Sameuanus . 347

———

Orciona N (£) <N (0)exp[(C+|a])t] npu Bcex £>0. Iycrb ¢, —
sro ¢ (A) ans A=N (O)exp[((‘ +|a|)T,]. BuiGepem ¢ € (T, —t,, T1)
Torfna MoxHo pemHTh (X.153) ¢ HauanbHBEIM ycaoBHeM <p (1), g (2)>.
CiinBasi 3TO pellleHHe C YXKe MOCTPOEHHHIM pellleHHEM, Mbl MOJYYHM
peuieHHe B HHrepBane (— T, £ +£,), YTO NMPOTHBOPEYHT MAaKCHMAaJb-
HOCTH. 3HauuT, T;=00 U aHaJorH4yHO Ty = co.

CornacHo merosaM § X.13, @ npumasnexur C' B obsaactd, no-
JIYYEHHOH C IIOMOLLBIO OJHOKPATHOTO MPHMEHEHHH NPHHLHIA CXKH-
MalomHX oroGpaxenui. IlpH nomomu Tex e paccyxXAeHHH, 4TO
H Bblue, Jiofoe [ Moxer OHTb JOCTHTHYTO IOCPESCTBOM KOHEUHO-
KPAaTHOTO NPHMEHEHHA NPHHIKIA CXKHMAOMIHX omépame}mn (co Bce
GONMBIIMMH HauyaJbHbIMH BpemeHamH). |

Careocmeue. Ilpu ycnoBusx teopembl X.79 oneparop Jluysuans L
KOococonpsxeH B cyimectBeHHoMm Ha Cg (R®), 1. e. L¥*=—L*,

3AMEYAHMS

$ X.1. UenTpanbnas Teopema 3TOro pasgena (Teopema X.2) OnJa JoKa3aHa
Jx. don Heiimanom B paGote: J. von Neumann, Allgemeine Eigenwerttheorie
Hermitescher Funktionaloperatoren, Math. Ann., 102 (1929—1930), 49— 131.
TpuBeflecHHOE HaMH JAOKAa3aTeJbCTBO 3auMcTBoBaHo M3 kuurn H. Iandopaa u
Jx. lllBapua, Jiuneiiunie oneparoput, T. II, «Mup», M., 1966, koroprie oTMeualoT,
YTO MX JAOKAa3aTeJhCTBO BO MHOIOM COBNAafaeT C NOAXOAOM, pa3BHTHM KaakuHom
B ctatbe: J. Calkin, Abstract symmetric boundary conditions, Trans. Amer.
- Math. Soc., 45 (1939), 369—442. B nepBonauaanHOM nozixone ¢on Heilimana
BaXKHYIO POJIb Hrpajo npeofpasoBaHHe KajH cuMmeTpHueckoro oneparopa A; oHo
¢opmManbHo onpepeasercas Kak V=—(A—i)(A-i)-1. HekoTopne acnekTs AOKa-
3aTeJILCTBA CTAHOBATCH GoJiee SCHBIMM Ha S3hlKe npeo6pasoBanuit Ksouam, onHako
CBA3bL C TrpaHU4HON 3ajavell 3aTemusieTcs. JloKasaTesbCIBO C HCNOJNL3OBaHHEM
npeo6pasoBaHuss Ka3JH COCTOHT M3 CJeAyOlMX TIJaBHBIX sJjeMeHToB: (i) V onpe-
Heasercsi Kak oroGpamende u3 Ran(A--i) B Ran(A—i), u MOXKHO nokasalb,
uto V ecThb uactuuHast usomertpus; (i) uHAekch pgedexTa A cyTb B TOUHOCTH
KOpa3MEpPHOCTH HavyaJbHOTO M KOHEUHOr0 MOANpOCTPaHCTBa oOToGpaxeHuss Vi
(iil) 3aMKHYTBle CHMMeTpHYeCKHe pacluupeHHss A HaXoAATCA BO B3aHMHO OXHO3HAy-
HOM COOTBETCTBHH C pacmiHpeHHAMH V, ABJA0OUIHMHCA YaCTHYHLIMH H30METPHSIMH.
CamoconpsKeHHble pacCilipeHHs HaXoAATcsA BO B3aHMHO OJHO3HAYHOM COOTBETCTBHH
C yHUTapUBIMH pacmHpeHusMu V. YHuTapHEe pacmiipeHHs V, OueBMAHO, Xapak-
TepHM3YIOTCA MNPOH3BOJLHBIM YHHTAapHEIM OToGpaxkenHeM u3 D (V)L B Ran (V)L
Takum o6pasoM, Mhl NPUXOAHM K BRIBOLY, YTO CaMOCONpsKEHHBIE paculipeHus A
CYLLeCTBYIOT TOJAbKO TOrAa, korja D (V)=Ran(A-+i) 1 RanV =Ran (A—i) umetor
O/IMHAKOBRIE KOpPa3MEPHOCTH 72, H YTO STH PACIUMPEHHS ecrecrBeHHBIM CHOCOGOM
napaMeTpU3yIOTCS YHUTAapHBIMH OTOOpaXKeHHSIMH U3 ORHOTO n-MePHOTO NpOCTpaH-
cTBa B Apyroe. JlONoJHHTe/bHEI MaTepHaJ O TEOpHH paCHIHpeHHH C TOUKH 3pe-
HHUa npeoGpa3oBauua Ksau cm. B kHure H. M. Axuesepa u HW. M. I'naamana,
Teopus JHHEHHBIX onepaTopoB B MJAbGEpTOBOM npocTpaHcTee, «Hayka», M., 1966.
O6cy>xneﬂue «(pu3nueCcKofl BaXKHOCTH» CAMOCONPSIKEHHOCTH COAEPIKHTCS B CTaTbe:

S. Wightman, Introduction to some aspects of the relativistic dynamics of
%antrzed fields, in High Energy Electromagnetic Interactions and Field Theory

Levy, ed.), Gordon and Breach, New York, 1967. Jluteparypy o npoGaeme
MOMEHTOB cM. B 3ameuaHusx K § X.6.
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WmeeTcs gpyroe foka3aTesabcTBO TeopeMb! X.3, npuHajJexalllee, 1o CYILECTBY,
TFanunpo (A. Galindo, On the existence of J-self-adjoint extensions of J-sym-
metric operators with adjoint, Comm. Pure Appl. Math., 15 (1962), 423 —425).
Mbl HaMeTHM 5TO AOKa3aTe/JbCTBO, KOTOPOe 06XOAMTCH Ge3 TEOPHH €aMOCOINpSKeH-
HblX paclilypeHHil (UeHO# npumeneHMs JeMmmbt LlopHa). Ilycte A ynoBnerBopsieT
ycaoBusiv teopeMb! X.3. Torma no nemme LlopHa A uMmeer pacmHpenue B, obna-
Jalollee TAKHMH TPEMs CBOHCTBaMH:

(i) CB=B8C,
(i) B < B*,
(iif) B makchMaJseH no OTHOWEHHIO K ycaoBusM (i) n (ii).

Honyctum, uto B# B* Torma MOXHO HaliTH Takyl0 = HeHYJEBYl napy
<o, WEFL DI+ uro

(iv) <o, WE(BHNT (B)*.

Tax kax CEC ocrasasier u I' (B), u T (B*) ueBapuanTHBIMH (BCaefcTBHE (i),
10 K/ +C) g, ({+O)> n i (/—C) ¢, { (/—C) > nexar 8 T (BT (B)L u

no KpaHHeH Mepe OfHa u3 3TuX nap HeHyJesas. [103ToMy MOXHO NpPeAnOJONKHTD,
uTo

(V) <Co, Cb>=<g, P>.

Iycts li:l‘ (B) D {a<p, ¥ [2€C}. Tax xax F< T B8%, 10 T‘—rpa(plu{ one-
paropa B. Tlockonbky CEC ocraBnser I' notoueuHo HHBapuHaHTHBIM, B yZhoe-

aersopsier (i). Bosee rtoro, Tak xak <@, P>ET (B)J-, TO noJyuaeM, 410 A1 JO-
G6oro nE€D (B)

@+n, B@+m) =@ ¥+ By.

B cuay (v), (9, V) BemwecTtsenHso, a B cuay (ii), (1, Bn) BellecTBeHHO, nodtomy B
CHMMeTpHUeH. A Tak KaK 5TO HaXOAMTCS B npoTHBoPeuHH c (iii), To 3akaouaem,
uto B=B* 1 A MMeeT caMoconpsKeHHble PacUIMPEHHS.

Kcrati, M3 npHBefleHHOTO J[OKa3aTe/qbCTBa BHAHO, YTO B IPEATOJOXKEHHSX
Teopembl X.3 A umeeT caMoconpsiKeHHble pacliHpeHHs, KOMMyTupymomue ¢ C; 310
cnefiyeT Taxxe M3 GoJee JeTaNbHOrO H3yueHMsi paciinpenuit A. CyulecTBoBaHHe
TaKMX pacllMPEHHH BaXXHO IOTOMY, YTO OTCIOKA CJERYET, YTO 8 BEU{ECIBEHHOM
aunbbepmosom npocmparcmee KaxcObil CUMMEMPUYECKUL Onepamop umeem camo-
conpamerie pacuiuperusn. Heficrurensho, F¢ =G p P 7 r MOxHO paccmar-
puMBaTh KaK KOMIJIEKCHOE THJIbGEPTOBO NpOCTpaHCTBO € (<@, P>=<— P, ¢>.
[Monoxue C<Q, P>=<P, — P>, MBI BUAUM, YTO KaXKAbIH KOMMNJIEKCHbIH JuHeHHbL
onepatop B F¢, kommytHupytomuii ¢ C, umeer Buf AP A, rae A: ' — FHr.
D10 o6crosTenbeTBO BMecte ¢ Teopemot X.3 B cuabHON (opMe nPHUBORHT K yKa-
3aHHOMY pe3yJ/bTaTy O CHMMETPHYeCKHX OllepaTopax B BelleCTBEHHBIX T'HJbGEPTO-
BoIX npocTpaHcTBax. JaJbHefilie paccyAeHHs cM. B 3afaue 81.

Hanoxenue B JONOJNHEHMH K 3TOMY pa3fiely cjaefyeT B OGUIMX uepTrax He-
ony6aMKoBaHHbIM JekluaM Henbcona. [anbHeiilliee paccMOTPEHHe CaMOCONPsiKeH-
HOCTH OOBIKHOBEHHBIX AHMGbepeHUHANbHBIX ONEPAaTOPOB MOXKHO HaHTH B KHHre:
3. Koanunrron, H. JlesurcoH, Teopus OGBIKHOBeHHBIX AHQxpepeHUMANBHBIX ypaB-
Henut, WJI, M., 1968, u B ra. XIII yxasanuno#t bie xHuru dandopaa u lisapua.

OGwpHbte 3aMeTKH 06 UCTOPHH PasBHTHS TEOPHH CaMOCONPSKEHHOCTH MOXKHQ
HaliTH BO BTopoM TOMe KHHMrH [aHdboppa u IlIBapua; Mbl OrpaHHuUMMCA TOJIbKQ
YIIOMMHaHHEM, YTO TEOPHS INpeJeJbHBIX TOUEK — NPeAe/bHbIX OKPYXKHOCcTEH (Teo-
pembl X.6 u X.7) npunanaexutr I'. Belsio, KoTophlil BbICKa3all MHOXeCTBO HAeH,
BaXXHBIX AJISI TEOPHH PacIlipeHHs] HEOTPaHHYEHHBIX ONePaTOPOB, 38 MHOrO JeT A0
nocrpoenus gon Heitmanom obieit teopuu. Cm. H. Weyl, Uber gewéhnliche li-
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neare Differentialgleichungen mit singuldren Stellen und ihre Eigenfunktionen,
Nachr, Akad. Wiss. Gottingen Math.-Phys. KI. 11 (1909), 37—63; (1910), 442 —
467; Uber gewdhnliche Differentialgleichungen mit Singularitdten und die zuge-
horigen Entwicklungen willkiirlicher Funktionen, Math. Ann., 68 (1910), 220 —
269. Iru crarbu MoxHO HaiiTH Takxe B Gesammelte Abhandlungen, B. I, Sprin-
ger-Verlag. Berlin, 1968. TepMunosorus npeaenbHblX TOueK —NpelesbHblX OKPYX-
HOCTEH NPOMCXOAMT M3 HIEM paccMaTpHBaTb 3ajlauy CaMOCONMPSMKEHHOCTH Af
oneparopa — d?/dx*-}V (x) 5a (@, ®) Kak npeies COOTBETCTBYIOUIHX 3aiay Ha
unTeppanax {(a, b) npu b— . Ilyctb ¢ u Pp—pewenun ypabwenus — " (x) 4-
+V{x) o (x)=ip(x) nHa (a, ®), yIoBreTBOPIOWMe YCAOBHAM ¢ (a) =1’ (a) =0,
— @' (@)=1p (a)=1. I'lpu dukcupoBannoM b MuoxecTBo Tex zEC, AAA KOTOPHIX
N =¢-}2y yrosiaersopaer ycaoBuio {cosa)1 (b)+ (sina)n’ (b))=0 ¢ wexoTOpEIM
a €[0, 2r), obpasyer okpyxuoctb Cp. Ilpn b—> 00 3Ta OKpyXKHOCTH JHGO cXoO-
AUTCS K HEKOTOPOH npelesbHOH OKPYXKHOCTH, JHGO CTATHBAETCS B HEKOTOPYIO
npelenbay0 TOUKy. B nepsom cayuae ofa peuwensus ypassesus —o” (x) 4
+V{(x) ¢ (x)=1i¢p (x) npunapnexar L% B6iu3H o0; B MOC/IEIHEM CJyuae— TOJbKO
0AHO. DTOT NOAXOL NOoAPoGHO paccMarpuBaercs B kuure Kopnuarrona u Jlesuncona.

