, Mo U M) =¢(Ax+a).

Csolicmeo 7 (noxalbHas KOMMYTATHBHOCTH MJM MHUKPOCKONMYECKAs
npuuuHHOCTE)., Ecau | u g€ & (R umerom npocmparcmesernto-no-
dobroie nHocumeaw, mo 023 écex P& D

leNe@—e@e(N]v=0.

ToBopsaT, uro [IBa MHoxkecTBa S;, S, < R* mpocTpaHcTBeHHO-

I~
nonoGHbl, ecad u3 Xx€S; U yE&€S, caenyer, 4To (x—y)-(x—y) < 0.
CBolicTBo 7— mMaTeMaTu4eckas ¢$OPMyJUPOBKa KBaHTOBOMEXAaHHYEC-
KOro YyTBepXKIEHUA O TOM, YTO H3MEpPEHHSA B IPOCTPAHCTBEHHO-
MOAOGHEIX 06/1aCTAX HE MOTYT HHTEPdEePHPOBATL APYr C APYTroM.

Ceolicmeo 8 (upKauuHOCTH BakyyMa). Mwuoocecmeo D, xoneunwvix
aunetinoix Kombunayull eexmopoe auda @ (f1) ... ¢ (f,) b, naomno 8 7.

D10 CBOHCTBO yCTaHABJMBAET, YTO F'HJIbGEPTOBO NMPOCTPAHCTBO T2
He CJAMIIKOM BeJMKO, WJH, MHA4Ye TOBOPS, YTO TEOpUS MOMKeT GHITh
ONMCAHA NMOCPEACTBOM €JHHCTBEHHOTO MOJAS @.

Drto 3aBepiuaeT ofnpejeJeHye 3PMHTOBOH CKaJADHOH KBaHTOBOH
Teopuu fonada. Jlanee ectb JBa NyTH, 1O KOTOPHIM MOJET pa3BH-
BATBCA MAaTEMAaTHYECKOe HccjeloBaHue. Bo-nepBhix, MOXKHO HM3y4aTh
CJeACTBUA 3THX akcuoM. K sTomy Tumy [puHajIexald oCHoBHaS
Macca pabGoT 1o 4KCHOMATHYECKOH TeOpuM MOoJAA B MATHUIECATHIX U
B HayaJjie IeCTUJECATHIX TOJoB. B ocraBmeHcs 4acTH 3TOTO pasjesa
MBl TIOK&)KeM, Kak JJIS BbIBOJa HEKOTOPHIX CJEICTBHH M3 3THX AKCHOM
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npuMeHsiercss npeobpasoBaHne @Dypee. BTopas OGoabmas 3axava
COCTOHT B IIOCTPOEHHH MojeJell, yAOBJIETBOPAIOIHX BCeM aKCHOMaM
(uaM To KpafiHei Mepe HeKoTOphiM H3 HHX). Korga 3TH akcHOMEI
¢GhOpMyJIHPOBANHCh, OBIJIO YKe H3BECTHO, YTO OHH HENpPOTHBOPEUHBEI,
H60 TeopHs1 cBoGomHoro noJas (cMm. § X.7) o6mamaer BCEMH STHMH
cpoiicrBami. Ho, X coxkaseHHIO, TeopHA CBOGONHOrO IOJIA ONUCHIBAET
CHCTEMY daCTHII, He Bsaumoneﬁcmylomux zpyr ¢ apyrom. OkasaJgoch,
4YTO TIOCTPOHTH NPHMEPBI HHTEPECHHIX (T. €. YUHTBIBAIOLHX B3aHMO-
neHCTBHsI) TeOpHil oueHb TpynHo. HHexortopele ycnexH B pelleHHH
3TOH 3aflaul GBIIM JOCTHTHYTH TOJNBKO B mochaefuHe roxel (cMm. § X:.7

u ra. XIX).
O6cyXneHHe HEKOTOPHIX CJeACTBHH CPOPMYJHPOBAHHLIX BBIlLIE
aKCHOM MBl HauHeM C OIpeXeeHHs (PYHKILHOHAJOB

