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Jonyctum Teneps, uto V € L2 (Rs)—l—L"" (R nV 0. ITyeru V(%)=

= max{V(x), —n}. Toraa V, ecTp nocJienoBaTe/bHOCTb YGHIBAIOMIMX
L34Le
¢yukuuit u3 L”, takas, uro V,——V u V,—V mnoroueuno moyTH

sciony. Onsa Kamoro n cbopMy.na (X.124) BrimosIHEHA ,, ¥ TPH 11— 0O TIO-
i t

CJIe/I0BATEILHOCTD S V,(o(s))ds — SV(m (s)) ds moutu Bcroy B Qg
0 0

COrJacHO JeMMe H TeOopeMe O MOHOTOHHOH cXOoAUMOCTH. JlokasaTesb-
CTBO 3apepiliaercsl NpPH NOMOIMH TeX Ke paccyKAeHu#l, uTo H Ha
BTOpOM 1lare, H TeOpPEMbl O MOHOTOHHOH CXOAMMOCTH.

C oueBHIHBIMH H3MEHEHUSAMH TpeTHH war MoxkeT GHTh cnenaH
H 178 (QyHKUHHA, OorpaHHYEHHBIX CBepXy, MO3TOMY, o6pamasch eile
pa3 K TeopeMe O MOHOTOHHOfi CXONMMOCTH, 3aBepllaeM A0Kas3aTeJ/b-
CTBO B of6uieM cayuyae. i

Eciu V€ L2+ L%, To us popmynnt Pefinmana— Kala caenyer, uto

t
\
§ eXP<—— § V(o(s))ds )f (@ (£)) dp (0) < 00
TIpu mouTH Bcex x € R7. CrenosaTesbHo,
—-—S Viw(s))ds < o0
0

IJIS1 TIOYTH BCeX ® MPH MOYTH Bcex x. Tak Kak MPOH3BOJIBHYIO PyHK-
uuio VEL2+4 L™ MOXKHO 3amucaTh B BHJE JHHEHHOH KOMOHHAIlUU ee
TIOJIOKUTEJNbHEIX M OTPHUATENBHBIX 4YacTell, 3aKJOYaeM, 4TO €CJIH

VeL*+L” t
{1V (e@s)]ds < oo
0 :

AJA [IOYTH BCE€X @ NPH IIOYTH BCEeX X.

X.12. raMunbrouuaHu, 3aBucsilliMe OT BPEeMEHM

B atom pasjene MH JOKaxXeM JABE TeOopeMbl CYLIECTBOBAHHUA AJd
YpaBHE€HHUA H.Ipe,u.-HHre'pa C 3aBHCALIUM OT BpEeMEHH raMH/JAbLTOHHAHOM

‘B’_ﬁl=_ iH (1) @ (t). (X.127)

Hccnefosaine 3aBUCAMMX OT BpeMeHH 3aJay BaXKHO MOTOMY, uTO
B psle Cly4yaeB NPHXOAMTCS PACCUMTHIBATHL H3MEHEHHe KBaHTOBOMH
CHCTEMBl B TaKHX CHUTyallUsiX, KOIrJa BHEIIHUH NOTEHUHaJ BKJIO-
yaeTcs, a 3aTeM BEIKJIOUaeTcsl yepes KOPOTKOe BpeMs, HJIH KOrjia BKJIO-
YyaeTcsd nepHOJHYECKHH MOTeHIHaa. Mel HauHeM ¢ BBeJEHHS aHaJora
YHHTapHOH ORHOMapaMeTPHYECKOH Ipymilbi.
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Onpedeaenue. [IByxnapaMeTpHYecKOe CEeMEHCTBO YHHTapHHIX ofe-
partopos U (s, t), s, t €R, yXoBjeTsBopsiioee yCAOBHAM

(@ U(r,s)U (s, y=U(r, t), :

b) U, t)=1,

(c¢) U (s, t) cubHO HempephIBEH IO COBOKYITHOCTH MEPeMEeHHLIX S U f,
Ha3biBaeTCsl YHHTAPHLIM MpONaraTopoMm.

Teopema X.69 (pasnomenue [laficona). ITycts f+—> A (f)—cunsho
HenpepuiBHOe oTo6paxkeHHe R BO MHOXECTBO 02paHUHEHHbIX CaMOCO-
NpAXEHHHIX ONepaTopos Ha THALOepTOBOM mpocTpaHcTBe 7. Toraa
Ha J¢ cymecTsyer Takofi YHMTapHeli mnpomaraTop, 4TO AJas BCexX

bYeF
. ] Cps(t)=U(t? S)‘IP
YIIOBJIETBODSET YPABHEHUIO

FOO=—iHB o, B, 0= (X.128)

Horkasamenrvcmeo. Tlonoxum
tty H

U (¢, s)cp=1+;(—-i)"g (... S_ HE) . HE)odt, ... diy.

