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Teopema X.40 uMeeT pBa CJEACTBHSA, NOJOGHBIX CJEACTBHAM
reopeMbl X.39.

Ilpumep 5 (CaMOCOTPSKEHHOCTb B CYUIECTBEHHOM onepartopa H=
== (—d?/dx? 4 x%)/2 + x*/4; TpeTbe NOKa3aTeJbCTBO). B 0603Hauenusax
npumepa 2, H=ATA{ (At4 A). Ilyctb ¢, eCcTb n-1 GYyHKUHA
DpMHuTa. Bripaxenue nas H* comepxur 17% uneHOB, KaxAwi H3
KOTOPBHIX €cTh IpoH3BefleHHe He OoJiee ueM 4k onepatopoB At uau A.
[TosTomy c momoubio (X.61) monyuaem

| H*, | << 1T% (n+ 1)1/, . . (n+4k) M3 < 17528k (k)R

TakuM o6pas3oM, PYHKUHH DpMHTa 06pPa3’ylOT TOTAJbHOE MHOMKECTBO
NIOJIyaHAJIHTHYECKUX BEKTOPOB omnepatopa H, paccMaTpHBaeMoro Ha
& (R). CaenoBartesibHO, B cHIy Teopembl X.40, H camocompsikeH B
cymecTBeHHOM Ha o (R), H60 sICHO, YTO OH HEOTpPHIATEJIEH.

Ilpumep 6. C nomoumpio Teopembl X.40, Mojo6GHO TOMY KaK 3TO CJie-
JIaHoO B NpHMepe 4, MOXKHO J0Ka3aTh, yTo Npobiema MOMEHTOB CTHJIb-
Theca HMeeT eJIHHCTBeHHOe pellleHHe, Korja |a,|<<CD"(2n)! upu
HEeKOTOPHIX TocTosAHHEIX C U D (cM. 3amauy 25).

X.7. CsobBopHbie KBaHTOBAHHBIE NONA

Ksanmosarue —smo mucmurxa, HO SMOPUYHOE KEAH-
mosarue — 3mo PyHKmop.

3. HEJIbCOH

B § IX.8 Oburn omucaHbl akcHOMBI BaliTMaHa A1 OfHOro CKa-
JSIDHOTO KBAHTOBAHHOro noJisi. B 3ToM pasjese Mbl TPOJOIKHM
o6Ccyx¥IeHHe KBAaHTOBOH Teopuu noJist. CHauajna Mbl BBeJeM a6CTPaKT-
Hoe cBOOONHOE MOJe H HCMNOJb3yeM ere IJf SBHOrO MHOCTPOEHHS
ceMeHCTBA INPHMEPOB, B KOTOPHIX OYAYT BHINOJHATLCA AKCHOMEI
BafitmMaHa; TouHee roBops, Aas Kaxaoro m > O Mbl TIOCTPOUM CBO-
GofHOe CKaJsipHOe mnoJie Macchl m. [IpH pasHbBIX m 3TH TEOpPHH He-
3KBHBAJIEHTHEl B TOM CMBbIC/J€, YTO He CYIIECTBYeT YHHTApHOTO OTO-
6paxkeHHs U3 ruAbOepTOBA NPOCTPAHCTBA OAHOM TEOPHH B THJILOEPTOBO
NPOCTPAHCTBO APYro#, NOJHOCTBHIO COX PAHSIOMIETO CTPYKTY PhI 110/I€BOMH
TEOPHH, T. €. BAKYyyM, Mojif H T. A. 3TH TEOPHH HE3KBHBAJEHTHELI
H B 6oJiee CHJbHOM CMBICJIE€: NOJS [PH PasHbIX M, B3ATbie B HYJe-
BOH MOMEHT BpeMeHH, peaslH3YIOT pasjHyHbie NPeACTABJEHHA KaHO-
HHYeCKHX KOMMYTAIUIOHHBIX COOTHOLIEHHH (CM. JONOJHEHHE K 3TOMY
pasneny). [lomumoO HOKasaTesbCcTBa TOrO, YTO BBINMOJHEHbI aKCHOMBI,
MBI JOKa)keM elle H CaMOCOINPSKEHHOCTb 3THX moJel. [JaBHEIM
HHCTPDYMEHTOM IoCJ/IelHero nokasaTenbcTBa 6yjleT Teopema o6 aua-
JUTHYECKUX BEKTOpax.

Kak scHO yxXe H3 caMoro HasBaHHS, TEOPHH CBOGOJHBIX mNoOJef
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ONHCHIBAIOT HEBR3aHMOAEHCTBYIOIHE YacTHLH. TeM He MeHee OHH
BaXKHEl, I[OCKOJBKY AEMOHCTPHPYIOT HENPOTHBOPEUHBOCTb aKCHOM
BaliTMaHa M TOCKOJbKY OHH CJAYyXKaT OCHOBOI Hauboinee ecTecTBeH-
HOro crocofa MOCTPOEHHUSI TEOPHiIl C B3aUMOJEHCTBHEM — TEOPUH BO3-
myulenuii. Bo BrOpofl uacTu 3TOro paspesna Mbl HauHeM oO6CyXKpe-
Hue mpocreifilleii TEOpPUH C B3aHMOJEHCTBHEM, a HMEHHO @*-CaMoO-
JeHCTBHS B JABYMEPHOM MpoOCTpaHcTBe-BpeMeHH. Mul BBejeM IIpoCT-
paHCTBeHHO oOpe3aHHbIH raMHJIbLTOHHAR [ (g) H [JOKaxKeM ero CHM-
MeTpuuHOCTh. Hakonen, ™Mbl BBemeM Q-IPOCTPAaHCTBO — HOBYIO
peanusanui0 npocrpaHcTBa Poka, koropoe wucmoansyeM B § X.9,
I'IE€ JOKaxKEM CaMOCONpsiXKeHHOCcTb [/ (g). Mbl He noBeneM neno
NOCTPOEHHSA TeOpHH B3aMMOAEHACTBYIOIUX MOJeH [0 TOro YpOBHH,
KOrfia Haj0 CHMMaTbh IIPOCTPAHCTBeHHOe o6pezaHue H MPOBEPATH
akcHoMbl BafiTMana, XOTS 3TO yXe cle/NaHO JJIs LeJO0ro psja Mo-
Jenell; CM. CCHIAKH B 3aMeyaHHAX.

HyCTb 7 —'—KOMnﬂeKCHoe rH1L6EPTOBO MPOCTPAHCTBO H &F (F)=

——69%‘"‘ (tne @ = @]f ) — npoctpatcTBo Poka Hag FZ, onpenenen-

Hoe B§ 11.4. Hama ueap—onpeaeiurb abcTpakTHOE CBOGONHOE IMOJIe
Ha & s (J7)— GO30HHOM MNOANPOCTPAHCTBE & (). Has storo Ham
HYHO BBECTH PsJl HOBBIX CeMEHCTB ONepaToOpoB H JOTOBOPHTBCS O
HOBOIi TepmuHoJgoruu. Ilycts f € 57 3aman. [lnsi BEeKTOpPOB H3 FZ™
Buaa 1 — P,X). . .Xnp, onpeneaum ortobpaxenue b~ (f): F'W — F'n-1

topmyJoii
b~ () n=(, ¥o) ("Ps@' . ®“pn)

Mo aunefinoctu b~ (f) pacnpocTpaHsiercss Ha KOHEUHBle JHHEHHbe
KOMGHHAIIMH TaKUX 7. IDTO pacliupeHHe KOPPEKTHO ONpPEeRe/eHO U
16= ) qi << F)al CrienoBaTesbHO, b~ (f) pacumupsiercss no orpa-
'HHUEHHOT'0 (C HOPMo#, paBHO#l [f}) orobpaxeuus us £ B Fn—v.
[Tockoabky 3TO crnpaBeaauBO /s BceX 7 (kpoMe n=0, aJs KOTo-
poro Mul onpeneasiem b~ (f)} kak oro6paxkenne F£” B 0), b~ ()
NpeJicTaBseT codoﬁ orpanuueHHnll onepatop us &F (%) B & (%)
¢ HopMo#i, paBHo# |j f||. Jlerko NpOBEPUTH, uTO b* ) == (b~ (f))* nepe-
BOJHUT KaxJoe Jf’t‘"’ B FZ»+1)  neHCTBYsSl Ha BEKTOPHLI-NPOHU3BEAEHHSA

10 NPaBHIY
b* () (0. - - Rb,) =RV, - . Q.

OtmeTuM, uTO oToGpaxkenue fr>b* (f) nunelno, a fe—b6~" (f) co-
NDSXKEHHO-AUHEHHO.
Tlycers S,—omneparopul cHUMMeTpH3allWH, BBeleHnble B § Il.4.

o5
Toraa S=(—B8n~npoemop 12 CHMMETPHYHOE MPOCTPAHCTBO doka

F (F) = CS VA =H" u 6yneM
HA3bIBATH JZ"”’ 7-4ac THYHBIM NOANPOCTPAHCTBOM NIPOCTPAHCTBA F ¢ (77).
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OrmetuM, 4to b~ (f) nepesomnt &, (¥#) B cebsa, a b* (f) —uer. Bek-
top P={P"|7a0 €F, (#). y xortOoporo ¥ =0 nas BCex, Kpome
. KOHEYHOr0 UHCIA™ 71, HA3BIBAETCS KOHEUHOUACTHYHBIM BEKTOPOM.
MHOXKECTBO BCEX TaKHX BekTopoB ofo3Hauum uepes F,. BekTtop
Q,=<1,0,0,...> urpaer cnennalJpHyio pPoJb U HAa3bIBAeTCH BaKy-
yMHBIM BeK'mpOM (MM OPOCTO BaKyymom).

[Mycts A—camoconpsixkenHbléi onepatop B F u D—o6nacrs,
rae 3ToT onepaTop CAMOCONpPSAXKeH B CyUECTBEHHOM. Mycts D,y=

={DEF, | p™ € OD nas kaxporo n}. Onpenenum dl (A) wa D, n FLP
BbI]Ja)KEHHEM

ARI®. . @ + IRAD. . R + - . + 1. . RIRA.

B § VIIL.10 6b10 pokasano, urto dI' (A) camoconpsixkeH B cyiie-
ctBeHHoM Ha D,; onepatop dI' (A) HaskiBaeTcss BTOPHUHbIM KBaH-
tozanuem oneparopa A. Hanpumep, nycre A=/. Torma ero
BTopHuHOoe kBaHToBaHHe N =dI' (/) camocOlpsXKEeHO B CyLIeCTBEH-
poM Ha F, u NY=ny aas awboro P& F. Onepatrop N Ha3H-
BaeTCHd onepatopoM udHchaa usactTuli. Ecau U — yHuTapublli onepatop
Ha J72, onpemeaum I' (U) xax yuurtapublil onepartop Ha &, (97), paB-
n

ueit QU npu cyxkenuun Ha F™ ans n >0 u eguuulle HA FL.
Ecnu  exp (itA)—HenpepbiBHAas yHuTtapmras rpynma Ha J7, TO
[ {exp ({tA))—rpynna, nopoxkapaemass omneparopom dI'(A), T. e.
[ fexp (itA)) =exp (itd T (A)).