Wn(fi’ "'7fn)=(¢0’ (P(fl) ¢t (P(fn)‘l?o)-

{9°,} HasuiBatoTcsl ¢GyHKUMAMH BadTmaHa, HJIH Bali TMAHOBBIMH
oGo0eHHbBIMY (PYHKUMAMHA, HIH BaKyyMHBIMM CPeJHHMH; HHOTRa %°,
HasbiBaloT n-Toueudoit ¢yHkuumeit. B ra. XVII mMu yBuaum, uro
MOKHO BOCCTAaHOBHUTb BCIO TEOPHIO HOJISI, ecJH H3BeCTHH ee GPyHKLIHH

Batitmara. ITyctb $; =@ (Four). . @ (F1) o B Y, = @ (Fasr). - - @ (F,) ¥o-
Torxa, corgacHo CBOHCTBY 4, P; H P, Jexar B D, a 3Ha4UHUT, B CUIY

cBofictBa 5, X, (fys «« s [n) = (1, @ (fp) ¥,) HenpepuBHa 1Mo f, npHu
¢PHKCHpOBaHHBIX ocTanabHbiX f. Htak, %°, (f,, ... f,, — pasfeqbHO

HeNpepLIBHEH MYJIbTHIHHEHHHH (YHKIHOHAJ Ha Xo?’(lR") Caeno-

BaTeJbHO, MO Teopeme O ;mpe (reopema V.12) cymeCTByeT 0606-
eHHas GyHKIHA P, uz &’ (R, takas, uto W, (f1 far ooy [n)=
=W (f1 XX oo X)), ecan f; €F (R*). Me GyneM o6osHauaTh

W’, Takxe uepe3 ¥’,.
M3 cBoficte 3 u 6 cieayer, ato %, obsanaer CBOHCTBOM HHBAa-
PHAHTHOCTH:

W)n (<a’ A>fir cvey <a1 I\>fn)=77)n (fi’ ey fn)

115t BCeX <a, A>€531. B 4acTHOCTH,

Wn(fl (xl'_—a)r fz(xz_a)1 "'7fn(xn a))_]/J (fl’ "'7fn)' (IX35)

M3 (IX.35), Kak nokasbiBaeT [POCTOE MOCTPOEHHE (CM. 3afauy 56),
cjexnyer, uTo cywecrByer pacnperenenve W, €& (R*#~4), nasa
KOTOPOTO CHMBOJIHYECKH

Wn (xlv AR} xn) = Wn (‘ti'—"vz’ Xy—=Xgy oo ey xn—l'*xn)'
HebMH cinoBamvu, masa f €& (R

W}l (f) = S Wn (f(x)) dx:
RQ
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rae

. f(x) (§i7 L ] gn—f)=f (x, x_§i7 x‘—gi—'gz’ L | x'—gi_ e '—gn—l)'

Mui Y2Xe BBeEJH o6o3HauyeHue V+ AJd NOepeaHero CBETOBOTIO

KOHYca H V. IJs 3aMKHYTOro InepeiHero cBeToBoro KoHyca. Ompe-
AeJIUM Tenepb

Vo ={<xgy oo 0y x> €ER | x, €V nst kaxporo i}.
TTozuepkuem, uto V{ u ero sammikamue V —Kouycs. ITycTsb
7, =Rin— VP,

Mu Gynem HaseiBaTb &, TpyGoi Gyayuiero.
Temepr MBI roTOBH CHOPMYJHPOBATH W JOKa3aTh BaXHYIO Teo-
peMy Ajas BaATMaHOBBIX OGOOLIEHHHIX (QYHKUHH.

