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TakuM o6pasom, — D?+V u — D*+V ¢opmanpHO YHHTAPHO SKBH-
paJIeHTHEI H KaJHOGpOBOYHOe INpeo6pa3oBaHHe ar—>a HE H3MeHsSer

MarHuTHoro mnoaf. Ecim XA He mnpuHajgaexutr C*, TO ——E2+V
MOXKET HMeTb B KauecTBe CBOeH CyuecTBeHHOH o6JaactH C2 (R3),
torfa Kak s — D*+V 3To MHOMXECTBO He ABNSIETCS CYieCTBeH-
HOH 06JacTbio (CKOpee YX TaKOBBIM G6ylAeT MHOXecTBO e (Cy)).
TakuM 06pasoM, HHTEPECYSCh CaMOCOIDPSKEHHOCTBIO B CYLIeCTBEeH-
HoM Ha Cg (R®), HyXHO OBITh TOTOBBIM K IepexOly K yA06HOM
kaau6poske. Pemias ypaBHeHHe B YaCTHBIX NPOM3BOAHBIX — AA =
= diva, Bcerna vMoxHO Hafith a ¢ diva=0, Tak 4To a u a cBs-
3aHBl KaJHGPOBOYHBEIM NpeoGpa3sOoBaHHEM.

Crenyloomas TeopeMa JOKa3hBaeTCS B OfHOH pa6oTe, YKasaHHOM
B 3aMedaHHAX.

Teopema X.35. Ilyctb V yjpoBieTBOpsieT yc/aoBHSIM TeopeMnl X.29.

T1peAnoIoXKuM, YTO a€ll.R", g=4,g>nundiva=0 (B cMBICTE
0606uieHHbIX pyukuui). Torpa onepartop

-—igl @,—ia)2+V

caMOCONpSIKeH B cyulecTBeHHoM Ha Cg' (R®).

X.5. KomMmyTaTopHas TeopeMma

Mwuorue (GakTel O CaMOCOTPSIXKEHHOCTH, OGCYXKIABUIHECH AO CHX
i0P, OTHOCH/IHCH TOJBKO K IOJYOTpPaHHYeHHBIM onepaTopaM H ¢op-
maM. Kpome toro, u B teopeme Karto—Pemnnxa u KJIMH-teopeme
CYIIECTBEHHO, YTO BO3MYILEHHS NOJOXHTEJNBHEIX ONEPaTOPOB, O KOTO-
pbIX B HHX HAET peub, NOJyorpaHHueHBl. B 3ToM pasgesne foKasbl-
BaeTCs HECKOJbKO TeopeM, MOJIe3HBIX IPH JAOKAa3aTeJbCTBE CAMO-
COMPAKEHHOCTH HeNnoJyorpaHHYeHHBIX ollepaTopoB. B xoHue pasnena
¢ NMOMOHIBIO 3THX TEOPeM H3ydaeTc [aMHJbTOHHAH, ONHCHIBAIOMMI
s¢dexT [drapka, T. €. raMHJIbTOHHAH aTOMA B NOCTOSHHOM JEKTPH-
YyeCKOM TMo.JIe. :

Xora onepatop A, caMOCONPSAXKEHHOCTb KOTOPOrO MBI XOTHM
YCTaHOBHTh, He 6yJeT NMOJyorpaHHYEHHEBIM, MBI 6YJeM NPeANoJaraTh,
YTO €r0 MOXKHO PAa3;JHYHBIMH CIIOCOGAMH OUEHHTH C MOMOUILIO BCIO-
MOraTe/IbHOTO CaMOCONpSAXEHHOro onepaTopa N, KOTOpbIfl noayorpa-
nuueH. Ha mnpoTsiKeHHH Bcero 3TOro pasfesa Mbl CUHTaeM, 4YTO
N>=17, u oGosHauaeM yepe3s 7% ,, n=0, =1, &2, ..., NoNoJTHEeHHE
O (N#/*) no nopme :

Tl =] N2 pj. (X.50)
TakuMm obpasoM, y Hac BO3HHKAaeT LIKAJa NPOCTPAHCTB ...DF,D
>%#,e1. .., OO6CyXnaBmasca B jgonojHeHun k § 1X.4 u Bnepshe
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eefeHHas and n==0, 4= 1 B § VIII.6. Hanomuum, yro ecau n > 0,
t0o &,=D (N*?), u uro F_, MOXKHO OTOXJECTBUTb C F;.-

