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o6pa3oB rpaHHYHBIE 3HAYEHHA aHAMHUTHYecKHX yHKuuii. CpolicTpa

aHAJUTHYHOCTH pacHpefeJeHuii- R, HOpsIMO CBf3aHL ¢ aHAJHTHYU-
- HOCTBIO aAMIVIMUTY/BI pacCessHHs.

Bononnenne Kk § 1X.8. Jlopeny-nHBapMaHTHbIe Mepbi

B 5TOM [OMOJHEHHWH MBI JOKa)eM Te CBOHCTBA JIOpEHII-HHBa-
PHAHTHHIX Mep, Koropble npHMeHsauck B § IX.8, B wacTHoCTH Teo-
pemy IX.33. CHauana HaMm noTpe6yrOTCs HEKOTOpHE OOLIHE Pe3yJib-
TaTel O Mepax Ha MPOHU3BENEHHUSIX NMPOCTPAHCTE.

Teopema IX.35. (a) Tlycts X —J/0KalbHO KOMITAKTHOE NPOCTpaH-
ctBo, U nycTb {Tg}eeca —cemeficTBO romeoMopdusmos X B cebs.
[IpennosioxkuM, 4TO CYHIECTBYET OJHA M TOJBLKO OJHA (C TOYHOCThIO
JI0 NOCTOSTHHOTO MHOXHTeJs1) 63poBa Mepa |, HHBApHAHTHAss OTHO-
curenpHo BceX To. IlycTh ¥V —apyroe /MoKaJbHO KOMNakKTHOE Mpo-
cTpancTBo; onpeleduM Ty X[ Tak: ToX[I: <X, D> <Tex, y> AIA
Bcex <x, y> € X XY. Torna mobGasa 63poBa Mepa p Ha X XY, HHBa-
pHAaHTHAs OTHOCHTEJIBHO BceX oTobpaxeHHH ToX I, HMeeT BHJ
o=pn@v, rie v—HeKoTopass 63poBa Mepa Ha Y.

b) Ecam X u Y —JoOKajJbHO KOMNAaKTHhiE IPOCTPAHCTBA H
p, v, =p, Qv,, rie p;, W, vy, Vv, — HEHYJEBEIE MePH, TO dpu, =
=cdp, 0 dv,=c ldv,.

Hokasameavcmeo. TlycTb Mepa o HHBapHaHTA OTHOCHTENbHO Ty X/,
BriGepem fZ= 0 u3 x (V) — MHOKeCcTBa HelpPepHIBHbIX QYHKIHH C KOM-
nakTHBIM HocHTeseM. [lycTb p,—oTo6paxenue us x (X) s R, sanan-

Hoe GopmyJsoil o, g+—>p (§@f). lockonbKy p,— noJoxkuTe bHAs
nuneiiHas ¢dopma Ha % (X), To 310 G3poma mepa. K tomy ke, o,
UHBapHaHTHA OTHOCHTEJBHO oTobpaxeHu#l Ty, MOCKOJBKY Mepa o
HHBapHaHTHA OTHOCHTEJbHO T4 X[, a MOTOMY, COTJIACHO MpeANnoJo-
XEHHIO TEeOpEeMHl, p,=C,/ C HEKOTOpOH KOHCTaHTO# ¢;. Tak Kak,
ONsTH-TAaKH MO NpeAnoJIoKeHHIo, w==0, MOXKHO HallTH Takylo 10Jo-
XKuTeJbHylo QyHkuHO geEx(X), uro p(g)>0. Torna c¢;=
=0 (gXf)/n (g) — nonoxuTensHan auneiinas dopma Ha % (¥), a 3Ha-
uut, ¢;=v (f), rie v—Hekotopas Mmepa bspa, T. e. p=pv.
310 NoKaswiBaeT (a).

