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X.4. MonoxxMTenbRoCTL M camoconpsirkeHHocTb li:
fOTOYEUHAs! MHOMOMMTENLHOCTDL

PesysibTaTel mpeAHAYIIETO pas3fesia OCHOBHBAJHCHh Ha MOHSTHH
HOJIOXKHUTEIBHOTO oflepaTopa, HMEIOeM CMEICH B JII060M IHJIb6EPTOBOM
npoctpaHcTse F7. B 3TOM pasgesie MBI HCNOJIB3YEM MOJOXKHTENIbHOCTD
apyroro tuna. OHa cBsizaHa ¢ L2-mpocTpaHCTBaMH H OCHOBaHa Ha
NOHATHH MOJIOXKHUTEJIBHOTO BeKTopa. IDTO NOHATHE BHYTDEHHE MpH-
cylie He caMoMy %7, a ero peajMsauuu Kaxk L2-npoctpaHcTtBa. OHO
6yAeT mOABAATHCA HEOZHOKPATHO 'Ha MPOTAXKEHHH 3TOro Kypca H
6yner urpatb ocHoeHyiO posb B § XIII.11. [Mockonbky runb6epToBO
NPOCTPAHCTBO KBAHTOBOH MeXaHHKH OGHLIUHO 3ajlaeTcsl KaK HEKOTOpoe
L3*-npocTpaHcTBO, OHO oO6JajaeT CTPYKTYyPoH, mopoxaaeMmoH moJio-
KHUTEJIBHBIMM BeKTOpaMH. MMes mOJIOKHTEeNbHEIE BEKTODPBI, MOMXKHO
BBECTH IOJIOXKHTEJIEHLIE OmnepaTopbl YMHOXEHHS], T. €. OnepaTophl
yMHOXeHHs1 P (X) —>V (x) P (x), nepeBonsinue MNOJOXKHTEJIbHHE BeK-
TOpBI B MOJIOXKHUTEJBbHBIE. [JlaBHBIH pe3yJibTaT 3TOro pasjelia Ka-
CaeTCcsi CaMOCOTIPSIKEHHOCTH B CYyIlieCTBEHHOM onepaTopoB: —A +V (x),
korga V =0 ynoBjeTBOpsieT HEKOTODBHIM BecbMa cJlaGbiM JOTOJIHH-
TEJNIBHEIM  YCJIOBHAIM, H UIPeJAMHrepoBa TaMHJILTOHHAHA CHCTEMB!
C NpPOH3BOJIEHBIM MAarHUTHBEIM MOJIEM.

CHava/ia pacnpOCTPaHUM MMOHATHE MOJIOXKHUTEJNBHOCTH Ha 0606LIEH-
Hble QYHKIIHH.

Onpedeanenue. Ilycts T € &’ (R*). Bynem roBopHThb, 4To 0GOGLIEH-
Has ¢yHKuusa T nodoxureabna, H nucate T =0, ecnu T (f) =0
IJIS BCeX TMOTOYEYHO HeoTpHUATeNBbHBIX [ u3 &. B cnyuae ecnau
T, SED' u T—S=0, 6ynem nucats T = S.

Cpasy xe oTMeTHM JBa ¢daKTa 0 NOJOXHTEJbHBIX 060GIIEHHbIX

byHKuusAX. Bo-mepBHX, eclH T(f)=SF(x)f(x)d"x, rae F—He-
npepuiBHasA ¢yHkuuA Ha R”?, To 7 2>0 B TOM H TOJIBKO TOM CJjyuae,
korga F (x) =0 nnsa Bcex x. Bo-BTophix, ecnu T,— noclenoBartelib-
HOCTb TIOJIOKHTEJIbHBIX 0606meHHbIX (PYHKLHUA H T —T cna6o, TO
npefen T moJIOXKHTe/IeH.

Haumr pesyabTaT O CcaMOCOMPSXKEHHOCTH OCHOBHIBaeTCsl Ha cJle-
IYIOeM 3JeTaHTHOM HepaBeHCTBe AJisl OGOGIIEHHHX (YHKIHUI.