Tlpexnonoxum, 410 a (-, -)—kBajapaTHyHass ¢opma Ha Q (a) =
= D (Nr/2), ypoBJseTBOpAIOIIAT HEPABEHCTBY

la (e, ¥ |<clel.l vl (X.51)
Torma Jans xaxkioro ¢€5¢, cyulecrsyeT Takol c}e%’n, 4TO

a(g, $) = ¢ (V) mpu Beex Y E€FZ,. OroSpaxenue q)x-—>q) JHHeHHO
H OrpaHHYeHo, Tak uro A € ¥ (% ,, # .,). O6paTHo, moGoi omepa-
top A € Z (¥ ,, F£.,) nopoxjaer kBajpaTuyHyio ¢dopmy a (-, -) Ha
Q (@) =D (N™?), ynosaersopsiomyto (X.51). Conpsaxenuntt ¢ A
oneparop A* orpaHuueH u JAeHcTByeT u3 7>, B % ;. Ho, nockoabKY
., u F, ecrectBeHHO H3OMOpPdOHBI F£, W F_,, A* MoOXHO
eCTeCTBEHHEIM 06pa3oM pacCMaTpPHBAaTh KaK OFPaHHYEHHBIH OTe-
patop u3 %, B F _,. Eciu A =A%, Mpl roBopuM, 4YTO OIlEpaTOp
Ae Z (5, F_,) cuvmmerpuyeH. SICHO, UTO 3TO SKBHUBAJEHTHO
CHMMETPHUHOCTH COOTBeTcTByMOmed dopmul a (-, -).

Vves A€ Z(H,, ¥_,), moxuo onpefenuts [N, A] rax onepa-

Top U3 H,., B F_,~,, HeficTBylomuil no dopmyse
[N, AJo=N (AY)— A (N§), $EHpsa (X.52)

Kommyratop [N, A] npepcrasssier co6ofl orpaHHYeHHLIH ONepaTop
s #,.. B 9 _,_, TOCKOJbKY N —orpasHvdeHHEIH oNepaTop H3
Hopsa B H ,uu3FH _, 8% .., Ecmu [N, A]Y€F_,, 119 Kaxa0ro

‘pe‘%n+2 H
1IN, AlYl-, <cl$l., (X.53)

To, corsaacHo Teopeme 1.7, [N, A] npogo.xaercst 10 OTpaHHIEHHOTO
onepatropa H3 JZ, B F_,. B TakoM cjyyae 3TO NpPOAOIKEHHE MEI
no-npexHeMy o6o3Hauaem yepes [N, A].

Hakonen, umes na D (N7%/?) KBaapartHurywo dopMy a (-, +) HJIH,
yro TO Ke camoe, A€ YL (H,, F_,), ONpeiesnNM HA FL acCOUUHPO-
_BauHHIH oneparop A COOTHOLLEHHSMH

DA ={pye#nk, | Ave),
Ap=Ay, peDA).

B ofmem cayuae o6aacts D (A) me oﬁﬂsaﬁa 6bITb IJIOTHOR B 7,
¥ B 3anaue 34 onmcan omepatop A, y xotoporo D A) COCTOHUT
TOJbKO H3 HYJEBOTO BEKTopa.

Tenepr MBl MOXKeM cgOpPMYyJHPOBATH TJIaBHYIO TEOPEMY 3TOrO
pasnena. [danee (reopema X.37) MBI JOKaXKEM YHCTO «ORE€PATOPHBIHY
aHaJIOr 3TOK TeopeM:l. '
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Teopema X.36 (xommyTatopHaa Teopema). Ilycte N -—caMoconps-
xeHHBIA onepaTop u N Z=/. Tlpennosoxum, 4to A-—cHMMeTpHYe-
CKHH omepaTop, Jexawudl B ¥ (9 ,.;, FH_.), rae F£,—InpocTpan-
CTBO H3 IUKaJbl, cBA3aHHOH ¢ N. [Ilpeanonoxum emie, 4TO
[N, Ale & (% .i, ). Torpa

(2) AcconuupoBaHHEI omepaTop A IJIOTHO ompejeseH.
(b) D(N)=D (A) u ans scex P €D (N)
lAg]<c| N (X.54)

-(¢) Onepatop A camocompsxeH B CylIeCTBEHHOM Ha moGolt cyme-
CTBeHHOH o6JacTu onepartopa N.