Ona nokasarensctsa (b) 3ameTHM cHayaJia, YTO W, H W, a TaKxe
v, U Vv, JOJDKHBI HMeTb OJHH H Te e MHOXeCTBa MepH HyJb. [TycTs
f v g—xapakrepucTHueckHe ¢YHKIMH MHOXecTB £ u F coorsercr-
BeHo B X u Y, rae p,(f)s%=0v,(g). Toraa p, (Eyp,(E)=
= v, (F)/v,(F), oTkyna nemeisenHo cjaenyet (b). Il

Ham mnorpe6yloTcs HeKoTOopble CBejeHHs -0 Mepax Ha R” u R+,
Teopema 1X.36. (a) JioGas TpaHCASUHOHHO HHBapHaHTHas Mepa

Bspa ua R” npexacrasasier coGoii npouspenenue Mmep JleGera Ha
KOHCTAaHTY.
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(b) Besikasa mepa Bspa na R+ = (0, o), HHBapHaHTHass OTHOCH-
TeJbHO BCeX npeobpasoBaHuit 7,. x—>e’x (nas Bcex a €R), npen-
cTaBJigeT Co0OH MpOH3BEeIEeHHe KOHCTAHTHI Ha Mepy dx/x.

Hokasameavcmeo. CHauana nokaxeM (a) ans cayuas n= 1. Hyxuo
TOJILKO [OKas3arb, YTO €CJH W TPaHCIASAUHOHHO MHBapHaHTHA H
w([0, 1) =1, To p—mepa JleGera. TlockoabKy p({x}) He 3aBHCHT
oT x, a orpesok [0, 1] conepkur 6eCKOHEYHO MHOTO TOYEK, TO IOJIKHO
BEINOJIHATbCA paBeHCTBO W ({x})=0. Torza p ([0, 1)) = 1. TTockoneky
[0, 1)—ob6venuHenHe n TpaHCAAUMH nodyuHTepBasa [0, 1/n), To
u ([0, 1/n))=1/n, a orcloga Jjerko moayuuTth, uto u ([0, r))=r nmasa
JM06oro MOJIOKUTEJNBHOTO palHOHaNBHOTO YHcsia r. M3 TpaHcasiuHoH-
HOHl HHBAapHaHTHOCTH TOTZa BHITEKAeT, YTO €CJH & U b pauHOHAJbHEI
Ha<b, 10 u((a, b))=0b—a. Ho nockosbky p—mepa Bapa, oHa
perynasipua, oTKyja cjexyer, uto W ((a, b))=b—a ans Bcex a<Cb.
Tak xax W ompenessercss 3HAUYeHHSAMH Ha KOHEYHHIX OTKPBLITHIX HH-
TepBaJax, OHa JoJIxkHaA OblTh Mepoil JleGera.

JloxasaTeJqpCTBO 3aBepllaercsl MO HHAYKUHH. IIpeamoJioxHM, 4TO
€IMHCTBEHHBIE TPaHCJASLHOHHO HHBapHaHTHBE Mepbl Ha R*—>3710
npousBeneHUs d*x Ha KOHCTaHTHI, H NMYCTh O —TPaHCASLHOHHO HH-
BapuHaHTHasa Mepa Ha R**1=RExR. Tlockonpxy p HHBapHaHTHa
OTHOCHTEJIbHO MOATpYNIbI TpaHcasiuufi Buma 7 X I/, OHAa HMeeT BHA
d*x@dv B cuny Tteopemnl IX.35(a). Tak Kak p MHBapHaHTHA H
oTHOcHTeabHO moxarpynnel Buga / X 7T, ona uMeer Bux du@dx. Takum
o6pasom, no Teopeme 1X.35 (b), p=cd*xQdx=cd*+1x.

(b) ciexyer u3 (a), mocKosbkKy oTobGpaxeHue In: x+>ln.x—ro-
meomopopusm R* ma R, npu Kotopom T, mepexoguT B CABHI Ha a.

Tenmepb MbI rOTOBEl H3y4aTh JIOpEHI-HHBapHaHTHbIE Mepul Ha V.,
T. €. IOJMHOMHAJBHO OrpaHHYeHHLIE MepHl C HOCHTeJeM B V., HH-