Teopema IX.32. [lna Kaxnoro n > 1 nocurens W, Jexur B —V &b
H W, ecTb rpaHHYHOE 3HaAYEeHHe @yHKuHH aHaNHTHUECKOH B pr6e
6y;[ymero F A

Hoxasameascmeo. Tlycre 3amano £, 1 <{k<{n, u nyctb a € R%. Toraa

Wu(fi(x) - [rlxe) fk+1'(xkl+1'_a) e fulx,—a)) =
= (P, @) ++- @FAU (@@ (frsr) --- <P(h)%)=

= { enad (g, Exvp) =
R

= efad o, Expy) =
R‘

= emad (p,, Esv),

R4

rae Py =@ (fo)* ... @(f)* ¥ 1 b, =@ (fers) ... @ () P,. Cornacuo
CBOHCTBY 2, gocm‘enb d (b1, Eap,) 1€XKHUT B V . Tlockoasky otobpa-

HeHue Ar>A mepeBoxuT V. B cebsa, TO H d(lpl, Ez,) umeer Ho-
cuteak 8 V.. ITonoxuMm Tenephb
r~1
2 ( L"'I

¥ TOTyCTuM, 4To byHKUuSA A, € & (R*) BewecTBeHHO3HAuHa. B nanb-
HeHIIHX BbIKJajKaX apryMeHThl §,, ..., Ez—ys Eprqs vy Spey PYHK-

8 - 0

o
2
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UHH g ONyCKarwTCd. I/IMeeM_

(@Pattir) oo Fett—a) oo fult,—a)da=  (1X.36)
B
= ISU '§4 Wn (g (gl_-xl'i §k+a)) fl (xl) hk (a) dxi da=
=Wn(g S g (Ei—xi §t+a) i (%)) by (@) dx, da) =
RI} R4

= Wn (g * (flﬁk)) = (231:)(“— hr2 Wn (éfliik)’
rae h, (@) =h,(—a). C npyroit cTopoHH,
(1X.36) — S he @) ePed (ps, Ezpy) da=
Re Re

= @m0 d (bey Exa)-
RI

Canepoparensto, W, (gf,h) =0, ecan (supp i) NV, = . Tockobky
3TO COpPaBemJIHBO IJIA KaXIOro 2 M NOCKOJbLKY KOHEUHBIe JIHHEHHBIE
koMGHHauuu ¢yHkuud f,g nnotHel B & (Re*~%), 3akjiouaeM, 4TO

HocuTens W, comepxurcsi B — V™Y, VrBepauenue TeopeMsl cle-
nyer Tellepb u3 TeopeMel 1X.16. §

I[Tockosieky 6asa Komyca V™" ue sBnsierca chepuueckoil (npu
n > 2), HaM NPHILJIOCH NPHMEHHTHL 0GobmeHue TeopeMsl 1X.16, npu-
BeneHHoe B 3ajnave 23. TepMHH «rpaHHyHOe 3HaueHHe» B GopMyJIH-
pPOBKe TeopeMbl O3HayaeT rpaHHYHOE 3HayeHHe B CMbICJe O6GOGLIEeH-
Hulx QYHKUHA yMepeHHOro pocra, Kak o6bscHeno B § [X.3. Ouenkn
teopeMbl IX.16 mOpoXH4alOT COOTBETCTBYIOUjHE OLEHKH, KOTOpEBIE
MBI 3ech He NPUBOAUM, /s aHAJHUTHYECKOTO NpPOJOJIKEeHHs BaHTMa-
HOBHIX pacrnpeneseHHi.

OpHo Y3 BaXHBHIX NpPUMEHEHHH aHAJHTUYECKHX CBOHCTB COCTOMT
B JIeMOHCTpallMM Toro, 4to ¢yHKuuH Bafitmana o6JsazaioT ompene-
JIeHHBIMH CBoficTBaMu cuMMmerpuH. I1puBenem cxemy THIHYHOTO pac-
cyxpaenusi. Jlnsa ynpomeHus oSo3HayeHHUH Mbl NO3BOJUM cebe CYH-
TaThb pacrnpejenenusi Bafitmana o6biaHBIMU (yHKuuavu W, (i, ..
.+, 8,-1). HHTaTe b JIETKO BOCCTAHOBHUT OMYIIeHHbIE NPH 3TOM OC-
HoBHble pyHKuuH. Ilpenesnnt Bcerna Gepyrcsi B cMeicie ' (Rer—4).