Teopema X.8 nosiunace B cratbe: N, Levinson, Criteria for the limit-point
case for second order limear differential operators, Casopis Pést. Math. Fys.,
74 (1949), 17-—20. 3amerum, yto Teopema X.7 uMeer amasnor Ans Gosee obmWuX
untepBanos, ueM [0, o0); uMenwo, ecaum V (x) HenpepmiBen wHa (@, b), npuuem
—w=<a< b, to —d¥dx>+4V (x) orBeuaer cjyual0 npelenbHOH TOUKM M
B a, n Bb TOria M TOAbKO TOrAa, Korga— d%/dx®-}-V (x) caMoconpfixen B cyuwect-
BenHom ma Cp (a, b). B HacTHOCTH, MOXHO BOCMOJBL30BATbCH TeopeMoli X.8 u
NOJYYHTh APYroe JOKasaTenbCTBO B 3afave 24 aas oasoMepHoro caydas. Teo-
pema X.9 noxkasana A. BunraepoM B cratbax: A. Wintner, On the Normalization
of Characteristic Differentials in Continuous Spectra, Phys. Rev., 72 (1947),
516 —517, u The Schwartzian derivative and the approximation method of
Brillouin, Quart. Appl. Math., 16 (1958), 82—86. JlokasaTe/nbCTBO KpHTepHA
Buntnepa m MHOrHe Apyrne KpHTEPHM MOXHO HaliTH BO BTOpoM ToMe Jlandopna
n IBapua. Cnyuail npefenbroli Touku B TeopeMe X.10 npunaanexur ®@puiapuxcy
(K. Friedrichs, Uber die ausgezeichnete Randbedingung in der Spektraltheorie
der halbbeschrinkten gewdhnlichen Differentialoperatoren zweiter Ordnung,
Math. Ann., 112 (1935/36), 1--23), a cayuail npefenbHoit orpyxuocTH —Cupcy
(D. Sears, On the solutions of a linear second order differential equation which
are of integrable square, J. London Math. Soc., 24 (1949), 207 —215). Haute
JIOKa3aTe/IbCTBO POJCTBEHHO OAHOMY obuieMy MeTOIIY Kypca (H. Kurss, A limit-
point criterion for non-oscillatory Sturm— Liouville differential operators, Proc.
Amer. Math. Soc., 18 (1967), 445—449 (cM. 3apauy 8)).

Ilepsble npuMephn nNOTeHLHANOB, KOTOPble KJIaCCHYECKH HE MOJHLI, HO KBad-
TOBOMEXaHHUYECKH MOJHb, ObIM AaHbl B LUTAPOBaHHOI Bhite ctaTthbe Cupca 1949 r.
Ilpusenennme 3gech npumepbl B3ATH M3 crtatb: J. Rauch and M. Reed, Two
examples illustrating the differences between classical and quantum mechanics,
Comm. Math. Phys., 29 (1973), 105—111, n ocHoBann na coperax Heabcowa.
X. Kanbd n106e310 npeocTaBHJ aBTOPaM cBOil feTaJbHEIH ananu3 npumepa Cupca.
Mycrb Vgp —notenunan sa (0, o), 3apanunii B BUAe

Vap (%) =x_22 —9x4 (a—2b cos (2x3)),

rae a v b nexar B unteppane (0, o). Torna — ¢"4-Vgpp=0 ectb ypaBuenue
Martbe, ofinee pelueHHe KOTOPOTO HMeeT BHJ

l 3 . ]
> (1™ @gp (x8) +-cae™H* @gp (— 29)),

rfle nokasaTe/sb | 3aBHCHT OT a U b, a @gp (x) ecTb Cx-Gpyuxuua c nepuoaoM i,
KpOMe Tex caydaes, KoTia <a, b> 0TBeuaer TOUKe Ha OJHOH M3 KPHBLIX Ha puc. X.9.
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a A HENONHbI

HemnonHbi

== . >
b
Puc. X.9. IMoanora V,; B KB4HTOBOMEXaHUYECKOM cJyuae,

IMokasareab p YMCTO MHHMBIA, ecAM <a, b> NpUHALJIEXKHT CBETABIM 06JacTsM Ha
PHCYHKe, M BelLIECTBEHHBI, ecaM <4, b> JeXuT B TeMHbiXx obnacTax. fcuo, 4TO
Vap B HyJe NOJOH M B KJACCHYECKOM, H B KBaHTOBOMeXaHMYeckoM cMbicie. Ha
6eckoHeuHOCTH V,p NOJIOH B KBaHTOBOMEXaHHUeCKOM CMbicJje, ecan <a, b> noma-
AaeT B TeMHYIO 06J1aCTb, TaK Kak B 3TOM CJIyuae | BelleCTBEHHO U, CJICJ0BATE/bHO,
ONHO M3 pellleHHil He JexHT B L? B6nu3au GeckoneuncceTH. Onako ecau <a, b>
nonazaeT B cBeTJaylo 06JacTb, TO Vy; KBaHTOBOMeXaHMUeCKH He IMOJIOH, TaK Kak
06a peumendst NpHHapIexaT L? B6ausu GeckoneynocTH. B Kuaccuueckom cayuae
eca 2b < a, T0 Vgp (x) <<~—bx* B6AU3H GeCKOHEYHOCTH, TaK HYTO KJaccHyecKas
yacTHLA MOXKeT YXOAHTb Ha GECKOHEYHOCTb 3a KOHeuyHoe BpeMs, T.e. Vi, Kaac-
cuueckd ne noJqon. Ho, ¢ Apyroit cTopoHwm, ecau 2b > a, TO NHKM TOTEHLUaNa
CTaHOBSITCA Bce Bbille M BblWe, Tak 4TO V kaaccuyeckd mnoJoH. C GyHKIUAMH
MaTbe MOXHO N03HAKOMHUTbCS IO KHH-
py ram: N. McLachlan, Theory and Appl-

ications of Mathieu functions, Oxford
Henonmvli Univ. Press, l.ondon and New York,
1947, pp. 40, 98, uam J. Meixner,
F. Schifke, Mathieusche Funktionen und
Sphéroidfunktionen,  Springer-Verlag,
Berlin, 1954, S. 132.

MHorue KpuUTepHU CaMOCOMpSKEH~
HOCTH B CyUeCTBEHHOM OOBHKHOBEHHbIX
nuddepeHLHaJbHEIX ONEpPaTopoB, KoTo-
phble MOXHO BEIBECTH 3 Teopuu Beiins,
IonyckaioT ofobuiends nHa AHpepen-
LHaJbHble ONepaTOPB B YacTHHX INPO--
uaBoubiX. CylllecTByeT aHaJOr [peAJo-
JKeHUs 2, Mrpalolluii BaXxHYIO pOJib B
9THX 0606leHHsAX; TaKUM aHaJoroM
CAYXKHT OfHa TeopeMa Befinrosbua u
Huabcona (E. Weinholtz, Bemerkungen
Puc. X.10. Tloanora V,, B Kaac- iiber elliptische Differentialoperatoren,

CHUYECKOM Cjyyae. Arch. der Math., 10(1959), 126—133;
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N. Nilsson, Essential self-adz]ointness and the spectral resolution of Hamiltonian
operators, Kungl. Fys. Sdllsk. i Lund Férh, 29 (1959)). 2ra TeXHHKa chirpana
CBOIO pOJIb B pAa3JHYHBLIX MHOroMepHbIX o06oOuleHusix Teopembl X.8 (cM. 3ame-
ganua k § X.5). :

Bo MHorux cJyuasx pe3yJbTaThl, noJjydaemMble Meroiamu Befias, MoxHoO
BEIBeCTH npouie 4 B GoJblueit o6wHocTH npu nomowu MerogoB § X.4 u X.5.

PaccmoTpeHHBle HAMU NpHMepHl, KOT A4 KJaccHyeckHe M KBAaHTOBOMeXaHHyecKHe
YCAOBHS NOJIHOTH COBNAZaioT, TpeGOBaJH TIJ0GaJbHBIX YCJOBUH, T. €. ycJOBuil,
3afaHHBIX Bciogy. OAHAKO ecTeCTBEHHO OXKHZaTh, YTO YacCTHIA MOXKET ObiTb KBaH-
TOBOMeXaHHYeCKH 3aXBaueHa HaGOpOM AOCTATOYHO IIMPOKUX 6apbepOB, HE3aBHCUMO
OT TOTrO, YTO JeJaeTcsi MeXAy HuMH. XapaKTepHbi npuMep TAKOTo MOJIOXKEHUs
B OZHOMEpHOM cJyuae JaeT cjefytomas Teopema P. C. Hcemaruaopa (06 ycao-
BUSIX CaMOCONpSKEHHOCTH JAudbepeHLMaJbHBIX OnepaTOpPOB BHICLIETO NOPSAKa,
HAH CCCP, 142 (1962), 1239—1242).

Teopema. Tlycto V(x)—HenpepriBHas GyHKLHUS Ha [0, o), U NycTb cyllecTByeT
nocJie0BaTeIbHOCTb UHTEPBAJIOB (a,, b,), b, <a,41, Takux, 4TO
(a) V(x)=—(bn—an)~* npu x€(an, bn),

(b) ) (by—an)?= co.

Torga — d?/dx2+V (x) oTHOCcHTCS K cJyuaio npefesbHOil TOUKH Ha 6eCKOHEUHOCTH,
He3aBHCHMO OT noBefeHusi V (X) BHe HHTepBaJIOB (a,, by).

OtMeTuM, uTO M3 ycaoBuil (a) u (b) caegyeT, 4To BpeMs KJacCHYeCKOTO NpPOXOXK-
IeHus uepe3 oGbefHeHHe MHTEDPBAJOB (a,, b,) GeckoHeuno.

TlepBble pe3yJabTaThl 3TOr0 o6ulero THna, Tpefyloilte OrpaHuYeHHl TOJNBKO
Ha HHTepBaJH, npuHajjexat ®. Xaprmany (P. Hartman, The number of L2-so-
lutions of x"4¢q (£)x=0, Amer. J. Math., 43 (1951), 635—645). [Ipyrue pe3yn-
TaTHl, OTHOCAIMECS K OJHOMEPHOMY CJYHal, MOXKHO HafiTH B CTaTbsXx:
M.S.P.Eastham, On a limit-point method of Hartman, Bull. London Math. Soc.,
4 (1972), 340—344, u H.TI. Kynuos, O6G ycJOBHAX HeCaMOCONpPSIKEHHOCTH JHHeii-
Horo RutbepeHuHaJpHOTO onepaTopa BToporo nopsaxa, JAH CCCP, 138 (1961),
767—770. TeopeMbl Takoro poja, NpUMeHHUMBle K HeLleHTpaJbHbIM NOTEHIMaJaM
B MHOTOMEDHOM cJyuae, MOXKHO HaiiTh B cratbe: M.S.P. Eastham, W.D. Evans
and J. B. McLeod, The Essential Self-Adjointness of Schrédinger-Type Operators,
Arch. Rational Mech. Anal. Drtu aBTopbl NPUBOAST TaKkKe NpHUMepH TakHX
ycaoBuii Ha V B Tpybe QX[0, o) = R# (Q orpanuueHo u otkpuito B R7-1),
yto ecau V yRoBJeTBOpseT 3THM YCJOBUsAM, T0 — A4V He 6yzeT camo-
conpsXeH B cyulecTBeHHOM Ha Cg, He3aBUCUMO OT noBefeHMs V BHe TpYGHL.
HIHTYUTUBHO 3TO 03HauaeT, 4TO 4YacTHLA B 3TOH Tpy6e YXOAMT Ha GeCKOHeYHOCTb
3a KOHeuHoe BpeMs.

Ornepatop Jlanaaca — BeabTpamu, BBefeHHBI B npuMepe 6, paccMartpusaercs
B KHure Mionnepa: C. Miller, Spherical Harmonics, Springer-Verlag Lecture
Notes in Mathematics, 17 (1966). B nBymepuom cayuae B=d?/d0?, kj=—[2 u
kaxaomy ! > 0 oTBeyaioT Be COGCTBEHHBle (YHKHUHM, 3 HMEHHO eiue, a cobcTBeH-
HOMy 3HaueHHI0 [=0-—nocTosiHHas (yHKLUA. YTBepKIEHHEe O CaMOCONPHIKeH-
HOCTH cJefyeT U3 TOro, 4TO {e'l }i;_m ob6pasyioT Gasuc B L2(0, 2nt). B Tpex-
MEpHOM cJydae

(Bg) (8, ¢)=(sin 0)-1 {5% (sin 0) g—nga% (sin B)=1 La’g-} ,

rae O u ¢—oGblunble yriaoBble NnepeMenHble B chepHiecKHX KOOpAHHaTaX. B stom
cayuae kyj=—1(l+41) u cooTBeTcTBYyIOllee COGCTBEHHOE NOANPOCTPAHCTBO UMeET
paamepHocts 2[4 1. B s-wepHom cayuae k;=-—[(l+s—2). Onepatop B TecHo.
csi3aH ¢ Teopueit npexacrtapjeduit rpynnet SO (s). B wacTHOCTH, NOJHOT2 cOGCTBeH-
HbIX QyHkuuii B cBsizaHa ¢ TeopeMoit Iletrepa —Beitaa (cm. ra. XIV).
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§ X.2, Teopema X.12 npunapaexur . Peaauxy (F. Rellich, Stdrungstheorie
der Spektralzerlegung, 1I, Math. Ann., 116 (1939), 555—570). MuorouncJ/eHHble
NpHJIOKeHHs H o6o6ueHus TeopeMbl KaTo—Penauxa MOXHO HaliTH B KRHre:
T. Kato, Teopus BoaMyuleHuli JuHeHHBIX onepartopos, «Mup», M., 1972, B uacr-
HocTH, Teopema X.13 u cnemuaabHblil cayuail TeopeMbl X. 14, rge ycnosue (X.2la)
3aMeHeHOo Gosee cuabHbM (X.21b) (uam (X.2lc), yTO 3KBHBaJIEHTHO), NOABUJIUCH
umeHHo B 3Tolt Kuure. Teopema X.!4 nokasaHa Biocrom: R. Wiist, Generaliza-
tions of Rellich’s theorem on perturbations cf (essentially) self-adjoint operators,
Math. Z,, 119 (1971), 276—280; paabueiimee oGcyxneHue cM. B paGore R. Wiist,
Holomorphic operator families and stability of self-adjointness, Math. Z., 125
(1972), 349—358.