Tenepb onpegenuMm Ha F, onepatop yHU4TOXKEHHA

a- (H=VNF1b- (). (X.62)

3TOT onepaTop HA3HIBAETCH TAK [0 TOH NPHYHHE, YTO OH [epeBOJUT
kaxpoe (12 1)-yacTHyHOe NMOANPOCTPAHCTBO B n-4aCTHYHOE NOAMNPO-
crpaHerBo. Jas mobeix P u n us.F

(VNF167 (N ¥, m)=(p, Sb* (HY' N +1n):
O1ciopa caepyer, 41O L
@ (MN*1F,=Sb* HVN+1. (X.63)
Onepatop (a~ (f))* HasbiBaercs onepatopom poxpmenus. O6a omepa-

topa, U a~ (f), u (@~ (N*F, 3ambikaeMnl; Mbi GyieM oOGo3Ha4aTh
HX 3aMbIKAHHS TMO-mpexkHeMmy uepe3 a~ (f) u a~ (f)*.

fpumep 1. Ecau ¢ = L2 (M, du), 1o, Kak mbl yxke Bumeau 8§ 11.4,

QL (M, du) =L (Mx M ... x M, duD. . .Ddp)
H
S{(Qrr (M, dw)) =L3(Mx ... x M, du®). . .®dw),

rae 12— MHOKECTRO GYHKIUUA U3 L2, HHBAPUAHTHBIX OTHOCHTEbHO
nepecTaHoBOK apryMeHros. Omneparopbl a~ (f) v a~ (f)* nefictByroT
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caeldylouHM oGpa3om:
@ (HP) ™ my, ..., m,)= )
=Vn+T{F(m)pnev(m, my, ..., m,)du(m),
M .

(@~ (f)*\p)(n) (my, .., my)= .
=(Vn)1 Zf(m)\p‘" DMy ey My o ey My),

i=1
rie m; Oo3HayaeT, YTO /M, HE COJEPKHTCH CPeAH apryMeHTOB (PyHK-
uun. Ecau A nelicteyer B L2 (M, du) Kak omepaTop yMHOMMEHHS Ha
BELLECTBEHHO3HAUHYIO (PYHKLHIO ® (M), TO

(dT (A) $)™ (my, .. ., mn>=( Yo (m»)xp‘"’ (Myy -y ).

=1

Nz (X.63) caeayer, uro mnoJaesoil onepatop Curana @Ds (f), om-
pefleleHHBI Ha F, paBeHCTBOM '

s ()= (@~ () +a” (),

cumMmerpuueckuii. Ha camom gene, kak Mbl Bckope YyBHAuM, Ds(f)
camoconpsxeH B cymecTseHHOM. OrobpakeHue u3 7 BO MHOMecT-

BO CaMOCONPHAKEHHBIX OMNEPATOPOB B & . (77), 2axaBaeMOe IPABUIOM

fr=@s (),

HA3BIBAETCS CHraJoBbiM KBaHroBaHuem Haa J7. IlonuepkHem, uTO
CHUra/jOBO KBAHTOBAHHE €CThb BElleCTBEHHO (HO He KOMNAEKCHO) JuHel -
HOoe oTOOpameHHe, TAK Kak [r~=>a~ (f) conpsiKeHHO-AWHEHHO, a
fr=a~ (f}* nunefino. B caenywomefi Teopeme ¢OPMYJHPYHTCS OC-
HOBHBIE CBOHCTBA CHIAJOBAa KBAHTOBAHHS.

Teopema X.41. Tlyctb F7 —KOMIIEKCHOE THJAbOEPTOBO MPOCTPaH-

¢TtBO U (D5 (-)— COOTBETCTBYIOLIEE CHTaJIOBO KBAaHTOBaHHe. Torjaa

(a) (camoconpsikeHHocTb). Has kamxaoro f € 77 oneparop Ds(f) ca-
MOCONPSIMEH B CYUIECTBEHHOM HA MHOXKECTBEe [, KOHEed1oyacTHd-
HBbIX BEKTOPOB.

(b) (uMKAMYHOCTL Bakyyma). Bektop &, BxoxauT B obmacTh omnpejge-
JeHHs BCeX KOHeuHbHX npoussefenud @Ds(f,)...Ds(f,), u MHO-
xecTBO {Ds(f;).. . DPs(f,)Q,|f; ¥ n NPOH3BOJIBHBEI} TOTANBHO
B &, (%)

(¢) (koMMYyTalUHOHHEE cooTHoWeHHus). [asa kaxaoro Y€ F,uf, g€F

Ds (f) Ds (2) $—Ds (g) Ds () =i Im (f, @z . (X.64)

Hamnee, ecan uepes W (f) o6o3HauuTh yHl/IpoHbll/l omnepaTop
exp (iDs (f)), 10
W (g =eiim -0k W (HW (9). (X.65)
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(d) (HenpepuiBHOCTh). Ecam f,—f B 5, To
WV{FE)b—W ()P ana Bcex P € &F, (),
Os(f)b— Ds (AP nas seex ¢ € F,.

) T U): D@s(f))— D(®s(Uf)) ans moboro yHHTapHOro omepa-
topa U Ha %, u ana b€ D (g (Uf))

FrU) s HTU)*¢=Ds(UNHY
npH Bcex [fEFL.

Hoxasameavcmeo. Iycte $ € F ™. Tlockonwvky Dg(f): Fo—F,, 10
YEC” (D5 (f)). Hanee, us (X.62), (X.63) u Toro dcakra, uTO

16~ (A l=]fl, crenyer HepaBeHcTBO
[a* () ... a* A<V a+1 ... Ve+klfFlvl
k paa

rae a* (f) obGoznauaer au6o a~ (f), mubo (a~ ()*. CrnenoBaTensHO,

[ @s (MFB 1< 252 (n+RD2[TI*]%]-

B cuay Toro, yto 2 t%2k/2 ((n - k)1)2/2| f|*/k! < oo maist Beex ¢, Bek-

Top P aHaJanqecxmi s Qg (f), a nockoabky F, miotHo B &, ()
¥ HHBapHaHTHO oOTHocuTeabHO gaefictBus Dg(f), To D4 (f) camoco-
npsi2KeH B cyllecTBeHHOM Ha F, (Teopema X.39).
JlokasaTeqbCTBO ITYHKTA (b) OCTaBJIsieM B KauecTBe 3ajayd 43.
Has JokasatenbcTBa (C) Mpexnue Bcero IMpoBEpseM, 4TO €CJIH
YEF,, TO

a= (P a- (@ v—a~ @*a~ D v={, 2. (X.66)

Orciona cpasy caenyer (X.64). Xora (X.64) u (X.65) dopmanbHO
3KBHBANEHTHB, HO camo Mo cebGe (X.64) He pgaeT COOTHOLIEHHS
(X.65) (o moBomy TOro, CKOJb OMIMGOYHBIMH MOTYT OEITH 3aKJIO-
_ YeHHsl, OCHOBaHHble Ha GopMaTbHOH 3KBHBAJEHTHOCTH, cM. § VIIL.5).
IlpuBeneM KpaTKuil BEIBOL paBeHcTBa (X.65) ¢ HCNOJMb30BaHHEM
crienHalbHEIX CBOHCTB BekTOpoB u3 F,.

Ilycts p € F£P. Torna

[Ds (D" Ds (@) <22V p+1 ...V p+n+m|f|*|g|™]b],
OTKYyZa CIIeLyeT CXOLMMOCTb pPsina 2 (@5 () Ds (2)™ \ph/nim!) tngm

npu Bcex ¢. [lockoabky \p—aHaJIHTuquKHH BEKTOD ISt D (g), TO
2((LCDS (@)™/m')b=-exp (iQs (g))P. Hanee, NpU KaXKIOM 72 BEKTOP
m

exp (iDg (g)) v Bxomutr B o6Gaactb onpegeneHus (Pg(f))?, Tak kaxk
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B Hee BXOJMT
Z (lst(g))’"

M
u Og(fHr Eo (D (g))*/m!)$ cxomurcs nupu M —oco. B wurore

OLleHKa

Z 1(Ds (/) Ps (g)™) Vi (rim < oo

nim!

nokaseisaer, uTo exp (i@ (g)) ¢ —aHanuruueckui Bekrop aaa D (f),
u notomy exp (iDg (f)) MOXKHO BBIYHCAATL C NOMOmMBbIO CTENEHHLIX
panos. Takum o6pasom,

ei(DS(f)ei‘sDS(g)w =§: {iDg ()" (iDs (g))m .

ntm!

AHanoruyHo, psn w

e-it?lm (F, g)/20 1 Ps U+ 8)qyy .

_ % 1 12 m . «

= ¥ (% me.e)" @ ¢+
n, m=0 :

aGconoTHO cxoautcs. Temepb mpsiMoe BbluKC/eHHe ¢ yueToM (X.64)
no3poJsieT jgokaszaTh (X.65) myTeM MOUYNEHHOro CPaBHEHHA CXOHf-
MHXCA CTeNeHHBIX PHAJOB.

a5 pokasarenbctBa (d) BO3bMeM Y € FZ W MPeAnosoxKuM, YTO

%
fo—f. Torna
|Ds ) o—Ds D SISV 2V EAT|f—F %],

tax 4to D (f,)p— D5 (). Takum obpasom, D (f,) cuabHO CXoO-
qutcsi kK Dg(f) na F,. [lockoabky F, ABJISETCH CymeCTBEHHOH
obnacteio anst Bcex Dg(f,) u Vg (f), Teopemnr VIIL.2I u VIIL.25
rapaHTHPYIOT cXOAUMOCTb exp (({Dg (f N k exp (1D (F)) P nas Bcex
V€ I (7). .
Ilna pokasaTeabcTBa (€) BO3bMEM TNEFH™ B BHEE 1=
=4, ... OV, Toraa
LW~ AOT U =T~ HU "X ...V ,)=
=FU) G U ) U Q... QU M) =
=(Uf, 1) (0. @ - .. @¥n) =0~ (Uf) .

[TocKONbKY MHOMKECTBO KOHEUHBIX JIHHEeHHBIX KOMGHHAUHH Takux 7
maotio B 7' u HopMa b~ (g) pasHa [g|, mnoayuyaem, urc
rOHYL- (T W) rt=b-(Uf). Hoo N u S xommyrupywr c¢ I (U),
nosToMy orcooja cpasy caeayet, yro I'(U)a~ (fyT (U) t=a~ (Uf)
Ha F,. B3AB conpsixkeHHble onmepaTopbl W Cy3WB HX Ha F,, OOJYYHM
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eme oaHo paBeHcTBo: T'{U)a~ (H*T(U)"1= (e~ (Uf))*. B wurore
TOOsNHT W) =D (UT)p past P € F,. YUuTbIBass caMoCOMps-
JKeHHOCTh B CYILeCTBeHHOM Ha2 F, onepaTopoB B JIeBOH H mpaBoOH
YacTAX 3TOTO pABEHCTBA, 3aKJ/KOYaeM, 4TO

TUOs(HT W) =DsU). #

Bynem panees ucncsab3oBaTh craphiii cumBoa @ (f) nis obosHa-
teHHA 3aMblkanusa omeparopa Dg{f).

Teneps MO:HC BOCHOJI530BATBLCS CHraJIOBHIM KBAHTOBAHHEM IS
onpeneseHnss CBCOONHOrO CKAJSPHOIO 3pMHTOBA TMOJS MAacChl .
Bosbmem % =1L*(H,, dQ,), rge H,, m—>0,—maccoBui runep6o-
aouf B R cocrosmmil u3 Tex Touek p €RY, AT KOTOPHX p-p—
—m?=0, p, >0 u Q,—JopeHu-HHBapUaHTHas Mepa (OmnpejeeH-
Has B § 1X.8). [lnsa kaxknoro | € & (RY) onpenenum Ef B 2 bopmy.Joi
Ef=V2nf{H,, rae {Tonbkoc Ha NpOTSKEHHH 3TOrO pasjesa) mnpe-
cOpasosanue Dypbe

Fp) =z § €% () dx
onpefieIeHO B TEPMHHAX JIODEHI-HHBAPHAHTHOTO BHYTPEHHEro Npous-
BefieHHs p-X. [IpUUHHA TIOSBJEHHS JOTOJHHTENBHOTO MHOMHTEJ s
V2% B ompenesenun F M 3HAaKa IUIOC B ONpeJeNeHHH npeobpaso-
BaHHa Dypbe COCTOMT B TOM, YTO NpPH TAKHX OMpPENEJEHHSX BeNH-
suHa V 2nf pas o6oGuennbix dynknuii [ Buaa f (x) =g (X) 6 (£)
ABJAETCH OOBIUHBIM TpexMepHbIM mpeobpasoBanueM Dypre PyHK-

nuu g. Ecaum @y (-)—curagoso xsanToBanue Hapg L®(H,, d?,),
MBI II0JIaTaeM

@, () =Ds(Ef) (X.67a)
s Kaxpol eewjecmeennosnaunol [ €& (R*). JIasi npousBONbHOH
dbyukuuu f €F (R*) Mbl nosaraem

(Dm A\ I =0 (Qe f\ m \1m f) (X 67b)

Oro6paxenue [—= @, (f} wuaspiBaeTcs <BOGOAHBLIM DPMHUTOBBIM CXa-
SEPHBIM TT0JIeM MACCH 171,
Ha L*(H dS?JU,,,) 32RaJMM SUle CaeAVioulee YHHTAPHOE NPeACTaB-
AeHue COSCTBEliHGl vpynne Jlyadkape:
Unla, 3)b) (p) =P 29 (A1p), (X.68)

rre A o6o3HayaeT Kak 3/eMeHT abCcTpakTHOH cOGCTBEHHOH rpymiiHl
JiopeHua, Tak ¥ COCTBETCTBYIOWMH 3J€MEHT B €e CTaHAapTHOM
upeAcraBaenun Ha R*. Kax u npexne, 7, 6y,ueT o603HayaTb MHO-
JXECTBO KOHEWHOYACTHYHBIX BEKTOPOB.