Benencteue cpofictBa 6

W.,(21 «ovs 2,o)=W_(Azy, ..., Az, ) (IX.37)
Ins Beex gy ==§;—in;, n; €V, uA€ L. 3ameTHM, YTO npaBas YacCTh

(IX.37) wumeer cmbica, mockossky A V_—V,.. Ilyets Z., (0)
0603HaYaeT MHOXECTBO KOMAAEKCHOIX 4 X 4-MaTpull A C JeTepMH-

-~ ~
HanToM eJuHUIla, VIOBJCTROpSIIOMHUX ycaoBuio Az-Az==z-z. Torma
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Z . (C)—1uecTunapameTpuyeckoe KoMIIeKCHOE MHOroodpasue, coxep-
)Kaliee IIeCTHMapaMeTpHYECKOe BeecTBeHHOe MHorooGpasue Z1.
.DJIeTaHTHHIA TeXHUYECKHH pe3yJbraT—TeopeMa baprmana— Xoua-
Ja— BafitMana— yrBepxnaer, uto W, MOXHO NpPOAOJIKHTBH IO aHa-
JHTHYEeCKOH PYHKUUHU Ha

sa={KAz;, ..., Az, D21 ooy 2D ET ,_1, AEZ, (C)},

tak uro (IX.37) mo-nmpexHeMy BHINOJHSIETCS, HO /A Temepb MOXKeT

npoGeratb Bce %, (C). MuoxecTBo  §_, Ha3HBaeTCs paclIHpPeHHOM

Tpy6oit Gyayuero. " Ono COZEPHT HEKOTODhIe BEleCTBEHHBIE TOUKH,

HasbiBaeMmbie Todkamu MocTa. B neflcTBUTeBHOCTH MOXKHO 10Ka3aTh,

9T0 <&;y vvey Euu D ETE _llnIR“‘"* Torda M TOJBKO TOrja, KOraa.
-

BCE BeKTOpLl BHAA §=jz MEs, tne A, =0 w E?»]>O, npocTpaH-

CTBEHHO-NOJAO0HHI, T. €. é E<o. HoaTOMy eCHH {Xy——Xy Xy—Xs,
.y X,_i—X,>—Touka Hocra, TO

(t;—x;) - (xi_'—xj) <0
npH moduix { u j. M3 cBoficTBa 7 Temepp ciaexyeT, 4TO

Wn (xi’ s ot xn)zwn (xn’ LS ] xl):

HIIH
Wn (Ei’ ey En-—l) =W (_— gn—i’ ey _"gl), (IXSS)
worma <&, ..., E,_,>—Touka Hocra. Tak kak —J €.Z, (C), 10
(IX.37) u (I1X.38) Bmecre paroT .
Wn (gis sv ey gn—l) = Wn (En—i’ ey gl)' (IX39)

TlockoabKy W, amanutHuHa B & 5, H (1X.39) BeInosHsercs Ha
OTKPBITOM IOAMHOXECTBE (4n —4)-mepHoro nognpocTpaHcrtsa, (IX.39)
BHIOJIHSETCA BO Bcefi J&_;, T. e.

Wn (Zla R | Zn—1)=Wn (Zn—i’ A Zl) (IX'4O)
TS 2==K2y, 0oy 2> €ET 5 4. ECJ'IH 2;=F;—in;, npuuem 1; €V,
To, 1o Teopeme 1X.16, W, (2, . . ., 2,-,) cxonutcss K W, (§,,7. .., &,_1),
a W (Zae1s = -+s 21) cxo;[m'cs{ K W (%,-1) -+, &) B cMpIc/IE 0600-

m,eHHbe ¢yuruuii opu 1n40. Hrak, (IX.39) cnpaBexauBo asa Bcex
< oo, D> ERA®TL, a2 TOrIa