Teopema X.27 (HepaBeHcTBo Kato). Tlycts dyHkuus u Ha R” Jo-
KaJIbHO TPHHAAJNexXHUT L! ¥ ee janfiacHaH Ay B cMucae 0606IIeHHBIX
GyHKIUA TakXKe JOKaNbHO NMPHHAAJeXHT LI I'Ionome

0, ecad u (x) =
(sgnu) (x) = { o (x)/l u(x)|, ecnu u (x) s~ 0

Tak 4YTO sgnu &L™, a (sgnu) Au JIOKaJbHO NPHHAMIEXKHUT L! H
notomMy sABAsercAd oGobueHHOH ¢yHkuued. Toraa nannacuan Ajfu|
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B CMbICJe OGOOIEHHHX (QYHKUHE YJOBJIETBOPAET CJIELYIOUEMY He-
paBeHCTBY:

Alu|= Re[(sgn u) Au]. " (X.30)

Ilpumep 1. Urobs o6jeryurb NOHHMaHHME 3TOTO pe3yJibTara, pac-
cMoTpuM cayuait n=1 ¢ dyHkuuesi u €C” (R), cTporo noyoxuTesb-
ol npH x>0 u crporo orpunartenbHo# npH x < 0. Torma |u|
ectb C™-¢pyukuus Ha RN\ {0}, HO B Touke x=0 ee mepBad Npou3-
BoAHas MCNBHITHIBaeT ckauok BesuuMHH 2u’ (0). Ilostomy

a2 . d2 ,
o |4 | =(sgnu) 5 u+2u’ (0) 8 (x)
u (X.30) Bunoausercsa, u6o u’ (0) =0.

Joxkasamenscmeo meopemor X.27. TIpepnosoXuM cHadajna, 4TO U
npuHaaIexRut kaaccy C”, W nycTh ue 3afaHa opmysoi

Ue (X) =V\_u ®) ]2+ e2, (X.31)

TaK 4TO Ug TOXKE IIpHHANJeKHT Kiaaccy C™. HudbdepeHuupys xkBai-
pat (X.31), nomyuaem

Qu. (x) [grad u. (x)]=2Re[u (x) (grad « (x))]. (X.32)

TTockonsky u3 (X.31) cmenyer, uto |ue|=>|u|, u3 (X.32) cnenyer,
qTo

|grad ue | <[w () |1, (1) |7 | grad u () | <|gradu (n)].  (X.33)
DBeps auBepreHuuio ot (X.32), nomygsaem
ue Aue +|grad ue |* =Re (u Au) +|grad u %
¢ yuetom (X.33) 3TO ngaeT HepaBeHCTBO
. ue Aug = Re (L_L Au)

MOTOYEYHO H, CJI€JOBATENbHO, B CMHCJE OOGOGUEHHBIX (DYHKIIHH.
B pesyabrare

Au, > Re (sgnie (u) Au), (X.34)
rie
sghte (4 (X)) = u (x)/te (%),

Tenepb NMyCTb 4— IPOH3BOJIBHAA JIOKANBHO CyMMHpYeMasi yHK-
uua, Au€l}l,,, U 0ycTh js— aNNpOKCHMATHBHAs eJHHHIA, T. €.
jo () = (¢/8)'6=", tme [0, j€C®®R™) n {j(x)drx=1. Tlycrs
u® =u«js . Tockoanbky ub GeckoHeuHo mHddepeHLHpyeMa,

A (u%) = Re (sgne (u8) Aud) (X.35)
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s mo6eix g, 86 >0. Ouxkcupyem € >0 u ycrpemum & x 0. Torzma
b — u 10 JOKanbHOH L!'-Hopme, a nmotomMy H B Z’. B uacrtHocTH,
nepexods K NOANOC/eNOBAaTebHOCTH, MOMKHO CYHTATh, UTO ud (x)—
— u (x) noToYeyHo nouTH Bciony . CregoBarenbHo, sgn, (48) — sgn, (1)
nMoToYeyHo MnouTH Bciony. Tak kak Au® = (Au)® u Au€li,, TO
Au® — Au B L},.. Teneps JIerKO BUIETh, UTO sgng (u0) Aud —sgn, (u) Au
B &', u noromy, yctpemus 8 B (X.35) x 0, 3akniouaem, uto (X.34)
BHITIOJIHAETCH M 4. Tellepb ycTpeMHM K HyJio €. Torzpa nocrie-
JOBaTeJILHOCTh sgMe (4) CXORUTCA K sgn (4) MOTOYEYHO, OCTABAACH
paBHOMEpHO orpanuueHHoél (|sgneu|< 1), Tak uro obe yactu (X.34)
cxonarcs B @’ k coorBercrByiomuM dactam (X.30). @

THUNHUHBIM NPUIOKEHHEM TeopeMBl X.27 CAYMKHT

Teopema X.28. Ilycte VeEL?(R"?),. u¥ V=0 noroueuno. Torna
— A4V camoconpsixken B cyuectseHHoM Ha Cg (R#).

