262 X. CamoconpsscenHoCmb U CYWECMBOBAHUE OURAMUKL

X.3. Moayrpynnel 4 MX reHepaTopsl

CeMeiicTBO orpaHuueHHHX omnepaTopoB {7 (£)|0 .l‘<oo} Ha
6aHaXoOBOM npoc*rpax-xcme X Ha3bIBaeTCs CHJAbHO HENPEPLIBHOH M0-
Jayrpynmnoii, ecnu

(a) T(0)=1I.
() T(S)T ({)=T (s+1¢) npu Bcex s, tER™.
(¢) Onsa Bcakoro ¢ € X orobpaxeHue f+— T (f) ¢ HENpPepHIBHO.

Takue NOJYTPYNNE €CTeCTBEHHO BO3HHKAlOT B TeopHH IHbdepeH-
IHAMIBHEIX ypaBHeHWH B 4YaCTHHIX NPOH3BOJAHBIX H B KBaHTOBOH Teo-
PHH, H MBl HOCBSTHM 3TOT pasjes U3YUYEHHIO HX OCHOBHEHIX CBOHCTB.
Mgl YBHIHM, 4YTO CHJIBHO HenpepHIBHHIE IOJYTPYNNH OKa3hBalOT-
cs «3KcrnoHeHTaMu» T ({)=e~*4 onepaTopoB HEKOTOPOro KJacca.
Oun, tagkuMm o6pa3oM, 0606IIAIOT CBA3b MEXAY YHHTapHBIMH rpyn-
maMH M CaMOCONpsUKEeHHHIMH onepaTopaMH. B uacTtHoCcTH, TeopeMa
CroyHa, ocHOBHOH KpHuTepHil, TeopeMa O cymlecTBeHHOM o6JacTH (Teo-
peMa VIII.11) u reopema Kato— Peslinxa —Bce HMEIOT COOTBETCTBYIO-
uHe 06GOoOIeHHsT Ha CHJBHO HeNpephIBHBIE NOJYTPYNNH H HX TeHepa-
TOpHl. ENHHCTBEHHOE BAaXKHOE CBOHCTBO CaMOCOP S?KeHHEIX ollepaTopoB,
KoTopoe He oGofiaercsi,—3TO CheKTpaJanbHas Teopema. CymiecTByeT
Jpyro#i KJjacc—TaK dashiBaeMble «CMeKTpaJsibHEIe oNeparoprly, — A5
KOTOPHIX aHaJor ChnekTpaibHOH TeopeMul HMeer MecTo. CCBUIKHM Ha
JHTEPaTyPy AaHsl B 3ameyaHusix. Teopus mosayrpynn npHMeHseTcs
K H3YyueHHIO napabosuuecKHX H rHnepbo/nyecKHX ypaBHeHHH B uacT-
HEIX TPOH3BOAHEIX. B 3TOM pasjiene Mbl H/TIOCTPHPYEM BCE IPUMEHEHH
Ha ypaBHeHHH TemJonpoBoAHocTH. Bouee o6mue auddepenunanbubie
ypaBHEHHS o6GCYKJalTcs B 3aMeYaHHSX.

Haunem ¢ usydyeHHs OJIHOTrO CliellHAJBHOrO KJacca MOJYrpyI.

Onpedenenue. CemefictBo {T (£)|0 << oo} orpaHHYeHHHX omepa-
TOpOB Ha GaHaX0BOM fpocTpancTBe X HasbiBAaeTCs CHUMAIGWIEH HOJY-
rpynno#, €cJau 3TO CHJBHO HellpephbiBHas NoJyrpynna u, CBepX To-
ro, |T () |<1 npu Bcex t€[0, o0).

Kak yBuIUT ynuTaTelb, TEOPEMEl A5 OOIIHX CHABHO HENpephIBHBIX
MNOJYTPYNN OYAYT NPOCTHIM 06GOOIIeHHEM COOTBETCTBYIOIIHX TEOpPeM
nas cxuMawomux noayrpynn. IlostomMy wu3yuHM cHayaJia 3TOT Chie-
HHaNBHBIE caydafi. 3areM MBI KpaTkKo OGCYyRuM oGIYIO TEOPHIO H
3aKJ/IIOYHM 3TOT pasfesl PacCMOTPeHHeM JAPYroro ClelHaJbHOTo
KJ1acca — roJIoMOpGHEIX [OJIYT Py,

Ilycrs T (f) —cxuMalolmas noayrpynna Ha 6aHaXxoBOM npPOCTpaH-
ctBe X. Kak u B c/iyuae yHuTapHBIX rpynn Ha T'uJbGepTOBHX Npo-
CTpaHCTBax, resepatop moayrpynnel 7T (f) nosydaercs AuddepeHuHu-
poBaHueM. [lonoxum A, =¢~1 (I —T ({)) u onpenenum

D{A) {9l cyuecTByer hmAm;
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Jaa ¢ €D (A) nonoxkum Ap= l:m(lJ A,9. TlepBas Hama ueJb — DOKa-

3aTh, uTO o6aacTb D (A) nnorHa. Mel npuGerseM K npHemy, Hamno-

. MuHaloHieMy TEXHHKY, IPHMEHABUWIYIOCH PH ACKAa3aTEe/NbCTBE TECPEMBI

CroyHa. [as @€ X noJsoxum
s

cps=§T(t)cpdt.

[Tockonbky {T (f)} cuaBHO HempepblBHA, HaM TpPe6GyeTc TOJBKO

gaTerpan Pumana.
s

Hass mo6oro r > 0 umeem T (r) ¢, = S T (t+r) pdt; nosromy
0

A= —7 [T+ o—T () @) dt =
0

s+r

=_71 5 T(lf)CPdt—f“i“XT(t)(Pdt—_‘*
s 0

— —T(s) o+ .

ri{0

CnepcBaTtenbHo, @, € D(A) npu xaxiom ¢ € X ¥ § > 0. Tak rak
s~i@,— ¢ npu s— 0, To A nyotHo cnpeseseH. lasee, ecau @ € D(A),
10 AT ({)p =T (¢) A,p, cnegoBaresnbro, T (¢): D(A)— D (A4} u

ST o=—AT ()o=—T (?) Ag. (X.97)

Kpome toro, A 3amxHyT. JlekcTBurtensHo, ecau i, € D{A4), ¢,— o
u Ao, -—1P, TO
lim A, = lim lim {— -1— (T (r) o, —(pn)} ==
: 7

] r—+0n->w

.
— lim lim -i—gT(z‘)Aipndi._—- (3 chay {X.97))
0

r—-0 n->«

r

= lim+ ST(t)xpdt=«p,
r—>0° §

tak utec @ € D(A) u Ap=1. Hrax, MBI gokasanu ciexywouiee

lipedaoscenue. Ilycte T ({)—cuabpHO HenpephiBHAA HoJyrpynoa
#a GaHaxoBoM mnpocrpaHcTtBe X. Tlonoxkum Ag@= lim A,p, npuuem

r—0

D{Ay={p| cymectByer lim A,p}. Torma A 3aMKHYT ¥ TWJIOTHO
r}0

onpenesed. Oneparop A HasbiBaeTcsi HHDUHHTEIWMANLHHM redgepa-
TopoM noayrpynnel T (f). Bynem Takie roBopHTB, UTC A MOpOXKJaeT
T {#), u nucatb T (f)=e 14,
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EcTecTBEeHHO 3aJaThCA BONPOCOM, KAKHUMH /IONOJHHTEJ]bHBIMH
cBoficTBaMH 06J1afiaeT reHepaTop cxUMawmedl noayrpynnsl. Popmanb-
Hoe npeoOpasoBanue JlanJjaca

N @
h—iiA = —Se’“e'mdt
0
N03B0JIE€T MpPEINOJIONRHTE, YTO BCE A C OTPHIIATENbHOH BellecTBEHHO
yacTel0 mnpHHagnexar p(A). D10 peficTBHTENIBHO TaK, M NpHBEJEH- -
Hast ¢opMmyJa BHINOJHAETCA B CTporoM cMuicje. IlpeanoJsioxum,
B camoM gene, yto Rel > 0. Torza us-3a Toro, uto |e <1,
. HHTerpas

Ro= {eM(etg)adt
0

onpejnesisieT orpaHHYEeHHHIH JHHeHHBIH omepaTop ¢ HOpMOH, MeHbleH
uau paBuo#t (ReA)~*. BoJsee Toro, npu r >0

ARg =— + [e=(em tena_t) g dt =
0

== '“rehr Se’“e't“‘cp dt —i—fr:}l S e~Me-t4g dt,

0 0
tak uto A,R9 — ¢—AR@, xorga r—0. 3Hauutr, Rp&ED(A) u
AR9 = 9 —ARQ, oTKyaa caeayeT, uto (A4 A) Rp=¢. Kpome Toro,
s @ €D (A) uveem AR9 = RA@, HOCKOJIBKY
A S e~Me—tlg df = S e~MAe~tApdt =
1}

0

4

= S e~Me~td g df.
0

[TepBoe paBeHCTBO eCThb pe3yJbTaT NPHGJIHIKEHHS PUMAHOBHIMH CYM-
MaMH, BHITEKAIOWHH H3 TOro, yTo e~Me~t4p u Ae~Me~t4gp uurerpu-
pyembl # A samkHyTr. Takum o6paszom, aas ¢ € D(A) BeinoaHseTcs
RN +A)o=o=(A+ A)Rp, oTKyaa cienyer, uTo

R=(h+A)t.

[Tonydennrie cBofictBa A Ha camoM Jiele M JOCTATOYHBI AJIS
Toro, uto6e A nopoxza/s CXHMawWIly noJayrpynny. [Ipuuem no
CyWIECTBY HAaM HYXHE CBEJEHHS TOJBKO NPH BEILECTBEHHBIX NOJIO-
XKUTeNbHBIX A. CoOTBeTCTBYWOWIAas TeopeMa (KOTOPYIO MBI [MO3XKe
o6o0muM) ecth- npsamofi aHasor Teopembl CroyHa AJIsi camoconpsi-
KEeHHbIX ONepaTopoB.
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Teopema X.47a (Xunne—HUocuna). Heo6xoauMoe H joctaTouHoe
yCJIOBHE TOTO, YTO 3aMKHYTHIf JHHeHHBIH onepatop A ma Gamaxo-
BOM NpocTpaHCTBe X MopoxkJaeT CKAMAWIILYO NOJYTPyHny, COCTOUT
B CJIefylOlleM:

(if) J(A+4 Ay~*[<< A~ npu Bcex A > 0.