BapHaHTHbIE OTHOCHTEIbHO Z1. Kouyc V. MOXHO NpeACTaBHTh KakK

V. ={O}U< G H,,,>. Ianee, npeo6pasosaHusi w3 F. mepeBofsT
m=0

MuoxecTBo {0} H kaxnoe u3 I/, B ce6a. CHauama paccmoTpum i,
H MOKaxeM, YTO A/ Hero CyHecTByeT TOJbKO OJHAa HHBapHaHTHas
mepa 2, (onpenenernas B § 8). 3areM Gyner JokasaHa teopema [X.33,
raacamiasi, 4ro Jwobasi JOpeHu-HHBapHaHTHass Mepa Ha V. Moxer
ObITh MoOJIyYeHa «cjoxeHueM» §-pyHKUHH, cocpenoTtoyerHoit B <0, 0,
0, 0>, u 3THX HHBapHaHTHHIX Mep Ha M ,. HecmoTps Ha mHOrouuc-
JIeHHBIe 3aMeHbl MePEeMEHHLIX B CJeAdYyIUHX HHXe JoKa3aTejbCTBax,
ulesl ‘BCeX 3THX AOKa3aTesJbCTB OJHA H Ta »Ke: roMeoMopgHo oTobpa-
3HTh HHTepecylollee HaC MPOCTPAHCTBO Ha npoui3Beaenne X XY, uc-
cJleloBaTh HHBapHaHTHbIE Mepel HA X H Y npit nomot ki Teopemsl 1X .36,
‘a 3aTeM OMpelealiTh HHABapHaHTHbe Meph Ha X XY (a nmoToMmy # Ha
HCXONHOM IPOCTpaHCTBe), NMpHMeHas TeopeMmy [X.35.
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Jdeumma. Mepa Q,,(-) Ha H,, uHBapuaHTHa OTHOCUTENbHO Z1.

. Hoxasameascmeo. HenocpencTBenHslll cnoco6 y6exuTbcs B JIOpPEHIi-
VHBAPUAHTHOCTH £2,— BHYMCAUTH AeHCTBHE NpousBojpHOro A€ Z1

Ha H, W J0Ka3aTh, 4TO sIKO6HaH InpeoSpa3oBaHus OfecneuuBaeT
HEMSMEHHOCTh £2,. DoJjee NOydYuUTeTbHOE noxasarenbcmo OCHOBAHO

Ha TOM, ln‘o Mepa d*x MHBapHaHTHA OTHOCUTENBHO .Z 1, MOCKOMBKY
W3 AE.,?+ caepyer, yto det A=1. Hanee, ecau fECo (0, oo) TO,
nockoaeky V., ecth Z1- -MHBapUaHTHOE MHOXKeCTBO, Mepa f(x- x) Xd‘*x
rakke Z1- -UHBapUaHTHA; 31eCh X — XapaxkTepucruyeckas QYHKIHS
MHOXKecTBa V.. OToGpasuM Temepsb V, romeoMopgHO Ha R3 X R* mo-

cpencTsoMm h: <x0, X> > <X, y>, e y=x-x. Torna 0y/dx, = 2x,, TaK
4TO

dig—= _9%%dy
2V m?-x3
3HayHT, Mepa
d3x dy
(&) J VmTEx
A[E]

2! .-uupapuantua. Eciu f, (y) —nocnenoBaTesqbHOCTh GOYHKIHE H3
Cy (0, 00), cxoxsmasaca x 6(y mz) tae m >0, To Qn cxogures
K Q, B & (R%), a notomy Q,, #}-unsapuanTHa B TOM cMBbiCTe, YTO
Q (g(x))~§2 (g (Ax)) mm Bcex gES (RY), Ae 1. Tpocras BH-
KJanKa noxaseiBaer, uto L2, (E)=Q,(AE) ana m > 0. TTocKoabKky
Q,—Q, B & (R*) npu meO IoKasaH u caywsail m=0. §

B cooTBeTCcTBUM €O CIOCOGOM INOCTPOeHUsl df2,, B INpeAbIAYINEM
A0KasaTeJbCTBE, B (pU3UUECcKOo#l sautepatype dQ, nHorza o603HavaioT
0 (x°) 8 (x2—m?) d*x uau paxe 6(x°) 4 (x2—m?2).

Teopesma iX.37. Q,—enuncreennas % !-unBapuanTuas mepa Ha

H,, mZ=0.

Hoxasameascmeo. Haunem c¢ BbiGOpa Hosoﬁ CUCTEMBI KOOpAUHAT Ha
1 5

Vs («co—x3), z-?_—(x‘,—{—xa) H X =={X;, %> €R2

B sTOll HOBOH cucTeMe JOpEeHIEeBO BHYTPeHHee [POH3BEJEHHE DaBHO

R, nonaraa ©T=

x-x=221—X X,

Ha mo6om H, npu m > {0 MOXHO HCHNOJb30BaTh T U X KaK KOOpIH-
HAaTH, nocxom,xy z=(27)"* (x-x+m?2). OT™Meru™m, 4TO eclu XE€H,
u m>0, To KaKk 2z, TaK u T JexaT B (0, oo).