W (Xiy voey Xg) =D (—Xpy ooy —Xy) (IX.41)
I BCeX <{Xyy vovy XD '6 Re=, BBenem Tenmepb onepatop O ¢opmy.oi
O (f1)- - @ (frsr) bo= (P(fl) ¢(Fn+1)¢o

H NpOIOJXKHM © Ha Bce MHOXecTBO D, Mo BeIISCTBEHHOH JuHeH-
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HoctH. Corsacuo (IX.41), onepatop © coxpaHser HOpMy, a NOTOMY
xopowo ompexeneHn. Jlerko npoBeputb, 4To O (P, +4,) =0 (b,) +
+ O (,) H O (cp) =cOP. Takoil onepaTop Ha3piBaeTcs COMPSIKEHHO-
auHeiiibim. CorsacHo cBofictBy 8, D, mIoTHO B J7, H TaK Kak

®=], TO ©® OXHO3HAaYHO MNPOJAOJKAETCH N0 aHTHYHHUTAPHOro oIme-
patopa Ha .7, YIOBJIETBOPSIOWETO YCJIOBHIO

O (O-1=9 (]%) o7 Bcex f € (RY).

CyiuecTBoBaHHE Takoro © H coOCTaBJseT Colxep:KaHHe 3HaMEeHHTOH
PCT-teopembl B ciydyae 3pMHTOBOI CKaJIIpHOH TEOPHH IMOJISA.

OTMeTHM, YTO MOJIb30BaThCsl YKa3aHHBLIMH Bbillle aHaJHTHYECKUMH
CBOHCTBaMH CJIeflyeT C HEKOTOpoH ocTopoxkHocThbio. Hanpumep, u3
(1X.38) M aHAAMTHUHOCTH CJIENYET, YTO

W2y oonr Zae) =W (—2yegy o ovy —23) (1X.42)

Bo Bcell pacmupenHo#i TpyOe Gynyuero. OpHako Mbl He MOvceMm
OTCIOAA 3aKJMIOYHUThH, NepeXofs K rpaHUYHBIM 3HAUYeHHAM, 4TO

Wn (gv ) En~1)=W)z (_ gn—lv ey _—gl) (IX43)
A <Eyy -y E,-> €RIn—4 Dyuxuusa Bafitmana W, (E,, ..., E,.,)
ectb rpaHuuHoe 3Hauenue W, (24, ..., Z,-,) OPH 2Z;,— X; B TpyOe

6ynyuero. Ho eciu m, €V, 10 —nj€V+, a MO3TOMY H <— Z,_4,- « -
..., —2,> He IpHHALJIEXUT TpyOe Gyayuero. CinexoBaTenbHO, Hpe-
aen W, (—z,_y, ..., —2;) B cmbicie ' (R"~¢) MoxkeT He HMEThb
" Huyero obmero ¢ W, (—E&,_;, ..., —&y)-

BaliTmMaHOBBEI akchOMBI HajarailT BecbMa CHJbHBIE OrpaHHYEHHs
Ha pacnpenenenus W,. B xauecTBe nociemHeidl HJMIOCTPalHH 3TOTO
¢akTa DpHMEHHM MeToAn npeoOpa3zoBaHHA DPypbe K BbIBOAY MNpen-
cTaBleHus1 Yesnena—Jlemana paias ABYXToYeuHOH ¢YHKuuu W,.
UToOel cpesaTh 3TO, HaMm moTpeSyeTcs OfHa Teopema O JIOPEHII-HH-
BapHaHTHbIX Mepax. das xaxaoro m—=0 nycte H,={p€eR*|p-p =
-=m2, p,>0}. MHoXecTBa H,, Ha3bBaeMbie¢ MaccOBbiMM runep6o-
JOMAAMH, HHBapHaHTHL OTHocuTensHo ¥!. Ilycte j,—romeomop-
¢usm H, Ha -R? (a B cnywae m=0 na R*\ {0}), Tako#i, uto j,:
{Pos P1s Pas Pa>+=><Py, Py P2>=p. Ompenenum mepy L, Ha H,,
nosarasi