Kpome Toro, eciu A ynosiaersopsier (i) u (ii), To BcA OTKpHITas
/1eBas MOJYMJIOCKOCTh colepxkuTcs B p(A) H

(A4 A)-1p = —Se‘“e‘t“‘cp dt (X.98)
0

npu Bcex @& X W Takux A, yro Re) > 0. Hakonen, ecou T, (#)
u T, (f)—CxKHUMawmue MONYTPYNNE], NOPOKAAEMEIE COOTBETCTBEHHO
onepaTopaMH A; n A, 7o u3 T,(#)*T,({) npu xakoM-1uGo ¢
ciaenyer, uro A #A

Hokasameavcmeo. Beillle MBl NoKasajad, uyro ycqaoBus (i) u (ii)
ABJSIOTCH HEOGXONHUMBIMH H 49ro BHNoJHsercs (X.98); mnostomy
OcTaeTcst TOJIBKO JOKasaTh JOCTAaTOYHOCT. MTak, mpeanosoxum,
y70 A-—3amkHYTHIl onepaTop Ha X, YAOBJAETBOPSIOMIMI YCIOBHAM
(i) 1 (ii). TIlpy A > 0 nosoxum A=) e (A+ A)-1. M noxka-
xeMm, yro AN — A cuapno uwa D (A), Korza A — oo, a NOTOM MoO-
-cTpouM e~4! KaK CHJBHBEI npeges noayrpynn e—t4A®,

[Ipp 9 €D (A) umeem AN @ =24 (A+ A)71Ap. Bonee Toro, co-
raacuo (ii),

' 7»(7»+A)*1<p—q>=——(?»+A)“1Aq>;—>0-

ITo ycnosuwo (ii) cemefictBo {A(A--A)~*|A > 0} paBHOMepHO oOrpa-
' HHUEHO MO HOpMe, Tak 4TO C Y9YeToM MJIOTHOCTH D (A) nonyuaercs
MA+A)"tp—p ans Bcex P € X. ITostomy ANV — Ag 15 Bcex
p €D (A).

Tak kak AM™ orpaunuen, noayrpymnsl e~t4* Moryr 6mrh onpe-
JleJIeHBl TOCPENCTBOM CTeNeHHBIX pAoB. [lockoabky

”e—tAW [=[e-Me+tr s+ =1 |

ée—htz !

OHH SIBJISIOTCSI CHMAMOMMUMH noayrpynnamu. [jas Beex u, A, £ >0
H Bcex ¢ €D (A) umeem :

M+ <,

t
~ 41 — (u) d e A sy AL
g~1aMg __g-ta S—d?( sa®g-it=9aW oy 4o
[}
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TaK 49To
i

Jo=4Pp—e=t% g < [fe=saPe=t=0a% [ Awp — A® g ds <
0

<t AW o—AM g].

« A
Mel Bocnosb3oBagHch TeM, gro e~ =94 y o=tAD  youmyTHpYIOT,
Tak Kak {AM},.,— xommyrupymoomee cemeiictBo. Tax kak BhIlIe
o
6bli10 AoKazaio, uto AM @ — Ag, T0 {e~*4 ™} ecTp nocsaeaosaresn-
Hoctp Koum npu A—oco ans Bcskoro ¢ >0 uH ¢ €D (4). Tak xak
& )4
D (4) mioTHO U cemelicTBo {e~4™} paBHOMEpPHO OrpaHHuEHO, 3TO
yTBepXKIeHHe crnpaBelJHBO Aias Bcex ¢ € X. Onpeaesum Ttenepsb

T (H)g= lime *4%¢. Torma T (f) ectb moayrpymnna CXHMAIOMHX

vy == W0 .

OnepaTopoB, NOCKOJBKY 3TH CBOHCTBA COXPaHSIOTCS B CHJABHOM Ipe-
pesie. IlpuBeneHHOE BEHILIE HepaBEHCTBO NMOKAa3BIBAET, YTO CXOJHMOCTH
e“tA(x)¢-~+T(f)(p paBHOMEpHa, Korja ! MeHsieTcs B KOHEYHOM HH-
TepBajie, Tak u4To 7 {{) CHJBHO HeNpephHBHA, NOCKOJBKY CHJILHO
menpepoiBa e~tA* . 3naunr, T (f) ecTh cRUMalOmas MOJAYTpynna.

Ocraercs 110ka3aTh, 4TO WH(PHHHTesHMasabHbIH reHepatop T (1),
oGo3sauuM ero A, cosmagaer ¢ A. JLas Bcex f H p€D(A)

¢
A sah
e=tAMg oo Se-—aA( 'A% @ ds,
o

Tak yro, BcaeactBHe AM g — Ag, HMeem

t

THeo—p=— S T (s) Apds.

0
C.aegosatennho, A, — A, xorga t—0. Iostomy D {(A)>D(A4)
u APD(A)=A. Ecau A >0, 1o (A+4A)"! cymecTByer mno mnpea-
MOJIOXKEHHIO, a ()»—}—A)“l CYILIECTBYET B CHJIy YTBEpXKJAEHHS O HeoO-
XOJHMMOCTH B foKasbiBaeMoll Teopeme. CienoBarenbso, (A -+ A)D(4) =
= X = (A +A)D(A), orkyaa BuTekaer, uto D (A) =D (4).

Haxkouen, npeanosoxumM, ato 7, (¢) u T, (¢)—Takue cxuMamouniie

noayrpynnet, uro 7T,(f{,)s=T,{(¢,) npu HexkoropoMm i, >0. Toraa
cymecTByIOT Takue [€X* H @€ X, uro I(T,(¢,) @)==L{(T,(1,)9).
Flockonbky (X.98) Brinosnstercst kak Aas 71, (f), Tak u nas 7T, (¢),
sakJouaeMm, uto [ (A +A) ' @)= ((A+ A4,)" @) IPH HEKOTOPOM A
¢ ReA >0, ubo ofniynoe npeobpasoBanue Jlanjaca HHBEKTHBHO
Ha oOrpaHHuYeHHblx (yHkuusx. KMrak, pesosnbBenTnl A; u A, orau-
gaiorest, 1ak uro A, A4,. 8

Mocrpouts e~ ‘! npH poKa3aTe/bCTBE JOCTATOMHOCTH B TEOpeMeE
X.47a MoxHO tpHMeHeHHeM dopmyanl e~ 4= lim (1 < ({/n) 4A)~"

A—>x
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(cM. 3amauy 49). TpyzHocTb B NpsSMOM NpHMeHeHHH TeopeMul X.47a
COCTOHT B HeoGXOZHMOCTH CTPOHTb pe30JIbBEHTY 3aMKHYTOIO oile-
paropa A gas nposepkH ychosuil (i) u (ii). ITosromy xorenocs Gl
UIMETH YCJIOBHSI HENOCpPEICTBEHHO Ha onepaTtop A, T.e. HaHTH aHa-
JIOTH YCJIOBHSl CHMMETPHH M OCHOBHOTO KDHTEpHS AJIS CcaMocOomps-
JKEHHBIX oneparopoB. Yro6nl MNMOHAThH, KaKHE 3TO J0JXKHH GHITH
yCJOBHSI, PpacCMOTPHM cJydaHl rujn6eproBa mnpocTpaHcTBa. Ecuu
e€ED(A), To n3 e o< [@|* ans Bcex {>0 cuaexyer, 4TO

—L-i—|]e“”‘(pﬁ2 t=0<0. C apyrolt CTOpoHHI,

g‘i—lle"“cpllz ey =— (Ao, 9)—(9, Ag),

OTKyZa Mbl 3akjawyaeM, yTo Re (Ag, ¢) > 0. Taxum o6pasom, ycio-
e Re (A ¢, ¢) >0 Hyx)HO 06O6HTL Ha 6aHAXOBO NMPOCTPAHCTBO.

Onpedenenue. [lyctp X -—GaHaxoBo npocTpaHCTBO H ¢ € X. ie-
mMeHT [€ X*, ynosaerBopswmuil ycaoBusam [{[=|¢| u [ (p)=|e]?,
Ha3blBAETCH HOPMHPOBAHHBIM KacaTeabHbIM (PyHKuUMOHAJOM X ¢. [lo
teopeMe XaHa— bBanaxa Bcaxuil ¢ € X o6nagaer mo KpailHedl mepe
OJHMM HOPMHDOBAHHBIM KacaTeJbHBIM (YHKIIHOHAJIOM.

Onpedenernue. IlnoTHo onpepeneHHbil omeparop A Ha GaHaXxoBOM
mpocTpaHcTBe X Ha3biBAaeTCsl AKKPETHBHBIM, €CJAH NDH KaXaI0M
€D (A) ans xakoro-nu60 HOPMHPOBAHHOTO KAacaTeJbHOTO (YHK-
nvoHana oT ¢ BumosaHeHo Re (I (A¢))==0. Onepatop A HashiBaercs
‘M2KCHMAJbHbIM aKKPETHBHBIM (MM mM-aKKPeTHBHBIM), ecin A akxpe-
THBEH M He HMMeeT COGCTBEHHBIX aKKPeTHBHBIX pacllHpeHHH.

3aMeTuM, 4YTO axkKPeTHBHBIH oneparop 3aMuIKaeM (3agada 52).
3aMbIKaHHE aKKPETHBHOTO OIeparopa ONsTb aKKPETHBHO, TaX 4TO
Ka)XABIH aKKDeTHBHbIY omnepaTop HMeeT HaHNMeHbllee 3aMKHYTOe
axKpeTHBHoe pacuupenune. Tenepr Mel MoxeM cdopmyJimpoBaTh oc-
HOBHOH KpHTepui.

Teopema X.48. 3amxkuHyTeli omepatop A Ha GaHaXoBOM MNpOCT-
paHctBe X mOpoxJaeT CXKHMAWLLYI0 MOJAYTPYHNy TOTA2 H TOJIBKO
Torza, Korga OH akkpeTuBeH M Ran (A,+ A)= X aad Hekoroporo
Ay > 0.