(X.129)

B cusy npunuHna paBHOMepPHOH orpaHHueHHocTH H (T) paBHOMepHO
orpaHuueH Ha [s, f], Tak 4TO n-fi wieH B MPaBOfl YACTH OrpaHHYEH

BeJIHUHMHOHU
|t—s|# n
A sue 1 @) el

B cHJy 4ero psn B mpasoft wactu (X.129) cxonutcst B paBHOMePHOK
omepaTopHoii Tonosoruu K- U (¢, s). 3uauur, U (¢, s§ CHJIBHO He-
IpepEIBEH IO COBOKYIHOCTH NM€PEeMEHHBIX § H [, HOO 3TO BepPHO AJs
Kaxk[0ro ujeHa MNpaBoil yacTH. Y6eauTecad B ToM, uto U (f, f)=1
u U (¢, s)*==U (s, t), coBceM Jerko; dopmyna U (r,s)U (s, t)=U (r, t)
JOKa3LiBaeTcsl IIepeMHOXKEeHHWEM pPAIOB, KaK B cJydyae VHUTApPHEX
rpymm, NopoXKaaeMulX OrpaHHYeHHLIMH onepaTopamu. CJenoBaTelbHO,

U, YU (s, t)y*=1=U(s, t)*U (s, t),

tag uto U (¢, s) yuurapen. IlepBoe ytBepxzenue (X.128) moasy-
uyaeresl MOUJeHHHM auddepennuposanueM psana aaa U (¢, s), ecau
3aMETHTb, UTO Pe3YJbTHUpYIOIHe DAAbI CXOAATCA paBHOMepHO. §

OTtmeruM, uTO camoconpsxeHHocTh  (f) morpefoBajachk ,TOJBLKO
LA foKasaresbCTBa ywuTtapHoctH U (f, s); nawxe u Ges camocomps-
JKEeHHOCTH Mbi MOXeM onpefieauts U (f, s), Kak Npexae, U npHme-
HUTb €ro s MOCTPOEHHS CHJBHLIX pelUeHHH ¢ (Z).
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Xors ans pasnmoxmenusi [aficoHa Tpe6yercs, utobu H (f) Gwin
OTpPaHHUEHHBIM, Mbl MOXeM mepeHTH K <«IpeiCTAaBJIEHHIO B3aUMOeli-
CTBHUSI» U PAacCMOTpPETh HEKOTOpHIE CJYyYaH, KOrja

H@)=H,+V (1),

rae H,—(BO3MOXKHO, HEOrpaHHYCHHbIH) camocong(ﬂmeﬂumﬁ onepaTop
u t—>V (t) yroBueTBOpAeT ycaoBHAM TeopeMmul X.69. Onpenesum

V (£) = eHdV () e-iHot,

B srom cayuae f{+sV (f) Takke yZROBJNETBOPSET YCJOBHSAM TEOPEMEI
X.69. O603HauHM cOOTBETCTBYIOWHAH nponaratop yepes U (¢, s). Ecau
Tenepb MOJOKHTh

U (¢, sy=e-"H[J (t, s)eisHe,

To, 1m0 KpaitHeli Mepe gopmassro, U (¢, s) yLoBN€TBOpsET yplaBHeHmo
U, )= —iH =0 (2, s)eiHe+ e=ithe (— i ()T (2, 5) efsHo=

= (— iH,— iV &)U (¢, s),
Tak uto Q¢ (f)="U (¢, $)p NONKHO OHTHL CHJIBHEIM DellleHHEM ypas-
HEHHUS

_d“Tq,s O=—i(H,+V o, (),  @s(s)=7.

. TpYyAHOCTB COCTOMT B TOM, at0 H, U (¢, s)p=He~"Hl (2, s)elsHop

MOXeT He MMETb CMhICJa, Taxk Kak U (f, s)YP Moxker He Jexarb B
06JaCTH OmpeesieHus H,,, Jaxe Korjga ' JiexuT B Hefi. MoOxHO mo-
KasaTh (3agaua 66), aro ecqam {+—>[H,, V (¢)] cunsro HempeprisHo,
TO @s(f) €cThb Ha C€aMOM JeJie CHJbHOe pellleHHe. DTO JOMYymieHHe
_eCTb uacTHHIA cJyuall Gojee o6mux ycjaoBuii Teopemn X.70 (Huxe);
nocjefHHe NpPHBOAAT K CHJIBHBIM pelleHHsM, IMO3TOMY MB!I GoJplie
He GymeM OOGCY:kJ1aTb 3lech 3Ty mnpobiemy. O@HaKO 3aMeTHM, uTO
Yo (£) =e—tHot[J (¢, s)eisHnp pna mo6oro € FX Bcerpa ecTs «caaboe»
peilieHue B TOM CMBICJIe, UTO NipH JMo6oM M € D (H,) dyukus (0, ¥, (¢))
auddepennupyeMa H

L, B ()=~ (Han, b () — (V (D), s (1)