Hoxasameabcmgo. B cuny TeopeMbl X.26 HYKHO TOJIBKO AOKasaTh,
4qTO H3

(—A+V4+1)u=0 (X.36)

crepyetr u=0. Ho B cuny Toro, utro o6nactb onpenenenus —A +V
pasua Cg, paBeHcTBO (X.36) 3KBHBa/JIeHTHO DAaBeHCTBY

(—A+VEDu=0, wuelL*R?), (X.37)

rA€ NPOU3BOAHAS T[OHMMAeTCs B CMbiCJie OGOGUIEHHBIX (YHKIHI.
U3 (X.35) caenyer, uro Au = (Vu +u) € Li,c, NOCKONBKY H U, 0 V 41
nexar B L},.. Takum o6Gpasom, B cuay teopembr X.27

Alu|>=Re(sgnuAu)=Re (sgnu(Vutu) =V +1)|u]. (X.38)

B uwacrroctH, Alu|=0. .

IlycTp js — anmnpokcumaTHBHAs eRMHMLA, Kak B MNpeRbiAymiel
‘TeopeMe, M nycTh w=|u|, @b =w=xj8. Torpa AwS=ws Ajs €L?,
Tak uyto w® € D (A) u moromy (w8, Aw®)< 0, npuueM paBeHCTBO
uMeeT Mecto TonbkKo NpH w®==0. Ho Aw’=A|u|=js=>0 B cMucHe
o6o6menHbx ¢yHkunii u noromy Awd >0 noroveuno. Takum oGpa-
3oM, (@8, AwS) >0, tax uto @w® = 0, ITocko/ibKy @S — w mpu 6 — 0,
umeeM w=10 H, caenoBaTesibHO, U =0.
flpumep 2 (cavocOMpsKEHHOCTb B CYIIECTBEHHOM oOfleparopa
— d*dx*+4-x2+x* Ha C, (R); BTOpOe mnokasaTenbcTBO). ITOCKOMBKY
GyHKUHA x%--x* MOJIOKHTEJbHA M JOKAJAbHO NMpHHAAMexuT L%, u3
Teopembl X.28 cienyer, uto —d?/dx? +4-x2+ x* caMocompsikKeH B CYy-
mectseHHoM Ha CP (R). W Boobme, —A4-P(x,, ..., Xx,) camo-
compsi’keH B cywecTsenHoM Ha C? (R") npu 11060M orpaHHYeHHOM
CHH3Y NOJHHOME P.
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fMpumep 3. [lycts V (x)=2]|x|~% B L2 (R%). Torna —A-+V B cuay
TeopeMH X .28 (WM Teopembl X.ll) camoconpsxeH B CyIieCTBEHHOM
Ha C®(R%). C ppyro#t cropous, VEL},, u —A—V orpaHuuen
CHH3Y, HO He CamoCONpsikeH B cymecTBeHHoM Ha C? (RS) (cM. Teo-

pemy X.11 u npumep 4 B § X.2). Takum oGpasom, ycnosne V=0
B TeopeMe X.28 MNOJHOCTBIO HCKJIIOYUTH HEJIb3s.

Teopema X.28 monyckaer MHOrO Pa3/IMYHHEIX OOOOIIEHHI.

Teopema X.29. Ilycte V =V, +V,, tne V=0, V,€L* (R u
V,—orpaHHuYeHHBIH OTHOCHTENBHO —A ONepaTop yMHOXKEHHSA C
— A-rpanbio a < 1. Torpa —A -V camoconpsixkeH B CYIHECTBEHHOM
Ha C® (R?). B wuwacTHocTH, eciu V —rTaKoft onepaTop yMHOXeHHs,
4To V+=max(V, 0)€EL} u V_=min(V, 0)€LP+4L>, rtoe p=2
npd n<<83, p>2 npu n=4 u p=n/2 mpu n>=53, o —A+V
camocoNpsaXeH B cymectseHHom Ha C2 (R7).

Loxasamerscmeso. Tlocae nosropeHusA apryMeHToB Teopemel X.28
OCTaeTcsi TOJABKO NOKasaTrh, UTO €Cid (— A4V 4-b)u=0 (8B cMucCe
o6o6ieHHnX GyHKUHKH) U u € L2 (R?), T0 u=0; 3mpecb b—Gonbpwasn
KOHCTaHTa, KOTOpylo Mbi Bpi6epem HHXKe. Ilockonbky C7P (R*)c
cD(—A)cD({V,), umeem V,€Lj,; NOTOMy C NOMOILBIO Hepa-
BeHcTBa Karto nonyuaem anazor (X.38):

Alu|= (V+b) ]| =>(Va+b)|ul.