IMpunoxerne TeopeMbl PensuXxa K TIaMHUJIBTOHHAHAM aTOMOB NpHHALJEXUT
Karo; T. Kato, Fundamental properties of Hamiltonian operators of Schrédin-
ger type, Trans. Amer. Math. Soc., 70 (1951), 195—2!1. Dta craTbs oOKa3sajack
NOBOPOTHHIM MOMEHTOM B MaTeMaTHYeCKOH ¢u3uKe no ABYM npuunHaM. Bo-nepshix,
J0Ka3a TeJbCTBO CaMOCONPSAXKEHHOCTH GBIJI0 HeOGXOAUMBIM NpeZBAaPHTEJbHBIM YCJI0-
BHEM RJ5i TOTO, YTOGbl MPHCTYNUTb K 3afadaM CNeKTPaJbHOTO aHaJu3a H TeOpUH
paccesiHus, KOTOpble BCerja 3aHHMaJM MaTeMaTuueckylo ¢usuky. Bo-Bropmix, 3ta
CTaTh# NpHBJEKJA BHUMaHUe K KOHKpETHBIM CHCTeMaM, a He K BONpocaM CCHOBaHHii.

Teopema KJIMH B pasamunbix gopmax 6bwia pokasana B pa6otax: T. Kato,
Quadratic forms in Hilbert space and asymptotic perturbation series, Technical
report No.7, Univ. of California, 1955; J. Lions, Equations Différentielles ope-
rationelles et Problémes aux Limites, Springer-Verlag, Berlin, 1961, Ch. II,
Sec. 1, u P. Lax and A. Milgram, Parabolic Equations, in Contributions to
the theory of partial differential equations, Ann. Math. Study, 33, Princeton,
N, J., 1954. HurepnpeTauusi 3TOH TeopeMbl B TepMHHAX IIKaJHh NpPOCTPaHCTB
BrepBee noguepkHyrta Heabconom: E. Nelson, Interaction of nonrelativistic par-
ticles with a quantized scalar field, J. Math. Phys., 5 (1964), 1190—1197.

3anucaHHas B BHUJAe onepaTOPHLIX HepaBeHCTB TeopeMa X.|8 reckoabKo caabee,
yem yTBepxaenue: «Ecanm 0<< A%< B2, 1o 0<< A << B», KOTOpOoe U3BeCTHO NOJ
Ha3BaHHeM MOHOTOHHOCTH KBagpaTHOrO KOpHA. IDTo UacTHB cayuail caenyiomedt
Teopembl Jlépnepa (K. Léwner, Uber monotone Matrixfunktionen, Math. Z., 38
(1934), 177—216):

Teopema. Heob6xomumoe M JOCTaTOYHOE YCJOBME TOro, 4YTO HenpephIBHAS Belile-
cTBeHHO3HauHas Qyukuus [ Ha (0, o) c6aagaer cBoficTBoM [ (A) << f (B) aas Beex
nap caMmoconpsxKeHHHX onepatopoB A, B, Takux, uto 0 < A << B, COCTOHT B TOM,
yto f ecTb cyxenue Ha (0, o) HekoTOpol GyHKUMH f, aHaJUTUIECKOH
B C\(— o, 0] co cBoiictBoM Im f (z) == 0 npu Bcex z ¢ Imz > 0.

«Dusnyeckas» aprymeHTalus, no3poJsiomas AyMaTh, YTO KOPPEKTHOE KBaHTO-
BOMeXaHHYeCKoe onucaHue IJs NOTEHLHAJNOB C CHHTYJRPHOCTBIO r—% MOXKHO pas-
BUTb TOJNBKO npu 0 < &0 < 2, OCHOBaHa Ha CJIEAYIOUMLUX 3BPUCTHYECKUX cooBpae-
HURX: BO-NEpBHIX, OCHOBHOe CBOHCTBO, KOTOpoe TpeGyeTcss IJf He NaTOJIOrHYecKO#
(U3UKH, COCTOHT B rnoJyorpanuueHHocTd Hy--V; BO-BTODHIX, ecJH BOJIHOBas
(yHKUMA cocpefoTodeHa B 06JaCTH pa3Mepa Av BO3jie OTpHUILATEJIbHOH CHHTYaAfp-
HOCTH r~%, TO 10 COOTHOILIEHHIO HeonpelieJeHHOCTell MaTeMaTHueckoe OXupaHue H,
Gyzer BeauunHol nopsika (const) (Ap)? x (const) (Ar)—2, B To BpeMs Kak MaTe-
MaTHyeckoe oxuAande V O6ymer BeauuuHoit nopsgka (const) (Ar)-%*. Tak xak
ex=2—dx~% (¢, d >Qﬂ%& noJiyorpaHuyeto Juub TOTAa, Koria 0 < <2, TO Mbl
OXKujaeM, 4TO pa3yMHas (bU3HKA KOHUaeTcsi npu o= 2.

HepaBeHCTBO, KOTOpOR Mbl Ha3BajJM JeMMOll NPHHLHUNA HeOompeje/eHHOCTH,
XOpOmO H3BeCTHO; CM., Haﬁpqwe{,aBH. Kalf and J. Walter, Strongly singular
potentials and essential self-adjointness of singular elliptic operators in
Co (R™\{0}), J. Functional Analysis, 10 (1972), 114—130, rae npuBozsTcs
ucropuueckre 3aMetku. To, uTo r—2 < ¢A ¢ HEKOTOPOH KOHCTaHTOll ¢, ecTb YacT-
HBfi cyyall ORHON TeopeMB! TOro ke THna, 4to M Teopema X.2l: ecam s >3 u
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VELf,,/z, To V ecTo A-popma, orpaHuyeHHas BeJMYUHON, He NpeBOCXOAsA el

C"V"s/2, we

Hsnoxenne Goublueit yacTi onepaTopHoii TeopuH, HeoGX0RiMOMN A5t KBaHTOBOH
MeXaHMKH TaMH/bTOHHAHOB C NoTeHLHajJaMH PojbHHMKa, M, B YacTHOCTH, AOKa3a-
TeNbCTBO Teopembl X.!9 MoxHO Haiitu B pabote: B. Simon, Quantum Mechanics
for Hamiltonians Defined as Quadratic Forms, Princeton Univ. Press, Prince-
ton, N. J., 197]. YHuraTesb HalifeT TaM TakiKe MCTOPHIO OTKPHITHH U NEPEOTKPHI-
THd gcnosuﬁ PoJabHuKa pas/IMYHBIMH aRTOpaMH.

acnpocTpaHenue TeopeMbl KaTo Ha n usMepeHuil 06CyKHaslocb MHOTHMH

apropamu. Teopema X.20 nosBusack B craThe: F. Brownell, A note on Kato’s
uniqueness criterion for Schrodinger operator selfadjoint extensions, Pacific
J. Math., 9 (1959), 953—973; Hawe RKOKa3aTeqbCTBO 3aHMCTBOBAHO U3 NpUJONKe-
uus K paGote: E. Nelson, Feynman integrals and the Schrodinger equation,
J. Math. Phys., 5 (1964), 332—343. OueHb 6/113K0e 0GCYKAEHUE 71-MEPHBIX 110TEH-
iMaJoB yxke Obl1o panbire y Illrymmens: F. Stummel, -Singuldre elliptische
Differentialoperatoren in Hilbertschenrdumen, Math. Ann., 132 (1955), 150—176.
Pesyabratel ITymmens 6u1aM cQopMyJHpOBaHH He Ha A3blKe LP-NPOCTPAHCTB,
a ¢ NOMOWLbI0 YCJOBHH BUAA

|x—y|-st4~2 |V (y) [2dy << C npu Bcex x
Jx-y1 <1

Liaa Hekotoporo o > 0. B Gousbiuefi acTu JutepaTypnt 06 onepatopax Iflpenun-
repa noJb3ylTCs 3TUMH «yc/IoBHsAMU LITyMMessi» 1 COOTBETCTBYIOUWMMH ¢NPOCTPaH-
ctBamMu Wtymmensns, Qq.

Tlpsamoe nmokasaTenbcTBO paciiMpeHus Teopembl X.20 HMa rpaHuuHbil cayyail
p=s/2 (s=5) nano B cratbe: W. Faris, The product formula for semi-groups
defined by Friedrichs extensions, Pacific J. Math., 22 (1967), 47—70. 3to
ZIOKa3aTelbCTBO OCHOBaHO Ha TeopeMe CoGoJsieBa O BJIOXKEHHH, KOTOpas B CBOIO
ouepelb ONHpaeTcs Ha KJjaccHyeckoe HepaBeHcTBO Co6oJeBa, 06CYKAaBileecs
B § IX.4. Teopema Crpuxapua B cjerka Apyrofi ¢opMe NosBuIach B €ro CTaTbe:
R. Strichartz, Multipliers on Fractional Sobolev Spaces, J. Math. Mech., 16
(1967), 1031—1060. IlpumenumocTb 370ii TeopeMbl K oneparopam Ilpejunrepa
ZokasaHa HesbcoHom (He onyGaHKOBaHO).

To uto r—2 ecTb A-orpaHuuyeHHoe Bo3myweHHe B RS, ecan s =5, crepyer

3 npAMOAi onepaTOpHON OUEHKH Kaaccugeckoro thna: ecan u€Cy (RSN\{0}) u
ecai az=—1/,s (s—4), TO
[ vul? (s—4° [ul?
24s —_ —_—— S L (2 ———— ]S
SlAuI dsx=—a Kk dsx + 5 (s —}~4a)S ¥ik dsx.

10 HepaseHcTBO Pesuxa fokasaHo B ero xuure: F. Rellich, Perturbation theory
of eigenvalue problems, Gordon and Breach, New York, 1969; cM. TakXe cTaThio
[IMuHKe, LHTHDYEMYIO HHIKE.

Tlpuem KoHpazn u ero npuMeHeHHe K noJjeBoMy 0G0GuleHHI0 aHTapMOHUYe-
CKOro ocuujasitTopa ony6auxoBannl B cratee: J. Konrady, Almost positive per-
turbations of positive seli-adjoint operators, Comm. Math. Phys., 22 (1971),
295—299. TIpubau3uTeIBHO TOTAa e 5TOT MeTof 6bi He3aBUCHMO OTKpuIT LMunke
(U.-W. Schmincke, Essential self-adjointness of a Schrédinger operator with
strongly singular potential, Math. Z., 124 (1972), 47—50).

§ X.3. B cBoeil HCXOZHOM cTaThe O CaMOCONDAKEHHBIX DacIIHPeHHAX (cM. 3ame-
ganus K § X.1) ¢on Hefiman pokasas, 9To nosyorpaHHueHHmi onepaTop uMeer
nosyorpaHp4eHHBle pPacliMpeHnsi, HUXKHAA T'paHb KOTOPBIX CKOJb YTORHO G.H3ka
K HUXHell TIpaHH ucxoxHoro onepatopa. OH BLCKa3a/J NpeAnoJOXKeHHE, UTO Cy-
eCTBYIOT pacillApeHus C TOil Ke HHXKHEl Ipaupio. ITOT PaxkT (TeOpema "X.23)
6o nokasan K. ®punpuxcom (K. Friedrichs, Spektraltheorie halbbeschrinkter
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Operatoren, Math. Ann., 109 (1934), 465—487) u M. CroyHom (M. Stone, in
Linear Transformations in Hilbert Spaces and their Applications in Analysis,
Amer. Math. Soc. Colloquim Publication 15, Providence, R.1., 1932). O6cyxze-
HHe Bonpoca O TOM, KOTIAa pacilinpeHue Ppuapuxca ecTb eJUHCTBEHHOE pacluiupe-
HHe ¢ TOH 2Ke HUXHell IpaHblo (npuMep l), cM. B pabote: E. T. Poulsen, The
minimax principle and uniqueness of the Friedrichs extension, Proc. Amer.
Math. Soc.. 21 (1969), 508—509. Teopema X.24 u npepluecTByioliee Nperaoxe-
Hue npuHapjexar M. I'. Kpeitny, Teopus caMoconpsizKeHHBIX pacliupeHuil nosay-
OTpaHHYeHHHX 3PMHTOBBIX ONEpaToOpoB M ee npuJoxenus, I, Mames. c6., 20 (62)
(1947), 431—498. [aabHeillue paccMOTpeHus HMetoTcs B craTtbe: B. Simon, The
theory of semi-analytic vectors: a new proof of a thecrem of Masson and
McClary, /ndiana Univ. Math. J., 20 (197]), 145—15). .