Mpumep 1. PasnoxenHe J[aficOHA BAaXKHO TaKKe U ISl MPaKTHYe-
CKHX BbiudcaeHu#. [TycTs H —raMHIbTOHHAH HEKOTOPOH KBAaHTOBOMN
CHCTeMbl H VP, P,—coOcTBeHHbe QYHKIHMH f, C COOTBETCTBYIOIIUMHU
CcOGCTBEHHBIMH 3HaueHHAMH A, u A,. EcqH cucremMa HaxoauTcs BHa-
yajle B COCTOAHHH VP, TO B OTCYTCTBHE KAKOro-JHGO BHELIHETro no-

TEHLHA/1d OHA OCTAHETCH B 3TOM COCTOSHUH, TAK KAK e"”np = e My,
OnHako ec/JH HAa KAaKOe-TO BpeMsi BKJIOUAETCH BHEIUHHHA MOTeHIHAJ

V(f), T0o nuHaMuka sajaerca 3aKOHOM e—“Ho([J (¢, 0)¢,, u ecau
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HaC MHTEpPeCyeT CHCTEMa B MOMEHT BpEMEHH {, TO BEpOSTHOCTH
TOro, 4Yro cHcTeMa Gyler HaGJuiOleHa B COCTOsHHH 1,;, paBHa
| (0, e=*Hol (¢, 0) ;) |*—BeposTHOCTH mepexofla H3 P, B 1. [Ipume-
HAA pa3soxeHue [aficoHa, Haxogum

t

(g, e~ 1T (2, 0) ) = (4, e'f“"“ll?k)—i‘g (by, e~ HV (£,) py) dii+...=

4
=i § e B g, V(1) ) dty -0 (19,
0

Jns KoHCTaHTHI B UJeHe mopslka f2 JlerKo HalTH BepXHIOKO rpa-
HHIlYy NyTeM OLEHKM XBOCTa pa3noxeHus J[laficoHa, Tax uTo Ea
ManHnX ! moJyd4eHHOe BHIpAXKEHHE [O3BOJIIET COCUHTATL BEPXHIOID
H HHXKHIOIO TDAHHIlY BEepPOSITHOCTH nepexofa. YuTaTesio npejsaraercs
paccuMTaTh OIMH cHelHaJbHHH npHMep B 3alaue 67.

Mul npumd Temepb K IJIaBHOH TeopeMe 3TOro pasjflena. Tak Kak
JIOKa3aTeqbCTBO AJsA Cayuast, Koraa A (f) mopoxzaeT CKHMAIOILYIO
nonyrpynny Ha 6aHaXOBOM mpocCTpaHCTBe X, TaKoe XXe, MH H Npo-
BeJleM ero B 3TOH GoJiee ofiueill mocTaHoBKe. HMaes Joxa3aTenbCTBa
OuyeHb MpPOCTAa H HemoCpeACTBeHHa. [ KaxkIoro IeJOoro MOJIOXKH-
TeJBHOro R omnpelenum npuGamkeHHH# mnponaratop Ug(f,s) Ha
0<Cs<Ct<{1 paseHcTBOM

]

U,(t, s)=exp (—(t—s) A (5:k'—l)), ecsu i—'-;—-l-<s <E<g

(rre 1 <<i<k), (X.130a)
H

Upt, ) =U, (¢, ) Uy (s, 1), ecn 0 << r < s <\t<<1. (X.130Db)

Taxum o6pasom, U,(f, s) ompeleseH MOCTOSTHHEIM IeHEpaTOPOM
A((i—1)/k) npu 5 u ¢ B Manwix HHTepBasnax [(i— 1)/, i/k] u dop-
MyJOH mnpou3BeleHHst, e€CJaH Oofe mepeMeHHble § H { He momaZaloT
B OIMH Ma/nulff MHTepBaJ BMecTe. Mpl MMOKaXKeM, UTO NPH COOTBETCT-
BYIOIIMX npeAnosioxkeHusax U, (f, s) CXOZUTCA K TagkoMy Ipomara-
ropy U (¢, s), uto @ (¢)=U (¢, s)} oxa3niBaercs pelieHHeM ypaB-
HeHHA do,(f)/dt =— A () ps(f). YUTOGB NOHATH, KAaKHMH JOJIXKHBI
OHIT 3TH JOMOJIHHTE/IbHEIE MPEANOJIOKeHHs, NPoBelleM (opMasbHOE
BEIUHCJIEHHE:

(U, 0)—=U, (£, 0) A0)~ @ =[U, (¢, s) Ur(s, 0) A(0)* @i =
t

I

| 4 Walts ) Us(s, 0 A 0) 1 ) ds =

- funt o (52)—a (B} A1) 4 (1)
’ XU, (s, 0) A (0)~*qds, (X.131)
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rne [r] osHauaer HauGonbluee wesoe, MeHbiliee HIH paBHoe r. To, uto
A ([as]/n) MmoxeT GuiTob Hamucaho cmpasa oT U, (¢, s), cnenyer us
zanucu U, (¢, s) B BuHIE NpOU3BENEHHUSA, KOrAa t H S HE momajgamwT
B OJIHH Mansil uHTepBas. CiaefoBaTenbHO, AN TOro 4YTOGH M0Ka3aTh,
uto JesBad uacTs (X.131) ‘Masa, ROCTaTOYHO YGEAUTBHCHA, UTO
pasHocts A(f)A(s)"*—I wmaga, xorla Mana |{—s|,- H 4TO
A @) Ug(t, 0) A(s)"! orpannueno. Hitak, ompenenum