Teopema X.42. YerBepka
<gs{.L2(Hmv dgm))r P(Uﬂ'() '))1 (Dm(-), Fo>
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yLOBJeTBOpsieT akcuoMaM BafiTmana. [laJee, Jnsi kaXkao# GYHKIHH
€& RY)

@, (O*+m¥ f) =0,

rae []2==0%/0t2— :

Hoxasameascmeo. . Ilockonbky Mepa L, (-) HHBapHaHTHa OTHOCH-
tensHo #}, npexacrasnenne U, (-, -) rpynnel P} uva L2(H,,dQ,))
HeNpephLBHO M YHHUTapHO. I'Io onpe,u,e.neﬂmo, I‘(U,,,) eCTb CHJIbHO

HempephlBHasA YHHTapHas rpynna BHAa ®U (-, *) Ha FZP npu
aiobom n. Takum o6pa3som, F(U,,,)—YHPITapHaH rpynmna Ha
Fo(L?(Hy, d2,)), a nockonsky I'(U,) cuiabHO HempephiBHa Ha F,
OHa CWJIbHO HENpephiBHA Ha & ;. 10 JOKaskiBaeT CBOHCTBO I.

Jlast mpoBepKH CBOHCTBa P _HYXKHO [0Ka3aTb, 4TO HOCHTeNb
CIeKTpa yeTbipeXnapamerpuyeckoit yuurapuoii rpynnu I' (U, (a, 7))
JeXHT B TlepefHeM cBeToBOM koHyce. CHauaja 3aMeTHM, 4TO
L (H,, d,) yxXe fBjsieTca NPOCTPaHCTBOM CIEKTPaJbHOTO NPeICTaB-

aeuus ais U, (a, 7), u6o (m, Uy (@, 1) ) = S exp(ip-ﬁ)]n(p)lzdgm(p).
H

Tax kax I' (U, (a, 7)) r%’gﬂ’=&)um (@ Nnpu n€FK™ u n>0, 10
M T Uy (@ D))=

=§.. SeXP< (2 >-11>|n(p1, ---,pn)lgiI:Ilde(p,-)=

R* R*

= (eraap, (b),
Rl

n
rae Wy (S) =S ... S]n Py --0 P J? IIdQ,,, (p;). Tlockoanbky HocH-
}:‘pi eS i=1
Teqb Q, aexur BV, n 'V, —xoHyc, HOCHTeNb W, TaKXKe JEXHT B V .
Tanee, ecu P = {Pp'»}7_, — NPOH3BOIbHEIH BeKTOD B & ; (L2 (H ,, dRQ,,))
H p,—CNeKTpajbHas Mepa, Takas, 4To

(0, T (Un (@, 1)) = § e2Zdpy (p),
TO M¢=n§0!«tw(n,, tak kak I'(U,): &M —FH™.

Bexkrop 2,={1,0,0, ...} nuBapuanten otHocutensto ['(U (-, ))
u6o I'(U,), no onpeneneﬂmo JEeHCTRYeT TOXAECTBEHHO Ha JZ“”—
B L2 (H,,,, dQ,) HeT HeHyJeBblX BEKTOPOB, HHBAPHAHTHHIX omocu-
tenbro, U, (a, 7) npu Bcex a €R*, noaTOMy B ™ HeT HeHYJEBBIX

BEKTOPOB, HMHBAPHAHTHHIX OTHOCHTENBHO @U (+, 7). Tlockoabky
r,): #&m»— ™, eAHHCTBEHHbBIM HEHYJIEBHIM HHBAPUAHTHHIM BeK-
TopoMm B & (L2 (H,, dQ,)) aBasdercs Q, (4 BCe BEKTOPHl, OTIHYAIO-
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IIHECS OT Hero 4HCJIOBbIM MHO}KHTeJIeM) 3ro J0Ka3biBaeT CBOHCTBO 3.
CpoiictBo 4 HeMelJIeHHO cJienyer u3 omnpefenenus D,: @, (f) =
= Qg (Ef) nns BemectBenrwnlx f u O, (=D, (Ref)—{—zCD (Imf)
ISl KOMIJIEKCHO3HauHbIX f, H u3 Ttoro, uro Py (f): F,—F,. _
Ipeanonoxum, uro ¢,, $,€F, u f,—f€L (R®), npuuem f,
BellleCTBeHHO3HayHbl. Torja

~ L (Hp, d2y) | e
fo=Vonf, VHp——=—".V3af} H,=EFf.
Hs teopemnt X.41 (d) caxenyer, 4ro

(\pl’ CD (fn)‘pz)"'_’(\plv CD (f)\pz)

Orciofa, paccMarpHBas 1O OT[EJbHOCTH BellleCTBEHHYIO H MHHMYVIO
yactd f, MBl fOKaxeM NpHHALJeRHOCTh (P;, D, () ¥,) npocrpaHcTBY
&’ (R*), uro mact cBoiictBo 5

Ons JokasareJbCTBa NyaHKape-WHBAPHAHTHOCTH MOJISI 3aMETHM,
yro I'(U,): F,— F, u notomy, B culy Teopembl X.41 (e),
P Un(a, ) @p (DT (Unp @ M) 1o=

=T (U Os (EHT (Um) v =Ds (ULEN ¥,

ecau P € F, u f—BeulecTBeHHO3HayHas ¢yHkuus U3 & (RY). 3amena
nepeMeHHbIX nokasmiBaer, yro U, (a, A) Ef=E (Ka, A> ), Tak uro
ryv,@@M)oe,Hry, @, A)) 1=, (Ka, A> [). Tlockoabky o6e
yacTy 3TOrO0 pPaBeHCTBA JIMHeHHH IO f a I'(U,) — nunefinbiii orre-
paTop, OHO CIPaBeNJUBO U JJS KOMIJIEKCHO3HAUYHBIX f.

st foka3aresbCTBa MHKDONPHYHHHOCTH (JIOKAJbHOCTH) HYIKHO
noxasaTb, 4TO J1Js Bcex f, gEJ(lR*), HOCHTEJIH KOTOPHIX MPOCT-
paHCTBeHHO-of0oGHb, H Bcex P EF

@, (D, (g)w——CD,,, @) O, (NHwv=0. (X.69)

Tockoabky @, (-) JauHeiliHo, (X.69) pocratoyHo JoKasarb AJS Be-
wectBeHHO3HauBbX f U g. Ho rorma, B cuay (X.64),

[@, (D, ©p@]0=[Ds(Ef), Ps(EQ]Y=
= (i Im (Ef, EQ)Ls (1, a2,)) =

=<3;i [ G em—fee e, (p)>¢=
H!Il

o A (x—1) [ (9 g (3) dx dy) ¥,
rjge i ) i
Ay () =gz § (75— 40, ().

Hanee, A, (x) =A, (x; m*)—A, (—x; m?), u 13K KaK A, (x; m?) =
= fg(x?) ANA BceX NMPOCTPAHCTBEHHO-NMOAOOHBIX X (Teopema [X.48),
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TO suppA, c:l—/+ U (— ‘7+). B wntore

{§anc—)i@ewdzay=o,
oTkyga caenyer (X.69).
LlukanyHoCcTh Bakyyma oTHocHTeJabHO D, (-) HeMEmJeHHO caenyer
u3 Teopembl X.41 ((b) m (d)) m Toro ¢>axTa, 4970 06pa3 obsacTH
& (RY) npm orobpaxenun E nuoren B L2 (H,, dQ,) (3azava 44).

: . — T - 4
Hakosen, ecau f € & (R*), To (D2+m2) fp)=—1(p-p—m* [ (p),

TaK 4TO
E(D2+m)f)=
CaenoBaTelbHO, CD ((D2 +m?) f}=0 nna Bcex fE€F (R*). §

OTMeTHM, 4YTO, COIVIaCHO TIPOBEeJeHHOMY Bhbillle BHYHCJIEHHIO,
crnekTpasabHasg ¢YHKIOHA o B mnpeactaBieHun Yessrena—Jlemana
nasa @, cocpenoToyeHa B TOUKe m.

Kaaccuyeckasi MexaHHMKa Bcerja CJAYXHAa CTOJb MJOIOTBOPHOH
OCHOBOH pa3/MYHBEIX GHU3HYECKHX TeOpHH, YTO onucauue (PU3HUYECKOR
CHCTEMBI Ha S3bIKE ONpeNeJIeHHBIX «OTHECEHHHX K (PHKCHPOBaHHOMY
MOMEHTY BpeMeHH cTeneHedl cBOOORBI», IBOJIOUMOHHPYIOMHUX C Tede-
HHEM BpeMeHH, eCTeCTBeHHO H eJareabHo. Ceflyac MslI chejlaeM 3TO
i1 cBOGOLHOTO 1NOJisA, BBOAA 0Je, OTHECEHHOE K HYJIeBOMY MOMEHTY
BpeMeHH, H KaHOHHWYeCKH conpfAkKeHHHH eMy uMnyJasc. [loquepruem,
YT0 BHIGOP (QUKCHPOBAHHOIO MOMEHTA BPEMEHH pDEJATHBHCTCKH He
uHBapuaHTeH. [lo 3Toli MNpHYMHe NpOBEepKa pPeNATHBUCTCKOHM WH-
BapHaHTHOCTH TEOPHH B3aHMOJEHCTBYIOWUIETO MOJIf, MOCTPOEHHOrO
C MOMOILBIO BO3MYLIeHHS] CBOGOLHOrO NOJ A, ONHCAHHOTO B TEPMHHAX
nosie#, B3ATHIX B HYJeBOH MOMEHT BpeMeHH,— JI€/0 BecbMa Hemnpo-
croe. OTMETHM elle, YTO NPAMOH CBA3SH MEXIY KAHOHHUECKH CONPH-
JKEeHHBIM HUMIOYJAbCOM H PHU3NYEeCKHM HMIOYJbcoM P HeT.