Teopema X.25 poxasaHa Bnepsble B pa6ore: J. von Neumann, Uber adjun-
gierte Funktionaloperatoren, Ann. Math., 33 (1932), 249—310.

§ X.4. HepaenctBo Karo noayueno B pabore: T. Kato, Schrodinger Operators
with Singular Potentials, /srael J. Math., 13 (1973), 135—148. Teopemn X.28
u X.29 nosBuauch Tam xKe. PaBora KaTo 6HJja oTHacTH MOTHBHDOBaHa cTaTbell:
B. Simon, Essential self-adjointness of Schrodinger operators with positive
potentials, Math. Ann., 201 (1973), 211—220. CaiiMmoH pokasan Teopemy X.28
B GoJee cHJBHHIX npepnonoxennsx V=0, VEL?2(R", exp(— ax?) d"x) c He-
KoTopbiM a. Jo pa6ote CaiiMoHa cuuTajsoch, 4To Aas Toro, 4To6bl —A -V 6bia B
cymecTBeHHOM camoconpsized Ha Cp (R7), V gonikeH npuHapiexaTh JOKaJbHOMY
npocrpanctBy IlTymmens (BaxHo, uToGn V npunajnexan Lf_ ¢ HekoTophM
p>n/2, ecau n>=4).

BoJsee caabple BapuaHThl TeopeMbl X.28 u3BecTHbl OYeHb AaBHO. B yacTHo-
CTH, pe3yJbTaT ¢ CaMCCONPSAKEHHOCTH B CyIleCTBEHHOM oneparopa --A-V, ecau
V=0u VECS"é!R"), npuHagaexutr Kapaemany: T. Carleman, Sur la théorie
mathématique de I’équation de Schrodinger, Ark. Math., Ast., Fys., 24B, No
11 {1934). 3ToT pe3yJbTaT 6Ll HE3aBHCUMO negeompbn Hxadde: A. Jaffe, A Aot
Cutoff Field Theory, Princeton Univ. Thesis, Princeton, N. J., 1965. PacwupeHrue
Ha HEKOTOpble KJIaCCH CHHTYJASPHBIX MOJOXKHTEJbHBIX V GHJIO BHepBhie NOJYY€HO
®. Ulrymmenem (cm. 3ameyanus k § X.2). Tloxaayit, HauGoJsee cuiabHble pe3yJib-
TaThl, NpejlrecTBOBaBlIHe cTaTbe KaTo, GHJN NoJyyeHH B paborax: H. Stetkaer-
Hansen, A generalization of a theorem of Wienholtz concerning essential self-
adjointness of singular elliptic operators, Math. Scand., 19 (1965), 108—112, u
J. Walter, Note on a paper by Stetkaer-Hansen concerning essential self-adjo-
intness of Schrodinger operators, Math. Scand., 25 (1969), 94—96, rae fokasaHs!
6oMee CHJIBHHIA pe3yabTaT npu n<<3 u GoJjee caabas Teopema npu n==4.

Teopema X.30 pokasana B paGote: B. Simon, Essential Self-Adjointness of
Schrodinger-Operators with Singular Potentials: A Generalized Kalf— Walter —
Schmincke Theorem, Arch. Rational Mech. Anal., 52 (1973), 44—48. Heckoabko
HHOe JOKasaTeJabCTBO cofepxutcs B cratbe: H. Kalf, J. Walter, Note on a paper
of Simon on the essential self-adjointness of Schrodinger operators with singu-
lar potentials, Arch. Rational Mech. Anal., 52 (1973), 2568—260. CaiiMoH 0606uL K.
peayabratel Kanbda u Baavrepa (H. Kalf, J. Walter, Strongly singular poten-
tials and essential self-adjointness of singular elliptic operators on Cg” (R*\ {0}),
J. Functional Analysis, 10 (1972), 114—130) u Ulmnnke (U.-W. Schmincke,
Essential self-adjointness of a Schrodinger operator with strongly singular
potential, Math. Z., 124 (1972), 47—50). Haubosee paHHHe pe3yJbTaThl 3TOTO

o,

poxa npunapaexar Hoprency (K. Jorgens, Wesentliche Selbstadjungiertheit

singuldrer elliptischer Differentialoperatoren zweiter Ordnung in Cg (G), Math.
Scand., 15 (1964), 5—17).
Teopema X.31 npunagiexutr Papu (W. Faris, Essential self-adjointness
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of operators in ordered Hilbert space, Comm. Math. Phys., 30 (1973), 23—34).
Heckoabko 6oJsee c1aGasi Teopema Gblla paHee gokasana [ssucom (E. B. Davies,
Properties of the Green’s functions of some Schiédinger operators, J. London
Math. Soc., 7 (2) (1973), 473—491).

IMepsoe ucuepnsiBaiollee HecaeaoBaHne onepatopos llpegunrepa ¢ MarHHTHBIM
rosiem comepxkutcs B craThe Mkste u Karo: T. lkebe, T. Kato, Uniqueness of
the self-adjoint extension of singular elliptic differential operators, Arch. Ratio-
nal Mech. Anal., 9(1962), 77—92. OHu goka3au TeOpeMy Tuna Teopembl X.34, HO
¢ 6osee cunblbiMi TpeGoBanusimu Ha V. Cama Teopema X.34 3aUMCTBOBaHa U3 CTaThH
Karo B Israel Journal. Kato aokasan Teopemy X.33 npu 6oJee c1a6om ycaosuu

u €Ly MB ynpocTHIH AOKa3aTeabCTBO, 3aMETHB, 9TO YcJOBHE ugLi, mocra-

TOYHO AJS NpPHJAOKEHHH. DTO 3avedaHue urpaeT KpHUTHUECKYIO POJb B AOKa3a-
TeJbcTBe Teopembl X.35, KOTopoe MOXKHO HailiTu B cTatbe: B. Simon, Schridin-
ger operators with singular magnetic vector potentials, Math. Z., 131 (1973),
361 —370. B ocHoBe 370l cTaThbu CafiMOHA JIeXXHT YCHJEHHBbIi BAaDHAHT TeXHHuUe-
CKOH JlemMBbl, OTHocamelcs k Teopeme X.33. Cxoanbie ¢ Teopemoit X.35 pesyJb-
Tarel MOXKHO HaiiTn B kHure [lextepa: M. Schechter, Spectra of Partial Diffeien-
tial Operators, North-Holland, Amsterdam, 197]. o pa6orm Caiimona 3a
ynorpeGJeHne KyJoHOBOH kaauGpoBKH BhickasmBaJcs Moprenc, cm. K. Jérgens,
Uber das wesentliche Spektrum elliptischer Differentialoperatoren vom Schré-
dinger-Typ, Tech. report, Univ. Heidelberg, 1965, u Zur Spektraltheorie der
Schrodingeroperatoren, Math. Z., 96 (1967), 355—372.

Teopema X.32 aoxkazana Karo (T. Kato, A second look at the essential
self-adjointness of the Schrodinger operators).

Bonee paHHHe pe3ysbTaThl, OnucHBalolLiie 06JacTh OnpeeJeHHs paciiupeHus
P puapuxca, MoxHo HaiiTu B pa6Gotax: K. Friedrichs, Spektraltheorie halbbeschrank-
ter Operatoren und Anwendung auf die Spektralzerlegung von Differentialopera-
toren, I, Math. Ann., 109 (]933/34), 685—713 (ucnpasaenus B Math. Ann.,
110 (1934/35), 777—779), u Uber die ausgezeichnete Randbedingung in der
Spektraltheorie der halbbeschriankter gewShnlichen Differentialoperatoren zweiter
Ordnung, Math. Ann., 112 (1935/39), 1—23; H. Freudenthal, Uber die Fried-
richssche Fortsetzung halbbeschriankter Hermitescher Operatoren, Neder!. Akod.
Wetensch. Proc. Ser., 39 (1936), 832—833; F. Rellich, Halbbeschrankte gewShn-
liche Differentialoperatoren zweiter Ordnung, Math. Ann., 122 (1950/5!),
313—368; H. Kalf, On the characterization of the Friadiichs extension of
ordinary or elliptic differential operators with a strongly singular potential,
J. Functional Analysis, 10 (1972), 230—250.

§ X.5. KommyraTopHas Teopema nosBuJack B paGoTe Heabcona: E. Nelson,
Time-ordered operator products of sharp-time quadratic forms, J. Funct. Anal.,
11 (1972), 211—219. [lo sToro cxozHas Teopema Oblia onyGankoBaHa I'iumMmom
u Jxadpge: J. Glimm and A. Jaffe, The A (¢?), quantum field theory without
cutoffs, IV: Perturbation of the Hamiltonian, J. Math. Phys., 13 (1972),
1568—1584. Teopema Ianmma— Ixadde 6biaa cnabee, Tak kak TpeboBaja orpa-
HuuyeHHH Ha KOMMYTaTop M Ha aBoHuoi kommyraTop. M Heabcon, u T'mumm —
Jxkade 6blaH HamepeHB! NPUMEHATb 3Ty TeopeMy K 3ajade O CaMOCONpPSAKeH-
HOCTH CrJIa)KeHHOro oneparopa noas no cxeme npumepa 3. Cratbs Heabcona
COAEPIKHT TakkKe Jemmb | u 2.

B oGeux crateax, u y Heabcona, u y I'mimma — Ixadde, AOKa3aTe/IbCTBA He-
CKOJIBKO CJIOXKHee HaIero, W aBTOPH MOJb3YIOTCH He COBCeM CTaHZapTHOH Tex-
UMKOHl CTJaxuBaTesedl M Tpad-npefesod CcOOTBeTcTBeHHo. TIpocTpe aokasatens-
CTBO, KOTOpOe Mbi NpHBeau, ykasaHo B cratbe: W. Faris and R. Lavine, Com-
mutator and self-adjointness of Hamiltonian operators, Comm. Math. Phys., 35
(1¢74), 39—48. ABTopbl jaju TakikKe AOKA3aTeJbCTBO, OCHOBAHHOE Ha MHTYHTHB-
HEIX NpejcTaBJeHusiX NpuMepa 4, W NPHMEHHJH 3Ty Teopuio x onepaTopam Ilpe-
auHrepa (Teopema X.38 u ee caeactsusi) M K omepaTopam dupaxa. .
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Ilpyroe nokasaTeJbCTBO H HeCKOJbKO Gosiee o6uHil pe3ysbTaT cOepKaTCs
B crathe: O. McBryan, Local generators for the Lorentz group in the P (g),
model, Nuovo Cimento, 18A (1973), 654—662.

" B cratbe Wtymmens 1956 r. (cM. 3ameuanus k § X.2) 6bJ10 AZOKasaHo, 4TO
raMUJIbTOHHAH aTOMa BOAOPOAA B AaCHMNTOTHYECKM NOCTOSHHOM 3/eKTpHYECKOM
noJie B CYWeCTBEHHOM CaMOCONPSIIKEeH.

Bonee c/0xHHe aTOMBl B NOCTOSIHHHX NOJsIX OHJIM BHepBble PaCCMOTpEHbI
B cratbe Hx36e— Kato (cm. 3ameyanus k § X.4). Panee HuabcoHOM GBIIO KOKa-
3aHo0, 4TOo onepaTopbt BUAA —A -V c V nenpepvignoin u V (x) =—cx2—d B cyue-
CTBeHHOM camoconpsikensl Ha Cg (cM. 3aMeuanus k § X.2). ITu pesyapTaThl 6blaH
3aTeM oGo6umenn XegbBurom (B. Hellwig, Ein Kriterium fiir die Selbstadjun-
giertheit elliptischer Differentialoperatoren in R», Math. Z., 86 (1964), 255—262;
A criterion for seli-adjointness of singular elliptic differential operators, J. Math.
Anal. Appl., 26 (1969), 279—291). B uYacTHOCTH, B 3THX CTaTbiX COLEPIKHUTCS
MHOTOMepHBHIl BapuaHT Teopembl X.8.

BTopoe ceaciBue Teopembl X.38 pokasaHo ApyruM MetofoM y Kanbda (H. Kali,
Self-adjointness for strongly singular potentials with a — | x |2fall-off at infinity,
Math. Z., 133 (1973), 2490—255.

Ina oneparopo [lupaka HeT orpaHMYeHMH Ha CKOpocTb pocta V Ha Gecko-
HeyHocty. UepHoB B cratbe: P. Chernoff, Essential Self-Adjointness of Powers
of Generators of Hyperbolic Equations, J. Func. Anal., 12 (1973), 401—414,
3aMeTHJ, YTO HHTYHTHBHO 5TQ TakK H JOJIKHO GbiTh, HGO PeNATHBHCTCKOE OTDaHH-
Yenne |V | < ¢ 3anpemaer yXoX Ha GECKOHEYHOCTb 3a KOHeyHoe BpeMs. CHJIbHbIE
Pe3yabTaThl, OTHOCSUIMECs K onepartopy Jupaka, YuTaTeslb MOXKeT HallTH B CTaTbfiX:
W. D. Evans, On the Unique Seli-Adjoint Extension of the Dirac Operator and
the Existence of the Green Matrix, Proc. London Math. Soc., 20 (3) (1970),
537—557; U.-W. Schmincke, Essential Self-Adjointness of Dirac Operators with
Strongly Singular Potentials, Math. Z., 126 (1972), 71—8I.