Lorazamenvcmso. T1ycts e~?4 —cxumawlas nogyrpynna, u npes-
MOJIOKUM, 4TO [—HeXOoTOpHH HODMHUDOBAHHHIN KacaTeabHBIH (QYHK-
ugoHan kK @ €D (A). Toraa QvHkuus hH—>l{e"4¢) auddeperun-
pyema u

d .
bra Re (I (7)) |;oo= —Re [(A9g).
C mpyroil cTopoHsI, ,
[Le o) <{ljle ™ ol<[olP=1(9
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anst Bcex ¢ >0, Tak uto Re t73(/ (e““‘cp)-——l(cp)}éO nNpH BcexX
t> 0. Hraxk,
—Re (1 {(A9)) <0

IJs BceX HOPMHPOBAHHBIX KacaTeJbHHX (YHKLHOHAJNOB K ¢, Tak
yto A akkpeTuBen. PaBenctBo Ran(/ + A) =X ecTb ciencTBue yc-
JoBusl (i) u3 Teopembl X.47a. Mrax, Heo6XoAUMOCTb HOKa3aHa. '

Ins noxasaTesnbcTBA [OCTATOYHOCTH HPEANOJIONHM, uTo A —
3aMKHYTBIH axKKPeTHBHBIH onepaTop, YIOBJETBOPSIOUIHH YCJIOBHIO
Ran (A, + Ay = X npu HexoTopoM A,> 0. [IycTh !— HOpMHPOBaHHBI
KacaTeJbHHH ¢yHrIMOHAT K @€ D (A), Tak uto Re (! (Ag@))=0.

Torna
MoP<M(p)+Rel(Ade)= ~
=Rel(A+A)o)<]o |+ 4) o]

Hrak, Ran (M + A) samruyT u A+ A umeeT orpaHuyeHHHH 06-
patueiit w3 Ran(A+A) B D(A) c HopMoii, MeHbiliefi uJH paBHOH
A~1. [Ins 3aBepllieHHst AOKa3aTeJbCTBa OCTAJOCh TOJIBKO MOKa3aTh,
yTo o6aacte Ran (A -+ A) nmotia B X. Ho Ran (A + A) nnoTtHa npu
A=A, TaK 9T0 C MOMOIbI0O OGHIYHOH apPryMeHTauHH TEOPHH BO3MY-
mieHHH (CM. JOKa3aTeJbCTBO TeopeMbl X.l) MOXHO I0KasaTh, YTO
Ran (A4 A) nnotHa npu Bcex A >0. §

Caedcmeue. Tlyctb A-—3aMruYTHII onepaTop HA GaHAaXOBOM MpO-
crpanctBe X. Torza ecnu o6a omnepatopa, A u ero comnpsi:KeHHbIH
A’, akxpeTuBHH, To A NOPOXKAAET CKUMAIILYIO MOJYTPYNMy.

Hokazameascmso. HouyctuM, uTo Ran (/ + A) ue mnotma. Toraa
no Teopeme Xana—Dbanaxa B X* cymecTByeT Tako#i [,” 4To
I({+ A)e)=0 pna Bcex @€ D (A). CaenoBatennuo, [ED(A’) n
(I +A')!=0. Tloatomy ecyiu p-—HEKOTOPbIH HOPMHPOBaHHBIH Kaca-
TeJbHBIH ¢yHKuHOHaN kK ! B X**, To p(A’f)= —|![?, uTo npoTu-
BOPEYHT AONYILEHHIO 0 ToM, uTo A’ akkpeTuBen npu [=%=0. Hrak,
Ran{I + A) miotsa B X.

[Ipexxne ueM paccMOTPeTh HEKOTOpPHIE NPHUMEPHI, CAESaEM PAL -
sameyaHui#i. Bo-nepBbiX, Npu JokasaTeiJbCTBe AOCTATOYHOCTH B TeEO-
peMe X.48 MBI BOCMO/Jb30BaJUCh JHIIb TeM JONYIIEHHEM, YTO AJIA
Kaxgaoro @ € D (A) cymecTByeT no xpalneli Mmepe oAMH HOPMHPOBaH-
HEIH KacaTesqbHHIH QyHKIHOHAJM [, Takoi, 4yTo Re ! (Agp) == 0. Orcrona
cJienoBaso, uTo (A+ A)~! orpanuueno npu BcskoM A > 0. Onupaschk
3aTeM Ha gonyinedwe Ran(A,+ A)= X, Mbl 3aBepuugu H0OKasa-
TeJIbCTBO JAocTaToyHocTH. OJHAKo NpPH JoKa3aTeNbeTBe HeoGXoAu-
MocTH ObLJIO NOKa3aHO, 4TO ecJH A MopoKIaeT CKUMAIILYIO NOJY-
rpynny, To Rel{(A@)>=0 ans acex KacaTeJbHBIX (GYHKIHOHAJOB.
Hrax, npu Haauuuu Jonymenus Ran(/+A)=X wus ycloBus
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Re! (A9) =0 nns oaHoro kacartesbHoro ¢yHKimHOHaJNa (K KaxAOMY
@€ D (A)) cnenyer, uto Rel (A9) =0 ans Bcex KacaTeNbHHX (DYHK-
IYOHAJNOB. Bo-BTOphIX, reHepaTophl CXHMAIOUMX MOJYTpynm, oye-
BH/IHO, M-aKKPETHBHBI, TaK kKak H3.ycjaoBus Ran (/ + A) = X BurTe-
KaeT, uTo A He uMeeT COGCTBEHHBIX aKKPETHBHHIX pacumpeHuii. OG-
paTHoe yTBepxkjeHue: ecqu A MakCHMaJbHO akKpeTHBeH, To A mo-
pOXKAaeT CXHHMAIONIYI0 NOJYTPYINY-—CNpaBelJUBO AJiA THIbGepToBa
IpPOCTpaHCTBa, HO He AJs GaHaxoBa {(cM. 3ameuaHHs H 3ajzauy 50).
HakoHen, KaKk u B cJyyae caMOCONpPsKEeHHHIX ONepaTopoB, AJA re-
HepaTOpOB CKHMAIOMIHX NOJYTPYINI BHIIOJHAETCA TEOpeMa O CyLlecT-
BEHHO# 0O0JacTH.

Teopema X.49. Ilycte A-—reHepaTop CXUMalOmeH NOJYTpyNnsl
wa GaHaxoBoM mpocTpaHcTBe X. IlycTs D—nioTHOEe MHOXKECTBO,
D < D(A), takoe, uto e *4; D— D. Torga D ecTb cymecTBeHHas

obnacte omepatopa A (T.e. A }D=A4).

Joxasameavemseo. Ilyets A > 0. HyXHo TOABKO IOKazaTb, 4TO
o6nacte Ran(A+ A |} D) nnorda B X. JlonmycTuMm, 4YTo 3TO He Tak.

Toraa Haiigercsa Takoit [€ X*, [5%0, uto [{(A+ A)9) =0 pns Bcex
9€D. Ho eciu €D, TO

d% L M q)=1(—Ae~ttq)=Al(e""q),

tak kKak e~t4¢ € D. 3uauur, ! (e~t4 ¢) =1 () €M, a 3TO IpH AOCTATOYHO
GOJIBIIMX { NPOTHBOPEYHT JMAOLYUIEHHIO, 4TO e~ !4—cxkuMmaowye, 3a
HekioueHueM cayyas [ () =0. Ho Tak xak D nnorHa, [(9) He mo-
®eT obpaliaTecs B HyJb AJas BceX @€ D, H MBI 3akJO4aeM, 4TO
Ran (A 4+ A | D) nxotHa.

fApumep 1. Ilycte B—caMoconpsi:KeHHbIH onepaTop B I'ujib6epTo-
BoM npocrpaHctBe 2. Torma | (un—B)~Y<<|{Imp| ~*, Tak uTo 06a
onepatopa A, =iB u A,= —iB yIoBJETBOPAIT YCJOBHAM TE€OPEMBI
Xunne—Hocuabl, CxuMawlue Hoayrpynns e *4: u e t4: coBna-
JaT C yHHTapHEMH rpynnamu e*® npu ¢ <0 u npu £ > 0 cooTset-
CTBEHHO.

Ecnu B>=0, T0 camMm B yloBleTBopseT YCJOBHAM TeOPEeMEL
Xunne—Hocuasl, Tak Kak |[{(p+ B)~Y<<p~* npu p >0 coraacHo
GYHKUHOHAJBHOMY HCYHCJEHHIO. 3HAYHT, B MOpoXaaeT CXKUMAIILYIO
noayrpynny e~ 5. PasymeeTcs, TakHe NMOJYTPYNNb MOTYT ObIThH NO-
CTPOEHBI M NpPSIMO C NOMOIIBIO (QYHKIHOHAJIBHOTO HUCYHCJEHHS.

JIpumep 2 (ypaBHeHHe TENJONPOBOAHOCTH Ha L? (R”)). OnepaTop —A
camocollpsikeH B cyiecTBeHHoM Ha ¢ (R”) M nosoxuTeNeH, NO3TOMY
ero saMelkaHHe (KOTopoe Mbl Takxe 0003HauHM — A) Hopoxaaer
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noayrpynny e wa L*(R"). Haa fé&L2(R?) OHPEJIEJII/IM u(x, ty =
= gAlf, Torpa ana Bcex ¢ €CY (R®x (0, o0))

R,il ((—W*‘A) ®x, 0)u(x, tdedi=
=£<S ((———A)cp(x, l‘))é“f(x)dx)dt_

=S<S (e“(——————A) o (x, t)\ F(x) dx>dt=
=£ —-52— [(€o) (x, £)] (x)]dxdt=0,
Rn

TaK 4TO 4 (¥, f) ecTb csaboe pelleHHe ypaBHEHHS TENJOMPOBOIHO~
ctu Ou(x, t)/0t=Au(x, t). Ecau f€D (A), T0 u(x, ty €D (A) Kak
¢GyHKUMA X IpU BcAKoM f >0, Tak 4To B 3TOM cayuae u (X, f) €CTh
KJACCHYeCKOE pellleHHe B TOM CMbicje, 4TO u (-, £) ectb L*(R")-
sHauHafA auddepenuupyemas GyHkuua { u ou (x, t)/at—Au (x, t).
B mo6GoM caydae u(x, £) YJIOBJEeTBOpSeT HauyaJbHOMY YCJIOBHIO
u(x, 0)=f(x) B Tom cMbicre, uTO |u (X, £)—f(%X)|L. (gny—0 1pH
¢t — 0. Tlosxe Mbl yBHIMM, YTO Ha camoM JeJe u (x, £) npu ¢ > 0 6ecko-
HeuHO Ju¢pbepeHuupyema o x u ¢ gudg scex f € L2 (R?). 3ameTum, 4TO,
NOCKOJIBKY ¢3! —cxuMamwas noayrpynna, |u(x, £)|;. g €cTb He-
Bospactamomaa GyHKuud f.