Taxkum o6pasom,

(—ATD)u| <—V,|ul. (X.39)
Temepsb, NOJNB3yACh $SABHBIM BBIPaKeHUeM AJIA SApa ollepatopa
(—A-+b)y~* (sapaua 50 ru. IX), moxHO yGeauThbCs, UTO OH fepe-
BOAUT INOJIOKUTENbHRIE 3jieMeHTHhl o (R?) B MOJOXHUTENbHbLIE, a IIO-
CKOJMIBKY 3TOT ONepaTOp CaMOCONPSXKEH, OH MepeBOXUT B cebsd H
MHOXKECTBO IIOJIOXKHTEJIbHEIX 3jemedToB u3 o (R”). Bosaee Toro,
nocKoabky V, orpaHnueH OTHOCUTENBHO — A,

| SVa (0w (0| F (0) de | < (comsty [ a o] (— A+ 1) £

tak uto V,|u]|—o6obmenHasa ¢yHKuUsA MemJeHHOro pocra. B urore
(X.39) maer

le)|<—(—A+D) W, |ul. (X.40)

Tak kak —A- rpaHb oneparopa V, Menbme !, MOXKHO BHOparth b
TaKHM, uto [|[(—A 4 b)"W, i< (a+1Y/2 < 1. Toraa, Bcuay (X.40),
Nul<I(—A+b) V. yud,

u noromy jul|=0.8
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TlpuBegeM 6e3 pmoxkasaTenbCcTBa TeopeMy, OGOOGINAIOIIYIO YacTb
tTeopeMbl X.11 Ha HelleHTpaNbHHMA cayuail. o

Teopema X.30 (Kanop-—Banevrep—IlIMunke-—Caiimon). Ilycts
V=V,+V,, tae V,€L”R") u V, €L*(R"\{0})10c, YZOBIETBOpSET
HEPaBEHCTBY

Vi(r)=—n (n—4)/4r2.

Torga —A-4-V camoconpsiker B cymecTBeHHOM Ha C® (R™\ {0}).

JoxasaTenbCTBO, HCIIOIb3YIOLIee HepaBeHCTBO KaTo, MoxHO HafiTH
B paboTaX, YKa3aHHBHIX B 3aMeYaHHAX.

Teopema X.29 pomyckaeT Apyroe J0KasaTelbCTBO, HHTEpPECHOE
TeM, YTO OHO ONHpaeTcsl Ha CJeAYIOWHE KpacHBHIA pe3yJbTar o
TMOJIOXKHUTENBHOCTH B L2-IPOCTPaHCTBAX.

Onpedenenne. Orpannuennnt onepatop A B L2 (X, du) HasEIBaeTcs
COXpPaHSAIIHM MOJOXRHTEIbHOCTh, eclH (A@) (x) >0 mouru Bciogy,
Korpa ¢ (x) = 0 noutu Bciony. [Toayrpynna {T (f)} naswiBaeTcs co-
XpaHAIOUIEH MOJIOXKHTENTLHOCTb, €CJAH TaKOBHI onepaTtophl - T (f) npu
Kaxaom ¢ >=0. :

Teopema X.31 (O3uc— Papu). Ilyers Hy—Takodl NoJOXKHTEND-
HBIH caMoconpsiKeHHBIHt omepatop B L?(X, du), 4ro moayrpynna
exp[—tH,] coxpaHser mnoJsoxuTensbHOCTb. IlycTs V-—omnepartop
ymuoxenusa u V> 0. llpeanonoxum, uro H = H,+V camoconpsaxen
B cymecTBeHHoM Ha D (H,)n D (V). Ilycrs W —onepatop yMmHOXe-
HHsl, OrpaHHYeHHBIH OTHocHTesabHO f1,. Torma W orpaHHyeH OTHO-
cuTeNbHO [f, mpuYyeM ecsH

IWl<al(Ho+b) 9]  npu Beex ¥ €D (H,),
TO
|Wy|<al(H+b)p|  npu seex H€D(H).