Oas scHocTu cgopmynupyeM TeopeMy X.36 6e3 cCCHIOK Ha
wkany ,. :

Teopema X.36'. Tlycte N — camoconpsixkeHHul# onepatop u N> 1.
TlpennonoxuM, uTo a(-, -)—KBagpaTHuHasg ¢opMa ¢ o0G6IACTBIO
onpefenenusa Q (@) =Q (N), tak uto

@) la(p, @) | << | NV2@l| N2 p]| nnst Beex @, b € D (N/2).
i) la(Nd, ¢)—a (b, No) [<c,INV2@|N'2 | nns Beex @, b€
€D (N3/2).
Torxaa
(@, b’) Onsa Bcex $ €D (N) u Bcex ¢ €D (N1/2)
|2 o, | <cloll NI,
TaK 4To v €D (A), a(@, $)=(p, AY) npu Bcex ¢ €D (N/?)
u Avy ynoBnerBopsieT (X.54). '

(c) OnepaTop A caMOcCONpsKeH B CYIIECTBEHHOM Ha 060
cylmecTBeHHOH 06/acTH omnepaTtopa .

HauyHeM 10Ka3aTedbCTBO € ABYX OGLIMX JEMM O IIKaJdaX MPOCT-
pancTB. OGo3HaunMm HOPMY B Z (. ,, ) 4epe3 | - |, m-
Jdesmma ¥. Eciu A€ Z(H,, H) u [N, Al€L (H,, H.), T
Aeg(‘%n+2’ %m+z)-

Hokasameascmso. Ilycte $ €57, ,. Boobme rosopsa, NAYEF,.—,,
HO, nockoabKy A€ % (%, %, wu [N, A€ Z(¥#,, #,), nveeM
ANYEH nn (NAY—ANY) €S ,. B utore NAve€F, u
1AV |p=INApl, <IN, Al ¥l 1 AN, <
<[V, AL nl ¥+ 1A 2| N, <
SN, Allnym 14 L) § 0w 2
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TaK 4T0 A € L (FH 1o Fmso) ¥

1AL s, mee <INy All, w1415, B
Jdemma 2. Ecin A€ Z (., %-)) u [N, A]€eZ (., F_)),
To A€ L (H 19y F), T. e. D(A)DD(N) u cnpaseinueo (X.54).
Hokasamenrocmeo. B cuny nemmel 1, A€ P (FH s 9 .,). Hurep-

NONUpYa L (P 50 o)) v LAFH .1, %’_l) (CM nononuenne x § [X.4),
3akJouaeM, 4To A € L (H .y F2)- 11

Hoxaszamearocmso meopemsr X.36. B cuny JemMbl 2 BHTIOJIHAIOTCH
(a) u (b). Tlpeanosoxum, 4To AOKa3aHa CaMOCONPSKEHHOCTh B CYlile-
ctBenHom onepatopa A Ha D (N). Ilycts C—cyiiecTBeHHas 0671aCTh
onepatopa N. B cuny (X.54), A }C oA } D (N), Tak uto A camo-
compsi:keH B cyulecTBeHHOM Ha C M NYHKT (C) ToXe BHINOJHEH.
TakuM o6pa3oM, HYXKHO TOJBKO [0Ka3aThb CaMOCONDSIKEHHOCTb
B cyulectBeom A | D (N). O6o3nauum A [ D (N) uepes B u mpen-
NOJIOXKHM, 4To P € D (B*). Torn.a p=N"t¢y€D(N)cD(B). Brluuc-
JasgeM:

‘ Im(q), B*W)l— [i((p, B*p)—i (B*, P) |=
It (Ap, No)—i(No, Ag)|<<
<7“[N A]“+1’,—1uq)“+1\

< ] |(PU+1 ) ((P, \P),
rie c=||[N, A]].;, -, Takum obpason,
Im (@, (& B*+ic) ¥) = 5 (9, ¥),

NOCKOJBKY (¢, ) BEuleCTBEHHO H HeoTpHIaTenbHO. Cile/l0BATENbHO,
ecaH {(B* Ficyp=0, To (¢, ¢)=(p, N-1¢) << 0. Ilockoapky N~*
HOJIOXHTEJEell H ero sApo TpHBHAAbHO, Pp=0, T. e. Ker(B* 4z ic) =
= {0}, Tak uyTo B CHJY OCHOBHOI'O KPHUTEDHS caMOCONps:KeHHOCTH B
caMoconpsixkKeH B cymecTBeHHoM.

