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Ompenenum tenepb p Ha [0, co) Kak p=cm§+e60. Torna

RS‘ F(9)dp (9)=p ({0} F (0)+ § 0 (§ 7 (x)de,) dp (m).

m>

PaKT NOJHHOMHAJIBHOH OTPAHUYEHHOCTH P CJASAYET W3 MOJHHOMHAJb-
HOH orpaHHuyeHHOCTH . N

IX. 9. CyxxeHne Ha nopgmHoroobpasus

Tlycte M —runepnsniockocTb HJIH KOMIIaKTHOe MOAMHOrooGpasue
B R” pasmepHoctu n—1 uau Menbille. B 3TOM pa3spelie paccMarpu-
BaeTcs cJefyiomias npoliaeMa: Kakue f us L?(R®) pomyckaioT ecTe-
cTBeHHOe cy:Kenue Ha M? Ilockoiibky Mmepa JleGera mHOXecTBa M
B R" paBHa Hy/MmoO, He KaXAyio [ MOXHO cy3uTb Ha M. Mul Haze-
eMcsi, YTO CMOXeM CY3HTb XOTsl Ghl Te [, B KJlacCe SKBUBAJIEHTHOCTH
KOTOpPBIX HMMeeTcsl NOCTAaTOYHO IVIaJKHil NpencraBHTesib. Hampuwmep,
f €& (R®) umeer ecrecTBeHHOe cyxXeHHeé T ,f, 3alaBaeMoe IpOCTO
HaGopoM 3HaueHHil f Ha M. HMpes Hamero mojaxojna—rmnocTpouTth Ga-
HaXoBO TIpocTpaHCcTBO B, Takoe, uro & (R")c Bo L*(R") u
1T uf ey <<C|flg A1a fE€F (R*). Ecan & (R") miotHo B B, TO
MOXKHO HPHUMEHHTb TeopeMy 06 OrpaHUYEeHHOM JHHEHHOM orobpaike-
HHH H npopoyxkutb 7, na Bce B. [pyroit moxaxon x npoﬁneMe
CYXKeHHs1 paccMaTpuBaercsi B 3ameuaHusx kK § [X.10.

Yrto xke caenyer BeI6paTb B KayecTBe TaKOro ‘6amaxoBa npocT-
panctBa B? Haw ONMIT NMOACKasbiBaeT, YTO YCJOBHSl TVIAJKOCTH f
SKBHUBAJIEHTHBE YCJOBHAM Ha CKOPOCTb YOLIBAHHSA f, MO3TOMY ecTe-
CTBEHHO NOMBITAaThCS BOCIOJMb30BaTbes IpocTpaHcTBamu Co6odieBa W .
Jlis yno6cTBa 0603HAYEHHE BBEIEM MPOCTPAHCTBO L3, —IIPOCTPaHCTBO
L® ¢ Becom. 'oBopsaTt, uro f€ L2 (R”?), Torma u TosibKO TOrAa, Koria

f €W,, T. e. TOrHa U TOJBKO TOrJKa, KOrjia
§ 127 f (0 Pde < oo
Rl‘l

BosHukaer ecrecTBeHHBIfI BOmMpoc: Kakasi npoGJjeMa ABOHACTBEHHZ
NoCTaBJIeHHOH mpoGJeme cyxkeHus? TouHee, 3agmanHOMy [ € L2 (M)
MOXKHO COMNOCTaBHTb pachpefesieHHe yMepeHHOro pocra T yuf Ha R*,

HCIOJb3ys npaBuiao Tyf: ¢ S f(x) @ (x) de, rae  —ecrecTBeHHas

M
Mepa (cM. mee) Ha M. KakoBbl cBoficTBa pocta 0606uieHHO!H (yHK-
uuM F pf =T Mf° Haunenm c pewlenus sTux ABYX NpOG/IeM AJIs TH-

nep MJIOCKOCTEH.

Teopema IX.38. llycrs f€ & (R*), u npeanonoxum, uro M — mio-
ckocTb B R” xopasmeproct kB, 1<<k<<n—1.
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(@) Tlyerp T yf —cyxenue f Ha M. Torma cyuiecTByer Takas KOH-
cranta C (He 3aBucaAmas ot f), 410 [T pf ey < C| filw,, Bns BCEX
m>k—1/2. Takum o6pasoM, T, OZHO3HAYHO IPOAOJIKAETCS JIO
orpaHudyeHHoro orobpaxenus W, B L*(M).

(b) Myerp dyx—mepa JleGera Ha M (ompejesneHHasi, HalpuMeEp,
C IIOMOIBIO NepeHoca M B Hauajgo KOOpAHHAT H BhiGopa OpTO-
HOpMHMpOBaHHOTrO 6asuca), M nycThb f€ L2 (M, dy x). I'Io.nome
10 OMNpeieJIeHHIO,

F ) Cgs + -+, Ay = j‘e-i"'*f(x)dmx. (IX.44)

(2::1:)"/2
M

Torza & ,f—dypbe-o6pa3 f, paccmarpuBaemMoit Kak 0606uieHHasN
byHKUHA ymepeHHOTo pocta, M & y,f € L7 (R®?) nna Becex m <
< —k—+1/2.