Hauynem ¢ alcTpakTHOrO HOJAXOJA. FI4TIOMHHM, YTO <CONpPMKEHHE
Ha TrHIL0epTOBOM MPOCTPAHCTBE FZ—3TO CONPAXKEHHO-JIHHEHHas
usomerpua C co cBolicTBoM (2 =1/,

Onpedenenue. TlycTs §7 — KoMIJIEKCHOE THALSEDTOBO 1POCTPAHCTBO
H g (-)—cooTBeTcTBYIOmEE cHranoBc KsantoBanue. {lycts C—co-
npsaXeHHe Ha FZ. Onpenenuu JL"(-—</ E%]Cf =f}. A gaxmoro
fE€ T BBeneMm @ (f) =Dg (f) u nu (f) = @ {if). Crobpaxenne frs p (f)
Ha3bIBAETCS KAHOHMYECKHMM CBOGOALHIM NOMEM HAZ <7, £, a oToOpa-
KeHHe > 7 (f) Ha3bIBAETCA KAHOHAUECKY CONPHKEHHLIM AMEYAbCOM.
Mkl yacTo 6ynem onycKaTh <47, £ 4 OucaTh npeero $¢, eCJH HCNOJb-
3yeMoe CONpSXKEHHME H TaK ACHC. OTMETHM, 4TS MHOMKECTRO 3J1eMEHTOB
U3 FZ, DA KOTOPLIX ONPEJEIeHEl 0TOOpaKeHUS fims @ {f) U fr— 10 (f),
3aBHCHT OT conpsikenus C.

Teopema X.43. IlycTb J7 —KOMILNIEKCHOE TuiabBSEPTOBO [1POCTPaN-
ctBo ¢ conpaxenuneM C. Ilyete ©(-) H (-} —CCOTBETCTBYIOLIHE
KaHOHHYeCKHe moJss. Toraa
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{a) (i) Haa kaxporo f &%, omeparop @ (f) camoconpsikeH B cy-
uiecTBeHHOM Ha F. _

(ii) {o () |f € F} —xommyTHupyioee ceMefiCTBO caMOCONpPAXKEH-
HEIX ONEpaToOpoB.

(iii) Q,— uxkauueckuit BexkTop cemeiicta {@ (f)|f & #c}.

(iv) Ecau fn—%ff, TO
P(f)Y—o(f)p  ana Becex PEF,,

e90n) p — g0 Op  pas Beex P EF, ().

(b) CeolicTBa (i) —(iv) ocTaioTcsi cnpaBeNJUBEIME [pu 3aMeHe @ (-)
Ha 7 (-)

(C) ECJIK f: ge%c, TO

e(Hn@b—n@e()v=:i(f, g a1z scex YEF, (X.70)
£l (it (8) = g~ , Deint (Deio () X.71)

Hoxaszamesscmeo. YTeepxkneHusa (a) (i) u (iv) cpasy caenyior us
cootBercTBytomux cBoicTB g (-), NokasaHHHX B Teopeme X.41.
IloxasareJuCTBO yTBEp:KAEHUA (@) (iii) MBI ocTaBsAfeM 4YuraTenio (3a-
navya 43). Iloxawxem (a) (ii). Hnsa storo s3amerwm, yto H3 (X.65)
CJENYeT PaBEHCTBO

eite (N gls® (@) = g—its Im (f, Peiso (@ eite ()

rJle ¥CMoJb30BaHAa BeulecTBEHHas JuHeldHOCTL @ (.. Ecau f, g € %,
TO K3 M0JIfPH3aIHOHHOTO TOXKIECTBA CJELYET, UTO (f 8) =(C}, Cg)—
=(g, f), nostomy Im (f, ©)=0. B wurore exp (itp (f)) exp (isp (&)=
=eXxp ({s (g))exp (ity (f)) ansa Bcex s u . CienoBaresbHO, B CHAY
teopemul VIIL.13, @ (f) u @ (g) KommyTHupYIOT.

HoxasarensctBo {b) moxoxke Ha JxoKa3artejbCTBC (a). DOpMYJIE
(X.70) u (X.71) memensenHo BeTekaior u3 (X.64;, (X.65) u Toro
dakTa, uro Im(f, ig)=Re(f, @) =(}, g) npu f, g€ %’C a

‘Tenepb onpeneauM CONLSKEHUE, KOTOpoe MEI 5Y/J1eM HCHOJb30-
BaTh NPH ONHUCAHHU CBOGOAHOTO CKAAAPHCIO NOJAA Macck m. 3anu-
meM fE€L2(H,, d$,) kKak f{p,, B) U nOJO}KUM R[C OMNpelLeseHHIO
fo) (Pos D) [ (Po» —p). OrnveruM, ato C onpefeqeHc KOpPPeKTHC Ha
I2(H,, dRQ,), n0cKoabKy {p,, P> € H, TOrXa ¥ TOJALKO TCTAa, KOTrjla
{Pyy —p> € H,. ScuoO, urto C — gonpﬂx(eﬁue. O6031Ea4UM KaHOHH-
yeckue noJisA, oTBevawouime C, 1epe3 @ (-) H & (-} W LA BEMECTBEH-
HO3HaAYHHIX fEf([R‘*) TI0/I0KHM

©. (=0 (E]),

() =m @Ef), p=1z+m,
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M HPONOJIKMM 3TH noJasi Ha Bce & (R*) mo auHedHocTH. C MOMOHIBIO
OnepaTopoB a~ 3TH NOJS MOXHO NpPENCTaBHTb B BHIE

On () =575 {(a™ (EN)*+a CED},
T () =55 (@™ ED)*—a~ (CRED).

Tlpenynpenum uurTartess, 4yTO onepaTopel @ B NOCJEZHHX dopmy-
Jax OTJHYaioTCA OT ONepaTopoB, HaHOOJEE 4YacTO HCHOJb3YEMBIX NpPH
o6CcyNeHHH CBOOONHOTO MOJIfl, H YTO MNpaBUNBHEIM CBOGONHBIM KO-
JeM B INpocTpaHCTBe-BpeMeHH sBaserca @,, a He @,; HHKE MBI
NOKaxKeM, 4TO ¢, M T, NOJe3HH npu oOCyXAeHHH noJed, OTHeCeH-
HBIX K HYyJeBoMy MomeHTY Bpemenu. OrobGpaxennsa [+, () H
fr—m,(f) KoMmiekcHo JuHeHHH u @, (f), 7, (f) camoconpsieHb!
TOTHa M TOJNBKO TOrma, korna Ef € ..

Bnaropapsa npoekropy E Kaacc (yHKuuMH, Ha KOTODOM ompefe-
JIEHBI @, (+) U T, (-), MOKHO PACHIMPHUTH H BKJIOYHTH B HETO 06OOILEH-
Hele GyHKuUMH Buga O (f—1,) g (X4, X, X;), THE g€ (R®). B wacr-
HOCTH, €cu t, =0, g— BelecTBeHHO3HaYHAaA GYHKIUMSA H g— 06biuHoe
npeo6pasoBanne Pypre Ha RE, TO

(CES2) (p,, p)=Edg (p,, —p) = (2r)-1/2g (— p) = (2m)-V/2 g (p)=Edg,

T. e. £E(8g) u nE (0g) nexar B F.. CaenomarenanHo, @, (8g) u
n,, (8g) camoconpsxeHnl, ecan g€ < (R?) BewecrBeHHO3HayHa. OTO-
6paxenusa g—> @, (6g), g—m, (8g) no oueBHAHHIM NpPHYHHAM Ha-
3BIBAIOTCS MONSAMM, B3ATHIMH B HYJNeBO#i MOMEHT BpeMenu. Hauunas
C 3TOrO MECTa, Mbl JaJjlee B KAauyecTBe AapryMeHToB mnoJed @, (-) H
n, () 6ynem 6parp ToNbkO npobHule dyHKuWH BHAa §g M B cayuae,
Korga g €& (R3), Bmecto ¢, (8g) u m,(6g) Gymem mucaThb HpPOCTO
P,(g) m m,(g). Ecim f u g—BewecTBeHHO3HAYHEIE (YHKIHH M3
& (R?, 1o u3 (X.70) caenyer, yto mis Bcex Y EF,

(@ ()5 T (g)]xp:iﬂg F) 2 () p (@) $d2, (0).  (X.72)

Ona yno6crBa, a TakXe C LeJbI0 COrVIACOBaHHA HalIMX 06o3MHa-
yeHH# C OGWENpUHATHIMU, MEpENHINEeM MOJs, HOCTPOEHHBIE HAMH
B npocrpancrBe Poka, OTBeYalOLEM ONHOYACTHYHOMY MPOCTPAHCTBY
L*(H,, dQ,), B TepmMuHax mnpocTpaHcTBa ®OKa, MOCTPOEHHOTO H3
npoctpancrsa L2 (R®). Ilaa ynpowenus o603HayeHHH onpeneauM AJas
Kaxno# ¢yukuuu f€L?(H,, dQ,) oneparoph

at(l=@ M a)=a" ().

[Tpexne Bcero oTmeTuM, 4to Kamiaa dyuxuusa f(p) € L2 (H,, dQ,)
ecTecTBeHHBIM oOpasoM 3azaer ¢yHKuuio f(P)=/f(u (p), p) Ha R3.
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Ana kaxnoh fe€L®(H,, dQ,) nomoxum (Jf) (p) = (u (), P)/V 1 (p)-
[Tockonbky J—yuutapHoe oToGpamenne L2 (H, dQ,,,) Ha L2 (R3),

10 I' (/) —yHurapHoe oroGpaxenue &, (L (H,, dQ,,,)) Ha &, (L? (R9)).
OnepaTopsl yHHYTOMEHHS M poxnenus a(-), a' (-) B &, (L? (R3))
CBA3aHHE ¢ a(-), at (-) cooTHOEHHAMH

~(_f®) \_ -1
a(Vm) ra@T ),

at <V£"l_>=r(1)a+ ¢ T (J)-
C nomoueio yHutapHoro otobpamenus I'(J) Msl nepeHeceM moJs
Baittmana B & (L® (R®)), moJaras

O, (H=T () PCu()T (J)~* =

=VL7 {Zi (‘ V_) tat < = >} ?Jéﬂdolz%LBfCTBeHHOBHa‘{HbIX

P (D =T () @u (T (J) "1 =
=L E({) £ (f9) I/ BeuieCTBeHHO3HAYHBIX
reie (V) e ()b Fev e,

rae C=JCJ~* peficteyer no npaBuay (Cg) (p) =g (— p). Ycmarosus
amo coomgemcmeue, Mol anpedsv 6ydem onyckame ~ u He 6ydem uc-
noasv3o8ame SCUPHLLL wpu@m; panee Ml GyaeM HMETh JEJ0 TOJbKO
- ¢ nmonaMH B & ¢ (L*(R%) M TOABKO C TpeXMEPHHIMH HMIYJbCAMH.
Kpome Toro, HanoMHMM, YTO CY:KEHHE YETHIPEXMEPHOro npeobpaso-
BaHHA CDypbe, KOTOpPHIM Mbl MNOJIb3OBAJIHCE B 3TOM pasjesie, Ha
¢yuruMu BUpa 6 (x,) g (%4, X,, X,;) naeT o6bIYHOE TPEXMEPHOE npeobpa-
soBanne @ypbe. OTMETHM eille, YTO

f=«h-,
nostomy Cf=/f TOorza u TOJbBKO TOTJa, KOTJA [ BellleCTBEHHO3HAYHA.
Jas BemecTBeHHO3HAUHHIX f M g paBeHCcTBO (X.72) npeBpalaeTcs
B COOTHOILIEHHE

(@0 ) T @1=0§ F (0) & (x) dox, (X.73)

KOTOpOE fABJSETCH KAHOHHYECKMM XKOMMYTAUHOHHBIM COOTHOIICHHEM
(KKC) nag npocrpanctsom UlBapua. B nonosHeHHH K 3TOMy pas-
Jeay DOKasaHo, yTo g Kaxnoro m > 0 npenctasaenne KKC, ompe-
nensieMoe MNOJAMH @, T,, HENPHBONHMO, a NPEeACTABJECHHS, OTBe-
YAIOlIKe pa3HBIM M, He3KBUBaJEHTHH. Takum o6pasom, 1osisi B Hy/1eBOH
MOMEHT BpeMeHH B TEOPHAX CBOGONHHIX CKaJAPHHIX MoJel mopo-
xpaor pasnuyHeie npeiactasaeHHs KKC.