Horxasameascmso. TlpeanomoxuM, uto | W (H,+b)~1|<<a. [Tokaxewm,
4gTO

[W(H+b) < a.
Iockonbky exp[— tH,] coxpaHsieT NMOJOXKHTEJbHOCTb, 3THM CBOM-
cTBoM ofjafaeT (H0+b)‘1=ge‘“exp[— tH,}dt. Kpome Toro,

b
B cuay TeopeMbl Tporrepa, exp[—¢H]=s-lim (exp [—{H,/n]x

xexp[—tV/n])" coxpaHseT NONOXHTENBHOCTE, H notomy (A 4 b)~*
o6aajaeT TeM e cBolicTBoM. Jlanbiie Mbl JOKaXKeM (CM. Teo-
pemy X.55), uTo B cayuae, Xorja A orpaHuueH H COXpaHseT IO-

Jd0XuTeNbHOCTh, |AY|<{A|y| nmoroweuno ans Bcex . Ilo sToi
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HpPI‘-IIzIHC ceﬁqac Hy)KHO TOJIBKO JOKa3aThb, 4TO
FW (H+b) || < al¥|

Ans BceX Y. Ecau moxkasare, 4TO (IOTOYeYHO)

0 (H+b) o< (Hy+0) 1o (X.41a) -
aas BceX ¢=0, TOo orcoga 6yner cef0BaTh, 4TO (noToueuHo)
OSIWH+D)o<|W|(H,+b) e  (X.4b)

H
IW (H +6)=2 ||| < alb]
AJIg BcexX ).
Hrax, npexnonoxum, uro ¢=>0. Torpa, mockoaeky |e~sV|<C
H exp [— sH,] coXpaHseT NOOXHTEJBHOCTD,
e-sts (1 —e=7) >0,
Tax 4TO , :
0 < (e=sHog=sV) @ < g~ sHog, (X.42)

Urepupysa (X.42), mosyuaem
0 < (e~1Holng = tVin)yn g < g=tHog,

u B cuny dopmynsl Tporrepa
0<Le-tHp g~ tHog, (X.43)

" Hepagencrso (X.41b) BwmiBoguTcs u3 (X.43), eclu BHPa3HTh Olle-
parop (H +b)~! uepes exp|[— #H] ¢ noMouwplo HpeobpasoBaHus
Jlannaca. i

B xagecTBe ciefctBus TeopeMbl [IsBHca—®PapH moaydaem

Bmopoe OJoxasameascmao meopemsr X.29. B cuny Tteopembi X.28
onepatop — A -+V, caMoconpsxeH B cymectsesHoM Ha D (A) n D (V,).
Bonee Toro, exp[f{A] coxpaHseT MOJOXHTEJIBHOCTh, YTO CJeAYeT
u3 aBHOro Buaa axpa (I1X.31). Takum o6pazoM, HCHOJB3Ys YyCJO-
Busl TeopeMmel X.29 u teopemy X.31, moayuaem (-— A +V,)-orpasu-
yeHHocts V, ¢ (— A-+V,)-rpansio, Mesbieil 1, u 1o sro#t npu-
upHe (— A +V,+V,) camoconpskeH B CYIIECTBEHHOM Ha J060H

cyuiecTBeHHOH o6mactu ans — A4V, (reopema Karo—Pennuxa).
HepaBenctBo Karo MOXHO TaKKe HCNOJB30BATb AJAS H3yUeHHS

D(—A4V), xorga cymmMma —A--V omnpegelieHa B CMbIC/Ie KBaj-
paTHYHEIX ¢oOpM:

Teopema X.32. Ilyctb V=0 nexurt B L}, (R?). Ilyete H=—A+V
onpejeseHO KakK cyMmMMa KBaJApaTHuHeiXx dopm. Torzma D (H) paBHa

{9 €L2RY VP € Lles (—AQ+V),. 6. €L7%, (X.4)
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riae (—Ap+V@), 4, —o0606mensHas GyHKnua f — S o (— AP+ S (ch) f-
Bonee toro, Hp=(—A¢+V@)o.4..

Hoxazamerscmso. Tlycte T —omnepaTop ¢ 06JacTbl0 ONpefeseHHs
(X.44) u To=— Agp+-Vo. Tlpexae Bcero MH yTBepxKAaeM, 4TO T
pacwupsier H. JlefictButesbHo, nycte Q€D (H) <= Q (H) =
=Q (—A)NQ (V). Tlockoabry ¢ € Q (V), HmeeM |[V]r2p€ L2, a no-
CKoabKYy |V |¥/2 € L{,., MbI 3akmouaeM, yTo Ve € Li,.. Boaee Toro, H:
F . — F _, coBnagaer ¢ — AV, onpejesleHHBIM B CMBIC/IE 0606-
WEeHHBIX (GYHKNHH, M03ToMy B CHAy mnocrpoenus D (H), mnposenen-
Horo B Teopeme VIII 15, Hp=(—Ap+Vo)€L? T. e. €D (T) n
Ho=Tg.