fpumep 3 (ypaBHeHHe TensonpoBogHoct Ha C. (R?)). O6o3naunum
uepe3 C. (R”) MHOxecTBO HenpepbiBHbX ¢yHKUHH Ha R?, Takux, 4TO
f(x)—0, korga | x| — co. D10 ecTh 6GaHAXOBO NPOCTPAHCTBO OTHO-
CHTENBHO sup-HOpMbl. OnpenesuM — A KakK 3aMbIKaHHe oIlepaTopa
o> —Agp Ha & (R®). Mol nokaxkewm, uto —A YIIOBJIETBOPAET yCJIO-
BuAM Teopembl X.48. [lycts @ € & (R®). Torjga Hafimercs Takas

TOUKa X,, 4TO |@ (¥,)]|= sup |@ (%) |. TIyeTb lg= (%) 8, - Toraa

€Cn RM*, [, ||—|<P(xo)l—llcpll 1 lg () =| @ (%) |*=| @[? Tak uro
l —HopMHpOBaHHbm KacaTeJbHHEH (pynmmonan K . [aiee,

Re (I, (— Ag)) =Re' (x,) (— Ao (x,)) =
= Vo (%) P—éA | @ (x0) 2= 0

Tak Kak A]@(x,)|?<C0 Bcaencrsue rtoro, uto | @ (X) |2 MMeeT MaKCH-
MyM B TOYKE X,. ITO nokasmiBaerT, uro —A[& (R?) akkpeTusew H,
3HAYHT, €ro 3aMbBIKaHHEe TaK¥Xe aKKpeTHBHO. bBoJsee TOro, ectau
\/ ~——
geoﬁf’(R") 10 (14+£20)-1g€ (R)<=D (—A) u I—A) (1 +k2)~2g=g,
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tak uto Ran (/—A) copmepxut & (R?), xoropoe mjortHo B C, (R").
Tak kak Ran (/ — A) 3saMKHYTO, 3aKJ/ouaeM, uto Ran (/ —A)=C,(R?).
Htak, — A aKKpeTHBEH W YIOBJETBOpseT ycloBHIO Ran(I—A) =
= C, (R"), 3HauuT, no Teopeme X.48, — A nmopoxaaeT CKHMalONlylo
noayrpynny et wa C, (R?). Kak u B npumepe 2, MOXHO [IOKa3aTh,
uto U (x, t)=e?!f—cnaboe pelneHHe ypaBHEHHHA TENJONPOBOAHOCTH
g f€C, (R®). Huxe Mpl yBuAHM, 4TO Ha camoM jeJe u (x, {) ecTs
KJaccHuecKoe pemeHHe. OyHRUuA u (X, f) yJOBJETBOpSAET HAYAJb-
HOMY ycsoBuiO u (¥, 0)==f(x) B TOM cMbICjIe, UTO
sup|u(x, )—f(x)|]—0 npu- ¢{—0.

xeR™

Tak Kak e*'—cxumMaloniasg HoJyrpymna, To max |u(x, £)| ectb

xeR®
HeBo3pacTalulasd PyHKUHUA f. 3TO OTpaXKaeT HHTYMTUBHOE NPeJCTaB-
JIEeHHEe O TOM, UTO MaKCHMa/JbHaf TEMIEPATYpa AOMKHA HOHUKATHCH
B Ipoliecce TeIJonepesayn.

ITockonbKy HaM M3BECTHO BbIpaXKeHHE Ind Anpa e'®, Mbl MOTJu
IPHMEHHTb IIPH aHa/u3e NPUMEpOB 2 u 3 «OpsAMbie» MeToAnl. Ilpe-
AMYIIeCTBO aGCTpaKTHOH TeOpHM NpPOABJIAETCA TaM, TIe Heab3d [o-
JYUNTh ABHBIE pellleHHsi; CM. XoTA Obl Ipumep 4 naJee.

CymecTByeT TeopeMa TeOpuH BO3MYIIeHWH /il TE€HepaTopoB
CKHMAONMX MOJYTpynI-—anajor TeopeMbl Kato—Pennuxa. oka-
KeM CHAuaja OJHY JeMMYy, KOTOpPYIO MBI IO3XE YCHJIHM.

Jlesma. Ilyctb A—renepaTop ‘cRuMatomen HOJYrpyIOE Ha GaHa-
xoBoM mpoctpaHcTBe X. IlpeamosioxuM, 4ro B—aKKpeTHBHBIH ome-
patop, npuueM D (B)>D (A) u nada Bcex ¢ €D (A)

IBel<<alAe|+b]e|

C HEKOTOpHIM b u HekorophM a < 1/2. Torza cymma A+ 3 (ompe-
JeneHHad Ha D (A)) ecTh 3aMKHyTbii aKKpPETHUBHHEIH olepaTop, Nopo-
KAAIOHKMA CKUMAIOMYI0 NOJYyrpynmny.

Hokasamenscmeo. DTo n0Ka3aTeJbCTBO OCHOBAHO Ha TOH ¥Ke iJee,
4TO Hu JoKasateabcTBo Teopembl X.12. Tlyete A > 0. Toraa
lAM4+A)y=]=|A A+ A)—1]<2. [TosToMy ana ¢ € D (A)

1B+ A ol<alA (h+A) @l +5] (h+A) o)<
<(2a+%)lol.

3uaunT, |B{(A+A)"*{<<1 ana pocratodno Soabiiux A. Ciaenosa-
TeJIbHO, MOCKOJIbKY
Ran(A+4)=X

A+A+B)=({+BA+A))(A+A4),

H
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MBI TIPHXOAMM K 3ak/ioueHuio, uto Ran (A + A+ B)=X. Tak kak A4
MOpOXKAaeT CXKUMAIOILYIO IOJNYTPyNNy, TO MBI 3HaeM, uto Re ({ (A9))=0
/i 6CAKO20 HOPMHPOBAHHOTO KacaTeJIbHOTO (YHKHHOHaska K ¢.
[Tostomy A + B akkpeTHBeH K IOPOXKAAET CXKHMAIOILYIO noyrpynny. i

Teopema X.50. Ilyctb A u C-—aKKpeTHBHEE OnepaTopbl Ha GaHa-
xoBoM npocrtpaHcrBe X. Ilpeanonoxum, 4TO CylmecTByeT NJIOTHOE
mHoxectBo D, D= D (A), DD (C), u takoe a &[0, 1), uto

[(A—-C)o|<a( Ao +|Col) +b] o]
Miasa mekoroporo b u Bcex 9 €D. Torna

(a) A mopoXnaeT CKUMAIOIYIO NOJYrPYINy B TOM H TOJbKO B TOM
cayuyae, KOrja TaKylo noayrpymny nopoxpaetr C.

() D(A}D)=D CID).

Hoxasameascmeo. Utobwel JNoOKasaTh (a), HYXKHO WOKa3aTb TOJBKO,
uyro Ran(A,-+A) Torma u TOJBKO TOrAa IIJIOTHO JJISI HEKOTOPOTO
A, >0, koraa Ran(p,+C) naotHo aas HekoTtoporo p, > 0. Ioka-
3aTeJbCTBO 3TO B TOYHOCTH TaKOe XKe, KaK B Teopeme X.13, ¢ Tem
e[IMHCTBEHHBIM OTJMYHeM, uTo <’ BHIGHpaeTcHd TakK, u4TOGBl G6bLIO
2aa’ /(1 —a) < 1/2, T. e. 9TOGH MOXHO GBIJIO IPHMEHUTD JeMMy. Kak
H OpexJje, JA0KasaTesabCTBO YTBEpXKAeHHA (D) Mbl HpejOCTaBHM YH-
ratemo. §

Caedcmeue. Ilycte A u B ynoBieTBOPSAIOT BCEM YCJOBHAM JIEMME,
TONIBKO yc/oBHEe a < 1/2 sameHsderca Ha a < 1. Toraa yTBepxkaeHue
JieMMBI OCTa€TCS B CHJeE.

Kak u 11 caMoCONpsKeHHBIX ONepaTopoB, HMeeT MecTo dopMyia
[IpOH3BENEeHHU .

Teopema X.51 (dopmyna Tporrepa ans npousBesenus). Ilyctb A
1 B-—renepaTopbl CKHMAIOMIMX HOJYTPYIN Ha GaHAXOBOM [POCTPaH-
ctBe X. Honyctum, uro 3ambikauue (A -+ B)}D(A4)N D (B) nopox-
JaeT cxuMawomlyo moayrpynny Ha X. Torga ang Bcex 9 € X
e~! A+B) @ = lim (e—1A/n e=1B/n)n g,
n—>-m

Ecau D= D(A)N D (B) u (A + B)|}D 3aMKHyTO, TO IOKa3aTebCTBO
teopembl X.51 B TOUHOCTH TaKoe xe, Kak H Teopemn VIIIL.30.
OTHOCHTEJBLHO OOMHIEro cJydas CM. CCHIJKM B 3aMeuyaHHSAX.

fipumep 4 (ypaBHeHHe TeIJIOIPOBOAHOCTH C HCTOYHHKAMH H CTO-

KaMmH, NMpONOpUHMOHAJBHHMH Temnepartype). [1ycTs g (x) —orpanuuen-

Hasa (| g (x)| < M) BemecrBeHHO3HaUHas HelIpepHIBHAA (QyHKIHA
Ha R”. OJuddepennnanpHoe ypaBHenue

—c%-u(x, H)—Au(, ) =—q(*) u(x, (X.99)
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OTBeUaeT TAKOMY (PH3HUECKOMY IIOJIOXKEHHIO, KOTJa HCTOUHHKH HJIH
noGapisior (ecan ¢ (x)<C0), wiau norJomawr (ecau g (x)=>0) Temno
B TOYKE X [PONOPUHOHAJBHO JIOKaJbHOH TeMIeparype B TOUKe X
B MOMeHT BpeMeHH f. [lpempinyinee o6ecy:kiaeHHe NOACKA3HIBAET, YTO
Mbl JOJIXKHEI PacCMOTPETh OIepaTop

CA=—A+4q(x)

Ha L?(R") u C. (R"). Tak Kak QyHKuUMS ¢ (x) orpaHHyeHa KOHCTaH-
Toit M xak omeparop Ha L2 (R”), u3 teopempl Karo—Pesasnuxa wme-
MeJVIeHHO cJieayer, uro A camoconpsixkew Ha D (— A) u orpaHu-
ueH cHH3y KoHcTaHtofi — M. IlostoMy e~*4 MoxeT GHITH OIpetesieH
C nomowblo QyHKIHOHAJbHOTO HCUHCJEHHS, U ecau f &€ D (— A), To
u(x, t)=e-"Af ynosjerBopser ypaBHeHHIO (X.99) ¢ HauaJIbLHEIMH
ycqoBusmu u (x, 0)=7{ (x).