].;(E) Vm‘TlPl‘

ana gqioforo usmepumoro Muoxecrsa Ec H,,. Kak Jerko Buiers,
Mepa Q, Z}-unBapuaHTHa. B 1nefcTBHTENbHOCTH §2, —€IWHCTBEH-
Hasi € TOYHOCTBIO JC TPOU3BOJbHOrO MOCTOSHHOTO MHOXHTENS
A }!-uHBapuaHTHasi Mepa Ha H, (cM. JomoJHeHHe XK 3TOMYy pas-
neay). Bosiee Toro, kaxjas NOJHHOMHANGHO OrpaHHdeHHas Zf-.
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VHBapuaHTHasd Mepa Ha V, ecTb cyMMa O-(QyHKIMH, YMHOMXEHHOK
Ha KOHCTaHTy, H uHTerpana mo Mepam Q,. ChopMmynaupyem 3sTo
yTBepKJeHHe B BHAE TEOPEMEI.

Teopema 1X.33. IlycTb p—nosuHOMMANbHO OrpaHH4eHHasd Mepa
¢ Hocurenem B V.. Eecau p Z!-unBapuaHTHa, TO CYuIeCTBYIOT
NOJHMHOMHAJNbHO OrpaHHueHHas Mepa o Ha [0, oo) U KOHCTaHTa c,
Takue, 4TO

(Fdu—ci O+ Fa2 )do (m)
R¢ 0 \H, y

s Bcex feE & (RY).
Hokaszameavcmeo. CM. HONOJHEHHE K 3TOMY paszaenay. §

Teopema IX.34 (npencraBienue Uensnena—Jlemana). [Tycts W,—
IBYyXTo4yeuHas (YHKLHS HEKOTOPOH mMoJIeBOH TEeOpHH, YAOBJIETBO-
psome axcHoMaM Ba#iTMaHa H CJERYIOWEMY [IONOJHHUTEJNbHOMY
ycaoBuio: (V,, ¢ (F)v,) =0 gaa scex fe&d (RY). Toraga cyuecTByer
NOJTMHOMHAJILHO OrpaHWyeHHas [oJOoXUTeJabHasd Mepa Ha [0, oo),
Takaf, 4To Aas Bcex [ & (R4)

E\S J

Hm
CHUMBOJIHYECKH :
K 1
W, (x) ZST A, (x; m?)dp (m),
0
rae
AL (62 mY) = i \ﬂ exp (—ixg ¥V m? —kE - ix.k) 47k,

2 (2m)? o,

¥V m® k2
Hoxasameavcmeso. Tlyers f€ & (R?). Torna

(ST rmw, (v—y)dxdj— Bor @ (D) @ (F) W) =
“‘](P f)lpo

Hrak, W,—nmnoJioxuTelbHO omnpenejeHHass oGoOuleHHas (yHKUuS.
ITo Teopeme Boxuepa—IllBapua W,— nosuHoMdalbHO OrpaHuyeH-

Hast Mepa, a mo Teopeme [X.27 Hocurens W, comepxurcsa B V.,
lMockoasky %°, .#}-umBapuantHa, To u W, vHBapuaHTHa, W 4u-
Tareab JErkKo MPOBEpHT, YTO OTCIOAA cne;[yeT & ! -MHBapUaHTHOCTb

W,. WUrax, W, yloBieTBopseT BceM ycaoBuaM TeopeMsl 1X.33,
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[

\ Hm

a MoToMy

W, () =cf 0+

8

i de> dp (m)

C HEKOTOPOH IOJMHOMHAJIBHO orpaHuquHou Mepoit o Ha [0 co)
U KOHCTaHTOH cC.