Hoxasameavcmeso. IIpuBeaeM 10Kas3aresbCTBO A5 caydas # =2, k= 1.

IlokasatesbcTBO O6IIEro cJydas OCHOBAaHO Ha TOH JKe Hjiee, U MHI

€ro oCTaBHM B KauecTBe yIpakKHeHH# (3amaua 57). Ilockoabky Kak

YCJIOBHSI, TaK H 3aKJIOYEHHHA TEOPEeMbl He 3aBHCAT OT TPaHCIASLHil

H noBoporoB M, MOXHO ZONyCTHTB, 4To M = {<x,, 0>|x, ER}.
Urofel gokasathk (a), BeiGepem m > 1/2. Toraa

1F (2, 0) [ < . |an, <

(((1 "jzn),,,) ”(u{<-1+1x2 7)™

)1/2
oTxkyAa, no rteopeme [liaHmepens nJs OZHOH NepemMEHHOH,
dA
) [ fxg, O)2dx, << C \< (L4 Ay 1) \ewﬁ» F (A Ay) —k \dx )dx1

j (12 17 [f (Ay, &y) [P dhgdh, <<

dA
[eisihaf (1, 1)

C\u—rlx B Ao 197 17 (hyy o) [2 dydhy =

= Clflwn

Hrax, orobpaxenue cyxenus T ,f=7F(-, O) npogosxaercs 10 orpa-
HHYeHHOro orofpaxenus us W, B L2 (M).

Tenepr npexpmosokum, 4rto g € L2 (M, dyx)=L2(R). Ilycrs ¥, —
Xapaxktepucrudeckass  QydHkuusa  uHTIepBasa {—n, n). Torza
%n (X1) @ (%,) O (x,) ~—~pacmpegesier'ie Ha R® ¢ ROMIAKTHBIM HOCHTE-
JeM, Tak 4to mo teopeme IX.5

%n (b, o) = 5 [ emhri, () g () d.
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Ecnu cpe & (R2), To
f 5 \ 2 Se“’"*”‘x,, (xl)g(xl)dxl) @ (Ay, Ay)dhydh, —
—_— SS (—21?;- S e~ihtig (x,) dx1> ¢ (Ag, A,) dhdh,,

TaK YTO, MOCKOJIBKY Y,g — & cj1a6o U npeo6pasosadie Pypre caabo
HenpepsiBHO, {(27)~! Se“'”t"'t -g(x,)dx; npeacraBaser co6oii Qypbe-

o6pas g (x,) 0 (x,) xak pacnpenenenuss Ha R2. Jlns 3aBepiueHus pxo-
KasaTeJbCTBa IOJIOXHM M < — 1/2. Torna

SS(H-I?» [2 ]2, |37 | (F rE) (A1, Ay) |2 dMd, <
< (@)1 §§ (14120 [ & (o) 2 by, =

| = 20~ (§ U+ 2 fymahs ) gl oo
tak 4to F rg € L2 (R?). A

OBpartuMest Temepb K ciyyaio, Korpa M-—xoMNakTHOE MOAMHOro-
o8pasue.

Onpedeserue. TunepnosepxHocTbio M B R* Ha3plBaeTCs MHOKECTBO
TOYEK CO CJeLVIOILMMH CBOACTBAMHU: CYIIeCTBYET BellieCTBeHHO3HaAuHasl
C”-pynkuua F Ha R?, rakas, utro M = {x|F (x) =0}, npuuem VF=
==<0F/0x,, ..., O0F/0x,>==0 npu xaxaoM x € M. BoJee o6mas ¢op-
MYJIHPOBKA: PEryisiPHO BJIOXKEHHOEe OAMHOroo6Gpasue KOpa3MepHOCTH &
eCTb MHQXEcCTBO TOUeK, TIJe R BellecTBeHHO3HAauHbIX (™ -PYHKIHI
ofpaiaioTcsi B HYJb M, KPOME TOro, IKOGHaH {0F /0x;}1 <igk 1<i<n
UMeeT paHr k B KaxJoH Touke B M. .

Jdnst ynpolieHHs 0603HayeHMH Mbl OOCYJHMM JIMIIB CJy4yal Kxopas-
mepHocTH 1. Ecau 3ajzaHa F, TO rHmneprnoBepxHocTb (6oJiee 06O,
peryJiipHO BJIOXKEHHOe NOJAMHOroo6pasHe) OKashiBaeTcsi CHaGMeHHOH
ecTecTBeHHOH Mepoii. OmnwuieM ee B OKpecTHOcTH x € M. Tak kak
VF (x) =0, To 0F/0x,%0 anas Hekoroporo [. Tlo Teopeme o He-
SIBHOH (YHKIHH MOXHO HaHTH OKPeCTHOCTb N TOUKH X H IJajKyio
¢yHKnmo A; Ha R~~1, Ttakue, 4T0 X, =Hh;(X;, ..., X, ...y X,)
IS BceX <Xy, ..., X, €NNM, roe <xy, ..., X, ..., X,> O3Ha-
vaer, uto /-1 KoopjauWHara onyiueHa. Has Kaxkioro S (NN M) no-
JIOXKHM

( dx1 dx, d.

