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conpsiKeHHHH K e~ !4 Ha L9 ectb e~?4 ma LP. Orcofa MBl 3aKJo-
yaeM, 4To MHOXecTBO Ran (e~%4) muotHo B L7, Tlycte P =e-Hh4g,
. @Q€E€LP. Torpa ,

-zA ab It - to) A -t A
"e z ‘p—‘pllp<"e (2+to) p—eT" (P'IP—-*O

npH 2-——0, BcJjelICTBHE aHAJHTHYHOCTH BHYTpH S'P, -10Ka3aHHOU
peie. Tak kxak Ran (e~%4) naorsHa u {e~?4} paBHOMEpHO OrpaHu-
yeHE Ha S'P, 3akiouaeM, 4TO €7%4 CHJIBHO HeNpepHIBHA Ha L7, |

EcTs npuMeprl, KOTZa BCe MPEANOJIONKEHHsA TeopeMbl X.55 BHI-
[OJHSIIOTCSl, HO e~ f4 He cHJBHO HenpepblBHA Ha L. JelicTBUTENBHO,
TaKHM INPHMEPOM MOXKET CJYXHTb OLHOMEPHBI/ omepaTop JpMHTa
(upumep 1 u3 § X.7). Tak kak B 3TOM cuayuae e t4y (x) —Henpe-
pbiBHast GYHKLHA X Zas BcAKoro >0, ecam YEL™, 1o e~ He
MOXKeT CXOIHUTbCS 1o HOpMe L™ K 1, ecaH ' He HenpephBHA.

X.9. MTunepoxumalolyHe nenyrpynnsl

B npensinymeM pasgesie Mbl pacCMOTpesH LP-cKHMAlOMHe [oJy-
rpynnbi. 37ecCh Mbl JOKaXEM TEOPEeMY O CAMOCONpSKEHHOCTH oOne-
patopoe Buaa A 4V, rae V—onepatop yMHOXeHHS H A NOpOXKAaeT
LP-CUMAIOIYIO MOJYTPYNNY, yIOBJIETBOPSIOILYIO CHIBHOMY JOMOJ-
HHUTEJBHOMY TPeGOBaHHIO,

Onpeodeaerue. Nycts <M, p> —npocTpaHCcTBO ¢ Mepolt M w (M)=1.

TlpennmonoxuM, uTo A-— MOJOKHTENBHBEIH CaMOCONPSKEHHBIH onepa-

Top B L2(M, dy). ByiaeM roBOpHTb, 4YTO e~ !4 —rHmepCKUMaiomas

NOJyrpynna, eciu :

(i) ona LP-cxkumaromas,

(ii) npu HekoTopoM b >2 H HexoTopoll nocrosiuHoii C, cyect-
Byer Takoe T >0, wuro |e-T49{,<<C,]|@], npu Bcex
o EL(M, dy). :

Tlo teopeme X.55 u3 ycmaoBusa (i) caeiyer, 4To e~ *4—CUJIBHO He-

NpPepEIBHAS CRHMAlOUIAA IOJYyrpynna npu BcexX p < oo. HepaBeHcTBO
Fénsnepa nmokaswiBaer, 4TO

I, <1 s ecau p=g. (X.104)
SHauuT, LP-npocTpaHcTBa 06pa3’yloT ceMefCTBO BJOXKEHHBIX NPOCT-
PaHCTB, yMEHBLIAIOIIUXCHA -TI0 Mepe YBeJHUYEHHs p; OTCIONa BHIHO,

gTo (ii)—oueHp cHJbHOe yciosue. Cieayiouee NpeanoJoKeHHe IO-
KaselBaeT, 4YTO b He urpaeT HHKAaKOH CICIMAJIbHOH POJIH.

flpedaoscenue. Ilycte e~'4—runepckuMalollas MOJYTPyINa Ha
L*(M, dp); rtorma nast Bcex p, q€(l, oo) cymecTBylOT TakHe noc-
TosHHBIe C_, H t,q >0, uTo ecam £ =1{,,, TO

ue —tA(pilpgcpq H‘P”q

rq

IpH BceX Q& L4,
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Hoxasameavcmso. Cnydaht p << q caenyert HemeneHHo u3s (i) u (X.104).
TlosToMy NPEANOJIONKUM, 4TO p > ¢. [lTocKosbky e~T4; L2 — Loy e—T4;
L* — L, 1o no TeopeMe Pucca—TopuHa cymecTByeT TaKasi IOCTOSIH=
Hast C, uTo JJisl BceX r == 2 BeinoJiHeHO HepaBeHCTBO e~ T4 |, << C || @ |lor/2-
PaccmoTpum Tenepb ABa cayuasi. B nepBoMm, Korzia g =2, BeIGepeM 10CTa-
TOYHO 60JIbILIOE 71 TaK, YTOOH! 66110 2 (b/2)” > p. Torna [le~"T3@ |p/ayn, <<
< C*|ol,, Tak uTO ecau 2<lg, p > 2(b/2)*, To, moab3ysick (X.104)
4 jgonymeHdeM (i), MBI NPHUXOZMM K HYXHOMY 3aKJioueHHro. Ilpu
1 < ¢<C2 onsATh BHIOHPaeM HOCTATOUHO GOJIbLIOE 7 TaK, 4T0 2 (b/2)" > p
u g>c, rae c”1+4(2(/2)")"t=1. Tak xak A caMoconpsokeH H
e~nTAp—orpanuuenHoe oToOpaxenue U3 L2 B L2(4/2)" 1o (e=nT4)* —
= e~"T4__orpaHnueHHoe oToGpaxeHue u3 L¢ B L2, CuenoBaTesbHO,
e~TA__orpaHHueHHoe oToGpaxeHue u3 L¢ B L2 /2" Tlockoubky
<< g p<2(/2)*, us (X.104) cnenyer npenyoxenue. §