BaxHoe mnpu/oxeHue Teopembl X.36 OyleT oONHCAaHO B KOHIe
3TOro pasjeaa, a 3lech MBI PacCMOTPHM HECKOJBbKO IIPHMEDOB,
NOKA3bLIBAIOINX, YTO HEKOTOPLIE H3 YCJOBHH TeopeMbl HeJb3s ocJla-
6UTh.

fpusmep 1. Tlyete N=p*-+g* BHa L®*(R,dx), rae p=i~'d/dx, u
nycte A=p2+qg*—q*. llpumensas MeToawl JonosHeHus x § X.1,
MOXHO yOelHTbCH, 4TO A He CaMOCONpSI)KeH B CYIIeCTBeHHOM Ha
muoxectBe C7 (R), npeiacrasasmomem coboill cylileCTBeHHYIO 06JacTb
onepatopa N. Ho A u [N, A] npnaaanema’r FLAT sy FL ;). Taxum
_o6pasom, usuekc | B Z (% ,,, £ -,) cylecTBeH 1as Teopemnl X.36.
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IefictBuTenbHo, ecu B3ATb N = (p*+¢2)%, T0 A€ L (H . y» 1)
npu k>2, toraa Kak [N, A€ L (o, #-a) ¢ a=1+k~! (npu
HeueJiblX o Hafo OOPATHTBCA XK eCTeCTBCHHOMY OOOOUIEHHI0O 7).
Taxum o6pasom, 4= 1 B ycI0BHAX, HasnaraeMuX Ha [N, A], Heab3s
H3MEHHTDL JaXK€ YyTh-YyTh.

Hpamep 2. Tlycte H=p? 4 ¢* 4 ¢t. Onpegeaum ¢ () =
= exp[itH]gexp[— itH]. TlockoJNBKY ¢ caMOCONpsiKeH B CyIIeCT-
BeHHoM Ha & (R) n ¢*<CcH?, umeem D(q)>D(H)o>F (R) u ¢q
camOConpsiKeH B CylnecTBeHHOM Ha D (H). Haanee, exp [itH]: D (H) —
— D (f), u notoMy ¢ (f) Takxke caMOCONpsixKeH B CyLeCTBEHHOM Ha
D (H). Ho uyto MOXHO cKasaTeb 0 ¢(¢,)+g(#,)? C nomompio MeTO-
JIOB, H3JIOXKEHHBIX N0 TeopeMbi X.36, Ha 3TOT BONPOC OTBETHUTb He-
aerko. Ho g H41, tax ut0o g u ¢q(¢,)+¢g(¢,) nexar B
P (H .1, F_,), ecan Bbi6pats N =H. Boaee Toro, +i[H, q]=
=+2p<<2H+2, Tax uro u [H, q(t,)+¢q(¢,)] JeXHT Tam Xe.
B uTore Teopema X.36 rapaHTHpPYyeT CaMOCONpPSAXKEHHOCTb B CyllecT-
BeHHOM ¢ (¢,) +¢q (¢,) Ha J1060# cymecTBeHHOM o6aacT oneparopa f.

Ilpumep 3.Tlycts h(p, $) = (9, (p*4-¢*+ 8 (9)) P) Ha & (R) X & (R).
Tlockoabky 6(g) B cMmeicie ¢opM p?-orpanudeHa, KJIMH-teopema
rapaHTHpPyeT CaMOCONPSAXKEHHOCTh oOmnepatopa ff, OTBedawowero
dopme h. Tlyete p(¢)=exp[itH]pexp[—itH]. Tax xax [p, H]
BeJleT ce6s HEBAaXKHO, MBI He MOXeM HccaenosaTb p (¢;)+p (Z,)
MeToZioM TNipuMepa 2. OgHako onpelesidM AJaA KAXKAOH BellleCTBEHHO-

sHauHo#l yHknuu [ € Cq (R) dopmy
y@W=fO@pO)Vd, o VEQH).

dopma a; cHMMeTpHYeCKas H
lay @, D < S1F O |1 @, pemitHg)|dt <
<S§1F @l o, cHe 1 g)|dt<
<ch(e, ©) § | ()| dt =c}H* @) fx
o8 BceX @ € Q (H). ‘Hanee, ana ¢ € D (H?)
o (Ho, 9)—a, (9, Ho)=§ 1 (1) {(Ho, p (1) ©)— (@, p () Ho)} di =
=(t4 @ p R at=