C(t, sy=A({t)A(s)"*—I
H chOpMYyJHpYEM TAKYIO TEOpEMY:

Teopema X.70. ITycte X —GaHax0BO NpOCTPAaHCTBO, H NycTb J —OT-
KPHITEI HHTEpBaJ B R. Tlpu xaxkaom teJ mycts A(t)—reHepaTop
cxuMawoomel nmonyrpynnet Ha X, Takofi, uto 0 €p (A (f)) u

(a) Bce A (¢) umelor o6myio o6nacts onpefieneHus D (oTkyna B cuay
TEOPEME! O 3aMKHYTOM rpaduke ClIENYeT, 4TO A (t)A(s) 1 orpa
‘HHUYEHO).

(b) Ilpn Bcakom ¢ € X Benuuuna (f—s)~*C(f, s)@ paBHOMEPHO

. CHJIBHO HENmpephiBHA H PaBHOMEPHO OrpaHHuYeHa 1O s H £, eclH
t=s U sufaexaT B MOGOM PUKCHPOBAHHOM KOMMAKTHOM TOABIH-
_ Tepsaje u3 J.

(c) TTpu BesikoM @ € X CYIIECTBYET C(t)cp_hm(t—s) 1C (¢, )

PaBHOMEPHO MO { B KaxKAOM KOMIIaKTHOM noanTepBa.ne u C(¢)
OorpaHHYeHa H CHJBHO HENpEpPhIBHA 10 f.

Toraa ans Bcex s<{t B JI0O60M KOMIAKTHOM HOJBIHTEpBaJje HHTep-
Bana J H mo6oro @ GX CYUIECTBYET

U, s)g —IlmU,k(t s)Q

‘paBHOMEpPHO 1O § u £. [agee, eciu YED, TO @ (t)—U(t s)
Jexur B8 D an BceX [ M YNOBJETBOpSIET ypaBHEHHIO

dt Ps (B)=— A (t) Ps (t)r Ps (S) =1,
npudem | ¢, (£) ||| npu Becex ¢ >=s.

Cnenaem JBa 3ameuaHusi. Bo-mepsrix, AonyumeHde O €p (4 (t))
OGLIYHO HE ABJAETCS CHJBHBIM OrpaHHuYeHHeM. EcJH MOXHO HaHTH
2,€p(A(#)) npu scex t u ecqau onepatopu B (f) =4 (t)—z, yzo-
BJIETBOPAIOT 3TOMY HomymeHHio, To U (¢, s)=U (¢, s) et~z Gygmer
nponaratopoM ans A (f) scaxufi pas, xkorpa U (¢, s)—mnponaratop
Inaa B({). B uacTHOCTH, MLl MOKEM MPHUMEHHTHL 3TOT mpueM, Koria
A(?) ecTn camoconpameHHmﬁ oneparop, YMHOXEHHHH Ha i{. Bo-BTO-
pHIX, JOCTAaTOYHO JOKa3aTh CYIECTBOBAHHE mpomaratopa Ajd S, (€
€[0, 1], mockosipKy TOrjla MOXKHO BOCIIOJIb30BATLCSA 3THM [1PUEMOM,
UTO6H pacmupHTe ero Ha [1,2], u T. 1. Tlokaxkem cHauasia, 4TO
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H3. CHeJNaHHLIX IIOHYHIEHPH’I BbBITEKA€T OrpaHHYECHHOCTH OllepaTopa
AB Ut s)As)-

“Jlemma. Tlpu s, t€[0, 1] nonoxum W, (¢, s) .y AU, 8)A(5)?
Toraa |W, (¢, s)|<<M,, roe M; He 3aBucHT OT s, ¢ U k.

ﬂoxasame/tbcmeo ®dukcupyem s, ¢ u k. [Tockonbky Uk(t s): D—D,
onepatop W, (¢, s) xoppextHo ompexenen Ha X. Ilycts € X; 3a-
nuweM W, (¢, s) B BHIE -

‘fk(t’s)w_ ® g (1R [ks] + 1 g
=AU, (1, B v, (BL, BA=L) o (B ) A=

-0 (181 (. 50 (54 (212
» A (152)" 0, (R ) (1) a0
(1+C( [k ])){Uk(t s) ku:g;]HUk(t,u)C'(u,u—?)Uk(u,s)+
&t ” .
+ [Z:] Ue (2, U)C(U, U—;,i—) - [zi U, (v, u) X
_ ko=fhs]+1 ku=[ks]+1

xc(u u—-—) Uy, 8) + . } I—f—C([ks] s))q:=

= (1+c(t, [tk]»{Uk(t )+ Wit s)+WEE )+ .. .}x
<(re (B )y

roe

k]
. / 1
Bt =" 2 Upt,9)C(u, u—g)Ures sy
ku=[ks}+1
H
k7] o
W (i, s)=ku=%;ﬂ+1 U, (¢, s)c(u, u—?> WE(u,s). (X.132)
IMyets
M, _sup[](t—s )T2C (L, s ‘[
Torna

jo(s e—t)v|<2ivt
tak uto u3 (X.132) moayuaem
[Whit, ) W< (t—s) Myl o] u [WE(, ) $l<E2 ME v,
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CnelloBaTeasHoO,
1wt 9 wi< 1+ )(1+2"‘” Mm\uw