Tlpexge ueM HOKa3bIBaThb CaMOCOIIPSIXKEHHOCTb, PACCMOTPHM IIpH-
Mep THIepCcKHMaroliefl MoJyrpynmns.

Hpumep 1. Mb1 6ynem noJb3oBaThCsl TEPMHUHOJOTHEH npuMepa 2 H3
§ X.6. Ilycts U: L*(R) — L*(R, m—%/2e—** dx) — yHUTapHOe oToGpaXe-
sve Bufa U: [ (x)+—>mi/¢e**/2f(x). Bmemem omepatop B=UNU1,
Toraa

1 42 d
B=—ggztig-

Tak xak B yHUTapHO 5KBHBaJeHTeH N, T0 B B cyumecTBeHHOM ca-
MOCONpsIZKEH ~Ha MHOXeCTBe KOHEeYHBIX JIHHeHHBIX KOMOHWHAanM
IIOJIMHOMOB 3pMuTta p, (x)=U¢,, nonoxurenen u Bp,=np,. Cie-
JoBaTesJibHO, B MOpOXIaeT CKHUMAKIMYK mnoayrpynny e~ Ha
L*(R, n~/2¢e~*"dx). Tlokxaxem, uto e~?5 ecTh runepckuMawoliasi Mo-
Jayrpynmna.

Tax xak —d%dx?, x*—1 u —d?*dx® 4 (x®*—1) Bce B CylIECTBEH-
HOM camoconpsiXeHbl Ha o (R), To u3 dopmyast Tporrepa (teo-
pema X.5l) caenyer, 4To

e ~tVf —lim [exP ('ﬁt‘i_dd;%—%){p (Mét_(-é_xz _1>>]nf

n—>w

nas Beex [€L*(R, dx). Ilockonbry exp (-—(t/n)(/.x*—1)) u
exp ((¢/2n) d*/dx*) coxpaHSIOT NMOJIOXHTEJNBHOCTD (3afaya 53), 3aKJio-
yaeM, uTOo e~ ¥ CoxpaHsleT MNOJIOKHUTEJBHOCTh. Tak kak U Takxke
COXpaHsieT IIOJIOXKHTEJBHOCT, TO ee coxpaHsieT ¥ e~ !B, Jlasee,
po(x)=1 u e~8p,=p,. 3Hauur, corsacHo Teopeme X.55, -8 —
cxumatomasi noayrpynna Ha LP (R, sm~1/2e~**dx) upu Bcex p €[1, co].

Iast moxasaTeJbcTBa CBOHCTBA TUIIEPCHKAMAEMOCTE Mbl NTOKAXKEM,
gyro |e~Bp|, << C|@|, npu mocraTounHo Goapmux f. [Ipexne Bcero
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3aM€THUM, 4TO
!/4

L+ (R, n—l/2e-‘x'd~c)—< 1/2 (p (x))4e—x2dx) =

m

| pn]

=P (9| F (R, a0 -
HManee, Tak xak A¢,=0, TO

. AL AT\”?
8 () = ()17 (AT 8y = (aN)=e20e (252
BukoBa cTeneHb ((AJ—AT)/V2)" OnpenesIMTCs NMyTeM IIPOBENEeHHSsI
olepanHH BO3BeJeHHUS B CTENEeHb W NMEPEecTaHOBKH BCEX A" Bneso or

Bcex A B KaxK/IOM uJjieHe nosiyuaemoii cyMmel. Tak kak (A - AYWV 2 =x,
TO paccyXJeHHe, HaMeueHHOe B 3afaue 48, mMokaselBaeT, 4TO oOme-

patop :((A+ A%YY2)m: ceonurca x ymHoKeHHIO Ha mosumoM. Ho
¢, (x)=p, (x) b, Tak uTo Aas Besikoro Y€ L2 (R, dx) nmeem

.'.
Pn (x) 'llJ=2'n/2 (n!)—l/z . %) P,
CrenoBaTeibHo, MOJbL3ysich omedkoHl (X.61), Haxomum, 4TO
| pn (%) &g 2 (R = 272 (n')‘l”ll <A+A' ) $,
é—“‘(n,)lﬁ (1) ... (4 n)i2) =
— 9n ((Qn)i>1/2 <4,

(n)

L® (R7 =

Urak, ecau o= 2, a,p, (x) € L2(R, - V2e-~°dx), To
n=y

1 @®
le=i2 3 0., (5
[ n=0

Rt

et
==

L2
L4 (R, st e~ X" ()

20 la,, |€'t"§lpn (x) ”L‘ (R, m—1/2 p=4% gy <

© 1/2 / ) 1/2
<<E la, F> 2e*2'"4"/ <
n=0 y

1=0

< C“ (Pﬂu (R, m—1/2 ¢~%* gy)
npu t>1/,log4. CaenoBarenpHo, e~!B—rumepcKuMammas mnoay-
rpynna. CopMmyaupyem 5TOT pe3yJ/bTaT B BHUAE TEOPEMBI.