=— (P (0. p ) @) dt.
B wurore
la; (He, 9)—a, (@, HO) | << ch (e, )] | <
LciH | |-
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ITo Teopeme X.36" cymecTByeT onepatop A,, oTBewaomuil popme ay,
KOTODHIH caMoconpsixeH Ha Jio6oH cyiecTBeHHOH obgactu ans H.
>

dopmasero A, = \' t f)dt. KoHeuHo, caM no cefe pacCMOTpPEH-
f M
-
HBI orepaTop He O4YeHb BaxkeH. I[JlaBHOe, YTO MBI IPOHJJIIOCTPH-
pOBaJIM,— 5TO BO3MOXKHOCTb JHOKa3aTeJbCcTBa [JSl BelieCTBEHHBIX

f €Cy (R) camoconpsaXKeHHOCTH B CYIIECTBEHHOM onepaTopa
B, = F (t) et Be-it dt

TpH YCJOBHH, 4TO0 =+ B<(cH. FIMeHHO TaKoe HOJIOXKEHHE BO3HHKAET
B KBAaHTOBOX TEOPHH NOJA (MUTepaTypHbIE CCBIKH CM. B 3aMeua-
HHAX).

Hpumep 4. CymecTByeT CBA3b MeXAY TeopeMoii X.36 H OZHHM
METOJOM pelueHHs OOLIKHOBEHHBIX JAH(p(epeHUHaJbHBIX YpaBHEHUH.
TlponnaiocTpupyeM 3TOT MeTOX Ha [pHMepe, KOTOPHI JIeErKo Moj-
JaeTcs H ApYyrum noxaxogam. lIpeanosoxum, 4TO MBI XOTHM PELUUTH
ypaBHeHHe

g(@)=F (q(9) (X .55)

JJsi BellleCTBEHHO3Ha4yHoH QyHKuuu ¢ (¢), rae F yupoBaeTBopseT
YCJOBHIO JIMMIIKHIA H HEPaBEHCTBY

|F(x)] <] x]. (X.56)

Tlpu 3afaHHBIX HAyaJbHBIX YCJOBHAX JErko J0Ka3aTh JOKAJIbHYIO
paspemamocTh (X.55) (cm. § V.6). I noxasaTesnbcTBa TIy106adib-
HOft pa3pelIHMOCTH MOJOXHUM p==¢, Tak uTo (X.55) mepemnuurercs
B BHje

q(t)=p(t)s (X.57a)
p (&) =F (q(8). (X.57b)

ITycte N (p, @) =p2+q* u N (=N (p(f), q ). Ilpeanonoxum,
yTo AaAsf Job6oro pewenus na [0, £,) Mbl ymeeMm JOKasmiBaTh oOrpa-
HHYeHHOCTb N (f) npu ¢{—¢,. Toraa c nNOMOLIBIO pacCyXkJIeHHA
0 MaKCHMaJIbHOM HHTepBaJe, NoJOoOHOTO NMpUMEHABIIEMYCH TNPH JOKa-
3aTeJbCTBe NpexanoxkeHus | B gomosHeHuu K § X.l, MOXHO NpoJo.-
JKHTh pellleHHe JO MOMeHTa f{,-+& H TakuM o6pa3oM 7okKas3aTb cymie-
CTBQBaHHEe rJobanpHOro peueHus. [a1a AOKa3aTeibCTBa OrpaHHYEH-
HOCTH N (f) TMOKaxeM, HTO

N (f) << 2N (). (X.58)
JelicTBHTE/NILHO, B cuiry (X.57) u (X.56) unMeem
N (£) =2pF (9) +2pq < 4| pq | < 2N (8).
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Hurerpupys (X.58), nomyusaem
N (¢) << N (0) 22,

Janum Ternephb hopMasibHOE JOKA3aTEJAbCTBO TOH YACTH TEOPEMBI
X.36, xoropas oOCHOBaHa HA 3THX KJacCHYeckHXx HieAx. [lpeano-
noxuM, 4to A, N YHOBJIETBOPAKT YCJAOBHAM TeOPeMBi, H NYCTh

A —caMoconpskenHoe pacwkpeHue A, ecaM TaKoe CYLIECTBYeT.
IMTycte YEQ (N) u
N (#) = (P, €4 Ne=ity).
Torna gopmarsto
N () = (e~ 1A, i[A4, N]e-&p) <N (1)

B cuany orpaHuyeHHocTH [[A, N|. 3to osHauaer, uTo exp[— itA]
ocraBaser obnacte § (N) HHBapMaHTHOH, a 3ToT (akT sBJAseTCA
OTIIPaBHOH TOYKOH JOKa3aTe/bCTBA CAMOCONPSKEHHOCTH B TeopeMe
VIIL.10. ManoxeHHble ¢opMa/ibiRe COOOpPaKeHHA MOXKHO IpeBpa-
THTb B JOKAa3aTeJbCTBO HECKOJIBKO ocjabieHHOH (POPMBI TeopeMbl
X.36 (cM. cCHIIKH B 3aMe4aHHAX).