Mu Bcsikuii pas moJb3oBasnuck TeMm, 4to [U,(ry, r2)1p[|<u1pﬂ mno-
CKOJIbKY Kaxanifi A (£) mopoxpaer cxumawinyio noxyrpymmy. W

Hoxazameavcmeo meopemor X.70. Ilycts ¢ € D. Tak kak Ug(r, S)p €D
apH r=S 4

U, (t, s)p = e~ (-[rtVR) A (TRIVB]], ([ktl s) ,

10 Ug(f,s) cuapno nuddepenuupyeM no f peslle, KPOME TOUEK
t = j/k, nostomy, mosoxuB A (0) ¢ =1, noayuum

d kt
77 Un (s S)¢=—A(L—l) Ur(t, s)p=
——A (”‘”)A(t) YA (B U, (t, ) A (s)~*A (s)A(0)~p=
——A (”‘”) A1 W, (t, s)A(s) A (0)-1
CrenoBaTenbHo, TaK Kak cemeficTBo |W, (£, s)| paBHOMEpHO OrpaHH-
ueHo H C(f, S) CHABHO HempephBHA, MH BHIAMM, uTO dU, (¢, 5) @/d¢
OrpaHHUEHA H CHJIBHO HempepblBHA Besfle, KPOMe ToueK ! =: j/k. AHa-

JIOTHUHOE JIOKA3aTeJbCTBO MOKA3HIBAET, UTO Te XKe 3aKJIOUEHHA HMEOT
MeeTo HJs

FUst 9e=—U,(t. 94 (5d) e,

Koraa s==j/k. 3Haqn'r, ecad E>n, To
Ur(t, )—=U,(t, N AQ) 9=[U, (t, N Uy (r, Y= A 0)* b=
t

=S%{Un(t,f)Uk(r,s)A(d)—lq,}d,=
Ua e, {a(5)— ()} >
XA([’n]) A(%)Uk(.r,s)A(o)-lwdr=

v.e.00 (1, 58 froc (12, )}
X W, (r, s){l +C (s, 0)} pdr. (X.133)

I I
mC/jn. By 1

Tak kak

"“% [—'nﬂ)ﬂgz [k _

sup [t—s["t|C (¢, s)|
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u U, (t,r), C(rnln,r), C(s,0) u W,(r,s) (no sieMmme) Bce pasHoO-
MEPHO OTDaHHYEHH HE3aBHCHMO OT r, S, {, n U R, TO MH BHIMM,

yto cuJabHuifl npeges Uy (4, s) cyuiecTByer pasHOMEpHO 1o ¢ U s. Tak
" kak U, (t, s) paBHOMEDHO OTrPaHUYEH, TO

U(t,s) q)Eklim U,(t, s)@

cymectByer npH Bcex ¢ € X u U (¢, s)—orpaHHdeHHass OnepaTopHO-
3HayHasg (QYHKUHMS, PaBHOMEPHO CHJIBHO HEMpEphiBHAsA [0 COBOKYM-
HOCTH mepemMeHHEIX. 3amerum, uto HHrterpas (X.133) ectp Ha camom
Jese CYyMMa HHTErpaJjioB MO TeM HHTEpBajaM, TAe CYWECTByeT mpo-
u3BojHaA.

AHanoruuyHOe J0Ka3aTeJbCTBO MOKa3piBaer, YTO Mpeles

W(t, s)e Eklim W.(t s)e

cyuiecTByeT paBHOMepPHO mo { u s U uro W ({, s) ecTb OorpaHHgeHHas
OnmepaToOpPHO3HAYHAasi (YHKIHS, CHJBHO HeNpepHBHass MO COBOKYI-
HocTH nepeMeHHHX. CJejosaresqsHo, ecaun @ €D, to U, (¢, s) ¢ —
— U (t, S) @ H

AQU @t s)o=W,(t, s)A(S)o ,— W(t s)A(s)e.

Tak xax A (f) 3aMkHyT, TO oOTcioia cuaepyer, uto U (¢, s)Q €D u
AU (L, s)p=W (¢, s) A(s) p. Kpome TOTO,

U (¢, s)o—¢=lim (Ug(t, s)p—9) =
1

. d
=k11,n1,‘S‘EU"(r’ s)edr =

. ( t { 7k} ]
=klin3° {L—LSA \T) Ug(r, s) q>dr)>z
¢

—— lim A(%ﬁ)AvrﬂAvn@onugﬂAawdﬁ=

k—>eo
i
——({wr9a@edr.