Teopemn X.56. Onepatop —1/,d*dx?+ xd/dx Ha mnpocTpaHCcTBe
L*(R, m~1/2¢-%"dX) moOJOXKHTENIEH, CAMOCONPSIKEH B CyUIECTBEHHOM
Ha MHOXKeCTBE KOHEUHLIX JIMHeHHBIX KOMOHHALMHA TOSMHOMOB JpMHTa
M TOpPOXJaeT THNEepCKHMAIOUYIO MOJYrpynny.
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B nopsizke NOAroTOBKH K Halle# rJaBHOH Teopeme JOKa)KeM cJe-
gywoomuil pesysabtat. Ero o6obmeHust YKa3aHEl B 3aMeUaHHsIX.

Teopema X.57 (aemma Curana). [lyctb A u B —noayorpaHuyeH-
HblE CAMOCONpSsIKEeHHbIE onepaTopsi, Tak 4to A-~ B B cyliecTBeHHOM
camoconpsikeH Ha D (A) D (B). Torza

[e-(A4+B) || [e-4/2 e~ B g=4l2],

,ZZoxasame/szﬂieo. Nycte C=lle-4/2e-Be-4/z], Ilyctb @€ Q (e4).
Torma, pasymeercsi, Q€ Q (e7B8) = u

(7, e 8g) = (e42q, e Az e Fe- Al eAl2q) L C (9, e'9),
OTKYZa 3akmodaeM, 4to |e~ B < Clled/2@F. I3 reopemnr X.18
caepyer, uro (9, e~ B82q) < (@, CY2e~4/2¢) umm [e B/t
ﬁclﬂ | eA/¢q P, TTo uBnyKnun nonyuum|e~2""Blf <<C*'~"|e* "4 o]t

03TOMY
(@, €204 g=27"B -2 " A ) < 027" (g, @)

zas Beex @€ Q (¢%). Tak kak e~ 2 "4 ,p-27"B p=2 7" V4 __ orpa.
HMYEHHBIH CAMOCONPSKEHHEIH onmepaTop, To

He__z—(n-i-l)A e—2—nB e_z—(n+1)A :[< Cz—n
W, 3HAUMT,

u (e_ 2—("+1)Ae—2""Be—2—(n+1)A)2" gc'
Ho no Q)gpMyJIe Tporrepa

(8_2—(n+l)Ae_2-nBe_2—(n+l)A)zn 3 o~ (A+B)

n—>w

B CHJBHOM CMBICJIE, TaK 4To H e~ “**+B|<C. &

Tenepb Mbl roToBbl chOPDMYJIMPOBATH Hally TJIaBHYIO TEODEMY.

Teopema X.58. Tlyctb <M, u>-—npocTpaHCTBO C Mepo#h u
(M)=1, u nycre H,—reHepaTop runepckKumaiomeil moayrpyInmsl
wa, L*(M, du). Ilycts V—BeuiecTBeHHO3HayHasi H3MepuMas QYHK-
uusi Ha <M, p>, raxas, uto VELP (M, du) npu Bcex p€[l, oo) u
e"VelL1(M, du) npu Bcex ¢ >0. Torma H,-+V B cymecTBeHHOM
camoconpsixed Ha C” (Hy) N D (V) u orpaHHYeH CHH3Y.

Joxasameavcmso. JlokasaTeabcTBO 3TOH TeopeMEl HOBOJMBLHO IJHHHOE,
[I0O3TOMY Mbl pa300be€M €rc Ha HEeCKOJBbKO 1aroB. Hiaes cocTouT
B caexymwomeM. OnpenesnM mnpexkjge BCEro
V. %) (V(x), ecu |V (x)|<n,
X} =
n 10 B IIPOTHBHOM C/Jy4ae,



9. LunepciuMaOwue nopyepynnot 239

Torna H,=H,+V, camoconpsixen Ha D (H ) no teopeme Karo —

Pennuxa. CHaq%na MBI BBHIBEJIlEeM HEKOTODBIE papHOMEPHBIE OLEHKH
. —f o
3KCIIOHEHTH ¢ 7, paccMaTpuBaeModl KakK oTOOpaxkenue us LP B L4.