Yro6el 3aBepUIUTL JOKA3aTe/NbCTBO, BOCHOJb3yeMCs TeM, 4TO,
MO TpennoJoxeHuw, (V,, ¢ (f)P,) =0 aaa scex f€ & (RY), u noka-
xeMm, uto c¢=0. Ilycte g€ (RY). Tlonoxkum G (@) = (¢ (&) VP,
U (_ a, g &) Y,). Torna

G (@) = (bo, @ (@) ¢ (-0 () %)~(W £ 8-4) (8) =
=(W,%8) (€)= (W.xg=g) (@).
CaepoBatensto, G—>31o Mepa |g () |t W,. Ho

G @={e*"d(@ @V Ere (@) %)=

=S‘e-"a'7*d (@ (&) Yor Ezp (2) Do),

tak uro G ecth Taxxe u Mepa (271)%d (¢ (g) Vo» E; (@ ¥,). B cuny
eTHHCTBEHHOCTH BaKyyMa (cBofictBo 3) Macca Mephl d (9 () V,,
E;¢ (g V,) B Hauajde KOOpAMHAT paBHa | (Y, ¢ () Y,)[? 4TO paBHO

Hya o no npexnosoxenwo. Mrax, |g (R) [*W, He umeeT Macchl B Ha-
yaje KoopauHaT. TakK Kak 3TO BepHO aias1 Bcex g€ (RY),
3akJqatouaeM, 4o ¢=0. I

OrmeruMm, uto Teopemy IX.32 BMmecte cO CBOHCTBOM MHKPOCKO-
NHYECKONl TNpPHYUHHOCTH MOXHO INpHMEHHTb IJs BLIBOZAa CBOHCTB
aHAJHTHYHOCTH HEKOTOPHX 00OOIEHHRIX OYHKIHE, CBSI3aHHBIX ¢ KOM-
myTtatopaMH nosas. Hamnpumep, eciH, no onpejneneHHro,

Co(y—x)=($or ¢ (¥) @ (&) Vo) — (Wo» @ (&) ® (¥) W),

TO, COIVIacHO cBoficTRY 7, HOcHTeab C, dexut BV, U (—V,). Takyw
0606uJ.eHnyo GYHKIUIO MOXKHO 3alHCaTh B BUIE C R,+ A,, rne
supp R,=V,, a supp 4,c—V, (cMm. sanauy 56). OueBummo, uTO
R, onpezelleHO ¢ TOYHOCTBIO 10 OGOGIIEHHOH QYHKUHH C HOCHTENIEM
B Hauale KOOpAWHAT. IlockosmeKy supp R,=V ., npeoGpasoBamue
dypre R, aHamuTuyHO B Tpyb6e R¢*— iV . . Jlng R, 37O BHIHO He-
TOCPEICTBEHHO M3 IpEeACTaBJEHHS t—IeJmeHa—JIeMaHa. Hasa B3aumo-
IedCTBYIOMIHX moJiefi obuero THIa XOTejaoch Obl J0Ka3aTh, UTD KOM-
MYTaTOpPEI BLICHIHX NOpPAAKOB C, TpeACTaBHMEI B BHIE CYMMH 0606-
IIEHHBIX QYHKUHA C HOCUTEJNAMH B KOHycaX. Torja COOTBETCTBYIO-
uHe 3aNasiwiBatonide QYHKuUMH R, HMenu Obl B KadecTBe dypbe-
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o6pa3oB rpaHHYHBIE 3HAYEHHA aHAMHUTHYecKHX yHKuuii. CpolicTpa

aHAJUTHYHOCTH pacHpefeJeHuii- R, HOpsIMO CBf3aHL ¢ aHAJHTHYU-
- HOCTBIO aAMIVIMUTY/BI pacCessHHs.

Bononnenne Kk § 1X.8. Jlopeny-nHBapMaHTHbIe Mepbi

B 5TOM [OMOJHEHHWH MBI JOKa)eM Te CBOHCTBA JIOpEHII-HHBa-
PHAHTHHIX Mep, Koropble npHMeHsauck B § IX.8, B wacTHoCTH Teo-
pemy IX.33. CHauana HaMm noTpe6yrOTCs HEKOTOpHE OOLIHE Pe3yJib-
TaTel O Mepax Ha MPOHU3BENEHHUSIX NMPOCTPAHCTE.