Ilpu obcyxneHun >bdekra lrapka HaM NOHAaROGHTCA HOBHIH
BapuaHT TeopeMbl X.36. B cTapoM BapuHaHTe HaM HYXHB OBIIH
cBenenus o D (N®/2) uaun D (N¥) npu k2= 3/2. Ecin N —HenpocToi
orneparop, TO Ja)ke 33ajaya HAXOXKIEHHA KaKOH-HHOyIb CyImecTBeH-
Hoil o6Gnactu omnepatopa N* mnpu k2 >1 moxeT 0Ka3aThCA OYEHb
TpyAHoi. B TakoM c/yuae IoJie3HA CAeAYIOUlas Teopema, YCJIOBHA
‘KOTOpPOi#l BHIpa)keHEL Ha ONEpPaTOPHOM f3BIKe.-

Teopema X.37. Ilycte N—camoconpsixKeHHHI onepatop u N> 1.
ITycts A —cHMMeTpHYECKHH onepamop ¢ o6JacThiO onpeleneHus D,
clyxaueit cymecTBeHHOH. ofnacThio oneparopa N. Ilpeanouo-
KHM, 9TO

(i) Jdns HeKoTOpOH MOCTOAHHOH ¢ M Bcex @ €D

lAel<c|Ne|. (X.59)
(i1) Ins HekoTopo#i NMocTosnHOH d u BceXx 9 €D
(Ao, No)— (No, Ag)|<<d|NV2 gl (X.60)

Torma A caMoconpsiKeH B CyIecTBeHHOM Ha D W ero 3aMHKauue
CaMOCOTPSXKEHO B CYIIeCTBEHHOM Ha Jio0oH JpYyrod CyIecCTReHHOH
obaactu N.

Hokasameasemeo. B cuay (i) ob6/iacTe onpefiesleHHsl 3aMHKaHHA A
conepxut D (N) u ychoBue (ii) pacnpocrpaHsercs Ha Bce @ € D (N).
[ToBTOpsiA MOKA3aTeNbCTBO TeOpeMHBl X.36, Jerko IOKasaTh, 4TO
Ker (A* 4z id) ={0}, u rtaxum o6pasom JOKasaTh. C4MOCOOpSiKEH-
HOCTh B CymecTBeHHom omeparopa A. §
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YxaxeM Ha OJMH JOCAZHBIA HexocTaTOK Teopembl X.37. Iemao -
B TOM, 4TO HaM IPHILJIOCH NMPEANOJOKHTh onepaTopHyl N-orpaumu-
yeHHOCTh A, a He ero N-OrpaHHYEHHOCTh B cMbIcJe GHOpPM, KaK 3TO
6ei0 B TeopeMme X.36. Ha mnepewil Barzsif 3To 3aMeuaHue YJIHB-
JAsieT, TAK KaK KaKeTcsd, 4YTO B CHJY JemMbl 2 u3 ycJoBus (ii)
TeopeMbt X.37 u GoJiee caaboro yCJOBHSA

(i") Oas HekoTOpo# nocTosiHHOM ¢ H Bcex @ €D
[ (2, A9)|<c (v, No)

JoJXHO cJaepoBaTh (i). OmmnGka 3gech B TOM, YTO (ii) HECKOJBKO
orauyaercss oT ycaoBus (ii) Teopembt X.36°. [as Toro uToGmi
BHIIOJIHAJOCH MOCJe[Hee YyCJOBHe, HYKHO GblIO Gul TpeGOBAaTH Chipa-
peyiuBocTH (X.60) Ha MHOMKECTBE @, BKJIIOUAIOEM CYLIECTBEHHYIO
o6sacte gaa N3/2. Ho a priori nepeceuenune D u D (N3/2) moxer
6biTh HyJeBbiM. O6uAHO elie TO, 4TO (i) MO3BOJSAET PACNPOCTPAHHTD
(ii) Ha Bce ¢ u3 D (N) H, ciaegosartedbHo, u3s D (N3%/2), Ho (i)
TaxO0H BO3MOMKHOCTH He [aeT, TAK YTO HCIOJAb30BATH OJHOBPEMEHHO
(i) u (ii) Hep3si. B mo6oM cayyae npH AOKA3aTeJbCTBE CleAyomen
TeOpeMBl HaM MNOTpeGyIOTCS CHelHaJbHble COOGpa)KeHHS B HOJB3Y
cnpaseauBocTH (X.59).