3aTeM MBI BOCHOJb3yeMCS 3THMH OLEHKAaMH, YTOOLI [0Ka3aTh, 4TO

—tH . .
e '» CHJIBHO CXOOUTCS K OJHONAapaMeTpuuyecKol CaMOCONps:KeHHOMH
nonyrpynne 7 (f) na L* (M, du), tak uro T (¢) nopoxknaercs He-
KOTOPEIM I10/1yOrPaHHYEHHHIM CaMOCONpPSKEHHBIM omepaTopoM H.

HakoHen, Mbl mokaxeM, 4to H B CyileCTBEHHOM CaMOCOINpsKeH Ha
C”(HYnD (V) u pasen tam H,+V,

ITepeoii wae. Ilpu rmobom > 0: sup ” e*w"!.L < 00 U PABHOMEPHO Oe-
n

panuuern no t Ha awbom xomnaxmrom unmepearse u3 [0, oo).

Uro6sl J0Ka3aTh 3TO yTBEpHKIeHHEe, 3aMETHM, 4To ecu V (x) < 0,
10 V,(9)=V (x), Tak uro e"'»™Le—n, C npyroit cropomns,
ecin V(x)>=0, 10 V,(x)=0, Tag uro e n® <L 1. 3muauur,
e Va® < o™V™ 11 npu Beex x, Tak uro [e VAP <L e ], 4 1.
Ecsu

v (x)={V(x) npu V(x) >0,
* 0 B NPOTHBHOM cJiy4yae

uV_=V-V,_, 10 e+, <1, a le?V=]|, MOHOTOHHO BO3pacTaer;
OTCIOZla JIETKO MOJIY4aeTcs yTBEPKAEHHE O PABHOMEPHOCTH.

Bmopoid wae. [Tycme 3adano p < q. To20a 0as kamdozo t cywecm-
eyem makas nocmosunas C; (3aeucsuyas om p, g u f, HO He 3asu-
cawas om n), 4mo 0as écex @ € L4

Le= e, <Ciloly

Ipu Gurcuposannbix p U q OHA PASHOMEPHO O2parudexa no t 8 aw-
bom komnaxmuom. urmepease u3 [0, oco),

OTMeTHM, YTO 3TO JOBOJIBHO cJIalkifl pe3ynbTaT, MOCKOABKY p < g
OJHAKO TpefoBaHHA Ha V HACTOJBKO CHJIBHBI, YTO HaM ero Gyner
JOCTaTOYHO TaM, TrJe€ oH mnorpeGyercs Ha uyeTBepTOM wiare. IlycTe
A, = (e—tVnjmg—tHomm  Cgauaga mnokaxem, uro [A,0], < o],
a mnotoM Bochosibayemcss dopmysofi TporTepa MisA npou3BeneHHs.
IlycTs r ynoBieTBopsieT paBeHCTBY 7~ '-¢~*=p~i. Toraa orto6pa-

10 M 1749
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XKeHne A, MOXHO 3anmHcaTb B BHAe

L" e-{t/m)Hy 1}1
\i—(f/m)v..
L(q"+m-1r-*)-' e-(t/mHo L(q-l+m~lr~1)-1
\i-(tlm)vn
L(q-!+2m"‘r’“)"

e

Yﬂm)vn
LP

Kaxnoe u3 oroGpaxkenuii e~/ Ho ecThb cKaTHe, TaK KaK e~ ‘Ho—
runepcxkuMaomas noayrpynna. CorsnacHo HepaBeHCTBY [ésbaepa,
HOpMa KaxI0ro u3 orobpaxeduti e—!/m Vn ne npeBocXonut | e~#/mVy),, ..
[TosTomy

1AL9l, <le=“™ Valm, @],
HaJee,

ymr Tm
prm g = [( Lo a0 )™ "o,

H MBI 3akJwovyaeMm, 4To
— [V
1Anol, <[ e "] 1o,

ITo ¢opmyae Tporrepa A,¢ — e~ "“np npu Bcex ¢ us L2. Ho, B cuay
%-CJa60f KOMMNAKTHOCTH eJHHHYHOTrOo wapa B L?, A, ¢ Takke HmeeT
#-c1aby1o mpefieIbHYIO TouKy VP B LP, Takyio, uto | P |, <|e= |, | o|,.
HemHOrO TeOpHH Mepbl—H MBI YBHIHM, 4TO Yp=¢""sp. dr0 naer
HYXHYIO OlLeHKy. PaBHOMepHOCTb JOKa3hBaeTcsi Tak Xe, KaK Ha
nepBOM Liare.