Wy(S) = T9F 0%, |

11 ($)

Torna, npuMeHsst npaBugao AudpdepPEeHNIH POBAHHA CJIOXKHOH QYHKUHH
H yYHTBIBAasi fKOOHAH 3aMeHbl NepeMeHHbIX, Mbl BHIHM, 4YTO Mepa
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W, He 3aBHCHT OT TOro, Kakoe Bpi6paHO [, Juillb GH BHINOJIHSAJOCH
ycnosue 0F/0x, 0. O6benuHAs Mephl ®y, MOXKHO MOJYYHTb eCTecT-
BeHHYIO Mepy Ha BceM M. UuTaTenb MOXKeT NpPOBEPHTb, YTO E€CTECT-
BeHHasi Mepa Ha S”~! (T. e. MOBePXHOCTH e€JUMHHYHOro mapa B R”)
coBrnajaeT ¢ o6nHuYHON Mepol Ha cdepe, eciH

F(xy «vo, xn)=%<2x§— 1).

i=1

OtMeTHM, YTO MOCTPOEHHas HaMu Mepa 3aBucHT oT F. Ho ecan
M KoMNakTHO, TO JIOOEIE 1Be TakHe Mephbi aGCOIOTHO HeMpephiBHbBL
1o OTHOLIEHHIO APYr K Apyry, a HXx mnpousBojubie Panona-— Huko-
JMMa orpaHHYeHHl TMOJIOXKHTEJBbHHIMH KOHCTAHTaMH KaK cBepXy, Tak
u cHu3y. TakuM o6pa3oM, COOTBETCTBylOIHe MpocTpancTBa L? Ha M
COBMANAlOT B TOM CMEICJI€, YTO HOPMBI B HHMX SKBHBaJIeHTHH. [lpe-
JocTepexeM uHTaTeJA: Ha M HMeeTcsi ecTeCTBeHHas Mepa, KOTOpPYio
MOXKHO TIOCTPOHTb IeOMEeTPHYECKH, HO KOTOpas MOXKET OT/JHYaTbCs
OT MOCTpPOEHHHX HaMu (cM. 3ameuanusn). Ecim M komnakTHO, TO
npocTpaHCTBO L2, COOTBETCTBYIOIlEE 3TOH TIeQMETPHYECKOH Mepe,
TO XKe, YTO JJS Mep, MOCTPOEHHHX no F.

Teopema I1X.39. Tlycte M—perynsipHO BJIOXKEHHOE KOMIIAKTHOe
noxgmHoroo6pasue B R” xopasmepHocTH k, 3afaHHOe R QyHKIHUAMH
F,, ..., F, u3 C”. O60o3HauuM Yepe3 ® €CTECTBEHHYIO HHIYLHPO-
BaHHyo Mmepy Ha M. Ilpennosoxum, uto f € (R”).

(@) Ilycte T yf—cyxenue f na M. Torma mas Becex m>k—1/2
cyuiecTByeT Takas KodcTanTa C (He 3aBucsmiag oT f), 4TO
VT mf e (M, sy <C || flw_, u motoMy Ty OZHO3HAYHO IMPOAOJ-~
JKaeTcsl 10 orpaHdueHHoro oro6Gpaxkenus us W, B L2 (M, dw).
(b) Ilycts fE€L*(M, dw); non0XKHM
1

(Fal) iy -, M) =gy | €A f (Do, (1X.45)
M

Torna & yf—dypre-o6pas o606uieHHON (QYHKIMH yMepeHHOro
pocta Ha R”, 3anaBaemoil dyHkuuenr [, npuuem &F 4f €C™ (R®)
u F yf €LE (R?) nns Becex m <—k-+1/2.

Hoxasameavcmeo. Kaxk u paHee, npHBeaeM JOKa3aTesbCTBO JHIIb
Ias caydasi kopasmepHocTi 1. JIoKa3aTeqbCTBO COCTOMT B OCHOBHOM
H3 TeX Xe BLIUHCJEeHHH, 4TOo U B Teopeme 1X.38, 3a uck/IoueHHEM
TOro, 4TO MHOropGpasue cjledyeT pa3déuTh Ha KOHeYHOe YHCJO KyC-
KOB, KaXIbli K3 KOTODBIX 3aTeM CHpAMJAeTcA, TaK 4YTO MOXKHO
nosb3oBathcA TeopeMoit IlnaHwepeas. Takum cnocoGom 6Gyner zao-
kasaHo (b). A rtorma, nNoJab3yfick JBOHCTBEHHOCTBIO, MOXKHO H30e-
XKaTh BHYHCJIeHUf B (a).
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Ilycre fE€L?* (M, do). Toraa ¢yHKuuMM f MOMKHO TOCTAaBHTH B
COOTBETCTBHE OGOOIIEHHYI0 (QYHKIHIO C KOMMAKTHBIM HOCHTEJEM,
3a]laB ee KakK (QPyHKLHMOHAJ

o (90 (9 do.
M

TTockosbKky 3Ta o6oblieHHAs (GYHKOMS HMeeT KOMNAKTHHIH HOCH-
Teab, W3 TeopeMnl IX.5 crenyer, uro copmyna (IX.45) naer ee
npeobpasosanne Pypre. [Ipn stoMm & ,f nexur B C* no Teopeme
[1s1n— Bunepa nss pacnpeneseHui.