B cayuae C. (R”) MOXHO NMpPHMEHHTH CJeACTBHE TeopeMbl X .50 —
agajnor teopemn Karto—Pesnanxa s mpoctpaHcTBa Bawmaxa. Jlo-
OYCTHM BHauage, uto ¢g{x)>=0. Torja yMHOXeHHe Ha §(X) eCcTb
OorpaHuYeHHEHIH aKKpeTUBHbii onepatrop Ha D (— A)c=C,. (R%), mo-
CKOJIbKY MOJKHO BOCITOJIb30BAThCS TEMH Xe HOPMHMPOBAHHBIMH Kaca-
TeJbHEIMH QYHKIHOHaJaMu [,, 4YTO U B IpHMepe 3, H OOHApYKHUTD,
uto lg (g9) = g (x,) | @ (x,) |2=0. Ilostomy, corsacHO cieICTBHIO Te-
opembl X.50, A-—3aMKHYTHIi aKKpPeTHBHBbIH oneparop Ha D (— A).
Kak u mpexne, u(x, {)=e~ 4!f ynosaerBopser (X.99) B csabom
cmeicste u |u(x, #)—f ()] — 0 npu £—0.

Ecau g orpunarenbHa B KaKoOH-JHOO TOuKe, TO yMHOXeHHe Ha
g He akkpeTuBHO Ha C, (R”). 31O ecTeCTBEHHO, TaK KaK TOJIBKO
B cayudae ¢ (x) == 0 (T.e. KOrJa TenJo TOJIbKO IIOTVIOILAEeTC ST, HO He BHifle-
JISIeTCSI) MBI MOJKEM OXHMJAATh, 4TO e~ ‘4 GyJleT CKHUMAIOIIeR NOJYrpyIl-
nofi. Ho 3Ty TpyAHOCTB JIeTKO MpeojoJsieTh, MONOXKHB Aj=—A--
+g (x) + M na D (— A). Tak kak g (x) + M =0, T0 g(x) + M-—orpaHnu-
YeHHbIA AKKPEeTHUBHBLIH OIEpatop U sl NOCTPOEeHHUS CKHUMaloUleH 101y -

~tdy
TpYHIOH e MOXKHO I'IIFI/IMEHHTI: csencteue TeopeMbl X .50. [Tosoxxum
t

Terepb T(t)=eu_Me M. Torpma T ({)—CHJBHO HempepbiBHAS I[O-
ayrpynna u aiasi Besikoro f € D(— A) dyukuna u(x, =T () f
caabo yposuersopsier (X.99).

WHTYHTHBHO SICHO, 4YTO pellleHHe ypaBHeHHs TeIJIONPOBOAHOCTH
JIOJKHO COXPaHSIThb IIOJOXKHTENbHOCTh, T. €. ecau u {x, 0)= 0 mouth
BCloAy, TO u(x, {)>>0 noutu BcloAy mo x aas Bcex ¢ > 0. B sana-
ue 53 oT uumrareas TpeGyercst MNokaszatb, 4TO e COXpaHsieT NoJOo-
#utesbHocTs Ha L2(R”?). Tak .kak e~ ® >0 npu Bcex X, TO
(edt/ne~ta )/n)nf =0, ecan f==0. ITo popmyne Tporrepa

(ebt/ng—1a (x')/n)nf _L_‘>e— L=A+a)f
¢ n—> o
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TaK YTO MH JOJIXHEI MOJYUMThH e~ (—4+40f>=0 nmouru Bcioay. Cxoa-
HOoe mnpuMeHeHue ¢opmyasl Tporrepa mnokaseiBaeT, uro. 7 (f) =
= gtMg=t(-8+4+M) coxpaHsieT NOJOXHTENbHOCTH Ha C. (R*?) (3a-
Jaua 54). ‘

INoctpoenue e—(— 2+a)¢ g npumepe 4 ana cayyada g¢< 0 mokasm-
BaeT, HACKOJbKO €CTeCTBEHHO BO3HHUKAIOT CHJBHO HelpepHBHEE IIO-
JYrpYINOH, He sABJAwUHecHd cxKumalomumu. [losTomy b cefiyac
IPOAEMOHCTPUPYEM, KaK JierKo O0GO06LIAITCA pe3yJbTaThl AN CXKH-
maroiux noayrpynm. Ilyers T (£) —cuibHO HenpepHBHAA MOAYTpyHNa,
u nyctb a > 0. Tak kak ¢+7T () ¢ HempepeiBHO H oTpe3ok [0, a]
KomriakTeH, mHoxecTBO {|7 (f) 9|0 <C¢<Ca} orpannueno. ITostomy
H3 IPHHLMIA paBHOMepPHOH orpanHueHHocTH (Teopema 1I1.9) cnenyer,
uyro cyuectByer Takoe M, uro |T ({)|<<M pna Bcex f€[0, al
ycrs Teneps t€(0, oo). Toraa f=na--1, tae t€J0, a] Ilo
CBOHCTBY HoOAyrpynn

IT@N=IT (@ T @< M+ << Me,

rae o =a~1log M. CyenoBarejqbHO, BCE CHJIBHO HENpepPHIBHEIE MOJY-
TPYINBE 9KCIIOHEHIMAJIbHO OrpaHuueHEl. TouHas HHXHAA TpaHb
upcesl @, AJAA KOTOPHX cymectByer Takoe M, uro |T (f)[|<< Me®?,
oflo3Hauaercs yepe3 ), U HA3bIBAETCHA THMOM NOJYTPYHIHE (CM. 3a-
nauy 51). Fenepatop A moayrpynnu 7T (f) ompeiensieTcsi TOYHO TakK
ke, Kak AJq cxKumaowel noayrpynnel. Kak u pawbine, 4 3aMKHYT,
H pacCyXKJeHHe, COBIAJalOlee ¢ TEM, KOTOpOe IpeJBapser Teopemy
X.47a, noka3piBaeT, 4YTO €CJH A > w,, TO0 —AEP (4) u

(h+A) = {eMT (1) gdi
0
I BceX @ € X. 3HAUHT, €CJIH o > @, H A >@, TO

10+ Ao l=| S ()" 04+ 2] <

nl

«w
1 i pwi j— Milel
. ng —M wi Nenit — MHPH
<= (St e~MMe dt)l]cp!|_(x_m)n.
NO
O6parHo, HeGosbIIHE H3MEHEHHA B JOKasaTeabcTBe TeopeMbl X.47a
[IOKAa3BIBAIOT, YTO 3TH YCJOBHA ABJSIIOTCA TaKXKe M JOCTATOUHBIMH

aug Toro, 4robnl A NOpoxKAand CHIBHO HENPEepHBHYIO NOJIYTPYNNy
(3amaua b5). Mrak, uveeT MecTo caeayiofias

Teopema X.47b (reopema Xumaie—Hocuapi—®unaumnca). Heo6xo-
JAMMOe M J0CTaTOYHOe YCJOBHE TOrO, UTO 3aMKHYTHI omeparop A
11a 6aHAXOBOM MPOCTPAHCTBe X TOPOXAAET CHJBHO HEIpepPLIBHYIO



8. [loayepynner u ux eenepamopet 275

NOJYrpynny, COCTOHT B CJEAYIOLIEM:
(i) CymecTtByer Takoe ® >0, uro Kaxjgoe A > o Jexut B p (A4).
(ii) CymectByer Takoe M, 4ro
- M
[+ )< s

IJsi BCeX A > @ M BCeX NONOXKHUTEJIbHHX LEJbX 7.
B sToM ciyuae |e~t4[<C Me® npu Bcex £ >0 u

10+ A< et

npu Bcex A, Tak 4T0 Re (A—w) > 0.

INocaennuft npeaMer, KOTOpbiM MBI 3afiMeMcA B 3TOM pasjefe,—
3TO TEOpHSA OTPAaHHUEHHHBIX TOJOMOPQHBIX noayrpynn. Uto6k NOHATS,
YTO Mbl XOTHM, PaCCMOTPHM CHayaJa Caydai INOJOXKHTEJIbHOTO CaMo-
conpsikeHHOro omeparopa A B ruJb6EPTOBOM NpPOCTpaHCTBe 7.
BekTopHOo3HauHasag QyHKUHA e~t4@ MoXeT GHIThb aHAJHUTHYECKH INPO-
JoJI)KeHa B INpPaBylO NOJNYIJIOCKOCTh € IOMOLLbIO (YHKUHOHAJIBHOIO
HCUMCJIEHHS. DTO NOJACKa3bIBaeT cJjefylomee

Onpedenenne. Ilycts 0 € (0, /2]. CuibHO HeENpepLIBHASA OrPaHM-
ueynad noayrpymna T (#), ¢>0, wa GawaxoBoM mpoctpaHcTBe X
Ha3bIBaeTCs OrpaHH4eHHou rojgomopdHoi moayrpynmnoit ¢ yriaom 0,
ecsu

. (1) T (%) ectp CyX€HHE Ha MOJIOXKHTEJNbHYIO BelleCTBEHHYIO OCh aHa-
nnmqecxoro cemeiicTBa onepatopoB T (2Z) B OTKPHITOM CeKTOpe
{zHargzI <0}, YAOBJIETBOPAIOMIEro  YCJIOBHIO T(z4+2)=

=T( 2)T (2') nasa Bcex 2z, 2" € Ss.

(it) Tlpu kaxzgom 0, < O cemefictBo {T (2)} paBHOMEpHO OrpaHHYEHO
B cektope Sg, U T(2)¢—¢q, ecau z—0 B Sp,, ANA BCEX
PEX.