Tpemuil wae. Cyuwecmeyem maxas nocmosannas E, He a3asucawasn
om n, 4mo

le™Frp ), < et @],

Chavana noxaxem, 4to e=THee™?TVng—TH, _orpanuuensoe 0TOG-
paxeHue u3 L® B L2 c rpausio D, He 3aBHcsiue#i or n. Tak kak H, —
runepcxkumatonnit, e—7Ho—orpaHnueHHoe oTo6pakeHue (C rpaubio D))
us L2 B L% [llo nepaBeHcTBY ['énBmEpa e 2T¥» _ orpaHuteHHOE 0TOG-
pacere s Lt 5 L c rpamsio e~ 7Val, =[e=*TVn [ < (e—o17], +
-+ 1)1/4 cornacro nepBomy mary. Hakoren, e=7o ecTb cxkaTHe Ha L2,
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taK uto [|e—THeg>TVne—THs [ D, Cneposatensho, no jemme Curasa

Je—2THe+V) | < D nan
_E——logD -y +V
h— 27‘ —~ [1] .
Yemeepmouil waz. ITycms @ € LX(M, du). Tozda cywecmeyem T () ¢ =
=1im e~ "np u T(t) ecmo cuavro Henpepowsnas noayepynna camo-
n-—> o . ) : !

conpasernolx onepamopos, yoosremeopsarouwux ycaosuro | T(t) ]| << eFr.
Hanee, cywecmeyem eduncmeenHol camoconpaxcennsiit onepamop H,
ydosremaopsiowyuti ycaosuro H = —E, maxoi, umo T (f) =e—*H,

. —t
Haunem ¢ Toro, 4To 3andmeM ¢ '"ng, @ € L2, ¢ noMOLIbIO dop-
MyJasl [Joamens B Bue :

¢
e~ g =e_'Hm(P+S e I V) e “inpdu.
0 .

Jra dopmysna BHNOJHAETCA, TaK KaK o0e ee yacTH B NPHMEHEHHH
K Bektopy u3 D (H,) oKa3blBaloTC pelIeHHSIMH OJHOTO M TOTO Ke
aHbdepeHuHaNbHOTO ypaBHEeHHA mnepBoro mopsaxka. Tak Kak H, ca-
mMoconpsken Ha D (H,), COOTBETCTBYIOLiHE MOJYTPYNNbl COBNAAAIOT.
HomnyctuM Temepb, uTo ¢ € L™ u ¢ cduxcuposano. Torza, corjacHo
BTOPOMY ILIAry, Mbl MOXeM HaHTH TaKyl0 TMOCTOAHHYIO K, 4TO
le~“Fmplly <K, @|, npu Bcex m u Bcex u€[0, ¢{]. MoxHo HaiiTH
TaKXe TaKylo K,, 4ro

e ey, <K 10],

npu Bcex n m Bcex u€[0, t]. Hakonen, no mepaBenctBy I'énbaepa
Va—YV, umeer Hopmy [V, —V,[s Kak orob6paxkenue us L® B L. Cue-
JoBaTtesibHO, To ¢opmyne oamens

le= np—e™"ngl, < KyKut IV —V, b IV L.

*Hmp ecTb mocsienoBaTenbHOCTh Komu B L2

Ls -
Tak kak V, —V, to ¢
~*ag. Corsmacko Tperh-

3HAYUT, MOXHO omnpenenuth T (f)o= lime
n—w
emy mary, {¢”'”=} paBHOMepHO oOrpaHHueHH, koraa ¢ MeHsETCs

B KOMMAaKTHHIX HHTepBaJax H3 [0, o0), TaK YTO &/3-npHeM NO3BOJISAET

y6eAuThCA, UYTO e~ fing cxomuTcs npu Bcex @ € L2. AHaJsoruuHo no-
KaskiBaercs, yTo, NMOCKOJBKY CXORMMOCTb IJA ¢ € L™ paBHOMepHa
Ha KOMMAKTHHIX {-HHTepBaJjax, T ({)—CHJBHO HenpepriBHAA MOJY-
rpynaa. OnpepenuM tenepb H Kak HHOHUHHTE3MMAJIbHBIH reHepaTop
T (t). Tak kak Kaxawlil e~'H camoconpsiken, To H CHMMETpHYEH.
Ho e-!H —noayrpynmna, orpaHHYeHHasi BeJHYHHOH eE/, Tak uTO
—E—1€p(H). B cuny ocuoBHoro xpurepua H camoconpsiKeH.
OueHKH nNpAMO BHITEKAIOT M3 TPETBHEro Iuara.

10*
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Hameui wae. Hycme 9D = {@ | ¢ =e~tHy ¢ nexomopsamp € L™}. Tozda
@ < IsnD((H,), H e cyujecmeennom camoconpascen Ha 9D, u ecau
¢ €D, mo Hp=H,p+Veo.

MpoctpadctBo L™ nsiotHo B L%, mostoMy, cOrJlacHO CHEKTpasb-
HOH TeopeMe, % mnunoTHo B L2. Takxke ¢ IIOMOIIBIO CHEKTpPaJbHOH
TeopeMbl 0BOJNBHO Jerko yGeZHTbcsi, 4TO MHOXecTBO (M --1)[9D]
L*-njoTHO W, 3HaudT, H B CYLeCTBEHHOM CaMOCONpsikeH Ha 9D.
Tenepp gpomyctuM, uto ¢@=e 'Y€ 2. Cornacwo BTOPOMY IIary,
e”'mp e Le; npuvenss dopmyay [dwamens nomobHO ToMy, Kak 31O
Aejanoch BbIle, MQXHO M0KasaTh, 4TO {e "Hmpin .| — MOCJIe10Ba-