Ha ocrHoBe TeopeMul 0 HesiBHOH (QYHKLHHM, B CAy KOMIAKTHOCTH
MHOroo6pasus M, MOXHO HaliTM ero pas/loKeHHe Ha HeIlepeceKaio-
muecs u3MepuMbie MHOXKeCTBA Sy, ..., Spt

S)={<X5, vy XX p=
=hj(x1~, caes Xighys oy Xp)s <Xy ey Xighy ooy xn>€Vj},

rae V,—musmepamoe mommHoXectBO R771, ¢, < (OF/0x,p) (y) < c,
A BCeX YES; u ¢; >0, ¢, < co. [NosloXKuM, 1O ONpejeseHHIO,

G, (M) =@m)-n/2 § e=ir f () do.
Sy
Jns npocrorel o6o3HaueHu#t gomycruM, uro [ (f)=n. Torha

n—1
G, () = @)~ S’exp(—-—i?»nh, (Kis e es X —i 3 ?»,-x,->><

Xis oeoy Xnets Bi{Xgy < ooy Xpat))
X(@/;( 1 n-1 ]( 1 n-1) >dx1...dxn_1,
m(xl, cies Xpegy Aj(X1, a0 Xpeg))

H TO Xe BBIYHCJEHME, UTO M B JOKasaTesbCTBe TeopeMbl [X.38 (b),
no3BoJsieT Npu m < — 1/2 BOCNO/Nb30BaThCS AJISi OUEHKH HMHTErpasa
no A, MHoxureseM (l-+A2)”, a sateM npHMeHATH TeopeMy [liaH-
Hiepesig u TMOJYUYUTh '

Xty ooes Xp—1, Bp(Xy, ..., X)) |?
[G/ 122 gn, gc§ Lf}( : n—1, by (ke D P dr<
m v W(xh cery Xp~y, hj()ﬂ],, seny xn—l))
j n

C
é;{"f.‘llzﬂMn Sj, dw)*
CyManyﬁ or 1 mo N, HaXo[uM, YTO CYIECTBYET KOHCTAHTa C, nas
_ KoTopO# ||é-TMf||L;zn(Rn) < C|flesm, a0y Tpu Bcex f. Dro NOKa3B-

BaeT (b).
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Mbr BHAuM, uTO oToGpamKeHHe & »: L2 (M, dw)— L2, (R*) orpa-
HUueHO npu m > 1/2. MoxHO oToxJecTBHTb L% (R?). ¢ conpsixeH-
HeM K L%, (R"), comocraBasia xaxzgomy f € L}, (R") dyHKuHOHAM

g— § T g (0 dx.
Rﬂ
CiaenoBatenpHo, & j—orpaHuueHHoe oroGpaxenuwe L2 (R*) B
L2 (M, dw). TlostoMy kaxpo# ¢ynkuuu [€ W, MOXKHO ONHO3HAUHO

conoctaButs QyHKuMO T,f =&F % () Ha L* (M, dw), npuuem Tax,
yto ecaH f € & (R”), To 3TO OTOGpaKEHHE — HE UTO HHOE, KAK CyKeHHe f

na M. Kpome toro, | Tyfle: s, an <C|flw . B

YacTo BaxKHO 3HAaTb, KaK H3MEHSIOTCA OTOGpaKeHHA CYXKEeHHUs
Ip¥ H3MeHeHHH moaMHoroo6Gpasua M. PaccmorpuM cayua#i, Korza

M=8""1, u nycrb S;“lz{xER" 2 x%——)»:O}. U3 Teopemn
i=1

[X.39 cnenyer, uto oToGpaxeHHe Cy:KeHust T, eCTh OrpaHUYEHHOE OTO-
6paxenue us W, (R") B L* (S%™, dw) Ana xaxaoro A, ecau m > 1/2.
Tomoxum (Uxf) (x) =f (Ax); Torma Uy: L2 (S§71, de)— L2 (S""1, dw).
Msr xoTesnu 6Bl BhLISCHHTH CBOHCTBA HENIPEPLIBHOCTH ceMeficTBa OTOO-
paxenufi UpTy: W, (R?) —=L2(S* 1, dw).