IMpeanonoxum tenepsb, uto 1 € D (T). Ilockonwky H camoconps-
KeH H T0JOoXHTeJeH, MoXHO Ha#ith ¢ €D (f) co cBoiictBoM
TH+1)n=H+1)p. Hyers y=n—¢. Torga 6Gaarofaps TOMY,
yto T pacwupser H, umeem (T +1)¢p=0. Tak xak €D (T), To
— Ap=Typ—V=(—$—V) € L},.; N03TOMY NPHUMEHHMO HEPABEH-
cTtB0 KaTo, koTopoe paer

Al = (sgny) (b+Vp) = +1)[$[=0
Kak u npu pokasartenbcTBe TeopeMbl X.28, orcioga ciaepyer, 4To
Y =0. Takum obpasom, n=¢9 €D (H), 1. e. D(T) <= D (H), u mo-
Ttomy T=H. 8

Tenepr o6paTuMcs K NpHJOKEeHHSM HepaBeHcTBa KaTo x onepa-
Topam lllpenuHrepa cucTeM B MAaTUHHTHBIX NoJsx. llpexnae Bcero,
HaM HyXeH 6ojee OOLIMH BapuaHT 3TOro HepaBeHCTBA:

Teopema X.33. Tlyetb a,(k==1, ..., n)— BeleCcTBeHHO3HAYHbIE
¢yskoun u3 C'(R”). Ilyers D,—onepatop Ha %’ ciaeaymwouiero

BHJA:
A 1 aT

DkT:TW—akT
u D*=3'D;. Toraa anas mo6oii ¢yHknuu u € L}, Takol, 4To
D2y € Li,, CIpaBelnBO HEPABEHCTBO
Alu|Z=-—Re[(sgnu) D2u]. (X.45)
OCHOBHYIO [OIOJHHTEJBHYIO HAEI0, HYXKHYIO IS A0Ka3aTeAbCTBA
TeopeMbl X .33 nocje TOro, KaK Yy»Ke JoKasaHa TeopeMa X.27, naer

caeayomas
Jemua. B ycnosuax Teopemsl X.33 pyHKIUH Au U Yu mexaT B Li,.

Hoxasameasscmso. HyxHO TOMBKO NoKazaTh, uTo Au, Vi JIOKaJIbHO
aexar B L' okoso x=0. Ilycts f—¢yuknus u3s Cy, TOXIECTBEHHO
paBHast 1 okono Hyas:. Torja ¢ NHOMOINBIO $IBHOMO BBIYHCJAEHHA

nosydaem
(_L\+l) (iu)=h1+V°h29 (X-46)



4. Honoxmcumersrocms u camoconpsxcennocnie 11 213

- rne
hy=fD% 4 (Af) u4-if (V-a) u—2i (Vf)-au+ (@®+ 1) fu,
h, =2ifau—2 (Vf) u.
BaxHO TO, YyTO B cH1y ycaOBHH TeopeMsl h, €L, h, € L* u fu € L2

B wurtore Bce ¢yrHKuHM B (X.46) naexar B &’ (R"). [lockonbky
(— A1) o6patuM Ha &, OH o6paTHM H Ha ', Tak 4TO

fu=(— A1)t +(— A4+ 1)77-h,

Vfu)=v(—A+1)""h+V(—A+1)"1y.h,

Hanee, npeo6paszoBanne Pypre ¢pyuknun h, € L2 camo nexut B L2,
TakK 4TO -

Vi(—A+D)"tV-h,=F 1 (pi(Pz—l—l)-lij'ﬁj)
i

npuHanIeXHuT L, u6o p,p; (p*+1)"*€L>. Ilycts G; (x)— 0GoGuieH-
Has OyHKHusA, y Kotopoil G;(p)=(2m)-"2p,(p*+1)-1. Caenys
metonaM 3anaud 50 ra. 1X, MoxXHO nokasaTsk, 4To G, (X) HeNpepHIBHA
BHe x=0, sKCNOHEHIHANLHO yObiBaeT Ha GECKOHEUHOCTH H | G; (¥) | <
< C|x|™***(In|x|, ectu n=1). Takum o6pasom, G;€L? mnpH He-
KOTOpOM p > 1 u moTomy B cuay HepaBeHcTBa IOnra G;=h, € LP.
Mu BupuM, uto V (fu) Jaexut B Li, 4, chaemoBaTeNnHO, ViU € L},
_ OoKOJIoO Hyas, oTkyaa V-h,€Ll., Tak uro "B cuay (X.46)
—Au € L}
Hokasamenscmso meopemst  X.33. Tlpemnomoxkum cuawasa, 49To
u€C> (R*), u nycts us 3apano ¢ nomouipio (X.31). Torma (X.32)
¢ ydeToM paBeHcTBa Im (i (x) a; (x) u (x)) =0 naer
te grad, us = Re[u (x) (iDyu) ()], (X.47)
TaK 4TO
|grad u. | <<|Dul. (X.48)