tenphocth Komu B L4, TlocKONBKY ¢,=e  mp— @, 3aKJI0UaEM,

uto ¢ € L4= D (V). Jlanee, Tak kak V, -LV HMeeM V,,(p,,-i»V(p

Mycts Teneps f,(t)=e " u f(f)=e-'H. Torma f,(¢) u f(t)
AHAJHTHYHHL B OTK PBHITOH MPaBOfi NOMYMIOCKOCTH H, COFJIaCHO TPEThEMY
wary, |f,(f)]|<<ef Red papgomepHo mo n. [NocKoabky f, (£) — f (£)
Ha BelleCTBEHHOH OCH, 3aKJio4aeM Mo TeopeMe BuTanmu o cXomuHmo-
ctH (3amawa 33 u3 ra. I), uto f, (¢) — f (f) cusIbHO, paBHOMEpHO Ha
KOMIIaKTHBIX TOAMHOMXECTBax OTKDHITOH MNpaBoH nonynnocx&c)cm
Torjga M3 uHTerpanbHO#l TeopeMb Kollln BHITEkaeT, uTOo fn@)—F'(®)
CHJIBHO, T. €.

tH

H,9,— Heop.
CaeaoBarteiibHO,
Ho(Pn= (Hn—Vn) Pp— (H—V) P.
*Buauut, 9ED(H,) u Ho=H,9 V.
Hlecmoti wae. Onepamop H, -V ¢ cyuwjecmeeHHOM cAMOCON PRICEH HAQ
C*(H)nD ().

CormacHo nsitomMy wary, H, -V B cylieCTBeHHOM CaMOCONpsKeH

Ha D(H,)n L+ Tlycte ¢ € D (H,) N L4; nonoxum 1, =e~H/mp, Toraa,

B CHJIy CNIEKTpaJibHOH Teopewmnl, P, € C” (H,) v H,p, — H,p. Ho Tax
L4

Kaxk e *o—runepcxkuMalomas noayrpymmna, 1o P, €Lt u P, — Y.

3Ha4uT, V1|Jn—£-z»V1b. CurejoBaTesbHO,
D(H)NLaD((H,+V) I1C™ (Hy) N L.
Tak kak L*cD (V), to H,+V B cyluecTBEHHOM CaMOCOMpSKeH Ha

C*(H)ND V).
St10 3aBepilaeT J0Ka3aTesbCcTBO Teopembl X.58. B

OrmeruMm, uto ecau V>0, To nepBeifi H TperHii maru (onuparo-
muecss Ha teopeMy X.57) TpuBHanbHbi. Mbl Jokagsaau Gosee TPyA-
HYIO TeopeMy, TaK KaK B TOM TJaBHOM MPHJIOXKEHHUH, KOTOPOE MBI
umeeM B BUAy (npumep 4), V He momoxutesneH. Teopema X.58 umeer
celyolilee pacIUHpPeHHe:
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Teopema X.59. Ilyctb <M, pn>—npocTpaHcTBO ¢ KOHeYHOH Mepoit
# p(M)=1, nyctb H —caMoconpskeHHbIH TFEeHEPATOP HEKOTOpPOi
runepcxkumaroumeii momyrpynnel Ha L2 (M, dp). TlpennosoxkuM, uTo
V —BelnecTBeHHO3HayHasA H3MepHMasi (yHKuHs Ha M, ynoBJaeTBO-
psAIOLIaA YCJIOBHIO

(i) V€ LP npu HekoropoM p > 2 u e~V | < co nna Bcex t=0

WJH YCJOBHIO
(i) V€L* u V=0.

‘Torna H,4V B cymecrBeHHOM camoconpsixXen Ha C~ (Hy)nD (V)
H OrpaHHueH CHH3Y. '

Haxkoneu, chopMmysHpyemM TeopeMy HelpepHIBHOCTH, KOTOpas Mo-
KeT GHTb JOKa3aHa C MOMOIUBIO TeX e MeTOA0B, YTO H TeopeMa X .58,

Teopema X.60. Ilycteb <M, p>—npocTPaHCTBO C KOHeYHOH Mepo#,
npauem p{M)=1. IlpeanonoxumM, uTo caMOCONpPSKEHHBLIH OmepaTop
H, nopoxnaer runepCkuMalolyto nonyrpynny Ha L2 (M, du). Hyctsb
{V.}oe1 1 V—BelecTBeHHO3HaUHble QYyHKIHH Ha M, yIOBIETBOPAIO-
e YCJOBHAM

(i) V., V€ n LP(M, dp);
p<o

(i) e™'», e=V € n Lr(M, dp);

p<w .
(iii) cymectByer Takoe g € (2, co], uTO

q l

V,,-—L—:-V n suple”n|, < oo.

Torga H,+V,— H,+V B cMmbiciie pe30JIbBEHTHOH HODMSI.