Tak xak W (r, 5) cU/IBHO HeNpepnIBEH, TO
LU e=—W (A e=—ADOU ( 5) o,

4TO H 3aBepLiaeT AOKa3aTeJbCTBO Teopemul X.70. i
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Mpumep 2. Jlerko NpHMEHUTH STOT pe3yJbTaT K ypPaBHEHHIO TEMJo-
MPOBOJAHOCTH C HCTOYHHMKAMH, 3aBHCAUIHMH OT BpemMeHH, U CTOKaMH,
NpPONOpUHOHANBHEIME Temneparype. IlycTs ¢ (¥, {)—orpaHHyeHHas
BelleCTBEHHO3HAYHAsA  HempepelBHO AHMdepeHuHpyeMas GYHKUHSA
Ha R»*!, Ttakasa, uro dq(x, £)/0t orpannueHa. ITycte M —rpaHsb g.

TTonoxum .
AN)=—A+qx H+M+])

Ha C_(R?). VI3 npumepos 3 u 4 B § X.8 mnul 3Haem, uto A (f) ecTs’
refepatop cxumamoomed noayrpynmsl Ha C_ (R") u uto D (A (¢)) =
= D(—A) npu Bcex f. YUurarenr MoxKeT JIETKO INPOBEPHTH ‘(3a-
naya 68), uro BcjenmcTBHe ponyuieHHH 0 g+ M -1 BHIIONMHEHH
ycaosusi Teopembl X.70. 3Hayut, Aas kaxaod $ € D (— A) cyme-

cTByeT Takas QYHKUHA @ (X, t), 4TO @ (x, t) € D (— A) npu Bcsixom £ U

L FO D=0 (5 H—g (5 NPl H— (M1 S (5, D),
B (x, 0) = (1.

Tlonoxxum Teneps @ (x, £) —=eM+1)tp (x, t); Torna qa(}c, ) ynosJsieTBO-
psieT ypaBHEHHIO

2, =g (x, h—q(x, Do (x, 1),
?(x, 0) = (x).

3amerum, uto U, (£, s) coxpaHdAeT MNOJIOKHTEIBLHOCTh NPH BCAKOM E,
Tak Kak sfBJAETCS MPOU3BENEHHEM COXPAHAIOUIUX MOJOXKHTEJIbHOCTD
npeo6pasosanuit (cM. npumep 4 B § X.8). 3nauut, u U (¢, s), 6yayuu
cuapHEM mpenesnom U, (£, s); coxpaHsaeT moJoxKHTenbHOocTh. Cueno-
BaTeJbHO, €CJH 3aJaHbl JIOGne HEOTpHIIATeAbHbie Haya/bHbIE JaHHbIE
p€C,_(R), To pewenue ¢ (x, t)=eM+DIY (f s)p 6yaer ocTaBaThbCs
HEOTPUUATEILHEM B COOTBETCTBHH C HAIUMMH HHTYHTHBHBIMH Npel-
CTaBJIEHUSIMH O PacrnpocTpaHeHHH TemJsa.

TTpumerum Teneps Teopemy X.70 B KBAHTOBOMEX aHHYECKOM CJIyyae.

Teopema X.71. Tlycte Hy=-—A Ha L?(R?). Ilpeano/soxum, uyTo
t—V,(t) u tr—>V,(f)—HenpepeiBHO JH(xbepeHuHpyembie bYHK-
nHH co 3HaueHusiMH B L2(R3) u L~ (R3) coorsercteeHHo. [lycTs
VY=V, () +V,(¢t). Tlonoxum H (¢)=H,-+V (t). Toraa cymecrsyer
Takofi yHHTapHeIi nponaratop U (f,s) Ha L2(R3), uto ¢,({)=
= U (¢, s) ¢ cunpHO Auddepenuupyema npH Bcex € D (H,) u ynos-
JIETBOPAET ypPaBHEHHIO

%% O=—iH{) o, (1),  o,(s)=1W. (X.134) -
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Horxasameascmeo. Mbl TOCTPOHM yHuTapmbli mpomaratop M Kax-
poro Koneusoro uurepsana [—7T, T]. To reopeme X.15 oneparop
H,+V () npu Bcex ¢ camoconpsixker Ha D (— A). Masnee, n0cKo/IBKY
Vi(t) u V,(¢) paBHOMEDHO OrpaHHY€Hbl MO HOPME B L2 u B L® cooT-
BETCTBEHHO, MOXHO HaHTHU Takyo nocrtosHHyoo D =0, uro H, -
+V($)+D=1/2 npu scex ¢ €[—T, T]. Tlostromy i (H,+V (¢)+ D)
u —i(Hy+V (t)+ D) mopoxkAawT cxKUMAaoomyue NOJYTPYNNsl NpH
KaxgaoM t u [i(H,+V (t)+D)]"* cymectsyer npu t€[—T, T].
Hanee us npexnoJioxeHuit o t—>V,(f) u o t—V,(f) caenyer, uro
i(Hy,+V(#)+D) u —i(H,+V(t)+D) ynoBnerBopsiioT ycA0BHAM
(b) u (c) teopemmt X.70. Ilyers U™ (£, s) u U~ (¢, s)—coorsercT-
Bylomue mnponararophl. ITockonpky Uf u Ufp yHMTapHH npu Kax-
oM k, Ut u U~ Toxe yHutapusi. [TosioXuM Temneps