Bepsa nuBepreHIuIo oT {X.47) H MOJAb3YysiCh COOTHOLICHHEM
0, [ (iDyu)] = (O44) (ID4h) + 1t (B (D)) =
=[(0,—iay) u] (iDyw) +u (3, —iay) (iDyu) =
=| Dyu [2*—uD}u,

ngJrydaeMm
Aug = —Re [sgne (u) Du]. ‘ (X.49)

Mpl npuMensau (X.48) Tax XKe, Kax B 0Ka3aTeJbCTBE TeopeMbl X.27.
Kak u B 5TOM J0OKa3aTeslbCTBe, INDHOMU3HM 3aJ2HHYIO 4 € Liy
¢ D*u €L}, ¢ynkuueit ub. TIlockonbky B cuay JeMMsl H3 4 € L,



214 X. Camoconpsasenrocmp u cyujecmeosarue Junamuri

u D2u € L}, caenyer, uto Au u Vu nexar B L}, MB 3aKJiouaew,
uyto D2u® — D?u B Lif,.. TakuMm ob6pasoM, (X.49) BeimosHseTcs AJS
no6oit GyHKNHM 4, YAOBJETBOPAIOUIEHR YCJOBHAM TeopeMHl, a (X.45)
caenyer u3 (X.49) npu e-—0. @

Teopema X.34. Ilycte a, € C* (R"). Ilycte V=V, +V,, roe V,, V,
VAOBJETBOPAIOT yciaoBUAM TeopeMul X.29. Toraa omeparop

% 1 .
H=—Y Ty Oy—ia)* +V

i=1
camoconpsixeH B cymlecTBeHHoM Ha C7 (R7).

Hoxasameavcmeo. Cnelys AoKasaTelbCTBY TeopeMbl X.29, NpuMeHHM
(X.45) Bmecro (X.30) u 3aMeTuM, 4YTO 4, K KOTOPOH MBI IPHMEHSEM
(X.45), mexur B L},., a He TOAbKO B Li. N

Ilpumep 4 (3pdext 3eemana). Ilycrs a(x)=%x>< B,, rze B,—

KoHcraHta. ['aMHJIbBTOHHAH N-SJIeKTpOHHOI‘O aToMa B IIOCTOAHHOM
BHeHNIHEM MAarHHTHOM IIOJie HMEET BH]

N
H—— 5 (0,—iNea <xo>(c)2—ﬁ 2. (@, +iea (/0 —

N

Ne? 1 e?
Z Ixn_x0|+2 Z (Xp—X%Xpm |

n=1 n=s=m

B cuny Teopeml X.34 H CaAMOCONpPS)XKEH B CYIIECTBEHHOM Ha
C;o (|R3N+3).

Mo:xHo 3HAauHTeNbHO OCAa6HTh YCJOBHS TJAAKOCTH, Hajaraembie
Ha a, ecJqu BHIGpaTL KyJOHOBY KaauOpoBKy, T. e. mnotrpe6oBaTh,
grobel diva=0 (B cMmbicie o0oOuweHHBIX ¢YyHKuUE). 3aMeTHM, 4TO
B 3TOM cJayuae :

D*u=—Au—2ia-Vu | a%u,
tTak uro D® MoxHO ompejenutb Ha C§ 6e3 BCAKHX NPEANOJOXKEHHH
O IVIaAKOCTH a; HYXXHA TOJBKO JOKa/1bHAaf NPHHAJJIEKHOCTL @ Ipo-

ctpaucTBy Li,. HonosHuresabHoe ycaoBie diva =0 BectMa o6uiuHO
Ana ¢usnyeckod JsuTeparypel. YToSHI NOHATHL [Mouyemy, AaBaiiTe