Ecmu A —wunbuunuresuManbublii rewepatop 7 (£), TO Mbl NHINEM
T (2) =e~24,

Jlerko BHIBECTH HEKOTOPHIE CBOHCTBa renweparopa A orpanuuen-
HO# roJjiomMopduof Homyrpynnel ¢ yriom 8. Ilpu Beakom 0 <n <O
nosyrpynna e-(¢" 4 Gyner orpanuuenHofi M CHILHO HENpPEPHBHOM
(kak ¢yukuua r). OueBuano, ee reHepatop ectb emA, Tak u4to
crekTp ¢MA JoJKEeH JeXaTh B INpaBofi mosaymiockoctH. Tak Kak
3TO cIpaBejJIHBO AJNS BcexX 1, yaosJjersopswmux 0<|n| <O, Mmbr
3aKJIOYaeM, 4TO

6(A) = Sn;p o= {zllargz | << —“——6 } (X.100)

Hanee, nas Kaxgoro 0, << 0 cemeficTgo 'e—("’"‘) | paBHOMEpPHO Orpa-
HHYeHO (CKaKeM, qncnom M,) upu Bcex r >0 M Bcex 1, Takux,
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uro | n|<8,. CaenoBarespno, no teopeme X.47b

e
1A -+emA) < g

npu Bcex A ¢ Red > 0. 3nauut, ecu 3ajaHo 6, <9, 10

-1 M, X
I+ 4 1< (X.101)

npu Bcex 2€C\ Sxz-e,, Ta€ M; 3aBucHT OT 6.
Ha camoM fesie 3TH YCJOBHA TaKxXe M JOCTATOYHEL:

Teopema X.52. 3amkuythii omnepatrop A Ha GaHaXoBOM I[Ipo-
cTpancTBe X CJAYXHT FeHEepaToOpoOM OrpaHHYEHHOH TroJOMOPQHOH
nosnyrpynnet ¢ yryiom 0<Cxm/2 Torma M TosBKO Torja, Koria A
yiosJetBopsier ycjoBuam (X.100) u X.101).

Hoxasamenrvcrmeo. HeobGxoaumocTh yKe JoKasaHa. 3aMeTuMm, HTO
JOCTAaTOYHOCTb MOXHO ObLIO OBl JOKAa3aTh TEM XK€ METOAOM, HTO H
B Teopeme Xusse—Hocuapl, ecain GBI MBI pacroJjarajii yCJOBHEM

Iy _
24+ A) il 1 , n=1,2 ..., (X.10la
I+ 4) "\(dist (2 Szja-e))" ‘ ( )

Gonee cuabHbIM, deM ycjioBue (X.101). B Gosbilieit wacTu npnJjioxe-
HHH MOXHO y6enuTbcsi B crnpasejuuBocTé (X.10la), HO nmoyuHTeNbHO
caMo JOKa3aTeJbCTBO O6uiero ciayuas. Muest 1oKasaTesibCTBa COCTOHT
B NnpuUmeHeHHH 060CiIeHHA (yHKIHOHAJbHOrO ucuucaenus Jlandopaa
(cM. sajauy | u 3ameuanus kK ra. VII) aaa moctpoenus nony-
rpYNNBI, KOTOpas, KaK 3aTeM MOKasbiBaeTcsl, 06jgajaeT BCEMH HYXK-
HeIMH cBofictBamu. [lycts 0 <9, << 0; <0 u I'—nyTs, ykasauusli

Ha puc. X.5. Ilosoxum

T(z)E__‘_iSe—*z (A — A)=1dA (X.102)
r

2n

A5 _Bcex z€ Se,={z||argz|<6,}. Tak kak 0 (A) < Syp/s -6, TO
na I' omnpemeneno (A—A)~*. Boaee toro, ana A €T, YT, umeem
Re(zA)=c(z) | M|, rae c(2) =]z]|-cos (arg 2+ m/2—0,), Tak uTO AN
z € S, uHTErpas cxoautcs H coBokynHocTh {|7 (2)]} paBHOMepHO
orpaHuuyeHa B 06JacTH o

Re, o={z| |2]|=8, largz|<0,—¢}

npu BCsikMX €, 8 >0. C ppyrofi croponbl, ecan 0<|z|<<é wu
|arg z| <<6,—e, To, npou3BONA 3aMeHy nepeMeHHHIX { =|z| A, Halizem

—Cpmtea( & __ 4\ 46 _
T(z)—ig’e C/”( A)

[z] Tzl —
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r=r1Ur2Ur3

Puc. X.5. Kpusas T,

(cM. puc. X.6)

= e ()

(mo uurerpaabHoit dopmyse Kown u (X.101)).

Tak kak pa4 § € I' umeem dist (¢/) 2], §n/2_91):] z|=tdist (&, Sa/2-8,),
TO .

[;3_2‘4 “< LS; e~ 1bl (1-cos (J‘t/2~8))M1 d;+c <
rl PS N

<{C, (He3aBHCHMO OT 2)

# ¢yHkuus T (2) paBHOMEPHO OTPAHHYEHA B CEKTODPE Ry o=Sq,-e.
HNanee, T (z)— ananuTHueCcKas onepatopHo3Haunas QyHkuus B Sp,,
TaK KaK MBI MoOXeM JHdbepeHUHpOBaTb MNOJ 3HAKOM HHTerpaJa.

JlokasaTeJbCTBO Toro, uro 7 (2)—Ioayrpynna, MNpoBeleM cJe-
nywowmum obpasoM. Ilyete I"—xkontyp T', caBunyThili BieBo Ha gse
egunuMnE. Torza, no Tteopeme Komu u mo {X.101), onpenesenue
T (2) He 3aBHCHT OT TOTO, KaKOH M3 ABYX KOHTypoB I' mam I MH
Bei6epeM. [lyeth 2z, 2’ €Sp,. Torza, monn3ysace Teopemoit Dy6uHH,
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r!

I

1217

Puc. X.6. Kpusas I'.
ﬂepBoﬁ pesoJibBeHTHOH GopMyJsioil U HHTerpasabHol dopmyJoil Komn
HapiijieM
TOTE) = (5) | feo 627 a2 du i

= () HE‘“ K2 (i 21 (b — A) =1 — (— A) 1) dip A =

LI T (A—A)"tdA=T (z+2').

- 2ni
r
HdonyctuM Tenepb, 4yto z— 0 B cekrope Sg,.. H @ € D(A). Torza

TRERI¢—¢= —2—}178\(3—7"2(7\'—14)—1—6‘?‘27\.'1)(])617\.::
21 e~MA-1{A—A)"L Apdh —

r
7» 1A —A)t Apdr =

(no Teopeme o MaxkopupoBamHoB cxoaumocTH H {X.l101))

=0 (no Teopeme Kommu, (X.100) u {X.101}).
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[Tockosbky. Bce T (z) paBHOMEpPHO OrpaHuueHnl, 7T (2)¢— @ 114
Bcex ¢ € X. CrenoBatesnbHo, T (2)—CHJIBHO HempepHBHAS MOJY-
rpynna B Se,-.e H, B 4aCTHOCTH, T (f) CHIbHO HENPEPBIBHA A4 ¢ > 0.

ITyects @€ X. Toraa, Kak oTMmeuasoch BblLeE, MOXKHO auddepen-
HHpOBaTh MOJ 3HAKOM HHTErpasa; nojydaem

LT (2)p=— —2—]—58"“(—?»)(?» —A)edh =
=__2me e~ (—p—A (A—A)"1 g)dh =
=-%{[§ e~ (—A(A—A)"t9)dr= (teopema Kouin)
=—A l_-Q-l; etz (7»——A)‘1cpd7»]=("rax Kak A 3aMKHYT)
=-—-AT(z)cp.P

Hrak, T (2): X—D (A) u —AT (2) 9=T" (2) ¢. Hanee,ectu ¢ € D (4),
TO TaKoe K€ BHIUHCJEHHe MNOKaseiBaeT, 4To 1’ (2)o=—T (2) Ag.
CaenoBaTesibHO, BeKTOpHO3HauHas GyHKnus 7T ({) ¢ uMeeT paBHO-
MEPHO OTPAHHYEHHYIO NMPOH3BOAHYIO NpH { >0, TaK UTO

t

T () ¢— 1 (o

__.(_l_tuzTST (s)(pds=
1]

3
1
=T»§_AT (s)cpds;—_-;a»——-Acp.

3HaunT, redeparop 7 (/) pacumpsier A, Ho Tak kKak T (¢): D (A)—D(4),
To 13 Teopembl X.49 cuenyer, uto cam A mopoxiaet T ({).

{lockoabky 6, MoxeT ObIThb BHIGPAHO CKOJb YrOAHO GJH3KHM
% 8, u & >0 NpousBOJbHO, Mbl JOKa3alH TEOPEMY.

Laedcmsue I, IlycTe g—cTporo m-akkpetuBHasi opMa B THJb-
5epTOBOM TIPOCTpaHCTBe $7, Takad, 4To H3 @€ Q(q) ceayer
larg[q (o, 9)]| <9, nprueM 6<n/2 Torpa aCCOHHHPOBaHHbIH (mo
teopeme VIII.16) ¢ 3Tofi copmoil CTPOro m-akKpEeTHBHHI OnepaTop
fIOpOXK/AaeT OrpaHAYeHHYI0 TOJOMOP(PHYIO HONYFPYHNy C .yrJoMm
n/2—0.

Lorkasameabcmso. 310 cAeAcTBHE NPAMO BhiTeKaeT U3 teopemn VII1 17
4 TOJIbKO YTO JOKas3aHHOH TeopeMbl. §
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Cnedcmseue 2. Ilycte A —reHepaTop OorpaHHueHHOH roJomopdHoi
noayrpynns ¢ yriaom 6, 6 > 0. Torza mas Bcakoro uneaoro m >0
H Bcsikoro € X

e-t*g€D (A"  m  |Ameto|<CIEL
npu Bcex £>0 (C 3aBuCHT OT A H OT m, HO He 3aBHCHT OT Q).

Jloka3aTeJbCTBO 3TOTO CJEACTBHSI OCHOBAaHO Ha I pelCTaBJeHHH
(X.102), ¢opmyne™~T’ (z)—-—AT (2) ¥ nNOCTpOEHHAX, CXOAHBIX
C J0Kas3aTeJbCTBOM caMoii TeopeMmel. BocnpousBexenue neraJeit
BhIHeceHO B 3ajauy 58.