Teopema IX.35. (a) Tlycts X —J/0KalbHO KOMITAKTHOE NPOCTpaH-
ctBo, U nycTb {Tg}eeca —cemeficTBO romeoMopdusmos X B cebs.
[IpennosioxkuM, 4TO CYHIECTBYET OJHA M TOJBLKO OJHA (C TOYHOCThIO
JI0 NOCTOSTHHOTO MHOXHTeJs1) 63poBa Mepa |, HHBApHAHTHAss OTHO-
curenpHo BceX To. IlycTh ¥V —apyroe /MoKaJbHO KOMNakKTHOE Mpo-
cTpancTBo; onpeleduM Ty X[ Tak: ToX[I: <X, D> <Tex, y> AIA
Bcex <x, y> € X XY. Torna mobGasa 63poBa Mepa p Ha X XY, HHBa-
pHAaHTHAs OTHOCHTEJIBHO BceX oTobpaxeHHH ToX I, HMeeT BHJ
o=pn@v, rie v—HeKoTopass 63poBa Mepa Ha Y.

b) Ecam X u Y —JoOKajJbHO KOMNAaKTHhiE IPOCTPAHCTBA H
p, v, =p, Qv,, rie p;, W, vy, Vv, — HEHYJEBEIE MePH, TO dpu, =
=cdp, 0 dv,=c ldv,.

Hokasameavcmeo. TlycTb Mepa o HHBapHaHTA OTHOCHTENbHO Ty X/,
BriGepem fZ= 0 u3 x (V) — MHOKeCcTBa HelpPepHIBHbIX QYHKIHH C KOM-
nakTHBIM HocHTeseM. [lycTb p,—oTo6paxenue us x (X) s R, sanan-

Hoe GopmyJsoil o, g+—>p (§@f). lockonbKy p,— noJoxkuTe bHAs
nuneiiHas ¢dopma Ha % (X), To 310 G3poma mepa. K tomy ke, o,
UHBapHaHTHA OTHOCHTEJBHO oTobpaxeHu#l Ty, MOCKOJBKY Mepa o
HHBapHaHTHA OTHOCHTEJbHO T4 X[, a MOTOMY, COTJIACHO MpeANnoJo-
XEHHIO TEeOpEeMHl, p,=C,/ C HEKOTOpOH KOHCTaHTO# ¢;. Tak Kak,
ONsTH-TAaKH MO NpeAnoJIoKeHHIo, w==0, MOXKHO HallTH Takylo 10Jo-
XKuTeJbHylo QyHkuHO geEx(X), uro p(g)>0. Torna c¢;=
=0 (gXf)/n (g) — nonoxuTensHan auneiinas dopma Ha % (¥), a 3Ha-
uut, ¢;=v (f), rie v—Hekotopas Mmepa bspa, T. e. p=pv.
310 NoKaswiBaeT (a).

Ona nokasarensctsa (b) 3ameTHM cHayaJia, YTO W, H W, a TaKxe
v, U Vv, JOJDKHBI HMeTb OJHH H Te e MHOXeCTBa MepH HyJb. [TycTs
f v g—xapakrepucTHueckHe ¢YHKIMH MHOXecTB £ u F coorsercr-
BeHo B X u Y, rae p,(f)s%=0v,(g). Toraa p, (Eyp,(E)=
= v, (F)/v,(F), oTkyna nemeisenHo cjaenyet (b). Il

Ham mnorpe6yloTcs HeKoTOopble CBejeHHs -0 Mepax Ha R” u R+,
Teopema 1X.36. (a) JioGas TpaHCASUHOHHO HHBapHaHTHas Mepa

Bspa ua R” npexacrasasier coGoii npouspenenue Mmep JleGera Ha
KOHCTAaHTY.