JeficteoBaTh GopMasbHO. Bo3pMeM A (x) u mosoxuM a =a--grad A.
3ameTHM, 4TO 3TO He H3MeHseT MarHuTHoro nonas B =rofa, 7. .e.

rota=rota. Ecau ﬁ=~(i0—5), TO
D =e-*Deit,
TaK 4To
e~ (— D2 4-V)eit=—D2 LV,
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TakuM o6pasom, — D?+V u — D*+V ¢opmanpHO YHHTAPHO SKBH-
paJIeHTHEI H KaJHOGpOBOYHOe INpeo6pa3oBaHHe ar—>a HE H3MeHsSer

MarHuTHoro mnoaf. Ecim XA He mnpuHajgaexutr C*, TO ——E2+V
MOXKET HMeTb B KauecTBe CBOeH CyuecTBeHHOH o6JaactH C2 (R3),
torfa Kak s — D*+V 3To MHOMXECTBO He ABNSIETCS CYieCTBeH-
HOH 06JacTbio (CKOpee YX TaKOBBIM G6ylAeT MHOXecTBO e (Cy)).
TakuM 06pasoM, HHTEPECYSCh CaMOCOIDPSKEHHOCTBIO B CYLIeCTBEeH-
HoM Ha Cg (R®), HyXHO OBITh TOTOBBIM K IepexOly K yA06HOM
kaau6poske. Pemias ypaBHeHHe B YaCTHBIX NPOM3BOAHBIX — AA =
= diva, Bcerna vMoxHO Hafith a ¢ diva=0, Tak 4To a u a cBs-
3aHBl KaJHGPOBOYHBEIM NpeoGpa3sOoBaHHEM.

Crenyloomas TeopeMa JOKa3hBaeTCS B OfHOH pa6oTe, YKasaHHOM
B 3aMedaHHAX.

Teopema X.35. Ilyctb V yjpoBieTBOpsieT yc/aoBHSIM TeopeMnl X.29.

T1peAnoIoXKuM, YTO a€ll.R", g=4,g>nundiva=0 (B cMBICTE
0606uieHHbIX pyukuui). Torpa onepartop

-—igl @,—ia)2+V

caMOCONpSIKeH B cyulecTBeHHoM Ha Cg' (R®).

X.5. KomMmyTaTopHas TeopeMma

Mwuorue (GakTel O CaMOCOTPSIXKEHHOCTH, OGCYXKIABUIHECH AO CHX
i0P, OTHOCH/IHCH TOJBKO K IOJYOTpPaHHYeHHBIM onepaTopaM H ¢op-
maM. Kpome toro, u B teopeme Karto—Pemnnxa u KJIMH-teopeme
CYIIECTBEHHO, YTO BO3MYILEHHS NOJOXHTEJNBHEIX ONEPaTOPOB, O KOTO-
pbIX B HHX HAET peub, NOJyorpaHHueHBl. B 3ToM pasgesne foKasbl-
BaeTCs HECKOJbKO TeopeM, MOJIe3HBIX IPH JAOKAa3aTeJbCTBE CAMO-
COMPAKEHHOCTH HeNnoJyorpaHHYeHHBIX ollepaTopoB. B xoHue pasnena
¢ NMOMOHIBIO 3THX TEOPeM H3ydaeTc [aMHJbTOHHAH, ONHCHIBAIOMMI
s¢dexT [drapka, T. €. raMHJIbTOHHAH aTOMA B NOCTOSHHOM JEKTPH-
YyeCKOM TMo.JIe. :

Xora onepatop A, caMOCONPSAXKEHHOCTb KOTOPOrO MBI XOTHM
YCTaHOBHTh, He 6yJeT NMOJyorpaHHYEHHEBIM, MBI 6YJeM NPeANoJaraTh,
YTO €r0 MOXKHO PAa3;JHYHBIMH CIIOCOGAMH OUEHHTH C MOMOUILIO BCIO-
MOraTe/IbHOTO CaMOCONpSAXEHHOro onepaTopa N, KOTOpbIfl noayorpa-
nuueH. Ha mnpoTsiKeHHH Bcero 3TOro pasfesa Mbl CUHTaeM, 4YTO
N>=17, u oGosHauaeM yepe3s 7% ,, n=0, =1, &2, ..., NoNoJTHEeHHE
O (N#/*) no nopme :

Tl =] N2 pj. (X.50)
TakuMm obpasoM, y Hac BO3HHKAaeT LIKAJa NPOCTPAHCTB ...DF,D
>%#,e1. .., OO6CyXnaBmasca B jgonojHeHun k § 1X.4 u Bnepshe