Ot )= U+ (¢, s), s<t,
)=\ y-t,s), t<s,

U(t,s)=ellU=90 (¢, s). &
B zakJgiouenHe onmuiueM Kparko MeTon . XayJ/ieHna npespaiieHu

3aBUCALIEH OT BpeMeHH 3amayH B 3ajady, He 3aBUCAMYIO OT Bpe-
MeHH. B KiaccuyecKol MexaHHKe YpaBHEHHUA T'amunbTOHA. o

CHCTEMBI C TFaMuUJIbTOHOBOR GyHKUHEA H (1, ..y Pus Gis co vy Gn b)
HMEIOT BHUL ‘ ,
dg; _ OH dp; _ OH .
= — = i=1,..., n. (X.135)

Ecau A 3aBucHT OT BpPeMeHH, TO B TaKOf cHCTeMe 3HepPrus He COX-
paHsercs, HO Mbl MOXEM IOCTPOHTh COOTBETCTBYWOUIYIO CHCTEMY,
B KOTOpOH 3Heprus coxpaHsercs, BBOAA { B KauecTBe HOBOH KOOp-
AMHATH, a 3Hepruio E BHeHEro HCTOYHHKA —B KauyecTBe CONps-
KeHHoro eff uMnysabca. Hosuifi raMHJIbTOHHAH TaKOB:

h(p,q, t, EY=E-+H(p, q, ),

TaK UTO €CJIH Mbl 0603HAYHUM HOBYIO BPEMEHHYIO NepeMeHHYIO yepes o,
TO TaMHUJbBTOHOBHLI ypaBHEHHﬂ 3anuuyTca B BHJIe
dg; OH dp; OH .
4o ~op;' doog Thoeeemo
a _oh_,  _dE_oH (%.136)
do  9E do — of

dra cucrema ypasHeHufi skpupaJsenTHa (X.135).

Tax xe MOXKHO nepedopMy. THPOBATh H KBAHTOBOMEXaHHYECKYIO 3a-
nauy. ITycts H () —cemefiCcTBO caMOCONPAXKEHHEIX ONIEPATOPOB B I'HJlb-
6eprosom mnpoctpaHctee FZ. Ilyere F2,=L%(R; ) —runpbeproso
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NpPOCTPAHCTBO CHJBHO H3MepHMLIX PyHKuuM# f (-) Ha R co 3HaveHuaMU
+

B 7, TAKHX, 4TO S"f(t) iy dt < oo. Ecun MBI TENeph ONpeieTHM

h B 5 dopmyaoit
() () =— i & () +H () F @),

TO (COI‘JIaCHO KJ1aCCHYEeCKOH aHaJIOI‘Hld) JOJI2KHO HMETb MECTO COOT-
BeTCTBHE MEXKAY peUIeHHUAMH ypPaBHEHHSA

£ ¢ (0)=— ih (o)

B F7, U pelleHUAMH 3aBHCAlell oT BpemeHH 3ajauu (X.134) B 7.
HonyctuM, uro U (¢, s)—yHuTapHbl nponaratop Ha . Torzaa

(T @) ) (t)=U (¢, t—o0)f(t—0) (X.137)

SIBJIIeTCAA CUJbHO HeNpephBHOH YHHTapHOH rpynno#i Ha 77; (3axa-
ya 69). 310 o3Hauaer, uro ecau To—rpynna Ha 57;, nefictByomas
Kak (Tof) ({)=f(t+o0o), 10 U (6) T, neiictByet Ha F7; KaK yMHOKe-
HHe Ha OmepaTopHO3Ha4yHy ¢yHKuuio. O6paTHO, MOXKHO IOKa3aThb,
YTO BCAKOH CHJIBHO HemlpephiBHON yHuTapHo# rpymmne U (c) na 92,