Onpedesernune. DyHKNUA g U3 MeTPHUECKOro mpocTpaHcTBa <X, p>
B 6aHaxoBOo mpocTpaHCTBO <B, [-[> Ha3kiBaeTcsi HernpepbiBHOM MO
Fénbpepy nopsiaka o, a € (0, 1], ecnu a1a kaxzgoro x € X cymiecT-
ByeT Takoe O >0, uto [[g(x)—g ¥ |<Cp(x, y)* nna mcex y,
yIOBJAETBOPSIIOMUX YCJIOBHIO o (X, y) < 0.

Teopema IX.40. Tlycts R) = U)T)—cemelicTBo oTOGpaxKeHHH cy-
JKeHHsl, ONpefes]eHHBIXx Bbiue npd m > 1/2. Torma ana kKaxzporo
€W, (R*) dyukuusa R,f HenpepriBHa mo I'€ipnepy mopsaiika a Kak
L2 (8", dw)-3HayHas GYHKOUMSA A A8 Kaxkporo o, rie 0 <a <
<m-—1/2. :

Hoxasameasvcmso. TIpuBelleM TOJBKO cXeMy JA0KasaTeslbCTBa, OCTaB-
Jss geraqu yurateaio (3agasa 58). Ilyers fE&€L2(S"™*!, dw); onpe-
Ie/TUM «pacTsiHyToe» npeoCpasoBaHHe Dypbe popMy.soN

(FPF) (k) = (2n)-rr2 S e=#Mf (1) do.
n-1

S

3ameruMm, uTo |e~ikAr__p-ik M| CIA—A'|*|R]* mas  moGoro
@ <(:1. Ha ocHOBe 3TOro ROKasbIBaeTCs, 4TO

|FPF—FMF 2 mry SCIA=N [ FlLe sn-1, sop

ecan o < m—1/2. Tlockonbky Ryf =(F™)*f (8 cMbicae comps-
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JKEHHOCTH IPOCTPAHCTB, OIHCAHHOH B J0Ka3aTeJbCTBE TEOpPEME
1X.39), Haxopum, uto

| Raf —Rae Fl < Ca ] A A ] v -

OrMeTHM, 4TO MOXKHO N0KasaTb cJjefyomuii Go.ee CHIBHEIL pe-
syaerar. Ilycte n+1/2 <m<Cn+3/2. Torna oyHkuus R,f, pac-
cMarpuBaeMas Kak orto0paxeHue us W_(R?) B L2 (S"!, dw), He-
npepeiBHO AudpepeHunpyema n pas H ee n-i NPOH3BOLHAA Hempe-
puiHa mo Iénapnepy mopsazka a ansg Beex 0 <o <<m—n—1/2.

HOCJIEILHﬂﬂ Haila 3ajgaya B 3TOM pasaesie —HCCIEA0BaHHuE 0T00-

paxkeHHs

fr—((E*—2)=1)
IJIA TOJIOXKUTEJBHBIX A. 3TO OTOOpaXKEHHE HHTEPECHO HaM IOTOMY,
uTO OHO NpeJcTaBJisieT co60# HeorpaHudyeHHbI! onepartop (—A —A) ™t
aaa A > 0. HayueHue oneparopa (—A-—A)~1 OynerT NpPOJOJIKEHO.
B § XIII.7, rne paccMaTpuBalOTCA CIEKTpaJbHEE CBOHCTBA HEKOTO-

pbIX KBAaHTOBOMEXaHMYeCKHX TaMHJbTOHHAHOB. Iies caenyiomeit
TeOopeMsl TakoBa: (yHKnua (R2—A)~! CHUHryJdApHAa JHIb Ha

S';I,le, T. €. Ha cdepe panxuyca AYZ, Tak 4YTO eClIH CyXKeHHe [ Ha
Sz paBHO HYMO, TO MOXKHO OXHAAaTh, 4YTO OTOSpAKEHHE
fr—(R2—MA)"'f He Tak yx u cunry;apHo. Jlaa yno6cTBa 0503Ha-
yuM HopMmy Ha L% (R”) uepe3 [-|q.

Teopema IX.41. Tlycts f€L%(R™ IS HEKOTOpOro o > 1/2, u

IIPeANOJIOKHM, 4TO CyXKeHue QyHKIuu [ (3asaBaemoe Teopemoi 1X.39)
Ha cdepy paauyca AY2 (A > 0)—mnyaeBas ¢yukuus. Torma pus

Kaxjaoro ¢ >0
\/;
Byf = (k2—MA)"*f € L% 1 se.

Bosee Toro, aaa moSuix & > 0, > 1/2 u A > 0 cymecrByer Takas
nmoctositHHaa C, 4To

EBAf lom1-e <C| [

nn1sa Beex fE€L%L(R?), nna koropeix [ obpaujaercsis B HyJb Ha
“rz. Ilpu stom C ocraercs orpaHMueHHOW, KOria A NpoGeraer
L
- IPOH3BOJIbHOE KOMIIaKTHOE MOJAMHOMXKeCTBO B (0, oo).