B kauecTBe mocsieiHell TeMbl, nepen TeM Kak NepefiTH K B3aHMO-
NeACTBYIOIIMM MNOJIAM, NOKaxeM, KaKHM 00pasoM pasBHTHIA Bhbllle
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dopManu3M CBfi3aH C (HOJAMH» H «ONEpaTopaMH pPOXKIEHHS H YHH-
4TOXEHHA», BBOXUMBIMH B pH3HUYeCKO# suTepaTtype. CHavasa NoJM0KHM

De={$[pEF, P™ESF R*) ana seex n}

U aiasa Kaxioro p€R® onpemenum onepatop a(p) B &, (L? (R?)),
3ajaB ero QgopmyJaoi

@@E) PP (kyy ooy k) =V RFTH0 (0, By, oo, k) (X7

Ha Dg . ConpsxeHHBIH K a(p) onepaTop He fBJsieTCs MJOTHO ompe-
JeJIeHHBIM, MOCKOJIBKY (POpPMaJ/JbHO OH 33aJaeTcsl COOTHOILUEHHEM

@ (PO oy, .., k)=
1 n
= ﬁ;i S(p—R) V"V (ky, ..., kg, Rysqgs -y Ry (X.7H)
Onnako a' (p)—KoppeKTHO onpemesNeHHas KBajapaTHuHas ¢dopma Ha

De xDg. Hanpumep, ecau ¢, ={0, v, 0, ...} u 9,={0, 0,
11’(2): 0, ---}, TO

(P, at (p) ) = -V—‘E- f D (5y,p) Y2 (k) + 9 (0, fp) Y (y)) dk,.

YnuTaTesb JIETKO NPOBEPHT, YTO (HOPMYJIL!

a(g)= Rg a(p) g (—p)dp, (X.76a)
at (g) = R& at (p) g (o) dp . (X.76D)

cnpaBelJiUBH AJs1 Bcex g&EJF (R®), ecanm 3TH paBeHCTBa NOHHMATH
B CMbiCJle KBaApaTHuHbix (opm. Hanpuwmep, (X.76a) os3nauaer, 4to
aas P, P, € D

(b, a (g) ¥,) = S (b1, a(p) ) g (— p)dp.

R3

Cubicat (X.76b) anamoruuen. [lockoabky a(p): Dy — Dg, cTenenn
a (p) 3azatwoT omepartopsi Ha Dg-. Kak u panbilfe, MOXKHO HaNMCaThb
(opmansHoe BeIpa:keHnue ans (a' (p))?, HO oHO He HMeeT CMBIcja
KakK ofnepaTtcp, a TOJALKO KakK KBajgpaTHiHasi ¢opmMa Ha De X De.
OTMETHM, YTO '

(by, (@f ()" b,) = ((a (P))" ¥1» s), (X.77)

Ho3TOMY B cMbICAe KBaApaTHUHBIX ¢opM (af (p))” u (a(p))* conpsa-
XKEHBl ApyrT APYrYy INpH KaxiaoMm n. KsagpaTuunyio ¢opmy af (p)”
MOXKHO, KOHEYHO, oNpeleJuTh ¢ NoMousio (X.77), a 3ateM yGeAuThCH,
4TO OHA BO3HHKAET NyTeM BO3BeNeHHS B 1-10 CTeNeH: (OPMaJbHOTO
o6weKTa, naBaemoro dopmyJso#n (X.75). ITockoaeky a (p,): De—De,
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kBagpatuuHas dopma (§,, a* (p,)a(p,) d,) onpemesena nas Bcex
<Py, p> €R3XR3. 3amec:vn, oarako, 49to ($,, a(p,) at (p,) ¥,) He

UMeeT CMbICJia, TAK K4K a' (p,, — BCelO (IHIUIb KBajpaTuyHas dopma.
N,

Boo6ine, J060e MpOH3BeACHHE B H a(p;) sanaer omepatop H3
Ng. =
Ds B Ds, a 1] at (p,)—xoppextHo onperenennas kpagpaTuu-

=N, +1
Hasg ¢opMa Ha Dnyy Takum o6pasowm,

<1l>1, H ar(p )> (ill a (m)) m)

TakKe KBaIpaTHYHas q)oprvla Ha D¢ X Dg. Jlerko npoBepuThb, 4TO
B cayyae f; € (R3)

(Ao 00) (Haca)-
= §N,<f=]§§ aT(p)><Ha(—P)><N P))dpl-“-dpzvz

(X.78)

..

B CMBICJI€ KBaJgpaTH4YHBIX (opM H
N={at (p)a(p)dp. (X.79)
R-’l

I'enepatop cABHTOB MO BPEMEHH B TEOPHH CBOGOJHOTO CKaJIsiPHOTO
MOJIl Macchl m HMEeT BHI

Ho='§au (0) at (p) a (p) dp (X.80)

W HasLBaeTCsd CBOGOAHBIM raMHJAbTOHMAHOM Maccel m. PaBeHCTBa
(X.78), (X.79) u (X.80) He TpeGYyOT HHKAKHUX (GOPMaJbHBIX MaHH-
nynasinul, a NpejcTaBJIAlOT COGOH TOUHbIE MaTeMaTHUeCKHEe YTBep-
JKIE@HUST O KBajnpaTHYHbIX dopMax.

Teopema X.44. Ilycts n, u n,—HeoTpUIATeJbHEIE IeJble YHCJA.
[IpeanonoxkuM, uto W € L* (R3 (:+ 7)), Torga cyniecTByeT eAHHCTBEH-
HeIH onpejeneHHelt B &, (L% (R®)) omepatop Ty, Takoii, uTo
Dse <D (T)—ero cymecTBeHHass 06sacTb H '

(a) W g W(klr "'sknn Pis o ey p":) <§_-111a1- (kz)>><

R3 (ny+ ng)

X <H, a (p,.)> dsmpdsrp  (X.81)
]'—".

B cMbIC/Ie KBajgpaTuuHblXx GopM Ha Dg X Dg.
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Kpome Toro, 4

(b) Eciu m, m m,—Takue HeoTpHUATeJbHblE UeJble YUCJAA, YTO
m,+my,=n,+n,, 10 (14 N)=-m/2Ty (14 N)=m:/2—orpaHunueH-
HEIfl omepaTop € HOpMO#

[ (1 N)=m/2T g (1 N) =2 | K C (my, ma) [W e,
B vacrsocTH, NpU m,=n; U m,=~1,
| (1 +N)=r/2 T (1 + N2 [ < | W s
© To= § W& - fas P -or Pr) X

Ra (ng+ns)
g 7/ n,
X <I—Il at (p,) > <\I—_Il a (ki)> demkdenap

B CMbICJe KBaapaTH4HHIX GopM Ha De X De.

(d) Ecmu W,—W B L2 ([R2(m*m), To Tw, — Ty cuabHo Ha De.
(¢) MuoxectBo F, comepxurca B D (Ty) u D (Ty), n Ha BeKTOpax
n3 F, onepatopnl Ty, u Ty 3amawTca saBHEIMH GOpMyJsaMu

(To)t=msm =K (1, 1y, 1) S[§ W sy -, By pys <, ) X

x e (Prs -+ +s Prp kn,+1v T kn,+l—n2d3"’p] ’
(X.82a)

Tw9)m=0 npu n<n,—n,

Ty t-rrmd =K (1, n,, n) S| S Wy, 0 Ba Por o o0 Pad ¥
XY (R, sk Prrtis o o» Pryrimn) @k, (X.82D)
( YV‘!’)(")=O npu n < iy,—n,,

rae S-—onepaTop CHMMETPH3ALMH H
il Fn—ny 1Y/
K e )= [ == |

Hoxasameascmeo. Ha sektopax uz De wmbl onpepensieM Ty ¢op-
myJoit (X.82a). B cuay HepasexcrBa lllBapua u Toro ¢akra, 4ro
S — npoexrop,

[(Tap)i=resnd p <K (1, 10 1| W o[ 90

Ecau Teneps onpenenuTb onepatop 7w Ha De ¢ nomompbio dopMy-
Jel (X.82b), To JierKo mpoBepHTh, YTO 1l BCeX @ H P u3 Do

(¢ Tw $)=Tw @, V).

Takam o6pasoM, Ty, 3ambikaeM H T —cyxkeHue Ha D onepartopa,
conpsxenHoro K Ty. IlycTs Teneps Ty, o603Hagaer Ty, a Ty —one-
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paTop, conpsixeHHHH K Ty. Ilo onpenenennio Ty, MHOKecTBO Dy —
cymecTBenHas obaactb gi1A Ty, a nockoabky Ty, OorpaHHYeH Ha
l-gacTHuHbIX BekTopax H3 D, cripaBemnuBo BkJoueHue Fy=D (Ty).
Tlockonbky mpaBasi yacTh (X.82a) Takke orpaHHuyeHa Ha [-4acTHY-
HBIX BekTOpax, (X.82a) mpencraBasier pefictsue Ty, Ha Jio6oft [-ga-
cTHuHEIfl BekTOp. JloKa3aTeJbCTBO yTBepkKaeHu:A O Ty B IMYHKTE (€)
aHaJIoT HYHO.

HOna pokaszatensctBa (b) npepnosoxum, uro P& Dg. Torpa
B CHJIY MPOBEJIEHHBIX BBLIYHCJEHHH

[((1 4 N)=m/2Ty, (1 4 N)=mal2p)i=tarmd 2

K(l, ni, flz) 2 (
< ( (l+l—n2+n1)m’/2(l+l)m2/2 ) HW[P ”"Pl)uz»

TakK 4To
(14 W)=/t Ty (1 Ny~ <
< (pup T JIwirel<
< ®

= (1 L—ng 4 ny™ /2 (14 7/
< C (my, m)|W ][],
rie
K (ls ny, n2)
(14-1—ny 4 ny)™/2 (1 4- 1"/ < e

C(mg, m,) =sup
!

TakK Kak m;-+-m,=n;+n,. TouHasd BepxHAs rpaHb Gepercs TOJbKO
no tem I, maf Kortopmx [—n,-+n, =0, 60 Bce gpyrHe uJieHHI
yHuuroxaiorc JefictBuem Ty,. CaemoBaresnbno, (14 N)-m/2Ty, %
X (1 4 N)-m/2 pacmmpsierci 10 OrpaHHYeHHOrO oreparopa Ha
F , (L? (R?)) c HOp™MO#, menbmie#t uau pasuo# C (m,, m,). Ecau m, =n;
0 m,=n,, 10 C(m,, my)=1.

s ,uoxaaaTe.anTBa (d) HyxHO TOJIbKO 3aMEeTHTh, YTO €CJH

Pp={0, ..., P&, ..} €EDe HW——»W TO
1Tw, b—Twb|=|Tw,-wb|<
<K, ny, n))|[W,—W]{ly|—0 npa n— co.

TMockonbky Dg COCTOHT M3 KOHEUYHBIX JHHEeHHbIX KOMOUHAUMH TaKHX
BeKTOpOB MBI 1I0Ka33JH, 4TO Tw, cuabHo cxomftca Ha Dg k Ty,

ecan W, = W..
I[Jm JOKasaTeabeTBa (a) BosbMeMP,, P, € Dg, P, ={0, ..., —natmi),

0,...}, $,=1{0, ..., $¥, 0, ...}. Torpa ecau W/=<Hf,-(kl-)>><
i=1
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(fIlg (pj)\ TO onpe,ueﬂeHHe (boprx( f[af (k,-)> <flla(pj)>
\T= j=

l—

NMOKAalkIBaeET, ‘-ITO
(b1 TW¢2)=SW<k1, ooy B Pas +ees PR)X

(oo ([l 00)( Floto) v )omitamn,

Tak xak o6e yactu (X.83) auuelino 3aBHcAT oT W, 3TO cooTHouIe-
HHE€ OCTAeTCH CHPABENIHBLIM H 1A W, npeacraBasiomex coboit Ko-
HeYyHple JHHeHHble KQMOHHAILHH npouaseaeHHu, C KOTODEIX Mbl Ha-
yanu. Ilockonsky

(“4’1‘, <lI_I at (k; )> <H a (pj)> )e L2 (R8s (i +np)

u cnpaBeniuBo (d), o6e wyactH (X.83) ABJIAOTCA HENPEPLIBHHIMH
JuHelHbIME QYyHKIHOHaJamu Ha L? (R3 %+ 72), a tak Kak oHH coBna-
JAIOT HA MJIOTHOM MHOKECTBe, OHH COBNanaloT Bciony. Hakoreu, (X.83)
pacnpocTpaHsercsd No JHHEeHHOCTH Ha BCio o6jacTs Dg X De. 310
JOKastiBaeT (a); NOKasaTeJ:CTBO (C) aHAJOTHYHO.