tako#t, uto U (06) T; ecTp yMHOXEHHE HAa ONepaTOPHO3HAYHYIO (DYHK-
IHIO, OTBeuaeT eAMHCTBEHHBIH YyHuTapHmlii npomaratop U (£, s) Ha
JZ, takofi, uro BuimosHserca (X.137). HMrak, umeercsd COOTBETCTBHE
MeX]y YHHTaPHBIMH PONIAraTopaMi Ha ¢ U HEKOTOPHIMH CHJbHO He-
NpephIBHEIMA OJIHONAPaMETPHYECKUMH YHHTAPHEIMH PPYNNaMH Ha, 77 ;.
3amerum, uto U (0) B cuny Teopemsl CTOyHA BCerAa OKaXercs CHJAbHO
AudxpepeHuHpYyeMOHl Ha NJIOTHOM MHOXKecTBe B FZ4, HO urto U (%, s)
He of0fi3aTeqbHO CHJAbHO audepeHnupyemMa Ha F7. 3HAuuT, Yy Hac
€CTh MeTo[ JOKasaTeJbCTBA CYLIECTBOBAHMA IPOHNAaraTopoB B TeX
caydasax, KOrga Mbl He MOXeM OXHJAAaThk CHJbHOH AHbdepeHuupye-
MOCTH, T. €. B CJy4yasx, Korja HenpHMmMeHHma rteopema X.70. 3ror
nponaratop ¢opManbHO pa3pellaeT ypaBHeHHe

;f;U(t, s)p=—iH () U (¢, 5) .

Ipumep 3. Paccmorpum eme pas cayuaht H (1) =H,+V (), rae
H,—caMmoconpsixKeHHbIH onepaTop B 47, a {+>V (f)—CHIBHO Hempe-
phriBHOe oTo6paxkeHHe M3 R BO MHOXKeCTBO OrPaHUYEHHHIX OIeparo-
pos Ha 2. Ilas npocToTH npeanosoxum, uro cemeficro {|V (f)[}
paBHOMepHO orpannyeHo Ha Bcem R. Kak.H npexpme, nosoxum

V(t):e””oV(t)Ae*“Ho. ITycrs V—onepatop ma L®(R; %), meiict-
BYIOIHA Kak V1) (t)=17(t)f(t), 1 nycte C}(R; F7)—npocrpaHcTBO
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 HenpepniBHO AupdepeHUHPYeMbIX dyHKuMi HA R ¢ KOMnakTHBIM HOCH-
TeseM W CO 3HaueHusaMu B 7. Toraa HerpyAHO Y6eAuTses, uyro
i~'d/dt camocompsixeH B CyIeCTBEHHOM Ha Gy (R; ). Tak xax

V—orpaanem{mﬁ onmepatop, TO 'ld/dt-{-V TaKXKe CaMoCONpsi-
KeH B cyumecrseHHoM Ha CG(R; $7) W MOXHO moKasaTh, YTO

exp (— ic (i=1d/dt +V)) T; meficTByeT KaK yMHOXeHHe HA oneparop-
Ho3HauHylo ¢yHKuHW0O. CrefoBaTelbHO, MO0 yNOMAHYTOH BHILE TEO-
peMe O COOTBETCTBHH, CYIIECTBYET CHJBHO HelpepuiBHLIA Hpomnara-

top U (¢, s) na $¢, Takoit, uro
(exp (— ic (‘f‘&di +1°/)) f) (=0 (t, t—a)f(t—a).

Jlerko y6eXuTbCA B TOM, YTO 3TO HMEHHO TOT NpONaraTop, KOTo-
Pulii MOSIBJSETCA B Pe3yJbTaTe NPUMeHEHHs DasiokeHHs [laficoHa

K t—>V (¢). Tlycts Tellepb W meficteyer ma L* (R; %) xax (W) (t) =
= e~iHo f (). Torma W yHuTapeH, TaK uTo

Vesp (—io (+4+7)) ¥-

ecTb ONATh CHJLHO HellpepbiBHAs YHHTapHas rpynma Ha L?®(R; 57)
H OUYeBHJAHO, YTO

(¥ exp (—io (+3+7)) #) 1=
. =e~tH[] (¢, t—ao)et-0) Hef (t—0).

Takum o6pasom, U (¢, s) =e~#Hel (£, s)e'sHe ecTh mponararop Ha 57,
Apasiomuics GopManbHEIM pellleHHeM YPaBHEHHS

7 Ut ) =—1HAV U ¢, 9),

TaK Kak reHepaTopom W exp (— io (i~*d/dt + 17)) W -t Gyner i-'d/dt +
+ H,+V.

N.13. Knaccuueckme HenuHeMiHbie BONMHOBbLIE YPaBHEHMA

CepbesHoe o6CyikileHHe HeJHHeRHBX AuddepeHHHANBHBIX yDaBHe-
"HMA B YACTHHIX TNPOH3BOJAHHX BHXOAMT 3a paMKH 3TOH KHHTH.
OnHako MBI XOTHM ONHCATh HEKOTOpble MeTOAb (GYHKIHOHAJIbLHOIrO
aHa/aK#3a, TMoJe3Hble HPH HM3yUYeHHH 9TOfl KJjaccHuecKOH 3afauH.
B xauecTse mosicHsIOWEro HpHMepa Mbl PacCMOTPHM HeJHHeHHOe
ypaBueHne Kuefina—Toprona. Tlpexanosoxum, uto m, A >0, u
nycTb 3afkaHel ABe ¢yHKuuu f u g Ha R3. 3apaya COCTOHT B TOM,
yTO6bl JOKa3aTh CYLECTBOBAHHE H H3YUHTb NGBeAeHHe (PYHKUHMH
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