HoxasarennctBo TeopeMbl 1X.41 MB paso6bem Ha DAL JeMM.
Ilepsasa — npamoe cJjeAcTBHe TOro (Qakra, 4YTo L% — MHOXKECTBO

4 M 1749
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bypbe-o5pasoB 3jemMeHTOB mnpocrtpaHcrBa CoBonesa W, a Takxke
J0KasareJbCTBa npeasoxeHus 2 us § 1X.6.

Jdemma 1. Ilycte F—Hekoropass C”-pyHKIHs, TaKasi, 4TO Bce ee

IPOH3BOAHBIE OrpaHHueHbl. Toraa oTo6paxenue > (Ff) orpaHuyeHo
Ha KaxuaoM LZ.

Haw Merton nokasatesbcTBa TeopeMel 1X.41 Takos: cHauaJ/la Mbl
JoKaxeM ee AJs1 ciaydas n==1, a 3aTeM, INpPHMEHfAS 3STOT YAaCTHLIHA
cJyuall B TIpolefype «pacKposi H CKJEHBaHHS», MNOJYYHM J0Ka3a-
TEJILCTBO OOmero cJjayyas.

Jdenmma 2. Iiyers f€LEL(R), mpuueM o > 1/2 (rak uro f€L*(R)).

IIpeanosoxum, urto S f (x)dx =0. Toraa

-—0

(a) CymecTByer ofHOMapaMeTpHuecKoe ceMeficTBO OGOGIIEHHBIX
GYHKUHMA yMepeHHOro pocTa, YJIOBJIETBODHAIOIIUX YCJIOBHIO
kg (k)= (k). Kaxknas u3s HuUX—HenpepriBHas O&yHKOUA, H

JUUIL OfHAa H3 HHX TakKoBa, 4yto lim g (x) =0.
X~>»t @

(b} daa xaxkaoro n0CTAaTOYHO Majoro &> (0 GyHKuus g yHOBJeT-
BOPSET OLEHKEe

g () |<C|fla (I +[x )~ ete-temo), (1X.46)
rae C 3aBUCHT TOJIBKO OT & H €.

Hoxasameascmeo. TlycTh g (x) 3ajaHa COOTHOLIEHHEM
g =i (f@ay=—i[iway (1X.47)

Ipegmonoxum, uro x <0, 4 BeiGepeM & >0 HacTONbKO MablM,
ytoOBl o > 1/2+¢e. Torna

lg (x) P<<

S 17 @) | (1-F |y [)22 (L4 [y )= x

X (14 [x )= @m0 dy| <

<A +[xp)eeojir §1+|yl)-ve-tdy.

s x>0 npuMeHsieTcsi aHAJOTHYHOE IOCTPOEHHE, ONHpalomieecs Ha
BTopoe paseHctBo B (1X.47). Tak kak f€L'(R), To g a6comOTHO
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HempepuiBua # g’ (x) =if (x), a motoMy kg (k)=f (k). B cuay 3a-
JaHHBIX YCJIOBHEM CBOHCTB f, MMeeM g (x) — 0 mp¥ x — +-oco. Ecau
- 8p~—APYTOe paclpeliefienHe YMepPeHHOro DPOCTa, YAOBJETBOpsIOmiee
paBeHCTBY kgﬁ..f T0 k(g—gp) =0, TAaK UYTO HOCHTE]D g— gﬁ co-

cpeloToueH B Hauajse KoopAWHAT. OTCIOia clefyeT, uTo gp— g —
KOHeYHas JHHeHHas KOMOWHauHMs Je/bTa-QyHKHHH M ee IPOM3BOX-

Heix. Tlockoawky k(gg— ) =0, KO3(QHUHEHTH YJIEHOB C IPOH3BOA-

HBIMH 00paIlaloTcs B HYJIb, TaK YTO gﬁ_g—\—ﬁé Orciofa cheayer,
yro gp=g-+f (2n)-1/2. Dro nokaswiBaer, uto gg—0 Ha +oo
Torjla ¥ ToJbKo Torma, korxa f=0. |

Tenepr MOXHO JOKa3aTb OJHOMEDHHIH ciayualft Teopemni 1X.41.

Jemma 3. Ilycts A >0 u a > 1/2. Tlpennonoxum, uto k€ L% (R)
¥ h(AV2)=0. Torfa CymecTByeT HelpepsiBHAs (YHKIMA g,
CTpEMAILAACA K HYJIO Ha GeCKOHEUHOCTH, TaKas, uTo (k*—A)g=Ah.
Kpome Toro, g ynoBseTBOpsieT HepaBEeHCTBY

[ (@) << Dy|hle (1 +]x[p)~"s (@m0, (1X.48)

rie D, — KOHCTaHTa, 3aBHCAINA# TOJBKO OT A, o M &. [Ipu dukcH-
POBaHHBIX @ ¥ & KOHCTaHTa [); orpaHduyeHa, KOrja A MeHseTcs B
mMo60oM KOMIAaKTHOM moaMHoMecTBe B (0, oo).