§ X.6. AnanuTuyeckue BeKTOPH ObiJM BBefeHbl BHepBhe B KOHTEKCTe Mpex-
craBlenuil rpynn B paborax Xapuw-Yangpe (Harish-Chandra, Representations
of a semi-simple Lie group on a Banach space, I, Trans. Amer. Math. Soc.,
75 (1953), 185—243) u Kaprtbe u Hukcmbe (P. Cartier et J. Dixmier, Vecteurs
analytiques dans les représentations de groupes de Lie, Amer. J. Math.,
80 (1958), 131—145). Mx npuMeHeHUe IJs HCCAEROBAHHS OTJEJbHBIX ONEPaTOPOB NOJ-
yepkuBas M passuBan Hesbcon (E. Nelson, Analytic Vectors, Ann. Math., 70
(1959), 572—615). Ilns 3agaHHOrO HenpephiBHOFO YHHTApHOTO npexcTaBaeHus U (-)
rpynnsl Jlu G Ha ruabGepToBoM npocTpaHcTBe F7 TOpAUHT ellle paHblie NOCTPO-
i1 O6ULYI0 NJIOTHYKO MHBAPUAHTHYIO 06J1aCTb CaMOCONPSKEHHOCTH B CYLIECTBEHHOM
AA BCeX TeHepaTOpOB, Haixs 06JacTb, KOTOpas COAEGPIKUT NJIOTHOE MHOKECTBO
aHaJMTHYECKUX BEKTOPOB [J% BceX reHepaTopoB. HesbcoH noKasas Takxe, 4TO
ec/u ajre6pa Jiu npeicTaBJseTCs CHMMETpHYECKHMH onepaTOpaMH Ha NJOTHOR MH-
BapUaHTHOH 06GJIacTH onpefeseHUs H ecJd 3Ta 06JacThb COREPIKHT NJOTHOE MHO-
KeCTBO AaHAJUTHYECKHX BEKTOPOB, TO NpeAcTaBaeHse anare6pel JIu nosyuaercs
IZuddepeHUpOBaHHEM eJHHCTBEHHOTO NpeicTaBleHHs COOTBeTCTBYoutefi rpynnbt JIu.
OTH peay/bTaTh GHJHM JaJjee pacluMpeHb: cM., Hanpumep, J. Simon, On the
integrability of representations of finite-dimensional real Lie algebras, Comm.
Math. Phys., 28 (1972), 39—45.

O6o6uienne pesysabrata HesbcoHa, cofepxaiieecs B Teopeme X.40, npunan-
aexut Hycc6aymy (A. Nussbaum, A note on quasi-analytic vectors, Studia Math.,
33 (1969), 305—310). ITpocToe pnoKasaTenbCTBO, HaMeyeHHoe B 3ajaue 42, Guuio
BnepBbie RaHo B paGote: B. Simon, The theory of semi-analytic vectors: a new
progf of a theorem of Masson and McClary, /ndiana Univ. Math. J., 20 (1971},
1145—1151.

Jlemma Hycc6ayma ony6aukoBaHa B ero cratbe Quasi-analytic vectors, Ark.
Mat., 6 (19€5), 179—191. Hycc6aym BBes cGcOuieHHe MNOHATHS aHAJIMTY.YECKOTO
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BexkTopa. BekTop ¢ € C™ (4) Ha3biBaeTcsi KBA3HAHAJIMTHYECKHM, €CJIH
an
NArg P =c.
n=0

AnaauTuueckuit BeKTOp GyJeT KBasHalnaJUTHUECKHM, HO c6paTHoe He Bceraa cnpa-
BeanuBo. Hycc6aym jgokasan, uto 3amKHYThill cumMeTpuueckuil onepatop, c6JacTb
OnpefieJIeHHs KOTOPOrO CONEpPXKUT MJIOTHOE MHOXKECTBO KBAa3HAHAJIUTHYECKHX REKTO-
poB, camcconpsixKeH. Hycc6aym nokasan Takxe (B cBoelf cTaThe B Studia Maih.),
YTO NOJYOTPAHHYEHHEIH 3aMKHYTHIl CUMMeTPHUECKHH cneparop ¢ NJIOTHHIM MHOXe-
CTBOM BEKTODOB, YAOBJIETBOPSIOUUX YCJAOBUIO

an
Dl Arg |~ =,
n=1

cameconpsieH. Takue BeKTOPbl HA3BIBAIOTCH BeKTopamu CThabTheca. DTOT pesyJib-
TaT 6bl He3aBUCHUMO nosyueH B craTtbe: D. Masson and W. McClary, Classes of
C~-vectors and essential self-adjointness, J. Functional Analysis, 10 (1972),
19—32. O6e cratbu, Hycc6ayma u Maccona-—MakaapH, HCHOJb3YIOT TEeXHUKY
npo6jembl mMoMeHTOB. ITo-cymecTBy, OHM c6pawaioT aprymeHTauHi0 npumepoB 4
1 6 H npH NOMCHIM KJacCHYECKUX Pe3yJbTaToB O npcbjeMe MOMEHTOB JOKa3bBaioT,
4TO HEKOTOpble U3 BEKTOPOB CYTh BEKTOPHI €JUHCTBEHHCCTH. KpuTHueckuii pesynb-
TaT, CBA3LIBAOIWMI JBa 3TH NOHATHH, COAePXKHUTcH B cTaTbe Hyccbayma B Arkiv:
@EC™ (A) ecTb BEeKTOp €AMHCTBEHHOCTH TOrAa M TOJBKO Torja, Korja npobJema
mMoMenToB ['amGyprepa Aas a,= (p, A"¢) uMeeT eauHcTBenHoe peleHne. CBs3b
MeXJ1y CaMOCONpPSMEHHCCThIO M NpoGJeMON MOMEHTOB BCCXOZMT K KJaccHyecKol
moHorpaduu Croyna: M. Stonme, Linear Transformations in Hilbert Space and
Their Applications to Analysis, Amer. Math. Soc. Colloguium Publication XV,
New York (1932). [Ipa c6mux pyKOBOACTBa no npobieme momenToB—3T0: J. Shohat
and J. D. Tamarkin, The Problem of Moments, Amer. Math. Soc., New York,
1943, u 10. B. BopoGbreB, MeToq MOMEHTOB B nNpHKJagHO# MaTemaTHke, Pus-
marrus, M., 1958.

§ X.7. Tlpcerpancteo Poka BBeeHo B. A. ®okom B crarbe: V. Fock, Konfigu-
rationsraum und zweite Quantelung, Z. Phys., 75 (1932), 622—647 (nepeneya-
TaHo B c6opHuxe: B. A. ok, Pa6oTh no xBanToBol Teopuu noJs, Hsg-so JI'Y,
1¢57). TlepBoe DOKa3aTeJbCTBO CaMOCONPAMEHHOCTH noJel B npoctpaHcTBe Poka
6u1s10 ony6aukoBano Kykom: J. Cook, The mathematics of second quantization,
Trans. Amer. Math. Soc., 74 (1953), 222—245. KyKk ZAoKasaJ HenocpeAcTBeHHO,
uto @ (f) £ { ¥ s (f) & { uMelOT naoTHHe o6aacT# 3HaueHuit B Fy.

A6cTpakTHas CTPyKTypa cBOGOAHBIX noJjeft nogpo6HO paccmaTpuBasach B ns-
Tugecsteie roan Ppuapuxcom (K. Friedrichs, Mathematical Aspects of the Quan-
tum Theory of Fields, Wiley (Interscience), 1953) u Curanom B paje paGoT
(cM. B cccGennocTn 1. Segal, Tensor Algebras, over Hilbert Spaces, 1, Trans.
Amer. Math. Soc., 81 (1¢56), 106—134, rae BBefeHO Q-npocTpaHCTBO). ITO npu-
Beno Curana K HCCAeJOBaHHMIO CBA3M MeXAY CBOGOJHBIM MNOJEM H MNOHATHAMH
TEOpUH BeposiTHocTell, Gjarojaps ueMy OH, B YaCTHOCTH, OTKDBII CBA3b MexXay
aBCTpakTHHIMUM NpoCcTpaHcTBaMH (OKa H BHHEPOBBIMH MHTerpaiami 0O NyTAM.

O6cyxaenne akcuom Bajfitmana cm. B § 1X.8 u B 3ameuaHusx K 3TOMy pa3s-
aeny. BukoBo ynopspouenue Bees Buk: G.-C. Wick, The evaluation of the Co!-
lision Matrix, Phys. Rev., 80 (1950), 267—272 (pycckuit nepeBos B c6. «Hoseil-
lree pasBHTHe KBaHTOBOH anekTpoauHamuxu», HJI, M., 1€54). O6uine pe3yabTaTH,
OTHOCAIUECS K CBOGOAHBIM NOJIAM C BUKOBbIM YIOPSAOYEHHEM, MOXKHO HaiTH B CTaTbe
Topaunra u Baiitmana: L. Garding and A. Wightman, Fields as operator-valued
distributions in relativistic quantum field theory, Ann. Phys., 16 (1961),
158—176.
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Buk rtakxe o6patHsi BHHMaHHe Ha KOMOHHATOPHYIO CTPYKTYPY BakyyMHBIX
(K¥MAaHUA CBOGOZHLIX noseid. B 4acTHCCTH, HUMelOT MeCTO TakMe QupMyJbi:

Qo @ (*¥1) ... ¢ (x,) Q) =0, ecau n neveTHo,
(Qo, ¢ (1) ... @ (Xan) Qo) =
= > (R0 ® (x1,) @ (%,) ) -+ (s (%) P (% )R- (X.162)
W< ...<iy " i
i <Ip
Ty vnvs jn PAa3HYHbB

310 cnoXKHOE BhIpaXKEHHe eCcTh CyMMa N0 BCEM Pas3HbIM cnocobam 3anucu
{1, ..., 2N} B Bune N nap. ®opmyna (X.162)—onna u3 uenoro psza Qopmys,
KOTOpble COBIYHO Ha3mBalOT «Teopemamd Buka». Muorue ¢opMyne Takoro poga
npusezennl B kuure: E. Caianiello, Combinatorics and Rencrmalization in Quan-
tum Field Theory, Addison-Wesley, Reading, Massachusetts, 1973. dopmyna
(X.122) nokasnlBaer, yTo 041 60600H020 NOAS MOMKHO NOACYUTATH BafiTMAHOBH
(6c6mennsle GYHKUHH, 3HAas TONBKO aByXTcueunnle pynKuyMd. CymecTByer mMUPOKUI
Ksacec Mogesell, B KOTOPBIX BBINOJNHACTCS 3TO XKe cBOicTBO. TlycTh p— nNpou3BOIE-
Had NOJMHOMHAJBHO OFpaHHueHnas mepa na [0, o). Onpegenum

Qo 7 (9 ¢ 0) Q)= { A1 (x—y, m) do (m),

M nycte n-toueynas cGcOmennas GyHKuMs 3apaerca dopmysofi (X.162). Moxno
nokasare, 4r0 3tH c606menHsle GYyHKUMH cyth dybkuun BalTmMana nekoropoit
onpejeseHHOH KBaHTOBOH TeOpHH MoJsl, yROBJeTBOpsiomell akcuomam Balitmana.
Takas rteopus Ha3piBaercsi TecpHuedt «c6c6uiennoro cBe6CIHOTO NOJR CO CHEKTPalb-
HOH NAOTHOCTBIO p». Kak M Teopusi CBCGORHOFO NONA, 3TH TeOPUU TPUBHANBHE
B TOM CMBICJl€, YTO MarTpHiia paccesiHUs B HHX €IMHMUYHA (EC]U CHA CyIIECTBYyeT).
Brnepsrie c6cbuiennce csobognoe none ssen I'punbepr (W. Greenberg, Generalized
free fields and mcdels of local field theory, Ann. Phys., 16 (1S61), 158—176).

OueHKH ¢ NOMCILBIO ONepaTopa YHC/Ia YacTHIL TAKOFO TUNA, KakK B Teopeme X .44,
BriepBble cucreMaruyecku npumensauce Inummcm (J. Glimm, Yukawa coupling
¢f quantum fields in two dimensions, Comm. Math. Phys., 5 (1967), 343—386).
[Togpo6noe paccMOTpeHHe 3THX OUEHOK MOXKHO Halith B Jsexuusx: J. Glimm,
A. Jaffe, Some quantum field theory models, in Statistical Mechanics and
Quantum Field Theory (Les Houches, 1970), ed. by C. deWitt and R. Stora,
Gordon and Breach, New York, 197I.

Mpl npoposxkaem pacemorpeHue (pf)o-mogenn B § X.9 n B ra. XIX, rae
noapcGree pacckaxem 06 HcTopuM. LP-CBONCTBA E3aWMCREFICTBUA C NPCCTPAHCTBEH-
ubiM o6pe3danuem Omisn Bnepssie oTMeyensl Heawsconcm (E. Nelson, A quartic in-
teraction in two dimensions, in Mathematical Thecry of Elementary Particles,
ed. by R. Goodman and I. Segal, MIT Press, Cambridge, Massachusetts, 1966),
KCraa OH OTKpel, uro e~ €LL. Tlogpc6Hoe noKa3aTenbCrBO MOMKHO HailTH B JeK-
unsax Taumma w Txkadde, uyutupoBaHHeix Bhillle. O cBOHCTBaX B3aUMOJEHCTBHS

4, cm. J. Glimm, A. Jaffe, Positivity of the (¢*);-Hamiltonian, Fortschr.
Physik, 21 (1973), 327—376; tam Ke-— noxpobHas Gubauorpapus.