Hanociepok ormeTHM, yto Ha Ds CBOGOQHOE CKaJsfpHOE MOJIE
¥ MOoJs B HYJEBOH MOMEHT BPEMEHH KaK KBajpaTHuHule GOPMEI MOXKHO
BLIpa3HUTh qepea at (k) u a(k):

- - _ a3p
®m , 1 - ot (W (p) t=p-x) gt e-im () t—p-x) g ,
6 ) = )3, f [ (p)+ (p)] —E— T
: ' (X.84)
1 —ip-x . dsp _
P (X)ZW;,S [et7at (p)—e¥*a (p)] s » (X.85)

Tp (¥) = ——577 \ [e~tP-*at (p)—etr: xa(p)]V”‘p’ dsp. (X.86)

(2:“)3/-

Tlepen TeM kKak OGpPaTHTBLCS K T'aMHJILTOHOBY METOJY IOCTPOEHHS
CaMOJeHCTBYIOWEro CKaJsiPHOro G030HHOTO MOJIs B ABYMEPHOM MPOCT-
paHCTBe-BpeMEHH, Pa3yMHO CJeJaTbk HECKOJIbKO OOGLIHX 3aMedaHuit
0 KBaHTOBOH TeopHH BaauMmoneficTBYOWHKX noJeii. B Hacrosiee Bpems
GOJILUIHHCTBO K3 3THX TeOpHH HOCHT npexvareMaTHYECKHI XapakTep
B caepyioiievM cumuiciae. I[Ipy coBpeMEHHOM COCTOSHUM TEOPUH MOMKHO
BHIIKCATb TaMHJIBTOHHAHBL M MOJfA, HO HEAb3H YyKa3aTk TuJb6epTo-
BO IMpOCTPAHCTBO, TA€ 3TH BEJHYHHB 33aJal0T KOPPEKTHBIE Onepa-
Topel. C NOMOMIBIO ITOJIEH M TaMHJALTOHHAHOB MyTeM $HOpMal bHBIX
MAaHHNYJIAUHE MOXHO BEMHCAHTE MAaTPHUYHBIE 3JeMEHTH S-0nepaTopa.
OTH MaTpHUYHBIE 3JTeMEHTBI MNPEICTABJSAOTCA CTEeNEeHHHIMY pAiaMy,
KO3(pbHUHEHTH KOTOPHIX 3aBHCAT OT BaKyyMHHIX CPeJHHX, BbiYHC-
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JIf€MBIX C. MOMOIMIbIO BEJHMYHH TEOpHH CBOGOJHOTO mnosfd. B Tummu-
HbIX CJaydYasax KaXKablf KosddullHeHT 3THX DAJNOB jJaercss pacxons-
mumest wHTerpasoM. OGBIYHO TaKHe PACXONsIHUEcs BeJHYUHB JHKBH-
JEPYIOTCA C MOMOIILIO TAK Ha3klBaeMO#l NMPOUENYPHl «IEPEHOPMHPO-
BOK», KOTOpas jaeT NpeNnHCaHHs, KakKuM obpa3om, aenas 6ecko-
HEYHBIMH Da3/HYHEIE NapaMeTphl, BXOAAMHE B TEOPHIO, M3BJEYhL M3
BO3HHKAIOMKUX PAa3HOCTEH pACXOAANIHXCA BeJHYHH KOHEUHBIe «IJaB-
Hble YacTy». B KBaHTOBOH 3/1€KTPOAMHAMHKE 3Ty NPENHCAHUsA NPH-
BOAAT K NPEICKA3aHHAM, YAHBHTEABHO OJIH3KHM K 3KCHePUMEHTaJbHEIM
naHHeiM. OpHako nmporpecc B MareMaTHYeCKOfl 3ajmaye o6OCHOBaHHSA
nono6HbIX Mognesefl 1o CHX nop Obul BechbMa MENJEHHBIM. PeannHble
MaTe€MaTHYeCKHe Pe3yJbTaThl MOJYYEHH TOJBKO B HECKOJBKHX CJY-
4yasgX M TONbKO B MPOCTPAHCTBE-BPEMEHH DPa3sMEpPHOCTH MeHbiIe 4.
ToabKo B OZHOH Mozenu (Teopusi, KOTOPYIO MH o6CyKiaeM HHKe,
yacTHBIN cayvaft aTofi mogmenu) nmpoBepeHsl (Ha 1974 r.) Bce ak-
cuoMbl Bafitmana. Ecau 3T ciayyaum coaepxaT 3€pHO HCTHHBI, TO
MaTeMaTHYeCKOe peIleHHe OTMeYeHHHX npobseM mnorpefyer nanbHeil-
Hiero NpOIBHXKEHHs B pas3iindyHeiX 06JacTAX QYHKIHOHAJBHOTO aHa-
733, TAKHX, KaK TEXHHKa AOKa3aTeJbCTB CaMOCOMPSAKEHHOCTH, Teo-
pus B03MymeHHH, TEOpHA pacCcesHHA, TEOPHS BEPOATHOCTEH, CIeKT-
panbHeIll a”Hatu3 H C*- aﬂl‘eépbl.

«Teopus B3auMomefCTBYIOIIHX IOJIE€H» — 5TO MNoJeBas TeopHH, B
KOTOPO# BBINOJHAIOTCH aKCHOMB BaliTMaHa ¥ B KOTOPOji HETPHBHA b-
Ha marpuua pacceanus (cm. § XII.15). EcrecrBennmii cnoco6 mocT-
pOeHHs TaKMX MOJIeH COCTOMUT B IONEITKE BBECTH BO3MYMIEHHE B OIHY
H3 TOCTPOEHHHIX HaMe Teopuil cBoGOgHEIX nojsefi. B Kiaccuyeckoit
JarpaHxeBol TEOpPHH MNOJf MPOCTeHIlHe TaMHJLTOHHAHBl HMEIOT BHA

H==H,+ { F (9 () d°x,
Ra

rne F—muekoropas (pyHKuus, ckaxem nonuHom (cm. § X.13). Io-
CKOJIBKY MBI XOTHM, 4YTOOHl TaMHJbTOHHAH OBl OrpaHHyeH CHH3Y,
Mbl OXKHJAeM, uTO 3TOT MOJHHOM HMEeT YeTHbfl MopAmoK, a Kosp-
(ULLHEHT NpH cTapluefl CcTeneHH B 3TOM MOJHHOME II0JIOXKHTEJEH.
BeiGop F (x)==cx?® nOpPUBOAHT K TPHBHAJBHOMY pacceanuio, uCo
pesy bTHPYIOmAs TEOPHS ONUCHIBAET CBOGOXHOE MOJIE MacChi m-+2c.
Bropoit npocrefiiuufi BHGOP—3TO F (x) =Ax* B 3ToM cayyae Mhl
NMPHXOAHM K HeoGXOHHMOCTH paccMaTpHBaTh (GOpMaabHBIA TaMEJb-
TOHHAH

H=H, 4§ (on(x)dsx, 2>0, (X.87)
R3

rie H,—ramMuJbToHuaH CBOGOAHOro cKaisipHOro GO30HHOTO MOJA
¢ macco#t m, a ¢, (x)—cBo6ojHOe Mo.ie B HY,1eBOH MOMEHT BPEeMEHH.
TlepBasi HauBHasI HaJeXkJia CBfA3aHa C HAEEH AOKasaTb caMOCONpA-
eHHocTb H u oupeiequTb B npocTpalicTse Qoka camojeficTByiolee
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noJje Gopmysao :

D (x, {)y=¢€Hg, (x)e H, (X.88)
Mbl He cMokem mpuzatb cMelica ¢dopmyaam (X.87), (X.88), He mon-
Beprasd HX Cepbe3HbIM H3MEHEHHSM, OJHAKO KOMMYTAaLHOHHEIE COOT-
HOIIEHHA MeXAY ¢, T, ¢ H a no3BoJAT HOpMajbHO BHIYHCJIHTH
nuddepernanbHOe ypaBHEHHE, KOTOPOMY yaoBjaersopsier @ (X0TA
5TH (opMaJsibHble BBEIYHCJIEHHS OTHOCATCSA KakK pas K TOMY THOY,

OTHOCHTEJJIbHO HCHOJNb30BAHHA KOTOPDLIX MBI Opeaocreperanu yHTaread
B § VIIL5):

S @ (v, = Hi[H, [H, 9 )]l

[H, ¢, (X)]=[Ho, ¢nx)]=
= [ e e ® e (b a ), a O]+
temit2at (k) a (), at ()]} =
= [ ot () (e (—a () 8 (k—D) =1 () 6 (b— D)} =
= XQT‘)C,‘L%}:Q (— et*%a (k) +e~i*-5at (k) dok — — i, (x);
[H, [H, 9, ©0)]]|=[Ho, [H, 9 ()+[H, [H, ¢n®)]];

_{ (1 (R))® ik " ik x g Sh—
[H,(H, ¢, (x)]]—d\ GVl ek *a (k) +e a’ (k)] d*k

=(— A+ m®) @, (x);
ok

(o ), [H, ©n (x)J]:j stk—é(v—y)

[Hy, [H, @n@]=4§ [0n @) [H, ¢, x)]]doy=
= 9, (9)* 5 (x—p) &% = 4hg,, (¥)5.
B urore

920 (x, 1)

= e (A —m?) @, (x) e=itH —dheitH @, (x)o e=itl =

— (A __mz) eitH(Pm ()C) e—itH ___4}\’ (eL'tH(Pm ()C) e—itH)s f—
=(A—m?) @ (x, {)—4rD (x, ). '
Takum oGpasom, ¢opmanbao noje @ (x, ¢) yIOBIETBOPSET YyPABHEHHUIO
(12 4-m2) @ (x, £)=—4hr (D (x, 1))3. (X.89)

Jlpyroili moaxox K HHTepecyloHieH Hac 3ajade COCTOHT B TOM, YTOGHI
NOTNLITATLCH HAHWTH ONEpaTCPHO3HAUHYIO OOOOUIECHHYI0 (VHKIHIO
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@ (x, t), xoropas ypomaerBopser (X.89) M akcuomam Bafirmana.
Hanee MBI GyleM NHcaThk @ (X) BMecto @, (x).