Hoxasameascmeo. TlpocToie coobpakeHHs, OCHOBaHHbIe Ha QopMyJie
N )

eV f (x) (R)=[ (k—7v), B CHIy JeMMnl 2 TOKasHBAIOT, YTO eCHH
h(y) =0, To cymectByeT ¢yHKuUHA g, yloBiaersopsiomas (1X.46),

~.

npH4YeM (k—y)g= h. OGosHaunM Takyio g uepes (k—y)~'h. BriGe-
peM Takywo C=-OyHKOHIO %, uTo ¥ (R)=0, ecnu kR <— 1/27\,1/z H
¥ () =1, ectu k> Y/,AY/?2, H mOJIOKUM

FiR)=(+A72)"y k),  Fy(R)=(R—AV)" (1—x (%),
TaK _YTO (R—M/2)"1F;+ (R +AY2)"1F, = (R*—A)~, Tlyets [, =
-—Fh Mo nemye 1, [f;l. < Ci, o)Al Tlyers g= (k—?»l/z)-lfi—\—
4 (k+A2)-1f,. Torma (k*—)) g—h n

lg )< Cfulle + 17 a0l A +[x )7 @m0
éDﬂh"“(l_‘_[x[z)—‘/z(a—‘/z—a),
To, uro D) orpanuyeHa, Korja A TNpoGeraeT KOMIIAKTHOE NOAMHO-

KecTBO B (0, oo), HpAMO cCJeAyeT M3 IPHBEJEHHOro AOKa3aTelb-
crBa. §

4%
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3amerum, uTo B cuay (1X.48) cnpaBemTuBO HepaBEHCTBO
§ 1201 (1412 )=t de < D2jafe § (1 +]x])-v2-eds,

TaK 4YTO JeMMa 3 B [eHCTBUTEJbHOCTH IPEACTaBJseT co60H yCH-
JIEHHHH BapuaHT TeopeMbl 1X.41 B cayuae n=1.

Jdennma 4. Ilycts f€LZ (R?), npuuem a > 1/2, u NpeinosoxRum,
yTo f obpamaeTcs B HyJab Ha c¢>epe panuyca A. Torza Ajns DOYTH
Bcex p € R"™! ¢dbyukuus

by (y) = (2qt)~ (- 1)/2 Se—‘ (Ps¥sts e P 1 %0 D F(Xgy o vvy Xpein Y) dn=1x

JIE}KHT B L%(R) m npu noutu Bcex p € R"-1, takux, uto |p|<<A,
iy (2= V=) = 0.

ﬂoxasameﬂbcmeo. Ecau 6b f sexana B L!(R"), TO 3ak/ooueHHe

JeMMmbl Oblio 6El TpuBHadbHbIM. Ho Ham npupeTcs npogenaTh He-

CKOJBKO 6oJiee CJI0OXKHYIO pa6oTy. Ilockoaeky f(x,, ..., X,_;, Y)l 1+
n-1 \\
+ Zx-+y2/ € L2 (R"), To, KaK U3BECTHO, H [ (Xy, - .., X,_q, Y)(14

+ y*)*/? € L*(R"). 3nauut, no teopeme Ilnanmepens,

S lh, @ P +1y 1y dm=p < oo.
Orcriopa caenyer, uto A, (-) €ELE (R) npu moutu BceX p. BriGepem
Teneps f, € (R”) Tak, 4ro6hl |f—f,[o — 0. Ilo Teopeme 1X.39,

fo—f B L*(S%*). CrenoBaTe/bHO, Nepexofisi, €CAH HEOGXOTHMO,
K DOJANOCJeNOBATENbHOCTSAM, MOXKHO CYHTaTh, YTO

(1) f.(p, £V A—=[p[) — 0 mpu mouru Bcex pER*"* ¢ |pl2 < h;

@ fa—flas 4™
Tlosoxum, no onpeneseHHIo,

n—1
hP (y) = (2m) - (=172 exp( —i 2 pm)fm (1 < vs Xuyy §) A1 1

Mpl yTBepxKIaeM, 4TO iih""’ —h "L2 ~—0 0. B. mo p. [leficTBu-
a (R)

TE€JbHO, Ha OCHOBAHHH JIOBOIOB, IIPpUBEAEHHBIX B HauaJe IOKa3za-

TeJLCTBA, S”h;,”“——hp”gdn‘lp<4—2m CJrie10BaTe/IbHO, AN KaXJA0ro

m MHOMKECTBO U,,,={p|||h‘”"—h le < 27™} uMeeT JNONOJHEHHE, Me-
pa KOTOpOro MeHbiue 4-7 ﬂvcm Te=NnU,, u nyctb p—mMepa

n>t
JeGera. Torza w(R*=1\T,)<4="*1, 1ax wro p(R*\ UT,)=0
m

Ho na kaxaom T, umeem ij"— h, B L3 (R), Tak uto | Ay —h,|— 0
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aas noutd Beex p. CaepoBaresibHo, mo Teopeme 1X.39,

g VTR — Ay (£ VIR = (p, VTR
npu TOYTH BCeX p c |p|*<A. Tak kak AW (=VA—|pPE) =
=f.(p, =2V A—]p[}}, Tous (1) BLITeKaET, 4TO Ao (£V A—[p)=01
Jemmua 5. Cbnxcnoyem A >0, ¥ nycrs

n—1

{6 | b b —a < G} e

Tlycrs feL; (R?), oo > 1/2, H [OPEeAIOJOXKHM, YTO f HMeeT HOCUTENDb
BV uuro f}S§ ' =0. Toruxa