Hzes o ToM, yTO eBKJHA0Ba UHBAapHAHTHOCTH FAyGOKO CBSi3aHa C BOmpccamu
0 HeskBMBasenTHhX npeacraBjeHusix KIIC,—a 3ra upess JeXUT B OCHOBe Hallero
0Ka3aTesbCTBa TeopeMbl X.46 —NpHHARMEXUT KPYFY Hjell, HMEHYeMbIX «TeOpeMbl
X aaras, nocse OTKpbiTHi, caenanusix P. Xaarom B ero ussecrnoii pa6ore: R. Haag,
On Quantum Field Theories, Danske Vid. Selsk. Mat.-Fys. Medd., 29, 12 (1955).
Crnoco6 npumenenus 37eCh TPAHCJAAIMOHHOK MHBaDHAHTHOCTH MNOJCKAa3bIBAET, YTO
HesKBUBAJEHTHOCTh NPERCTaBJNeHHi C Pa3HbIMH MacCaMU NpPOSBJIAETCA ¢BCIENCTBUE
6eCKOHeYHOCTH NpOCTPancTBar. DT0 NPaBUABLHO B cjexytomem cMmuicae. das 1060
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orpaHuyeHHoil o6aactu B B R3 u csobogubix nodelt {@,, .}, {Quma Tpm,) Ha
1 v G2 cyumectByer yHUTapHce oToGpaxenue Upg: 1— Ff2 Takoe, uTO
Ug@m, () UB" = @y () ¥ Uptty, (D) UB' = L, (), ecam suppfc B. dta «io-
KaJbHas 3KBUBAJEHTHCCTb» BCTPETHTCH HaM cHoBa B ra. XIX npm pacecMoTpeHuu
anre6p cBOGOAHOTO NOJR H NMpH COCYXKAEGHHH «CBOHCTBA JIOKAaJbHOH (QOKOBOCTH®
mozean (¢h),.

Hawa KOHCTpYKLHMS NpocTpaHCTBa Q 3aBHCHT OT 6Ga3Hca B TOM cMbicje, YTO
OHa 3aBUCHT OT Bbi6opa {f,}n—1. UTo He 3aBucHT OT BbIBOpa Gasuca—Tak 3T0
ajre6pa M3MepUMBIX MHOXECTB (10 MOAYJIO MHOXECTB Mepbl HYJb) H Mepa 3THX
MHOXKecTB. ECTb MHOI'O APYTHX «peasusauHiiy npocTpaHcTBa Q, B KCTOPBIX «TOYKH»
OTJIMYAIOTCS, OFHAKO anrebpa H3MePHMBbIX MHOMECTB H HX Mepa—Te Xe.

JI. Topauur u A. C. BaiitMaH kJaccuyuupoBaji Bce NpeAcTaBJeHHs COOTHO-
weHui (X.95) B cratee: L. Girding, A. S. Wightman, Representations of the cano-
nical commutation relations, Proc. Nat. Acad. Sci. U.S.A., 40 (1954), 622—626.
Bo3MoxkHO, yTO hoH HeiiMaH 3HaJ O CymecTBOBAHHH He3KBHBAJIEHTHBIX IpEeACTaB-
JeHu#l yxKe ¢ 1938 r., Tak Kak, Onupasch Ha ero Teopuio GeCKOHEUHBIX TeH30p-
HpX npousseseHuil (J. von Neumann, On Infinite Tensor Products, Compositio
Math., 6 (1939), 1—77), Jerk0 NOCTPOUTb HeCYeTHOE YHCJO HEIKBHBAJEHTHBIX
npeactaraenuii (cMm. L. Streit, Test function spaces for direct product represen-
tations, Comm. Math. Phys., 4 (1967), 22—31). CamoconpsikeHHOCTb KaHOHHYe-
CKHX noJieit u3 cooTHoweHud (X.95) B npou3BOJBHBIX MNpPEACTaBJeHHAX AOKa3aHa
PugoMm (M. Reed, A Garding domain for quantum fields, Comm. Math. Phys.,
14 (1969), 336—345). Puzx nokasad, yro aJjs Jio60ro npeacTaBjeHUst B KJacCH(H-
Kauun Topaunra—BalitMaHa cymecTByeT 6aHaX0BO NPOCTPAHCTBO B OCHOBHBIX
GyHKUUE (B 3aBUCHT OT npejicTasjeHHs), Takoe, 4TO ¢ (f) u 7 (f) camoconpsiKeHs!
npu fEB.

Kaaccndukauus npepcrasaenuii KIIC B HenpepuiHOR dopme (X.94) Moxer
6bTh HaiifieHa B pa3HbiXx MecTax. Cm., Hanpumep, M. M. Teabdaun u H. Busen-
kuH, O606mennbie GyHkuuu, IV, Puamatrus, M., 1961. Tecpema Pupa pacnpo-
ctpaHeHa Ha KIIC B ¢opme (X.94) B cratbe: G. Hergerfeldt, Garding domains
and analytic vectors for quantum fields, J. Math. Phys., 13 (1972), 821—827.

§ X.8. HsyueHue noayrpynn JuHefiHBX npeo6paszoBanHnil OepeT cBoe Havano
B cTaTbe CTOyHa 06 yHHTapHBIX rpynnax B ruasbepToBoM npocTpancTse: M. Stome,
Linear transformations in Hilbert space, IIl, Proc. Nat. Acad. Sci. U.S.A., 16
(1930), 172—175. Teopema Xnuane—Mocuzsl 1N CHKHMAOMmMUX  [1OJyrpynn
(TeopeMa X.47 a) Gbl1a He3aBHCHMO JoKa3aHa Xuaje B ero Kuure ¢®yHkuuo-
HaJbHblil aHaau3 W noayrpynnst», MJI, M., 1951 (cm. takxke E. Hille, On the
generation of semi-groups and the theory of conjugate functions, Kungl. Fys.
Salls. I Lund. Férhand., 21 (1952), 1—I13) u Hocupoit (K. Yosida, On the dif-
ferentiability and representation of one-parameter semi-groups of linear opera-
tors, J. Math. Soc. Japan, 1 (1948), 15—21). Ee o6obuenune (Teopema X.47b)
HeCKOJBKO noaxe xaHo Pessepom (W. Feller, On the generation of unbounded
semi-groups of bounded linear operators, Ann. Math., 58 (1953), 166—174),
Musgepoit (I. Miyadera, Generation of a strongly continuous semi-group of
operators, Tohoku Math. J., 4 (1952), 109—114) n @uanuncom (R. S. Phillips,
Perturbation theory for semi-groups of linear operators, Trans. Amer. Math.
Soc., 74 (1953), 343—369). TeopeMy X.47b 06biyHO Ha3bIBAlOT TeOPeMOH XnJe —
Hocuap — Puaaunca.

CymecTByIOT pasHooGpasHbie APyrHe YCJOBUS, KPOMe CHJBHOIR HenpepblBHOCTH
Ha [0, o), KOTOpble MOTYT GbiTh HajoxkeHsl Ha T (). Hanpumep, MOXKHO norpe6o-
BaTh BBINOJHEHHS TaKHX YCJOBHIL:

(i) T (f) cuabno uaMepuMa,
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(ii) T (¢) cuabno cxogurca XK / npu ¢|0,
1
diia) {17 @dt < w,

]
©

(iiib) Alim AS e‘MT(t)q;——-gp ana Beex @EX.
-> ® h

MoxHo nokasatb, yto u3 (i) u (ii) caeayer cunbHasi HempepbiBHoCcTb Ha [0, ).
JIpyroit Bo3Moxublfl HaGop ycnosuit—3t10 (i) ¥ (iii). B atom cayuae [T (Z) | moxer
6biTh HeorpaHHueHHO# mnpu ¢ — 0. Kaxk M B ciayyae CHJAbHOH HempephIBHOCTH,
CylilecTBYeT TeopeMa, KjacCHQHUMpYIOLlasi FeHepaTopbl TaKux moayrpymu. [lo-
ApO6HOE PacCMOTPeHHe Da3jiHYHLIX YC/IOBHHA HenpepLIBHOCTH npu ¢ — 0 H cooT-
BETCTBYIOLAS  KJacCHQHKalHUs TreHepaTopoB HMeercs B kHure: 3. Xu.ue,
P. C. ®unaunc, OyHKUHOHAAbHBIN aHaaM3 H moayrpymne, HUJI, M., 1962,

TepMHUH «aKKpeTHBHHIi» Brepeole mnosBuaca y Ppuspuxca (K. Friedrichs,
Symmetric positive linear differential equations, Comm. Pure Appl. Math., 11
(1958), 333—418). H3yuenHe 3Tux OnepaTopoB Gbl10, B CYLIHOCTH, HayaTo Pu.j-
JIUTICOM B IHMTHPOBaHHOH Bbliie cTaTbe. Puanunc Ha3biBaer —A (a He A) rede-
patopom noayrpynnsl e~*4. CregoBaTenbHO, B I'abGepTOBOM NPOCTPAaHCTBE €ro
reHepaTophl yIOBIETBOPAIOT YcaoBHio Re (9, Ap)<c0 (a He Re(p, Ap)=0).
TakHe onmepaTOpbl OH Ha3biBaeT «AHCCHIIATHBHBIMH». TeOpHs AMCCHNATHBHBHIX Omepa-
TOpOB Ha 6aHaXOBbIX NPOCTpaHCTBax pas3puTa JlioMepom u Puaauncom (G. Lumer,
R. S. Phillips, Dissipative operators in a Banach space, Pacific J. Math., 11
(1961), 679—698). Cratbs Jliomepa u Puanunca cogepHT KOHTPIPHMep, NOKa3bl-
BaoUMi, YTO B CJayyae O6aHax0oBa NPOCTPAHCTBA MAaKCHMAJbHLI aKKPETHBHbIM
onepaTop He 06s3aH MOPOXAaTh noayrpynmy. To, 4TO MakCHMalbHbl AKKPETHB-
BBl OmMepaTop NOpOMXJaeT NOAYFPYNny B TIHAbGEPTOBOM MNPOCTPAHCTBe, ObLIO
nokasano Puaauncom (R. S. Phillips, Dissipative operators and hyperbolic
systems of partial differential equations, Trans. Amer. Math. Soc., 90 (1959),
193—254). .

Ipumep orpanuyeHHoll MONYFPYNIH, He sBAsOLlefics CXKUMawule#l Noayrpyn-
no#t, faeT COBOKYIHOCTb MaTpHIL

( cos 0 2sin 0
—1/,sin0 cosB

.

Ha R2. BeckoHeYHOMepHEIe OrpaHHYeHHble NMOJYIPYIINbl, He SBIAIOLIHECS CXKHMAIo-
UUMH, MOABJSIOTCS B TeODHH paccesiHHs, CBS3aHHOH C JIHHeapH30BaHHbIM YpaB-
HenneM Boabumana; cM. ra. XII.

B KOHEYHOMEPHOM cJyyae BCAKas NOAYIPYNNa YIOBAETBOPAET YCJOBHIO
lim |7 (¢)|=1. Onnako B GeCKOHEYHOMEPHOM CJyyae 3TO He 00fA3aTeNLHO Cnpa-
140

BeJHBo (cM. mpumep 5). Koraa 3To yc/0BHe Ha HOpPMY HapyllaeTcs, OTCYTCTBYeT
npocTas XapakTepHCTHKA reHepaTOpOB HemccpelcTseHHo uepes [ (Ag).

Teopema X.50 npunagnexut I'ycTagcony (Gustafsom, A perturbation lemma,
Bull. Amer. Math. Soc., 72 (1966), 334—338). Mbl npupenn (ana a < 1/2) noka-
saTeabcTBo Heabcona (E. Nelson, Feynman integrals and the Schrédinger equa-
tion, J. Math. Phys., 5 (1964), 332—343); HexoTopble HAEH 3TOro NOKa3aTelb-
cTBa MOSIBHJHCH elile papme y Tporrepa (H. Trotter, On the product of semi-
groups of operators, Proc. Amer. Math. Soc., 10 (1959), 545—551). CiaTeu
Henbcona u TpoTTepa cogepkaT TaKxke JOKa3aTeqbcTBa cbuleit ¢opmyan Tpot-
1epa AJs NpOM3BeleHHs. Ympoilenue H obobiienye TeopeMbl TpoTTepa coaepKHTCA
B pab6ore Yepuosa (P. R. Chernoff, Semigroup product formulas and addition
of unbounded operators, Bull. Amer. Math. Soc., 76 (1970), 395). Cnenctsue
TeopeMbl X .50 Ohii0 paciunpeno Ha caydait a= 1, ecan X —pedaekcusuoe OaHa-
XOBO TIPOCTPaHCTBO. IT0 c6c6llaeT TeopeMy BiocTa; 10Ka3aHO 3TO CXOAHbIMH
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Merogamu YepHosuiM (P. R. Chernoff, Perturbations of dissipative operators of
relative bound ome, Proc. Amer. Math. Soc., 33 (1972), 72—74).

Teopema X.52 npunagiexutr Xuase u OUAIMICY (CM. MX KHHTY, LHTHPO-
BaHuylo Bhile) U Hocuze (K. Yosida, On the differentiability of semi-groups of
linear operators, Proc. Japan Acad., 34 (1958), 337—340). Ilpu nokasaTesbcTse
rosomMopdrocTH B Teopeme X.55 Mul caenyem Creiiny (E. Steim, Topics in Harmo-
nic Analysis, Ann. Math. Studies, Princeton University Press., Princeton, N. J.).
Qopmyasl Tuna langpopra— Tefiiopa aasi rosoMopdHbIX [OAYFPYHN BecbMa
N0JIe3HBl, TaK KaK [03BOJAIOT BHIYHC/AATb DPa3jHYHble BEJHYHHBH C MOMOILLIO
HHTerpaabHoi ¢opmynn Kown.