Mpumep 2 (aHrapMOHHUYECKHH OCUUJJIATOP, YeTBEPTOE NOKa3aTesb-
ctBo). Ilycth V (x)—HeoTpHuaTesbHas H3MepHMas QyHKuuaA Ha R,
©w

YVAOBJETBOPSAIOIIAs YCJOBHIO S [V(x)|Fe=**dx < oo mnpH Bcex pé€

€[1,00). Paccmorpum onepatop —d?/dx®+ 2x d/dx+ (V (x)—1) Ha

mHoxectBe U[], rae U: L* (R)— L2 (R, n~'/%e~*"dx) —oToGpaxe-

HHe, ompejneneHHoe B npuMepe 1. B npumepe 1 Mel mokasasau, uro

— d?/dx® 4-2x d/dx moOpoXAaeT rHMEepPCKHUMAIOIIYIO MOJYTrpynny. 3Ha-

YHT, TOCKOJBKY V (x)— 1 yJoBreTBOpsieT yCJOBHAM TeopeMmbl X.58,

—d?/dx?*+2xd[dx 4V (x)—1 B cymiecTBEeHHOM CaMOCONpsSXKeH Ha

U[&]. CnenoBatenpno, — d?/dx?+ x*>+V (x) B CymleCTBEHHOM CaMo- -
conpaxed Ha o (R). B wacTHocTH, ecnu Mel BeiGepeM V (X) = x%, MBI

NOJIYYHM HOBOE€ [OKa3aTeJbCTBO CAMOCOMPSAMKEHHOCTH B CYILECTBEH-

HOM oniepaTopa aHTapMOHHYECKOro ocuu/Jstopa Ha of (R).
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Ipamep 3. Tlyctb V EL2(R?, n—"/2e=1*"d"x) u V=0. 3 teope-
Ml X.59 cienyeT caMOCONpsiXKeHHOCTb B CYLIECTBEHHOM oOfmeparopa
—A+V na C7(R*). B camom Jese, o6obmaa mnpumep |, MoxHO
1oKa3aTh, 4TO —A-+2x+ V NOPOXKIaeT rHNepCKHMAIOULYIO TIONYT PYIHIY
Ha L2(R®, ni—n/?e~1%¥’dnx), a 3aTeM ¢ noMompio TeopeMsl X .59 u Me-
TOAOB npHMepa 2 y6eAHTbCa B ToM, 4TO — A 4-x2 4V B CyliecTBeH-
HOM camoconpsixkeH Ha C* (——A—i—x’)nD(V)——e?(lR")nD(V) ITpo-
CToe pacCyKAeHHe N0Ka3bIBaeT, YTO OH CAMOCONpsiXkKeH B CYIleCTBEHHOM
Ha C7 (R?). Hakonen, kak B npumepe 6 u3s § X.2, BOCMIO/Ib3yeMCs
paBeHCTBoM [x;, [x;,, — A]]=28,; u Hokakem oueHky

leplp <P(— A+V+x)PF+-2n ]

Orciona ¢ nomoipio npHemMa KoHpanau mnoJsyyaem, 4ro —— A 4V B cy-
mecTBeHHOM camoconpsaxeH Ha Cg (R*?). Dror pesymbTaT Mbl ykKe
noayyuau B § X.4 ¢ nomouplo HepaBeHCTBa Ka-ro.

Hpusmep 4 (npumeHeHHs B KBAHTOBO# Teopuu mnoJs). Mol GyxeMm
N0Jb30BaThCcsi 0603HaYeHHAMH, BBedeHHLIMH B § X.7.

Teopema X.61. [lycts 57— cenapabesbHoe THIBGEPTOBO MPOCTPaH-
CTBO C KOMILJIEKCHEIM conpsiKeHHeM C. Ilycts A — caMoconpsizKeHHbIH -
onepaTtop B FZ, kommytupylomuit ¢ C. Toraa

(@) Eciu A0, To T (¢~'4) ecTp LP-cxumalowas MoJayrpynna Ha
Q-npoctpaHcTBe.

(b) Ectu A=cl >0, 1o T (e~'4) —runepcumaiomas noJyrpynna.

Hoxasamesscmeo. JlokaxeM (a). IloxasareaberBo (b) npepcraBasier
co6oit GeCKOHEUHOMEpPHBLIH BapHaHT - COOTBETCTBYIOIIET0 JOKa3aTelb-
cTBa B npuMepe | (CCBIIKH Ha JHTepaTtypy cM. B 3ameuanusnx). [TycTsb
{A,}—mnocnefoBaTelbHOCTb OrpaHHYEHHBIX CAMOCOMPSKEHHLIX Ofe-

paTOPOB CHEKTPBl KOTOPBLIX COCTOSIT M3 KOHCYHOrO YHCJA CO6CTBEH-
HEIX 3HAYeHHH KOHEUHOH KPaTHOCTH, TaK 4YTO € tA"-—*e‘tA B CHJIbHOM