Teopema X.38 (Papu—Jlasun). Ilycte V u W —BemecTBenHo-
3HauHble H3MepHMble GYHKUHH Ha R”, npuuem

V(x)=—cx2—d,
V € L}, (R™). Ilpeano/soxumMm, 4To

(i) CymecrByer mnotHas obaacts DD (— A)nN D (V) n D (W), neBo-
HHBADHAHTHAA OTHOCHTENbHO AEHCTBHA X, M —(0/0X; TaK 4TO
— A4V -+ W -+ 2cx* camoconpsxeH B CYUleCTBeHHOM Ha D.

(ii)- Onepatop —aA-+W 1npu HeKOTOpoM a < 1 orpaHuHueH CHH3Y
Ha D

Torga —A-+V -+ W camoconpsixeH B cymeéTBeHHOM Ha D.

Hoxasameavcmeo. B cuay (ii) u ycJoBuil, HajloxeHHHX HA V, MOXHO
BuI6paTb Takoe b, 4TO
N=—A+4+V4+W42x24-b>=1.

IMycts A=—A+4V 4 W. IlpoBepum (X.59) 1 (X.60) Ha D. B cMeicse
KBaJpaTHYHBIX GOpM HMmeeM Ha D

N2 = (A b+ 2ex%) = (A - b)? - dcxt + 2¢ (Ax® 4 x2A) + dbex® =
= (A4 b)* - dexe 4 dc D x, (A+b) x,+2 2 [x;, [x,, All=
i=1 i

= (A b)244c _Z:.xj (A+b+cx?) x;—4cn.
=
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" MeHss, ecan HYXHO, b, MOXHO JOGHThHCA, YTOOH A -+ b --cx? 6BLIO
=0, Tak 4TOGH

HA+8) [ <[ NI+ den P,
oTKyza caexayer (X.59).
AHajoruuHo, B cMeicje (X.60), nMeeM
+i[A, N]==xi[A—N, N]==i[—2cx?, A]=
=Fidc (X-V+ V- X) < 4c (— A +x2) <dN,
rJe Mbl BOCIHOJIb30BAaJIMCh HepaBEeHCTBAMH
—A+XFIiEV+VX)=>(VFXx2=0

=(—aA+ W)+ (¥ +exd)+ (1—a) (—A) +-cox2 >
=e(—A+x)—f.
Hrak, B cuay rteopemsi X.37, A camoconpsixKeH B CYUECTBEHHOM
Ha D.

Caedcmaue. T1ycTb 3a5aHbl BellleCTBEHHO3HAYHbIE H3MEPHMAIE (DY HK-
uud V, u V,, yIOBJeTBOpAIOUINE YCJIOBUAM

(i) V,€LP(R™), rne p=2 npu n<3, p>2 npu n=4 u p=n/2
npu n_=>=5.

(ii) Viz=—ex*—d aaa uexkotoprix ¢ u d; V, € L,..
~Torma —A+V,+V, caMoconpsxxeH B cymectBeHHoM Ha Cg (R7).

Horxasameavcmso. Tlycts V=—cx*—d. u W=V,+V,+cx?+d.
Torpa B cuay Teopemsl X.29 onepatop —A-+W 4V 4 2cx? camo-
conpsxeH B cymecTBeHHoM Ha Cj7 (R™), uGo V, orpaHuyeH OTHOCH-
TeqbHO — A, a V| +2cx? - d nonoxuTtenen. [Nanee, —aA -+ W orpa-
HHYEH CHM3Y AJjd Jio6oro a > 0. CienoBaTensHo, 1o TeopeMme X.38,
— A+ W 4V camoconpsixkeH B cymecTBeHHoM Ha Cg (R"). §

H

AmnajoruuHo, o6venutisasa TeopeMbl X.30 u X.38 c JeMMoii 0 NpHH-
LLMIie HeOoNpeAe]eHHOCTH, MOJyYaeM TaxKoe

Caedcmeue. Ecnu V(r)=n(d—n)r-¥4—cr2—d, 10 —A+V
camoconpsikeH B cyulecTBeHHoM Ha C§ (R™\ {0}).