~——"
Bif =(k*—M)"F €L, 126 (R") 1 [ Baflaerse <C'|fl-

Hoxasamensvcmeo. Onpefeaum h}, (y), xak B JemMme 4, U 3aMeTuM,
YTO B CHJIY JOBOJOB B Hauaje J0Kas3aTeJbCTBa JeMMbl 4 :

Cln ke dr=1p <[ f (1X.49)

Tlo npexnnoJoxeHHIO, h =0, ecan |p|> Y, A2 Ias raxjoro p
c |pl </, A2 BBegEM p(k} (kz-—M~—]pP))“1h (#). Torza, no
JeMme 3,

lg, () [P << D2 i, o (1 |y 7)== 120,
IT10cKONBKY

. - .
g, (4) =@~ fexpl —i F pyx; (Baf)w -y Hpmpy H) A0,
teopema Ilnamwepens u (1X.49) nawor
§ 1B Es « -y P A 1w <D PR AL+ 5, )= (=120,

Terneps Hafmo paccMoTpeTh ABa cayvas. Ecam a—1—2e<{0, To
(L |2 et < (L5, [y,
TaK YTO
| Baf Brze < S1BaN0kr, -, 2 B+ L, )2 =20 drx <
<D Fi § (141 x, )= "eme d,.

C apyro#t cropounl, ecan o— 1 —2e > 0, wyxkHa GoJsee TOHKas ap-
rymentanus. Ilycrs e,=(0,0, ..., 1). Ecian e—eIuHHUYHBIH Bek-
TOp, JOCTaTOUHO OJU3KHUH K €,, TO, N0JOOHO TOMY, Kak 3TO Oblio



102 IX. Hpeobpasosarue Pypse

CleJIaHO BHIINIE, MOXHO IOKas3aTb, YTO
§1Baf)Ess -« -0 %) (1 +| x e )e=1 =26 dx < DR B (1X.50)

BubepeM enuHHYHEHE BEKTOPH Vj, ..., V, BOJH3H €, Tak, uyTOGHI
{v;}3., obpaszosanu Gasuc B R”. Torma cymecTByeT Takas KOH-
crauta C, 4To

n
1+|x|2<021(1+|x-v,-12).
i=
Orciofia st HEeKOTOpo# apyro#i koncrautel C’ mnoayuaem

(I+[xP)e-t=2eLC” t§(1+|x~vi|2)a-l—2e,
CnepoBatensno, no (1X.50),
I Baf [fm1-2e < C'Di||f - W

Horazamesscmeo meopemvr [X.41, TlpocTtee coofpakeHHs, OCHO-
BaHHEE Ha KOMIAKTHOCTH, IOKAa3HBaIOT, 4TO R” MOXKHO INOKPHTH

KOHEUHEIM YHUCJIOM OKpecTHocredt V,, ..., V,, Takux, 4ro
Vi={k||k—N/2%e,| <Y, M/2) npu i=1,2,...,m—2,
THE €4y v+ Em_p,—ECNUHUUHEE BEKTOPH H

Vipoi={k||B| <3/ M2, V,={k||k|>=5/M12).
- m
Briepem C=-bynknuu {y,7%, ¢ supp y,=V; Tak, uto6u lzlxi::: 1.

m ~
IMo memme 1, 2, ";(,-f{!agclﬂfl,‘a. CnenoBatensHo, no Jemme 1 mpu
i=1

i=m—I1 ui=m u nemme 5 npu i< m—2, noaydaem

m1 \/f
IBr Flect-20 < 21— 1 2, Fla 220 < Cal Pl

i

Stré prst skrz krk Yewckan ckopozosopka

1X.10. MpoussegeHus oGobuieHHbix YHKUM,
BOMHOBLIE (PPOHTH, OCUMANATOPHLIE HHTErpaNsl

B srom paspene ME XOTHM OGCYAHTb HEKOTODHIE De3YJbTaTHI,
CBA3aHHBIE C NPOGJEMON OnpefeseHus INPOU3BEAEHUS ABYX 0606-
meHHBIX GYyHKIUHA. B cayuae koraa T € (R?) u S € 0%, npous-
Befienne ST yxe Gbwlo onpeleseHo (cM. npumep 7 U omepanuio |
B § V.3). B npunoxesusx uacTo BerpedaioTcs Gollee CHHIyJSp-
Hele mnpoussefeHus. Hanpumep, B Teopuu cBOGOJHOTO KBAHTO-