Bepremcsa k paccMoTpeHHIo (X.87). Xors @ (¥) — KOPPEKTHO omipe-
JeqeHHasi KBajJpaTHuHas ¢opma Ha Dg X Ds, 310 He omeparop, H
OTOMY HeOo6XOJHMO Pa3bACHHTH, YTo noHHMaercs noj (¢ (x))4. Ilpen-
MOJIOXHM, YTO MBI B3fIH B KauectBe @ (x) BelpaxkenHe (X.85) u dop-
MaJjIbHO BO3BEJH €r0 B UETBEPTYIO CTElIeHb Tak, Kak 6yaro ¢ (x) —
oneparop. Mbl mony4uMm cymmy 16 wienos BHza

(550 exo(—¢ 340 T Cm-1@u e ) x

R2...R3 j=1 /
4
X (_I_Ia# (k,)> dok; ... dok,, (X.90)

rne a* (k) osmavaer au6o a(~—k;), auGo at(k;). Kakx mu yxe
3HaeM, Bbipaxenusa BHIa (X.90), Booﬁme TOBOpA, He HMEIOT CMbIC/Ia
laxke KaK KBaJpaTHUYHble QOpPMBI, €CJIH TOJBKO B HHX Bce af He croaT
cneBa or a. Ecan xe Bce af croar chaesa ot a, to (X.90) ana xax-
JIoro x 3ajgaer KeajgpaTHuHYIO dopmy Ha Dy X D . Tloatomy onpene-
JHM n-10 BHKOBY CTeNneHb ¢ (X) KaK KBajgpaTHuyilo ¢opMy HaA'
Ds X Dg, monyuaemyno nyrem GopMaJIbHOTO BO3BEIEHHA @ (X) B 7110
cTeneHb H NEPEeCTaHOBKH B NOJIYYEHHOM BhIpaKeHHH BcexX af HaJieBo
oT a. Bynem o6o3HauaTh 7n-10 BHKOBY CTeleHb ¢ (x) uyepe3 :@ (x)*:.
IMomuepkueMm, uTo mnpaBHJbHEe OBJIO Gb! Ha3HIBaTb ee n-H BHKOBOH
cTeNeHbld omuocumeabro €2, (cM. 3amauy 48). Uuraress Moxker yGe-
JMTBECS, YTO POpMAALHO

P (X): =@ (0)*—co (x)*+d,
rie ¢ H d—Bbi6paHHblE MNOAXOJAAIHM O06pa3oM GeCKOHEUHble KOH-
cranTel. BBola jajlee o6pesaHHus, Mbl NpHAAJHM TOYHBIA MaTeMaTH-
4YeCKHH CMBIC/J 5TOMY BBIpa*KeHHIO.

Ecin Teneper B (X.87) 3amenure ¢ (x)* Ha :@ (x)%:, T0 H craHer
KBaJpaTHUYHOMH (bopmon Ha D¢ xX De. Hanpumep, ecaun P; =
={0,0,0, $®,0, ...}, i=1,2, 1o uner ¢ gBymsa at u AByMA aq,
Bxoasimui B (P, H’l])z), pasen

S /SSS [ exp (— ix-(ky ks —hky-—ky)) X.
4

K K 1T @ et @m®/
i=1

\

< (S BP0 oy B B9 (0, ko ) dipy dop, ) dok, .. dok, |dox.

(X.91)

3T0 KOppeKTHO onpejesieiHbIH KOHeUHbIH HHTerpaJd, Hoo P;» € &F (R3).
K coxaJsenuwoo, kBaipaTHuHad Qopma H He mopoxkJaeTcs:i HHKaKHM
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omepatopoM. UTO6H B 3TOM y6enuThCH, paCCMOTpI/IM (j)opMaJIbHoe'

BHipaxenue aas HQ,. Osvo paBHO BekTOpy (0,0, 0,0, ¢4, 0, ...),
rae (¢opmanabHO)
4
exp <—ix . 2 kj>
Y (ky, Ry, Ry Ry) = n =l =

Re T] @)™ 2 k)2

i=1

(2n)? (2p (B2
i=1

DTo BHpaXeHHe 3aBeJJOMO HE NpHHaANeXRHT L2 (R2'4); Bo-mepBHX,
OHO CHHTYJfPHO H3-3a O-QyHKUMH, a BO-BTOPHX, AaxKe €cjJu orpa-
HHYHTb O6JacTb HMHTErpHpoBanHs Ho x, B3AB g€ Cy (R)) mu pac-

CMOTpEB
4 /AN
g(x)exp(— ix kj> g( 2 kj-)
S 7 = dix = =1/

4 s

11 @32 @2p (k))t/? @m)°* 2T (2n k)2

i=1 i=1

MBIl Bc€ eme He Moay4YuM L2-QyHKUHIO H3-3a CJAHIIKOM MEJJIEHHOTrO
y6piBaHHs W (k;) Ha oo, TakuM o6pa3oM, 31ech MH CTOJKHYJHCH
c 6GeCKOHEYHOCTSIMH ABYX THIIOB: PaCXOJHMOCTBIO, BEI3BAHHOH 6ec-
KOHEUYHOCTBIO 00beMa (X-MPOCTPAHCTBA), H YJAbBTPadHOJETOBHMH pac-
XOIMMOCTSIMH (6osblIHE ER).

Onst Toro 4TOGH BCE-TAKH IMOAYUUTH ONEPATOP, Mbl OZPAHUUUMCA
paccmomperuem O0OHOMEPHO20 npocmipaxcmea (T. €. TENepb Kaxaas
M3 HepeMeHHBIX p;, R;, X 6yz1eT OJHOMEpHO#) ¥ 3aMenuM KBaJApaTHu-

Hyl10 dopMy S p (x)*:dx ma \g(x) 1@ (%)% dx, rae g(x)— BElWECTBEH-
HO3HAYHAS (byHKImn u3 L2 ([R). Torma Kaxelfi 4ieH B KBaIpaTHYHOH
topme

Hy+\ g () 19 (0)%: dx

_|_
R
. 4 / 4
obaanaer sapOM BHAA g<2k1>/ IT 2u (8))2. Mockoawky sra
=1 /S i=1

byuxuusa gexutr B L2 (R?) (3azaua 47), Teopema X.44 rapaHTHpYVeT,
9TO KBaJpaTHUHYI0 ¢GOpMy HOPOKIAET HEKOTOPHH omeparop Ha D,
KOTOpBIHL cumMeTpuueHd, wnb0 g-— BelleCTBEHHO3UauHas QYHKIHS.
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O603HauHM ONEPATOP Sg(x):cp(x)‘:dx yepes H,(g) U onpeneaum
R
Ha Ds oneparop

H(g)=H,+H,(g)=H,+ llSag (%) 19 (%)% dx.

B KauecTBE g MBI 6yJ€M 4YaCTO BBIGHPATH IJIAAKYIO QYHKIHIO C KOM-
7aKTHbIM HOCHTEJEM, DABHYIO €IHHHIE Ha OYEHb OOJbLIOM HHTED-
sane. MlHorpma B KauectBe g BRIGHPAIOT XapAKTEPHCTHUYECKYIO PYHK-
gHi0 60JIbIIOr0 HHTEPBasta. B mo060M CJiydyae CMEICA BBENEHHS g
B TOM, UTO OHa BHIKJIOUAET B3aUMOAEHCTBHE NpPHU GOJBUIMX 3HAaUE-
auax x. Ilo sToii NpHUHHE g Ha3biBAa€TCA NPOCTPAHCTBEHHhIM ofpe-
zanueM, a H (g)—npocTpaHCTBEHHO OOpe3aHHLIM TAMUJALTOHHAHOM
ToNEeBOA Teopuu (¢*),-B3aUMOIEHCTBUS (MHACKC 2 YKa3biBaeT Ha TO,
YTO MHl HCIOJb3yeM OJIHOMEDHOE HPOCTPAHCTBO, TAK YTO MPOCTpaH-
cTBO-BpeMa nByMepHO). CofepeM BC€ CKa3aHHOE B OT/JE/bHOE

Iipeosoocernne. llycrb ¢-—cBOGoJHOE CKansgpHOE GO30HHOE MMOJE
mMacCel m npH (=0 B JABYMEDHOM HpPOCTDAHCTBe-BpeMeHH. [lycTh
g — BelieCTBEHHO3HauHasA Qyrkuus us L2 (R). Toraa

H(g)=H,~+H,(g) =§u(k> at (k) a (k) dk+“§g<x> @ (9% dx

— KOPPEKTHO 3ajaHHbil Ha Dg CHUMMETPHUECKHH Oneparop.

B § 9 mb gokaxem, uro H (g) camoconpsixeH B CYIIECTBEHHOM
va CT(H)ND(H,(g)), a B ra. XIX nokaxkeM, Kak ¢ HOMOMUIbIO
am*eép ¢on HefiMana MOXKHO CHSATH NPOCTPAHCTBEHHOE O6pE3aHHe,
iepefiii K HOBOMY MpEICTABJEHHIO KAHOHHYECKHX KOMMYTAIHOH-
HBIX COOTHOLUIEHHH.

Cuuraercsa, 9TO yKasaHHBIA crnoco6 aHagu3a O6bEMHbBIX PAcXOu-
MOCTEH, COCTOAIIMH BO BBEIACHUH H TOCJeAyWOleM YOHpaHUW C MO-
MOIIBI0 METOJIOB TeOPHH C*-anre6p npOCTPaHCTECHHOrO 06pe3aHud,
OCTaeTcsd MPHEMJIEMBIM H IIPH PacCMOTDEHHIU PaCXOZHMOCTel TOro XKe
Tuna B 6osiee OOUMX TeOPHAX KBalitOBAHHBIX HoJgeft. Illpennona-
raeTcs, UTo ybTPathHOJIETOBbIE PACKOAHMOCTH B {(P4),- 1 {(G*),-MOAGAAX
MOXKHO y6paTh C NOMOWIBIO MOPOUEAYPBI, HABECTHOR M0 HMEHEM
Ipolleypbl MepeHOPMHPOBOK, CONMpOBOXKIAaeMON H3MEHEeHHEM fipef-
CTaBJIEHHS1 KAHOHMYECKHX KOMMYTALUMOHHbIX COOTHOWEHHH. [Lo1s TOTO
yTOOBl KPATKO OHHCATh MPOLEAYPY MepeHOPMUPOBKH, HANOMHHUM, UTO,
KaK MBI YK€ BHJEJH, BHKOBO YICPAJOUcHUE CTeneHefl [10Js MOMHO
AHTEPNPETHPOBATH KaK BBIYHTAIHE NOJHHOMA §Osiee HU3KOro NopaaKa
¢ G6ecKOHEUHBIMH KO3p@HIIMeHTaMH. [iJ1d (qﬁ)., MOjeJIH  H3BECTHO,
a ana (g*),-Mojenyd OXHAaeTcs, YTO MNOXOKHH CHOcO6 BbulUATAHUA
1/eHOB C 6€CKOHEeYHbIMY KOHCTAHTaMy SyaeT MO-NpeXkHEMY NPHMEHHM,



254 X. Camoconpancennocms u cyujecrneosanue Ounamuru

C TeM HCKJIOUEHHEM, YTO KOHCTAaHTHI He O6yAyT O60JbllIe JHHEHHO
3aBHCETh OT A, KaK 3T0 OBJIO B cjyya€ BHKOBa YNOpPSJOUEHHS.
HanpHefimiee o6CyXaeHHE H CCHUIKH Ha DE3yJbTAThl B TEOPHH (Q%),-
B3aUMOACHCTBHA CM. B 3aMEYaHHAX.

Hama nociegHsas TeMa-—INOCTPOEHHE (-MPOCTPAHCTBA H MpoO-
crpaucrtBa L2?(Q, du), rie MOXKHO JRaThb HOBO€ MNPEACTABJEHHE IJA
BBEJICHHHIX BHILIE CTPYKTYp, CBA3aHHBX ¢ mnpocrpaHcTBoM @Doka.
ITo aHasorHH co ciayyaeM OJHOH cTeneHH cBo6oabl, koraa & (R)
uzomopduo L2 (R, dx), npuuem g (l) craHOBHUTCH YMHOMKEHHEM Ha X,
MBI MTOCTPOHM MNPOCTPAHCTBO C MepoH <@, w)>, w(Q)=1, u yHHurap-
HOe orob6paxenue S: & (F7) — L2 (Q, du), takue, uro So¢ (f) S~ aaa
KaxJoH QYHKUHH € F, Gynmer peficrBoBath B L%(Q, dn) Kak one-
parop YMHOMKEHHS Ha H3MEPHMYIO (YHKUHIO. 3aTéM MBl CYMeeM
1noKasaThb, 4TO B CJydae CBOOOJHOTO CKaJAPHOTO [MOJS MacChl m
B JABYMEPHOM NpPOCTPAaHCTBEe-BpEMEHH BejHuHHa V=SH,(g)S™?
3ajlaeTcA OneparopoM yMHOXKeHHsA Ha ¢yHKuuio V(g), Koropas ansa
Kaxaoro p < oo JeXHT B npocrpanctse LP (Q,du). B § X.9 Mmu
BOCTOJb3YyeMCH 3THM (aKTOM AJMA JOKa3aTesbCTBa CaMOCOTP AXKEH-
HOCTH B cywecrBesHoM Ha C”(H)ND (H,;(g)) ramMHabTOHHaHa
H=H,+H,g).