Hpumep 5 (3ddext lllrapka). 'amMuabTOHHAaH aToMa B NOCTOSTHHOM
JIeKTpUYeCKOM noJie E, umeer Buj

N N
H=—§ll(2m>-1A,,—(2M>-1Ao~2%.‘ixo—,+
n= n=1 n

—}-2 2 —l—eIE ( 'ﬁl:x,,)

nse=m n=|\
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B cuny nepBoro caeacteus H camoconpmer B cymeCTBeHHOM Ha
Cy (R3V+3),

C novouibi0 pasBHUTHIX BBHIIE METOAOB MOXHO pacCMaTpHBaTh
SJeKTPUYeCKOe H MArHHTHOE TNoJis OJHOBPeMeHHO (CM. 3axauy 38).

X.6. AxanMTrnuecKMe BeXTOpbl

Kax ytBepkpaeT Teopema CToyHa, MeXAy CaMOCONPAXKEHHBIMH
ornepaTopaMd H HeNpephlBHEIMH OZHONAPaMETPHYECKHMH [pyniaMH
cyulecTByeT B3aUMHO OJHO3HAayHOE COOTBETCTBHE. IJTO HABOZUT Ha
MBICJIB, YTO B CJyyae, KOria CHMMeTpHyecKHH omnepaTop A oxHo-
3HayHO «oOmpejeasieTy rpynny, OH JoJKeH OHTb caMOcoNpsXeH
B cylecTBeHHOM. [lelicTBuTenbHo, Teopema VIII.10 noxasmiBaer,
yto ecau U (f)—HemnpeprlBHasg opgHomapaMmeTpHyeckasli yHUTAPHaA
rpyana, U (t): D{(A)—D (A) u U’ (¢) 9=iAU (t) 9 naa ¢ € D (A4),
To A caMoconpsiXKeH B CyIIeCTBEHHOM U nopoxiaer U (f). Haiinem
yCJIOBUS HAa CHMMETDUYECKHH oOrnepaTop, MO3BOJAIOIHE [OCTPOUTH
Takylo rpymnny. HauGosiee ecTecTBeHHBIH mNOAX0j K [OCTPOEHHIO

-4

U (f) —nonuITaThcs NPHAATh CMBICJA CTENEeHHOMY pApy 2 (itA)?/n!
n=0

Ia MJIOTHOM MHOXeCTBe BeKTOpoB. OTMeTHM, YTO 3TO HaBepHSKa
MOXHO cCxeJlaTh, eclu A camoconpsiKeH. [lefiCTBUTeNBHO, IMYCThb
{Eq}—cemelicTBO cieKTPa/JbHBEIX 1POEKTOPOB onepaTopa A. Torza Ha
KaXjaoM noanpocTpaHcTBe E[_u, M3 omnepaTop A orpaHHueH H

20 (itA)*/n! cxoguTca 1o HopMe K exp[itA]. B yacTHOCcTH, ans
n=

Jioboro ¢ &€ U E[..M M]
M>0

N
E (# 4) ——@—exp[itA]e.

[TockosBKY MlioE['M’ M3 TJIOTHO B F7, MBI BHHM, 4TO Trpynna,

rnopoxgaeMass CaMOCOIIPAXKEHHBIM ONEepaTopoM A, NOJHOCTLIO ornpe-
. ©

gensieTcss geficteueM psza 2 (itA)*/n! Ha NIOTHOM MHOXkecTBe. Mui
n=0 .

noxaxeM o6paTHOE, a UMEHHO: ecJiH A — cuMvieTpuyecKuil oneparop,
06/1aJal0mKH [IJIOTHEIM MHOMXKECTBOM BeKTODOB, K KOTOPBIM MOXHO

O
oY .
npumenuts pax 2, (itA)rn!, 10 A CAMOCOIPSKEH B CYLIECTBEHHOM.
n=0
CHavaJsla HeCKO.IbKO oflpegejaeHui.

Onpedesenne. Ilyctb A—onepaTop B ruab6EpPTOBOM MPOCTpaH-
0

c1tBe F7. Muoxkectso C” (A)== 1 D (A" ua3bIBaeTc MHOKECTBOM
n=1