TloHsiTHe orpaHHuYeHHOH roJOMOP(HHOH MOJYTPyMNikl MOXKHO 0606-
[HUTh TaK e, KaK MBl 0000IIUJIH TOHSITHE CXKHUMAIONIEH NOMYTPYIIIH.
CusipHO HempepriBHasi noJayrpynna 7 (f) Ha 6aHaXOBOM MpPOCTpPaH-
ctee X HaseiBaeTcsl rojomopdHoii noayrpynmoit ¢ yraom 6, ecau
T (¢) o6nanaeT BceMH CBOHCTBaMHM OTrpaHHUeHHOH rojioMop¢gHoi noay-
rpynnel ¢ yrjaoM 0, 3a HCKJIOUEHHeM paBHOMEDHOH OrpaHHYeHHOCTH
B cektopaXx S, 0;<<0. Eciau T (¢{)—rosomopdpHast mnoayrpymnna
¢ yraom 6, To Aasi Besikoro 0, <0 u @ € X coBokynHocTh [T (2) @
orpaHAuYeHa B _

Rl, 9,={zllargzl<91) lz!<1}9

Tak 4YTO 1O INPHUHIHNY pPaBHOMEDHOH OrpaHUYEHHOCTH QYHKIIHSA
|T (2)| orpannuena B R;, s,- [loab3ysick MOJyrpynmnoBbIM CBOHCT-
BOM, KakK BHILIe, 3aK/IOYaeM H3 3TOrO, YTO CYHIECTBYIOT TaKHE IIO-
croauuue M, o >0, utO )
1T ()<< Meo 121 :

nnst Bcex z € Sy,. CnenoBatesnbHo, e-9?T (z)—orpaHHYeHHAasi roJO-
MopdHas moayrpymna ¢ yrJaom 6;. OTMeTuMm, 4TO 3TO CIpaBeLJHBO
nasa Bcex 0, <O, onHako ®, BooOmle roBops, 3aBUCHUT oT O,. Hs
3TOTO ONHCAaHU$, TeopeMsl X.52 U CJEACTBUsI 2 HEMELJIEHHO BLITEKAeT

Teopexa X.53. 3aMkHyTHIH onepatop A B GaHaXOBOM NpOCTpaH-
cree X mMOpOXKZIaeT TOJOMOPOHYKW moJayrpynmy c yriaom 6 torxa
U TOJBKO TOrJa, Korja paasi Bcsikoro 0, < 0 cymecTByioT Takue

koHcTanTel M, @ >0, uto u3 A ¢ Sy/m_o, cenyer, uto A—o €p (4)
H

~1" ———M———'
[(A— (A —o0))~1 ;< dist (A, Spys_p,)

Kpome TOro, cymecTBylOT TakHe KOHCTaHTH M,, @, >0, uto aas
BceX @€ X

e=tig ¢ Fil D (Am) Ho. [Ame-tag| < Moe ""II(PH

npu Bcex ¢ >0,
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HokasarenrcTBO chexnyioniefl TeopeMbl GJH3KO CJeLyeT [JOKasa-
tesbcTBaM TeopeM X.12 u X.50 M mpenocTaBJasieTcsl 4yMTaTeMO (3a-
paua 56).

Teopema X.54. Tlpemnonoxum, uro A-—reHepaTtop roJoMopgHOH
noayrpynnel ¢ yraom 6 B GamaxoBoM npoctpaHctee X. ITycts B —
TaKOH JIHHeHHHIH onepatop B X, 4TO

(i) D (B)>D (4).

(ii) Oast Bcex a >0 cymectByer Takoe b >0, 4ro 1as Bcex
9 €D (4)
|Be|<alAe|+b]e].

'501;111):3 A 4+ B nopoxpaeT roJoMoppHYI MHOJAYTpynmy ¢ yriom 6 Ha
A4).

Yto6bi NPOH/IIOCTPHPOBATh BBELEHHBIE HAMH IOHSITUSI M IIpoje-
MOHCTPHPOBATh IIPHMEHEHHe roJIOMOPGHBIX NOJYrpynI, o6Cy MM OTHH
npHMep.

Ilpumep 5 (raagkocTh pElIEHHH YPABHEHHSI TEILTONPOBOIHOCTH).
Panbure 6bl10 yxe mokasano (B § 1X.7), uro momyrpynma e’ nHa
L?(R") moxer GrITb npenctaBjeHa ¢GHopMYJIOi

(e8f) (x)= (dnt)=n/2 { e=1x-utrst f (4) dy.
Rn

C noMomplo IPSIMOTO BHIYKHCJIEHHSI MOXKHO yGenHThCsl, uTo 3Ta op-
MyJa onpezeJisieT Takxke cHUIBHO HelpephuiBHYio noayrpynny #a C_ (R)
¢ — A B KauectBe HHQHHHUTE3HMaJbHOTO TreHepaTopa 3TOi MOJY-
rpymnel Ha & (R). 3HauuT, 3T0 TO npeiacTaBJeHHE sl HOJYTPYIIIb
e’ na C_ (R), koropoe MBI CTPOMJH B npHMepe 3.

Jast mo6oro z€C ¢ Re z > 0 onpenennm e?2 ua C_ (R*) bopmyoii

(@) () = Un2)~2 § emlx=stlszf ) dy,
Rn
rje BbIGPaH KBaJpaTHHEIY KOpPEHb ¢ HAMMEHBUIMM apryMeHTOM. UHra-
TeJIb MOXeT y6eIHThCsI TOCPECTBOM IIPSIMBIX BRIUHCJIEHHH (3aKaua §57),
YTO 2> ¢?4-—aHaJWTHYeCKasl oONepaTOpHO3HayHasi QYUKUHA IPH
Rez> 0, uro nmoayrpyunnoBoe CBOWCTBO BBLINOJHAETCS YU YTO €CJH
2—0 B Sp, |8] <n/2, TO €24f —f. anee,
A —; —n/2 p=|x}? _ 121
leca | ={ (4m2)="/2 e~ 1*1/22], = o,
TaK YTO €24 -—orpaHHueHHasi rojJoMopdHasi noJayrpyulia c yriom /2.
. 0
3aMeTHM, 4TO ecad z=1e®, 0 <|08| < m/2, TO e/¢’4 raer npumep
OrpaHHYEHHOH NOJIYTpYNIbl, KOTOpasi He sIBJsIeTCH CXHMMalouefi.
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TIpennonoXuM, 4ro ¢ (¥) —orpaHHueHHasi HelpepuiBHAS QYHKIIAA.
Torpa, no teopeMe X.H4, omepatop — A+ ¢ ¢ 06/1acThIO OIpenedie-
Hust D (—A) nopoxpaer ronoMopdHYH NOJYrpymiy ¢ yriaoM /2

Ha C_(R*). Hanee, e'A-9f€ N D((—A+¢)™ past Kaxzoro
: m=1

fE€C_(R"). Ecau Me BZoGaBOK MPEAMONONHM, UYTO § GECKOHEUHO
AudpepeniiupyeMa 1 ee NPOU3BOAHEIE OTPaHHUYEHHI, TO MOXKHO IIOKa-
3aTb, YTo €A~ f ectb C™-pyHKUUS X 1151 Kaxgoro £ > 0. B camom
Jene, MonoXKHM @ ==¢’ (A-0f Torna ¢ €D (— A +q) =D (A). danee,
® €D ((— A+9)?, Tak uto — Ag -+ g € D (A). ITockoneky ¢ € D (4),
TO, corjacHo 3afaue 57 (b), V¢ npunaanexur C_(R") u, smauur,
g9 € D (A). CaepoBartensHo, Ag € D (A). Tlpogonxkasi Tak xkKe, JOKa-
KeM, uto A?@ € D (A) anst Bcex m. B uactHocTH, A™@ HenpephiBHA
npu BceX m, Tak yto no JemMe CoGoseBa (Teopema 1X.24) ¢ ecTb
C™-bynruua x.

CxopHoe J0Ka3aTe/bCTBO NMO3BOJSIET yOequThes, 4ro ef (A-df ecThb
C»-byuknuust no x npu Bcex ¢ >0, ecain fEL2 B 3ToM cayuae He-
IIOCPEACTBEHHO M3 CIEKTPaJbHOH TEOpPEMBI MBI MOMKEM 3aKJIIOYHTH,

yro ¢! A-df€ n D((—A-+g)™), Tak u4TO He BO3HHKAeT HYMXKIBI
1

m=

B TeopeMe X.53.
[IpocToe paccyxiaeHue, ocHOBaHHOe Ha JjemMe CoGosieBa u Teo-
peme X.53, 1OKasblBaeT, YTO B Te€X Ke IPEANOJOKEHHUSAX peleHUs]

u(x, 1) =(e A=) (x)

GeckoHeuHo auddepeHnHpyeMbl cosmecmuo 110 x U ¢ 1pu ¢ > 0.

Kak mocnenHuil mpuMep B TEODHH TOJOMODP(PHBIX HOJYTPYII MHI
HceseiyeM OOMH KJacC OIIepaTOpPOB, ¢ KOTOPHIM BCTPETHMCSI B cJe-
JyiomeM pasgene H eme pa3 jgaabine. [lycte <M, p>—mnpoctpas-
CTBO ¢ Mepoli, npuuem W (M) =1, u nycTb A-—IOJOXKUTENBHBIH ca-
MOCOIIpsiKeHHbl onepatop B L2 (M, dp). Tak xak L*<LP npu Bcex
1<<p<<2, cxkuMmapomas mOoayrpynna e~!4—mJoTHO OIpeIeseHHoe
oToOpaxenne LP B LP, 1<Cp<C2. BosuukaeT ecTeCTBEHHBIH BOIPOC:
IpH KaKHX YCJOBHSIX MOXKHO pacilipuTh e~!4 o cxkumawoumel 1oay-
rpynnel Ha L7?

Onpedexnenne. Tlycts <M, p> ecTb G-KOHEUHOE IIPOCTPAHCTBO C
Mepo#i H A-——I0JOXKHTEJbHBIH CaMOCOIpsIKEHHB!I omepaTtop B
L2 (M, dp). Byaem HasuBaTh e~?4 LP-cuMaiwmeil noiyrpynnoii, ecan
le-*4@ ]|, <<|@ll, npu Bcex @ €L2NLP, gcex p €1, oo] u Beex ¢ > 0.
Ecan otobpaxenue {+—>e~‘4 CHJABHO HENpEpHBHO IIpH Bcex p < oo,
TO GYyIeM HasblBaTh e~‘4 HenpepbiBHON LP-CXKUMAIOMEH TOJYTPYIIOH.

Teopema X.55. Ilycts <M, WD —IpOCTPAHCTBO ¢ MepoH, MpuueM
pu(M)=1, u nyctb A—T10J0XKHTENBHEI CAMOCONPSIXKEHHEIH omepa-
Top B L2(M, du). Torma



8. Hosryepynnst u ux zenepamopbt 283

(a) Ecau e-!4 coxpausieT MHOJOXHUTENbHOCTh H e~ 4l =1, To e~*4
ecTh LP-cUMaromasi Noayrpynna.