§’)r<elollielga O CNIeKTPaNbHbIX OTOGpaXeHHAX Aasf HOJYFPYMHD paccMaTpHBaeTcs
B .8.

YcraHoBieHHE CBA3H MeXAY AH(GdepeHUHabHbIMH YDaBHEHHSMH B YaCTHBEIX
NPOM3BOJHBIX M TeOpHell HOJYIPYNN BOCXOAHT K AlaMapy, KOTOpblif 3aMeTH., 4To
pewenus 3agaud Koww o6napaloT [OAyrpyNnoBbIMH CBOHCTBaMH MO  OTHOLUe-
wuo K f: J. Hadamard, Sur un probléme mixte aux dérivées partielles, Bull.
Soc. Math. France, 31 (1903), 208—224, u Principe de Huygens et prolongement
analytique, Bull. Soc. Math. France, 52 (1924), 241—278. Ho reopus moayrpyum
He MPHUMeHNJach CHCTEeMaTHYeCKH K H3yueHHIo Au(pbepeHnHaNbHBHX YpaBHeHHIt
B YaCTHbIX NPOU3BOAHHX, noka Xwuade u Mocuia B KOHue COPOKOBHIX FOJOB He
pasBUAH  COOTBETCTBYIOWMI aHaJuTH4eckuit anmapat. IlpuMepsl, HpHBeleHHbIe
B TEKCTe, MOJCKA3LIBAIOT, YTO MOMKHO NPHMEHHTb TEODHIO MOJYFPYHH K OGLIHM
napaGosHyeckMM au(pdepeHnHaNbHEIM YPaBHeHUsIM B YacTHHX [POHU3BOJHBIX BTO-
poro mopsaika, T. e. K aubepenunanbusIM ypasHeHUsM BHaa Ou (x, 1) /0t = Au (x, t),
rjie omepaTop

[i] [i] [i]
Acp:;a—l_a,-,-m 7 ‘P"‘>+§i:57,.”f<"> @) +e @) o)

SJAMHATHYEH B COOTBETCTBYIOHEM CMEICje. JTO BepHO, OJHAKO TaKoe NMpHMeHeHHe
MO psANY NPHYHH 3aTpyAHHTEJNbHO. Bo-NepBHIX, B clydyae HEHOCTOSHHBIX KO3(dH-
LUMEHTOB HJAH OFpaHHYeHHOH oG6nacTH Oo.blle HelpPHMEHHMO INpeoGpa3oBaHHe
dypbe, TaK YTO DPUXOZUTCS JOKaawBaTb, 4YTO A YJOBJETBOpsieT YCJOBHAM
teopeM X.47, X .52, c HOMOLLIBIO alpHOPHLIX OLEHOK (Tuna HepaseHcTsa 'opauHra)
u TeopeMbl X aHa—bBaHaxa (Hago nokasaTb, 4To Ran (A +4-A) naotHa). ITonoxenue
nanee OC0XHseTcsi TeM, yTo A (CyXeHHBIi Ha o0sacTb ONpefiesieHHs, COCTOSALLYIO
H3 «XOpOWHX» PyHKIHUHA) 6YZeT HMeTb MHOIO 3aMKHYTHLIX pacliHpeHHH, H cjenyeT
BHIOpaTh «IpPaBHJIbHOE» B KayecTBe reHepaTopa. HaKoHen, HYXHO BOCHO/Nb30-
BaTbCs 0606uieHHol seMmolt Befiia (eM. § 1X.6), uTo6bl 10Ka3aTb Pery/asipHOCTD.
W3 ¢yHnameHTaibHBIX paboT, B KOTOPbIX TeXHHKa MHONYFPYIN [IPHMeHsAeTCH
K napaGosiMyecKUM YpaBHeHHAM, HazoBeM caenyiomue: W. Feller, The parabolic
differential equations and the associated semigroups of tramsformatioms, Ann.
Math., 55 (1952), 4358—519; P. Lax, A. Milgram, Parabolic Equations, in Con-
tributions to the theory of Partial Differential Equations, Princeton University
Press, Princeton, N. J., 1954; P. Lax, R. S. Phillips, Local boundary condi-
tions of dissipative systems of linmear partial differential operators, Comm. Pure
Appl. Math., 13 (1960), 427—455; R. S. Phillips, On the integration of the
diffusion equation with boundaries, Trans. Amer. Math. Soc., 98 (1951), 62—84;
K. Yosida, An abstract amalyticity i time for solutions of a diffusion equatiomn,
Proc. Japan Acad., 35 (1959), 109—113. ITapa6o.iuyeckne ypaBHEHHs OMpeneJeH-
HbIX BHIOB, KOTODble HeJMHeHHBI HJH B KOTOPbIX A 3aBHCHT OT ! (Ha3niBaeMble
3BOJIOLHOHHLIMH YDaBHEHHSAMH), TOXKe MOTYT ObITb PacCMOTPEHB! METOLAaMH TeOpHH
noayrpyni; cM. A. Friedman, Partial Differential Equations, Holt, New
York, 1969. CymecTByer ofluHpHasi JNHTepaTypa, HOCBflleHHas NOJAYFpYHIaM He-
JHHeHHBIX olepaTopoB; cM. § 13 u 3aMedaHus K Hemy.

Xunne B cBoefi KHHFe «QDYHKUHOHAbHBI aHANH3 M MONYFPYINE» OTMETH,
YTO TeOpHf MHOJYIPYMNN HpPHMEHHMa TakKXKe H K FUNepOOIHYECKHM YDaBHEHHSM,
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Jlnsi BONHOBOrO ypaBHEHHA ¢ NMOCTOSHHBIMH KOXDhHUUHEHTaMH 3TOT MeToh OGpHCO-
BaH B 3ajlave 60. B KoHTekcTe HenHHeHHBIX YypaBHeHHii 3Ta Hzes paGoTaeT B § 13.
O nonyrpynmosoM foixofe K LIHPOKOMY KJacCy THMrepGONHYeCKHX 3azay cM.
R. S. Phillips, Dissipative operators and hyperbolic systems of partial differen-
tial equations, Trans. Amer. Math. Soc., 90 {1959), 193—254.

Btopas rnaBHas o06nacTb NpPHMeHeHHs TeXHHKH NOJYFPYINII—3TO TeopHs
BepoaTHOcTefl. CBA3b MeX1y YpaBHeHHeM TelJIONPQBOXHOCTH H TeopHell BepoAT-
HOCTell 6blnta oTKpuiTa DinmTeiinom (A. Eimstein, Uber die vor der molecular-
kinetischen Theorie der Warme geforderte Bewegung von in ruhenden Fliissig-
keiten suspendierten Teilchen, Ann. Physik, 17 (1905), 549—560). Ho ToapKo
B 1952 r. Qensep Havan CHCTeMATHYeCKOe HCCJeOBAaHHE NOMYIPYIN B TEOPHH
BepOfITHOCTe#t B TOH CTaThe, KOTOpPYIO MBI BHIE LUTHPOBanH. [JlanabHefiluee pas-
BHTHe 3TOF0 HampabJ/ieHHf cBfidaHo ¢ MmeneM XanTa (G. Humt, Markov processes
and potentials, I, [llinois J. Math., 1 (1957), 44—93; II, 1 (1957), 316—369;
111, 2 (1958), 151—213 [pycckuit mepesox: JIx. XaHT, MapKOBCKHe NpOuLECCH H
norennuans, MJI, M., 1962} u Semigroups of measures om Lie groups, Trans.
Amer. Math. Soc., 81 (1956), 264—293. DTH OpPHAOKEHHA ONHCAHBI B KHHFaX MO
TEODHH BepoATHOCTeH, ymoMHHaeMblX B 3ameuanusix K § X.II.

Mbl OTMewasqH B Hauajle 3TOrO pasjesa, YTO HAa AKKPETUBHBIE ONEPaTOpH
B 6aHAaXOBOM MPOCTPAHCTBE MOFYT OBITh PacnpoOCTpaHeHH MHOFHe BaXHble CBOHCTBA
CaMOCONPAXEHHBIX ONepaTOpoB. Baxuelwee cBoHCTBO, KOTOpoe He pacmpocTpa-
HAETCAl Ha BCe aKKPETHBHBlEe ONEPaTOpH,— 3TO CreKTpaJjbHOe pa3joxkenue. Kiacc
«CTIeKTPaJbHBIX OMepaTOPOB», AOMYCKAIOUIHX HEKOTOPOE CIeKTPaJbHOE PaaiokKeHHe,
Ovu1 Beefen [angopnom: N. Dunford, Spectral operators, Pacific J. Math., 4
(1954), 321—354. HcuepmuiBaioilee pacCMOTpeHHe 3THX ONEpaTOPOB CM. B KHHFe
H. Handopra u Jx. llBapua, Jluneiinwe omepatopsr, T. III: ChekTpasibuue
omepaTopbl, «Mup», M., 1974.

§ X.9. TeopHs rHmepCKUMAIOWMX [OJAYFPYIN NOABHJACh KAK Pe3y/abTaT HEKOTO-
pBIX HCClIeJloBaHH# B KOHCTPYKTHBHOH KBaHTOBOH TeopuH noas. 3epHO 3TOH TeOpHH
cogepxuTca B pa6ote Heancona (E. Nelsom, A quartic interaction im two dimen-
sions, in Mathematical Theory of Elementary Particles, pp. 69—73, ed. by
R. Goodman and I. Segal, M. I. T. Press, Cambridge, Massachusetts, 1966).
HenbcOH BbIZeNHN Te CBOHCTBa 3PMHTOBLHIX ONEPAaTOPOB, KOTOPble MBI Ha3blBaeM
Terepb FHUIEPCKUMAIOWHMH, H, BOCHOJb30BABLIHChL HMH M TeopHeld ¢eliHMaHOBBIX
HHTerpajloB MO NyTAM, JA0Ka3aj, YTO HeKolopble FaMH/IBbTOHHaHH TEODHH [OJA
OFpaHHYeHH CHH3Y. JTa paboTa Ouia Janee nposiCHeHa M pacluvpeHa [JanMMOM:
J. Glimm, Boson fields with monlinear self-interaction in two dimensioms,
Comm. Math. Phys., 8 (1968), 12—25. I'numm, B 4acTHOCTH, BBeJl B yHoTpeG-
JeHne Teopemy Pucca—Topuna. Maen HenbcoHa chirpanu cBoio pPoJb B [epBoM
nokasatenncTse [iumma 1 Ikadbe caMOCORpPAKEHHOCTH FaMHIbTOHHAaHA He-+H (g)
C NPOCTPAHCTBEHHHIM obpe3anHeM And B3aumomeHcTBUA (9%, J. Glimm, A. Jaffe,
A Ag* quantum field theory without cutoffs, Phys. Rev., 176 (1968), 1945—1951.
Faumm v JIxkadde B cBoeM HoKa3aTenbCTBe ONHPaJHCh TaKie Ha rpad-npegebl
(cm. § X.10) u cefinmMaHoBBl HHTerpansl Ho nyTaM. OCHOBHbIE HEH THIEPCHKH-
MaloIUX [OJYFPYHN MOABHJIHCL He3aBHCUMO B paGoTax Posena u Curana. Posen
(L. Rosem, A Ag?7 theory without cutoffs, Comm. Math. Phys., 16 (1970),
157—183) nan moKa3aTesibCTBO CAMOCOHPAKEHHOCTH B CYlleCTBEHHOM FaMHJbTO-
HHaHOB JJfl B3auMofeficTBUA P (¢),, OCHOBaHHOe Ha THIEPCIKHMaeMOCTH H defiH-
MaHOBBIX HHTerpajax Ho nyTaM. XoTs 3To He 6bL10 cpa3y XOpONIO HOHATO, AOKa-
3aTesibcTBO Po3eHa OnMpatoch [OYTH Ha OAHY LP-TeXHHKY H colepialo Bce
r1aBHble HjeH abcTpakTHoH Teopuu aast Ho--V. Curan B cBoeit paGore: I. Segal,
Notes towards the comstruction of monlimear relativistic quamtum fields, III:
Properties of the C*-dymamics for a certain class of imteractions, Bull. Amer.
Math. Soc., 75 (1969), 1390—1395, moka3an, uto obpailende K (eHHM3HOBBIM
HHTerpajsaM [o HYTIM MOXHO Be3je 3aMeHUTb Gopmynoli TporTepa anf npou3se-
JeHHS M 4YTO IJAA HOJYYeHHA CaMCCONPAXKEHHOro oNlepaTopa /H, KoTopwlil ¢op-
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MaJlbHO 3aNHchiBaics Ob B BHIe H,-+V, MOXKHO BOCHOJIB30BATHCH THIEPCIKHMae-
MocTblo. KpoMe Toro, TaMm Gblia cOpMyJHpPOBaHA JieMMa, KOTOPYIO Mbl Ha3BaJH
JeMMolt CHranla, M ¢ ee NOMOIIBIO YJaJOCh YUPOCTHTL GOJiee paHHHe A0Ka3a-
TeabctBa Iinmma u JIxkadde dakra orpanHyeHHOCTH cHU3Y. CHral BHIACHHA Takke
OIHH MOMeHT B 60Jlee DaHHHX JOKa3aTeJIbCTBaX, KacalollMAcs Bompoca O TOM,
6yner M HENpPEeMeHHO CXKHMaIOWUM OTOGpaXKeHHEM TEeH30DHOE NPOU3BENEHHE CIKH-
Mawpuux otobpaxenuit L2 B L% JIpyroe obcyaende 3TOro ¢akTa MOXKHO HalTH
B Jexkuuax [numma u Ixadde (Les Houches, 1970), koTopnle ynoMHHaaHCh
B 3ameyanusx k § X.7. B Gonee moano# ny6aukauuu (I. Segal, Comstruction
of nonlinear quantum processes, I, Aan. Math., 92 (1970), 462—481) Curaux,
KPOMe TOr0, JI0KAasajl caMOCOMNPSXKEHHOCTb B cyuiecTBeHHOM Hy-+V Ha D (Hy) N
N D (V). CamoconpsxeHHocTb B cyulectBeHHOM Ha C* (Hy) N D (V) 6wina noka-
3ana B Ilpusoxenuu k pa6ore: B. Simomn, Essential Self-Adjointness of Schré-
dinger Operators with Positive Potentials, Math. Ann., 201 (1973), 211—220.
Oas  ramuasTOHHMaHa (9%),-MOZenH 35TO OblJIO paHblie JOKa3aHO COBepILEHHO
IpYTHMH CpPeJCTBAMH B BbilleynoMsHyTo# cTathe IiuMma u [Ixadde. Ina ramunn-
TOHHaHOB (p27), 3Te 6bL10 J0KazaHo PoaenoMm (L. Rosem, The (¢27), quantum
field theory: Higher order estimates, Comm. Pure Appl. Math., 24 (1971),
417—457).