[lycte p-—wuHBapuaHTHasi mepa Ha H, (m >0), H NycTb §—TO-
meoMopdusm H, Ha R2x R+, 3anaBaemmiii Qopmysoi X~ <X, T>.
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Ilyers L,, rae a €R,—nuHefinoe npeoGpa3oBanue Ha R*: T+ e%r,
2—>e~%2, Xx+—>Xx. Ilockonbky L, coxpaHsier ¢opMy 22T—X-X, OTO-
6paxaer V. B ce6s1 u detL,=1, oHO siBasiercsi mpeoGpasoBaHHEM
Jlopenna u sL,s™1: <X, ©>+—><X, e’)>. Tak kak s(dp)—Mepa Ha
R*xR*, unBapuauTHasi oTHocuUTeJdbHO SL,s~1 ansa Bcex a€R, us
teopem 1X.36(b) u IX.35 (a) maxomum, uro s(dp)=du(x) dv/t.
Ilycte Teneps bER? u Ty Rt — R*—mnpeo6pasoBanune BHUIA

Ty <z, 2, X> —><T, z+b-x+%|b|2r, X+ th).

KopoTkoe BhiuucjeHHe mokasbiBaeT, uto T'p € .Z1. OueBumno, uro
sTps™1: KX, To —><X+71h, ©. [Iycts £: <X, T> —><X/T, T>. Toraa ¢:
RExRT —R2xR* u tsTps~1~1: <KX, T +—><x+b, ). [IpuMenss Teo-
pemui 1X.36 (a) u 1X.35(a), Haxomum, uro fs(dp)=d2=xdv (1),
T. e. s(dp) =dx @ dv (t)/7.

IMockonbky s(dp)=du@dt/t u s (dp) =d2x @ dv (t)/r?, Mo Teo-
peme 1X.35(b) monyuaem, urto s(dp)=cd*x @ dz/v. ITockoabKky s
YCTaHABJIHMBaeT B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY MepaMH
Ha H, u Mepamu Ha R2XR*, okasniBaercs, 4TO CyllecTByeT He 0o-
Jlee OfHOH (C TOYHOCTBIO JO MOCTOSIHHOTO MHOXKHTeJNS1) Mepsl Ha H,,
HHBapUAaHTHOH OTHOCHUTEJJIBHO 21. Hs neMMbl coiefiyeT, uTo 1O Kpai-
Hell Mepe OfHa Takasi Mepa CylIecTByeT; TakKuM o6pas3oM, OHa Cy-
HIECTBYET H €IHHCTBEHHA.

JokasatenbcTBo agas caydas m =0 ananoruuno. HyxHO TOJBKO
3aMeTHTb, YTO MHOXeCTBO {¥ | T=0} AOJ:KHO HMeTb P-MepPy HyJb. K

Hokasameascmso  meopemsr  1X.33. TlycTs W —mNoOMHHOMHAJIBHO
OrpaHHYeHHasi Mepa, HMHBAPHAHTHasi OTHOCHTeNBHO .Z1, c HocuTe-

aeM B V. IlycTb Y,—XapaKTepucTHYecKass (YHKLHS MHOXKECTBA

H,,a y— xapakTepHcTHUYecKast GpyHKLHSA MHOXKecTBa U H,. Torma y,u
m>0

Z!-uuBapuanTHa, TaK UTO Yeu =eQ,, T. e. p=p ({0} 60+e90+xp,_.
[Iycre j—romeomopdusm U H,, 3agaHHBIA KakK j: <{Xy, XD>+—> <X/X-X,
m>0

x-x>. Jdas xaxnporo A€ 2! wmarpuna jAj-! peficrByer Ha R*XR™*
Kak mpousBeieHue A X [. Mepa j(yuw) MHBapHaHTHA OTHOCHTENbHO
orob6paxenuit A x[. Ilo teopeme [X.37 cyuecTByeT efMHCTBEHHAA
mepa Q Ha R®, uHBapHaHTHasi OTHOCHTENBHO Beex Ay, U Q=c,j (Q,)

aas xkaxporo m. Ilo teopeme 1X.35 (a), A(yp)=Q®@p a1 Heko-
tTopoit Mepsl Bapa p Ha (0, ). Huaue rosops, ans f € (R)

Srwanw=§ ( PG (@) di (m) =
v+ R* y
=

R

KHm F(x)e, de> dp (m).