CMbIC/Ie TIpH n—s> co. DuKcHpyeM n, W nycTb {a,}., ofo3navaer
HeHyJieBble COGCTBEHHBIE 3HAYEHHA A C COOTBETCTBYIOIIHMH COB-
CTBeHHbIMH QpyHKuusaMH {P,}{,. TTycTs {’l])l}l_N,,_l——OpTOHOPMHPOBaH-
Hulft 6asuc sigpa omepatopa A,. Ilycts S— yHuTapHOe oToGpaxeHHe
F(F) Ha Q-pOCTPaHCTBO 1 (Q, dn), nocTpoeHHoe € MOMOIUIBIO
6asuca {Y,}f=, B . Mbl nokaxem, uro SA,S~! coxpaHser mo.Jjo-
XHTeNbHOCTb. Ecau @ (-) M 7 (-)—KaHOHHYECKHe TmOJe H Co-
NpsXeHHbIH HMIyJabc, oTBewaromie C, TO HA MOANPOCTPAHCTBE
{P (¢ (P,)) Q,| P—nonunom} npoctpanctBa & (}?f) onepaTtop dI' (4,)
paBen 1/, (¢ (,)*+ 7 ()2 —1). 3uaunr,
M o
SAT(A) 7= 3 tsay (= o201 1)
_ =1 dqi dg;
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CilegoBaTesbHO,

SF( -tA )S_l ﬁ ta, d2? . 2 d

rta)s= Mo (=5 (= g2 50))
Cornacuo mnpumepy 1, Bce exp (— (¢a,/2) (— d*/dq} 4+ 2q,d/dq,)) co-
XPaHAIOT MOJOXHTEJNbHOCTD H

b4 dz d
exp (=3 (= g +20g;) ) 1= 1.

3uauurt, ST (e~*4#)S~1 coxpanser nonoxureapHocts 1 ST(e ~*4s)S-11 =

= 1. Tak Kak e s cuapHO cxomuTcs K e-!4 Ha $%, To T (e~"s)
cuabHO cxomutcs K I'(e—*4) Ha & (F). Hrak, MB 3aKimiouaeM, 4TO
ST (e—*4) S~ coxpaHsieT NOJIOXHTEJbHOCTE H YJOBJIETBOPHET YCJIO-
Bulo ST (e-?4) S-11 =1. CuepgoBartesnbHo, no Teopeme X.55, moay-
rpynna ST (e-#4) S—* Lr-cxumatomas. il

Caredcmene. CBoGonuuiii ramunbTroHuaH dl' (W) TeopuH CBOGOAHOrO
CKaJiApHOro moJsi ¢ Maccol m >0 ropoxiaeT TrHIePCKHMAIOUIYIO
noayrpynny I' (e*) Ha & (57).

Teopema X.62. Tamuanronnan H,+ H,(g) (onpenenennsiii B § X.7)
TEOPHH CKaJIIPHOTO MOJA C ((*),-CaMOfeiCTBHeM CaMOCOTIpAXeH B Cy-
wectBeHHoM Ha C™ (H,)ND (H;(g)).

JHoxasameascmeo. V13 Teopembl X .45 u npHBeJeHHOTo BhLIIIE CJIEACT-
BRHA BoiTeKaeT, uTo SH S~ u SH;(g)S~! yAOBJIeTBOPAIOT YCJOBHAM
teopembl X.58. N

X.10. Fpadg-npegens:

B sToM pasjesie Mbl NpPOZOJKHM pacCMOTpeHHe rpad-rnpenesos,
savyatoe B § VIII.7, npuuem 6yjem mnoiab3oBaThbCsi 6e3 MNOACHEHHI
BBeeHHEIMH TaM o6o3HaueHdsAMH. B Tteopeme VIII.26 6bwio moka-
3aHo, u4to ecau {A,}r., # A-—caMoconpsiKeHHEle ONepaTopsl, TO
A,— A B CTpOroM pe3o/IbBeHTHOM CMEBIC/Je TOrJa H TOABKO TOrHa,
Korga A ectp crporu#i rpad-mpemes mnocienoBaTenabHOCTH {A,}i.;.
Xorsa Teopema VIII.26 u unTepecHa, oHa He O4YeHb TOJIe3HA, TakK
KaK J0Ka3aTeJbCTBO CYLIECTBEHHO OMHPpaeTCH Ha CHellaHHOe sapaHee
NpelroJoKeHHe O CYLIeCTBOBAHHH CaMOCOMNpSXKeHHoro mnpefena A.
OnHako B NpHJIOKEHHAX YacTO XKeJaTeJibHO YCTaHOBHTb HMMEHHO
CaMOCOTPSI)KEHHOCTh 3TOro rnpefena. EC/H JKe MPeAno/OXHTb JHIIb
CHIBHYIO cxomuMocTh (A, +i)~* u (A,—i)~! K oneparopaM R, u
R_, 10 cunbHBIfl pe3o/bBeHTHbIH mnpefen A cyllecTByeT TOria H
TOABKO TOrAa, Koraia R, uiam R_ HMeeT MNJOTHYIO o6JacTb 3Haye-
uufi (teopema VIII.22), a 3ro Takoe cBoiiCTBO, KoTopoe, BOOGliie
roBops, TPYAHO AoKa3aTb. C Apyroff CTOPOHEI, CHJBHBIH Ipad-npened
nccJief0BaTe IbHOCTH CaMOCOMpSXKEeHHBIX onepatopoB {A,} Moxer