IMycrp {f,,},,_l—'raKon OPTOHOPMHpPOBaHHbIH OGasHc B FZ, u4rO
f.€%c, n nycrb {g,}k-, —Koneunni mabop f,. Ilycrs 3’N—3abe-
KaHHe MHOMKECTBa

{P(o(g) - -, 9EM) L | P —noannom}

B npocrpaHcTe Fs () 0 FN' =FyNF,. U3 Teopemnt X.43 (u ee
JOKa3aTeNbCTBa) CJaejyer, 4To @ (g, H N (g, caMoconpsmxeHH B
cymecTBeHHOM Ha F{V

eitcp (gk) eisn: (gl) —isiékl eisn (gl) itQ (gk) .

=ée e

Huaue roBopsA, y Hac ecTh NpeAcCTaB/JeHHe COOTHOIIEHu# Befas,
B KOTOPOM BEKTOp £, V/IOBJETBOPAET paBeHCTBY (@ (g.)® +
*ﬂ(gk)z—l)Q =0 H [HKJHYEH OTHOCHTEJBHO ONEPATOPOB
{o (gp) V., CaegoBaTenbHO, C NOMOMIBIO MOCTPOEHHH H3 3agaud 30
(nu reopeMsi VIII.14) MoXHO 3aK/IOYHTB, UTO CYLUECTBYET YHHTAp-

HOoe orobpamenue SW: F y— L2 (RVY) co caenyloWHMH CBOMCTBaMH:
SM ¢ (gy) (SM)t=1x,,
G,

Ox, ?

S(N) Q —qn-N/sg exp\ Z )\Ie >

1
Sun g (g (S‘N’) 1— ==
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Yno6Ho BMecTo L2 (R”) HCHOJIb30BAaTh THJABGEPTOBO MNPOCTPAHCTBO
L? <RN n-N/2 exp( Z x,,»d”x) [TonmoxuM mnostomy du, =

= ni-Y2exp (— x};)dx, u BBeneM (Tf) (x) =nN/sexp ( 2 xk/2>f () .
Torpa T  6ynmer YHHTaPHEIM 0T06pa>KeHne-M L*(RY) =Ha

N
L? (RN, 1I duk> , H eCJH MONoXKHTE SW =T8W), 10
Bt

\
S 3-'N—+L2( RY, kIII duy ),
AN = /
SW @ (g,) (SWV) 2 =xk:
S(N)n(gk) (S(N))—].: +

i axk
SWQ =1 (byukuus, TOXKIECTBEHHO paBHasa eHHHIE).

OTMeTHM, YTO Macca KaMJIOoH Mepbl W, paBHA eAMHHIE H [OTOMY

N
(2, Py (@ (@) Py (@ (@) ) = § Pi(x). Py (i) IT duy =

RN

N N

=L, ] Petwdue=]1 @0, Pa(e @) ), (X9
rne Py, ..., Py—noauHOMEL. 3TY (OPMYJy" MOXHO JOKasaTh H

C MOMOINBIO NPSMBIX BHUHCJIEHHH B & s (7).
Tenepp JIETKO HOHATH, KaK MNOCTPpoUTh <Q, du)>. Onpenenum Q
@*
paBenctBoM Q = X R. Bo3bMeM G-aire6py, MOpOXKAAEMYIO CYUETHHIMH
k=1 !
OPOH3BEEHUSAMH HM3MEPHMBIX MHOXecTB H3 R, H mosoxum
]

p,=k()§) pe. O6ozHauum TOUKH Q uepes §==<q,, q,, ...>. Toraa
=1 .

<Q, p>—npocTpaHCTBO ¢ Mepoil H MHOXKECTBO (YHKODHH BHIa
P(qgy, .-.,q,), T™he P —noJHHOM, a #n nNPOU3BOJBHO, IJOTHO B
L? (Q dp). OG6cyxneHue pertasiefi, OTHOCAINMXCA K TEOPHH MepHI,
MOXKHO HaHTH B paboTax, ykKa3aHHBIX B 3amedanusax. Ilycte P —
HNOJHHOM OT N nepeMenHBHIX:

! Iar.
P(xkx’ "‘rka) =l Z Cll,...,le,kll...xkx,

ONnpefesHM OTOGpazKeHHe
S:P ((p (fk')’ sy P (ka)) Qo"—)P (qk‘, ey qu).
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Torna, B cuay {X.92), nOCKOJBKY Kamzas Mepa M, HMeeT Maccy
eAMHHLA,

HP ((P (fk.)a ey @ (ka)) gzo !'[2=__ E Cy Em (Qm @ (fk,)lﬁ.ml Ve

1, m
e @ (NN D) =
N
-~ . Lar+ _
:—_1% Ci CmRSN qill-ml .. qu le‘E:Ildp,ki =
=§]P(qk,, ceea Gry) [P dp

Bekrop Q, UUKJIUYEH OTHOCHUTENBLHO IOJHUHOMOB [0 MOJAM (Teo-
pema X.42), nostoMy S npoJosKaeTcs 10 YHHTAPHOI'O OTOGpaKeHU s
u3s &F () va L*(Q, dp). SlcHo, uto S (f)S~ =g, u SQ,=1.

Teopema X.45. Ilycts ¢,—cCBOGONHOE CKajJsipHOE IOJIE MAacChHl M
(B IBYMEDHOM I[IPOCTPaHCTBe-BpeMEHH), B3ATOEe B HYJIeBOH MOMEHT
Bpemenu. [lycrs g€ L1 (R)N L2 (R). Onpenenum H,(g) dopmyJsoit

H,(g)= ﬂS; g (%) 10, (x)%: dx.

lMycte S—nocTpoeHHOe Bhille yYHUTapHOe oTo6paxkeHue &, (L% (R))
ua L2(Q, dp). Torna V=SH,(g)S~! ecTb omeparop YyMHOXeHHS
Ha ¢yHkumo V (g), 06121a0mWylo caeqyOlMH CBOHCTBAMH:

(a) VELP(Q, du) maa Bcex p < oo;
(b) e-tVeg 1 (Q, dn) nns Bcex €0, oo).

Horaszamenrvcmeo. Hoxamxem (a). [1lo moBoay mokasareqabcTBa (b) MBI
oTChiJIaeM uMTaTeNsl K paforaM, ykasaHHbIM B 3aMeduaHusax. [lycTs
% (B} — XapakTepucTuieckas QyHKUMS UHTepBaJa (—n, n). [lonoxum

L ~ikex ikx gt (BY] X (k)
e j[e a (k) + e*-x at (R)] Ve® dk.
B taxkomM cayuae @, {x; n) —KOPPEKTHO OINpejeJieHHAs OMepPaTOpHO-
3HauHafd @yrkyus x. OupelenuM @, (x; n)4:, nepectaBaAd HaJeBO
Bce a', Bxojsinde B ($OpMaJbHOe BHIpaKeHue a1 @, (x; n)*. [oay-
4eHHad TakuM 00pa3oM BeJHM4MHA [P, (X; 1)* TOXKe NPEACTABASET
€060l XOpPPeKTHO OlipelesieHHbI! OnepaTop AJNSA KaKJOro 3HaueHud x,
KOTOpHIfl HepeBoguT F, B ceba. OnpelenuMm Tenepb

H, (g, n)= S g(x):9,(x; n)t:dx
R
W nomoxum V,=5H,(g; n)S~1. Jina KaxIOro 3HaYeHHS X

P, X A =9, (% )i -dy () @, (x5 n)2-d, (),

P (x5 N)=
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rAe kosbdunuents d, ¥ d, He 3aBHCAT OT X, HO 3aBHCAT OT n (3a-
naua 48). Ilpu xamxpaoMm 3HaueHHHM X BequuuHa S, (¥; n)S—*—s10

omeparop Ha L2(Q, dp), peficTByloui KaK yMHOXKEHHE Ha
! L)

kzl Cy (X3 1) Gy, T Cf (x5 n) = (20) 12 (f,, Y.u~1/2 exp (ikx)). Boaee

roro, 3 e, (6 n)[P=@m) 7 |yp 2, 1Ak w0 Sg, (% n)e S

H So,(x; n)2S™* nexar B L2(Q, dn) u ux L2(Q, dp)-HOpMHl paB-
HOMEpHO orpaHHYeHH N0 x. ClenoBaTenbHo, B CHJIY Toro uro g € Lt (R),
oneparop SH,(g; n) S~ pmelictByer B L2?(Q, du) XaK yMHOXKEHHE Ha
L2 (Q, dp)-dpyHkuHio, xoTopyio Mbl 0Go3HauHMM uepes V, (g).
IamuabTOHHAH H;(g; n) ANs Kaxkaoro n orauuaercs or H,(g)
TOJABKO TEM, UTO AADPO KAXKAOrO 4jeHa, Bxoasiuero B H,(g; n), paBHO

4 4
g <121 k,-) t]__I u(k,)-12y, (k). TIpun — oo s11 sispa cxonsres B L2 (R*)
= =1 .

4 4 :
K g(\lzl k, il:Ilp,(k,-)-l/z. CanenoBsarenbuo, 1no Teopeme X.44,

H/ (g, n)V—H,;(g)y npu $&F,. B uacruoctd, H,(g; n)Q, —
—H (@) Q. Ho 8Q =1 u, 3nauur, [H, (g n)Qf =
=] SH,(g; 1) S~ (o, aw =| V.l (o, aw: B urore dyrKuM V, 0Gpa-
syior nociaegosarenbHocTb Kowmwm B L (Q, du) 1 noromy cxoasrcs K
-HeKkotopo# ¢yrkuuu V € L2(Q, dp). Uurarenr rtenepb CMOXKET JE€rKo
. 3aBEPIIHTH OKA3aTENbCTBO, [10KA3aB, 4YTO KaxXawli P(q;, ...,q,) BXO-
JMT B 061acThb onpenenenus V uuro SH,(g) S~1=V ua sroil o6racru.
Tlockoneky Q, nexur B o6aactu onpeneienun H,(g)? pias moboro n,
B o61acTb onpexenenus V* npu gio6oMm n Bxoaur 1. TakuM o6pasom,
VeL(Q, du) nna Bcex n H, MOCKOABKY u (Q) < oo, VEL?(Q, dn)
A4 BcexX p << oco. @

Dononnenue x § X.7. CootHowenus Besina
aAns csoBogHore nons

B osTOM J0NOJHEHHH MBI H3yuaeM ecTecTBeHHOe o6ofileHue co-
oromennii Be#ina (VIIL.8) Ha cayuain Geckoneunoro uHcia creme-
Heft cBo6oawl. Ilycte &g (RY)—npocrpancreo [lIBapna BeiuecTBeH-
HOo3HAuHBIX pyHKnui Ha R:. Ilpeanmonoxum, uro f—U (f) u f—=V(f) —
oro6paxeHHsa H3 &g (RY) BO MHOXKECTBO OrpaHHYEHHBIX ONEpPaTOPOB
Ha cenapa6eJbHOM THIB6EPTOBOM MPOCTPAHCTBe F7, yAOBJAETBOPSIO-
IHe YCJAOBHAM

(i) V(f) u U (f) yuurapuel ais gaxnoi [ € Fr(RY;

(ii) maa V(f) u U (f) npu Bcex f, g€ F g (RY) cnpaBemuBel COOT-
HOLI€HH A ’

VipV@=vi+e, UNU@=U({+g, (X.93

9 M 1749