(b) Kaxnast LP-cxuMalomast HoJyrpyina aBTOMaTHIeCKH HellpephIBHA.
Bouee Toro, Ker (¢~*4 } LP) = {0} nupu Bcex p > 1 u Ran (e~*4 [ L9)
niotHa B Lo Ipu BceX g < oo,

(c) B npennosoxenusix (a), ecau | < p < oo, T0 e~ t4—orpanu-
geHHast rosoMopdHasi HOJAYFPYIIa B CEeKTOpe

s = {eaet < (1] 2]}

Hoxasameascmeso. TlokaxkeM cHawana, 4TO NOJyrpynna e~t4 —cxu-
Malomasi Ha Bcex npoctpancrBax LP. JlonyetuMm, uto fEL? u f=0.
Torza

le=t4fl,=(1, e~ =(e~*41, H=(1, H=|fl.

Ecau f € L2 BemecTBeHHO3HaYHAa, TO [IPeICTABHM ee B Buge f=f, —f_,
rie f,=max {0, f(x)} u f_=max {0, — [ (x)}. Torza

le="f h<<le=*4f s+ k. +le " - h=IF+ L +IF-l=IFl
[Mpennosoxnm tenepb, uto f (¥) € L? KOMIJeKCHO3Ha4Ha. Torza

le=*4) ()=_ sup  {Re[e=in(e=t4f) ()]} =

7 pallHOHaJAbHH

= sup {Re[(e™ (=) @]} =

T panUoHa/bLHb
= sup  {(e~*4 (Ree="f)) ()}

T DanHOHaNbLHB
IpH IOYTH BceX x. MBI BOCNOJIB30BaJHCh 3[ech TeM, uTo e~ !4 nepe-
BOJMT BElUECTBeHHEe (YHKIMM B BelleCTBeHHLle, Tak Kak e~!4 co-
XPaHsIeT [1OJIOKUTENBHOCTD. JLJIsl BCAIKOH BeluecTBeHHON g € L? TakxXe
[OYTH BCIOLY

l(e™*4g) ()| =le~!1g, —e Mg | <<
Le Mg, fetg_=e g )|
IMosTomy
[ (e=*2f) (x)|<e"‘“"|f(x)[ IIOYTH BCIOLY, (X.103)

oTKyza caenyer, uto je~t4f |, e 1| f ()|, =if .- Urax, ie"tf|, <<
<1/, ns seer feLt
Eciu fELT<L®, To

le=tf i, = sup (e~'f, g)= sup (f e”Hg) <
13511‘—21 e geL-

{osup jem gy =]fi.,
dmk is ”li gln) IF.
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Tak uro e~!4—cxatHe u Ha L™, 3Hauur, no treopeme Pucca— To-
puHa e~!4 ecTh CXKaTHe Ha BceX mpocTpaHcTBax L?. Jlnsi nokasa-
TEJBCTBA YTBEpXKJAEHHsI 06 aHAaJUTHYHOCTH TpeGyeTcst HHTEpIOJs-
iuvonHasi Teopema CreiiHa (TeopeMa IX.21). Tak kak A noJsoxuTe/ieH
M caMoconpsiKeH, To e~t4 aHaiuTHuHa npu Ref >0 u, Kak orne-
parop Ha L2, HempephlBHA H OrpaHHYeHa eJHHHUIleH B 3aMKHYTOH
npaBoii moJyniaockoctH. MHTepnosupyeM cHayasna Mexay p=1 u
p=2. Ilyctb >0 u 0€&(—m/2, n/2) durcupoBaHo. Torza nJs
Bcex 2, ymomaerBopsiiomux 0 << Rez <1, exp (— ne®zA)—anaaurtu-
yeckasi OIepaTOpHO3HauHasi GyHKUMs Ha LinL2=L2. Jlaxaee,
exp (—me¥%24) orpaHHueHa M HenpepblBHa B 3aMKHYTO#l moJioce

0<CRez<(1.TIpu Rez=1 umeem le-%"® 4], <||f]., a npu Re 2=0
HMeeM lle—“e'ez/‘ fli<<Wfl;- 3HaunT, Mo HHTEPNOJSLHOHHOH TeEOopeme
Creiina, §|e'“eiezAfllp<llfllp npu £€(0, 1), roe t=2—2/p. Tak kak
1>0u 0€(— m/2, 7/2) 6LLIH MPOM3BOJILHBI, 3aKJIOYaeM, YTO

le=®4f, <<IF, BCeI;JJ.a, Kornalarg§|<%<2—-§—) = %—(1—[%——1[) .

IokasatenbeTBO 1451 2 < p < oo aHaJOrM4HO. Tenepb ecsH f, H g, —

npocTele YHKIHH, TO HHTErpaJ S (e~*4f,) g, du aHaIMTHYEH B MpaBoOi
M

L? q - -
nosynjockoctd. Ecoum f,—f u grtsg, roe pi4g1=1, T0O

{(etfp) gedu— § (e-t4f) g
M . M

paBHOMEPHO B S‘i”:{?;ll arg Ll < %(1—!—;——1 I)}, TakK  YTO
S(e'CAf)gdp, aHaJIMTHYEH B 3TOM cekTope. Tak Kaxk cja6o aHaJH-
M

THYecKHe QYHKIHH CHJBHO aHAJUTHUHE (TeopeMa VI1.4), To {i—>e—84
aHaJdTH4ia B S Kak (yHKUHs, 3HAUeHUS KOTOPOH CyTh omepa-
TOpel B L7,

Ocraercsi 1noxasaTb, 4TO e‘z“fiif, korga z— 0 B S'P, nast Beex
€Lr, I<Kp<oo. Ecoim z€SP u 1<p 2, 10 e 24f—f|, <
<|e ?4f—f|, mna fé&L? Tlockoabky L% njotHo B LP, cHibHas
HelpepbeiBHOCTb cJIelyeT H3 TOro, YTO COBOKYMHOCTH {e~?4} papHo-
MepHO OrpaHH4YeHa Ha L7, a oToGpaxeHHe e~?4 CHJIBHO HelpephiBHO
Ha L2. [lpexnosoxum tenepp, uto 2 < p < 00, H IIYCTh ¢ YIOBJET-
BOpseT YCJOBHIO p~l+4-g~'=1. J[lonyctum, uto e~ Hdp=0 piasn
kKakoro-nu6o0 Y € LI, Torma e~s4p =0 nas1 Bcex s_>=1{, u, ciaeloBa-
TEeJBHO, IO aHAaJAMTHYHOCTH, e~‘4yp=0 nna Becex ¢#>0. Tak Kax
e~'4 cuabHO HenpepbiBHa Ha L4, To Y =0. 3Hauut, Ker (e~?4) = {0}
Ha L? pag Beaxoro {>0. Yurateqp J€rko YyIOCTOBEPHICS], UTO
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conpsiKeHHHH K e~ !4 Ha L9 ectb e~?4 ma LP. Orcofa MBl 3aKJo-
yaeM, 4To MHOXecTBO Ran (e~%4) muotHo B L7, Tlycte P =e-Hh4g,
. @Q€E€LP. Torpa ,

-zA ab It - to) A -t A
"e z ‘p—‘pllp<"e (2+to) p—eT" (P'IP—-*O

npH 2-——0, BcJjelICTBHE aHAJHTHYHOCTH BHYTpH S'P, -10Ka3aHHOU
peie. Tak kxak Ran (e~%4) naorsHa u {e~?4} paBHOMEpHO OrpaHu-
yeHE Ha S'P, 3akiouaeM, 4TO €7%4 CHJIBHO HeNpepHIBHA Ha L7, |

EcTs npuMeprl, KOTZa BCe MPEANOJIONKEHHsA TeopeMbl X.55 BHI-
[OJHSIIOTCSl, HO e~ f4 He cHJBHO HenpepblBHA Ha L. JelicTBUTENBHO,
TaKHM INPHMEPOM MOXKET CJYXHTb OLHOMEPHBI/ omepaTop JpMHTa
(upumep 1 u3 § X.7). Tak kak B 3TOM cuayuae e t4y (x) —Henpe-
pbiBHast GYHKLHA X Zas BcAKoro >0, ecam YEL™, 1o e~ He
MOXKeT CXOIHUTbCS 1o HOpMe L™ K 1, ecaH ' He HenpephBHA.

X.9. MTunepoxumalolyHe nenyrpynnsl

B npensinymeM pasgesie Mbl pacCMOTpesH LP-cKHMAlOMHe [oJy-
rpynnbi. 37ecCh Mbl JOKaXEM TEOPEeMY O CAMOCONpSKEHHOCTH oOne-
patopoe Buaa A 4V, rae V—onepatop yMHOXeHHS H A NOpOXKAaeT
LP-CUMAIOIYIO MOJYTPYNNY, yIOBJIETBOPSIOILYIO CHIBHOMY JOMOJ-
HHUTEJBHOMY TPeGOBaHHIO,

Onpeodeaerue. Nycts <M, p> —npocTpaHCcTBO ¢ Mepolt M w (M)=1.

TlpennmonoxuM, uTo A-— MOJOKHTENBHBEIH CaMOCONPSKEHHBIH onepa-

Top B L2(M, dy). ByiaeM roBOpHTb, 4YTO e~ !4 —rHmepCKUMaiomas

NOJyrpynna, eciu :

(i) ona LP-cxkumaromas,

(ii) npu HekoTopoM b >2 H HexoTopoll nocrosiuHoii C, cyect-
Byer Takoe T >0, wuro |e-T49{,<<C,]|@], npu Bcex
o EL(M, dy). :

Tlo teopeme X.55 u3 ycmaoBusa (i) caeiyer, 4To e~ *4—CUJIBHO He-

NpPepEIBHAS CRHMAlOUIAA IOJYyrpynna npu BcexX p < oo. HepaBeHcTBO
Fénsnepa nmokaswiBaer, 4TO

I, <1 s ecau p=g. (X.104)
SHauuT, LP-npocTpaHcTBa 06pa3’yloT ceMefCTBO BJOXKEHHBIX NPOCT-
PaHCTB, yMEHBLIAIOIIUXCHA -TI0 Mepe YBeJHUYEHHs p; OTCIONa BHIHO,

gTo (ii)—oueHp cHJbHOe yciosue. Cieayiouee NpeanoJoKeHHe IO-
KaselBaeT, 4YTO b He urpaeT HHKAaKOH CICIMAJIbHOH POJIH.

flpedaoscenue. Ilycte e~'4—runepckuMalollas MOJYTPyINa Ha
L*(M, dp); rtorma nast Bcex p, q€(l, oo) cymecTBylOT TakHe noc-
TosHHBIe C_, H t,q >0, uTo ecam £ =1{,,, TO

ue —tA(pilpgcpq H‘P”q

rq

IpH BceX Q& L4,