)
|
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Ompenenum tenepb p Ha [0, co) Kak p=cm§+e60. Torna

RS‘ F(9)dp (9)=p ({0} F (0)+ § 0 (§ 7 (x)de,) dp (m).

m>

PaKT NOJHHOMHAJIBHOH OTPAHUYEHHOCTH P CJASAYET W3 MOJHHOMHAJb-
HOH orpaHHuyeHHOCTH . N

IX. 9. CyxxeHne Ha nopgmHoroobpasus

Tlycte M —runepnsniockocTb HJIH KOMIIaKTHOe MOAMHOrooGpasue
B R” pasmepHoctu n—1 uau Menbille. B 3TOM pa3spelie paccMarpu-
BaeTcs cJefyiomias npoliaeMa: Kakue f us L?(R®) pomyckaioT ecTe-
cTBeHHOe cy:Kenue Ha M? Ilockoiibky Mmepa JleGera mHOXecTBa M
B R" paBHa Hy/MmoO, He KaXAyio [ MOXHO cy3uTb Ha M. Mul Haze-
eMcsi, YTO CMOXeM CY3HTb XOTsl Ghl Te [, B KJlacCe SKBUBAJIEHTHOCTH
KOTOpPBIX HMMeeTcsl NOCTAaTOYHO IVIaJKHil NpencraBHTesib. Hampuwmep,
f €& (R®) umeer ecrecTBeHHOe cyxXeHHeé T ,f, 3alaBaeMoe IpOCTO
HaGopoM 3HaueHHil f Ha M. HMpes Hamero mojaxojna—rmnocTpouTth Ga-
HaXoBO TIpocTpaHCcTBO B, Takoe, uro & (R")c Bo L*(R") u
1T uf ey <<C|flg A1a fE€F (R*). Ecan & (R") miotHo B B, TO
MOXKHO HPHUMEHHTb TeopeMy 06 OrpaHUYEeHHOM JHHEHHOM orobpaike-
HHH H npopoyxkutb 7, na Bce B. [pyroit moxaxon x npoﬁneMe
CYXKeHHs1 paccMaTpuBaercsi B 3ameuaHusx kK § [X.10.

Yrto xke caenyer BeI6paTb B KayecTBe TaKOro ‘6amaxoBa npocT-
panctBa B? Haw ONMIT NMOACKasbiBaeT, YTO YCJOBHSl TVIAJKOCTH f
SKBHUBAJIEHTHBE YCJOBHAM Ha CKOPOCTb YOLIBAHHSA f, MO3TOMY ecTe-
CTBEHHO NOMBITAaThCS BOCIOJMb30BaTbes IpocTpaHcTBamu Co6odieBa W .
Jlis yno6cTBa 0603HAYEHHE BBEIEM MPOCTPAHCTBO L3, —IIPOCTPaHCTBO
L® ¢ Becom. 'oBopsaTt, uro f€ L2 (R”?), Torma u TosibKO TOrAa, Koria

f €W,, T. e. TOrHa U TOJBKO TOrJKa, KOrjia
§ 127 f (0 Pde < oo
Rl‘l

BosHukaer ecrecTBeHHBIfI BOmMpoc: Kakasi npoGJjeMa ABOHACTBEHHZ
NoCTaBJIeHHOH mpoGJeme cyxkeHus? TouHee, 3agmanHOMy [ € L2 (M)
MOXKHO COMNOCTaBHTb pachpefesieHHe yMepeHHOro pocra T yuf Ha R*,

HCIOJb3ys npaBuiao Tyf: ¢ S f(x) @ (x) de, rae  —ecrecTBeHHas

M
Mepa (cM. mee) Ha M. KakoBbl cBoficTBa pocta 0606uieHHO!H (yHK-
uuM F pf =T Mf° Haunenm c pewlenus sTux ABYX NpOG/IeM AJIs TH-

nep MJIOCKOCTEH.

Teopema IX.38. llycrs f€ & (R*), u npeanonoxum, uro M — mio-
ckocTb B R” xopasmeproct kB, 1<<k<<n—1.