MHO02KecTBO aBTOPOB NPHHANO yYacTHe B BbIACHEHHH H DPa3BHTHH TeOPHH THIep-
cxumMalonux © noxyrpynn. Cafimon u Xer-Kpon B 00630pHOii cTaThe: B. Simom,
R. Héegh-Krohn, Hypercontractive semi-groups and two-dimensional self-coup-
led Bose fields, J. Functional Analysis, 9 (1972), 121—180, paccMoTpesiH OCHOBHI
3TOH TeOpHH M ee NMpHMeHeHHs K P ((p,)-MOJenH, pPa3BHJIH ee B HEKOTODbIX Hampab-
JeHHSIX W BBeNH B ynoTpeGJeHHe caMblii TEPMHH «THIEPCIKHMAIOUAA HOAYFpYNNas,
OTOT crenMasbHBIN KJacCe CXUMAIOWMKX NOJYFPYNN G6bl BHepBhHe OTMeYeH Kak
TakoBOi H npumenen B cTaTee: R. Hoegh-Krohm, A general class of quantum
field theories without cutoff in two space-time dimensions, Comm. Math. Phys.,
21 (1971), 244—255. Ilepexox k ete GoJjee aGCTPakTHOH GOPMYJAHPOBKE MOXKIO
HaliTh B cTaTbax: . Segal, Construction of monlinear local quantum processes,
U, Invent. Math., 14 (1971), 211—241; W. Faris, Quadratic forms and essemntial
sell-adjointness, Hely. Phys. Acta, 45 (1972), 1074—1088; W. Faris, Essential
self-adjointness of operators in ordered Hilbert space, Comm. Math. Phys., 30
(1973), 23—24. B craTee B Helv. Phys. Acta ®apu Iaer HHTepecHOe «OObsCHeHHE»
B TEPMHHAX KBajpaTHYHbIX (ODM, MOYEMy M3 FHIIEPCIKHMAeMOCTH cJefyeT camo-
conpsixeHHOCTb. JlasnbHeHuiHe NPHMEHEHHS TFHIEPCKUMAIOIWHX NONAYFPYNN B KOH-
CTPYKTHBHOH TeopHH TOJA NMOSBUJHCH B UUTHPOBaHHOH Bbline cTaTbe Xer-Kpona
u B cTaThAXx Kuaefina: A. Klein, Self-adjointness of the locally correct generator
of Lorentz transformations for P (@), in Mathematics of Contemporary Physics
(R. Streater, ed.), Academic Press, New York, 1973; Quadratic expressions
in a free Boson field, Trans. Amer Math. Soc., 181 (1973), 439—456. Pacnpo-
CTpaHeHHe HEKOTOPbIX CBOKCTB HA TeOPHIO pepMHOHOB NOsBUJOCHL B cTaThe: L. Gross,
Existence and uniqueness of physical ground states, J. Functional Analysis, 10
(1972), 52—109. .

[TpocToe AOKa3aTesbCTBO FHMEPCKUMAIOLIETO CBOMCTBA 3PMHTOBBIX OlepaTOpOB,
KOTOpOe Mbl MPUBOAUM (mpHMep 1), BaATo M3 cTaThH: E. Nelson, The free Markov
field, J. Functional Analysis, 12 (1973), 211—227. B 6onee paHHHX ROKa3a-
TeJIbCTBaX FHNepCKHUMaeMocTh TeopemMa X.61 B GecKOHeYHOMEPHOM cJjyuae NoJy-
yajack B JBa 3Tana NyTeM aHalH3a B OJHOMEPHOM OJHOYaCTHYHOM NPOCTpaHCTBE.
CHayasla nokasblBaeTcsi, YTO €CJM H3BECTHO, uyTo e~ !Ho orpaHHyeHo Kak oTcGpa-
Kenue u3 L® B L% [Js HEKOTOPOrO ! M UYTO B CNeKTpe M, ecTb uiesb BhlLe
HYJsi, TO MOXHO YGexutscs, 4To e—THo ecTh B meicTBHTENLHOCTH cxaTHe M3 L?
B L* npu pocratouno GoapmoM T. Torza GeckoHeuHOMepHBIH cayyall onpejesseTcs
TOBeleHHEeM TeH30DHOFO TNPOM3BeJeHHs CXKHUMAOWHUX OTcOpamenuii ua L2 B L4
HenbcOHOBO 0K23aTe/IbCTBO A5 OJHOMEPHOFO cJyyas, KOTOPO€ Mbl NPHBOAMM,
0606111aeTcs Ha NPOU3BOJIBHOE YHCJAO H3MepeHHH, M TeM caMbiM MLl 1136eraeM 9TOro
nperecca M3 ABYX 3TanoB. Ha camoM Jejie OJHH H3 3THX 3TanoB MOXKHO (GOHTH
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H JaTb NpAMOe [0Ka3aTelbCTBO TOro, yTo e~ THo ecTh CHUMalomee O0TOGpaKeHHe
3 L2 B L* npu coorsercTBylomeM T. HanbHeiimee o6CyieHHe 3THX BONPOCOB
yuTaTesb MoxeT nmocmotpeTh B § 1.5 sekuuit CafiMoHa, cchiika Ha KOTOpbie JaeTcd
B 3ameuanuax k § X.l11.

B o6cyxaaeMoit ctaTbe HenbCOH I0K33aa TaKike CaeAyIOILHe OLEHKH, KOTOpHe
ABNAITCA HAUNYYLIMMH BO3MOXKHBIMH. IlycTh %7 -—KOMILIeKCHOe FHabGepTOBO
NPOCTPAHCTBO ¢ M36paHHBIM KOMIIEKCHHIM conpsixkeHueM. Ilycts A —orpa-
HHYeHHBIl omepaTop Ha 7, KOMMYTHpYIOWHH C 3THM KOMIUIEKCHBIM cOnpf-
xeHueM. Ilyctb Q ectb Q-NMPOCTPaHCTBO, MOCTPOEHHOE HAJ (HOKOBBLIM NPOCTPAHCT-
BOM Ha ,ﬁy B COOTBETCTBHH ¢ KoOHCTpykuueit § 7. I'(A) ecTp orpaHHyeHHbIH
onepatop u3 LP(Q) B L9(Q)(p<<g) TOorga M TOJBLKO TOrAa, Koraa {|A4[<
< V(p—l)/(q—l), H B 3TOM cayyae A ecTh cxkaTue. JIpyroe 10Ka3aTesbCTBO
3Tofi TeopeMsl npuHagaexut I'pocey (L. Gross, Logarithmic Sobolev inequalities,
Amer. J. Math., 97(1975), 1061—1083).

Jlemmy Curana MoXXHO paccMaTpHBaTh KaK YacCTHhHIH cayyail GoJee obuiero
peayabraTa. Ilycts || - | €cTh oneparopuas nopma B £ (F¢); toraa nemma Curana
yTBEpXKJaeT, YTO

Jed+ B, < e 2eBeAl .

Ho ects nepasenctso l'osgeda u Tomncona (S. Golden, Lower bounds for the
Helmholtz function, Phys. Rev., 137B (1965), 1127—1128; C. Thompson, Ine-
quality with applications in statistical mechanics, J. Math. Phys., 6 (1965),
1812—1813), koTOpoe yTBepikAaeT, yTo A1fl camoconpsxeHHolx A u B

Tr (eA+B) << Tr (edeB),
HJH, YTO KBHBAJEHTHO,
42 il eA/reBedt ],
MoxXHO N0Ka3aTh TakKxe, YTO
u e.4+B “P< ”_eA,/zeBeA/z "P

npu JqioboM p. Hepasencrso Tosgena— Tomncona obecyxaaercs aanee B CTaTbiX:
A. Lenard, Generalization of the Golden— Thompson inequality, /ndiana Univ.
J. Math., 21 (1971), 457—468; M. B. Ruskai, Inequalities for Traces on von
Neumann Algebras, Comm. Math. Phys., 26 (1972), 280—289; C. Thompson,
Inequaljties and partial orders on matrix spaces, /ndiana Univ. J. Math., 21
(1971), 469—480.

§ X.10. OcHoBHbie HIeH H TeopeMbl B 3TOM pasjeie NpHHajnexaT [aummy u
Dxadde (J. Glimm, A. Jaffe, Singular perturlgations of self-adjoint operators,
Comm. Pure Appl. Math., 22 (1969), 401—414). I'numm ¥ Dkadde Ha OCHOBaHHH
CBOHX pe3yJibTATOB JajiH NepBoe J0Ka3aTebCTBO CaMOCONPAMKEHHOCTH FaMHJBTO-
HHaHOB (%), C NMpoCTpaHCTBeHHbIM 0o6pe3anueM (cM. 3ameuanus x § X.7). Cyue-
CTBOBAHHE FaMHJBTOHHAHA C NPOCTPAHCTBEHHBIM OOpe3aHHeM ISl B3aHMOJEHCTBHA
IOkaBbl GLLTO JOKA3aHO B JBYX CTaThfAX: pe30JibBEHTHAafl CXOAHMOCThL Oblia yCTa-
nosiena B J. Glimm, A. Jaife, Self-adjointness for the Yukawa, Hamiltonian,

Ann. Physics, 60 (1970), 321-—383; To, uro nocregoBatenvHocrs {H (g, n)}nw=1
OrpaHHyeHa CHH3Y H NJOTHO OrpaHHYeHa, ObLIO yXKe paHblle J0Ka3aHo IJIHMMOM
(J. Glimm, Yukawa coupling of quantum fields in two dimensions, I, Comm.
Math. Phys., 5 (1967), 343-—386). OGuwee o6cyxienne cM. B aeknuax (Les Houc-
hes, 1970), nutupoBaHHbix B 3aMeuanusix kK § X.7.

Texuuky, ynoTpefjiieHHYIl0O B npHMepe, MOXHO pacnpocTPaHHTh Ha ciyuyai
X2%-0CUHNNATOPA, €CJH BOCNONb30BaThcA HAeAMH pabothi: L. Rosen, The (g27),
quantum field theory: Higher order estimates, Comm. Pure Appl. Math., 24
(1971), 417 —457.
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§ X.11. TlousTHe BHHEpOBOHl Mepnl Owuio BBeleHo BuHepoM B pabote: N. Wiener,
Differential space, J. Math Phys., 2 (1923). Buuep BBen cBowo Mepy Ads TOro,
uToGHl CTPOrO NOJIYUHTH pe3YJbTaTh paGoTH JitHwTeltHa H CMONY XOBCKOTO 0 6po-
YHOBCKOM [BHXKEHHH. VICTODHIO H3yueHHs® GODOYHOBCKOFO [BMIKEHHS WYHTaTesb
MoxeT Halith B KHure Hesbcona: E. Nelson, Dynamical Theories of Brownian
Motion, Princeton Univ. Press, Princeton, N. J., 1967. KoHcTpykuus meph
BuHepa, KOTOpyl0 MBI NpUBOAMM, 3auMcTBoBaHa y Heabcowa: E. Nelson, Feyn-
man Integrals and the Schrédinger Equation, J. Math. Phys., 5 (1964), 332—
343. HameueHHoe B 3afaye 64 10Ka3aTenbCTBO TOFO, YTO HEBO3MOMKHO MNOCTPOHTD
(koMniexcHyo) mMepy no nytaM QeflHMaHa A% MHUMOIO BpPEMEHH, NPHHAIIEKUT
Kamepony (R. Cameron, The Ilstow and Feynman Integrals, J. Anal. Math.,
10 (1962/63), 287—361). Uurarens caefyer npegoctepedb OT OWHGOYHOH KOHCT-
pykuun B cratbe H. Ienbdanga u A. Srioma, MHTerpHpoBaHHe B (yHKIUOHAJb-
HBIX NPOCTPaHCTBAaX B KBaHTOBOH ¢uauke, YMH, 11 (1956), 77—114.

CymecTtByer o6GmiHpHas yuyeGHast JHTepaTypa, NOCBfilleHHas Mepe Buuepa c
BEPOATHOCTHOH TO4KkH 3peHus: JIxk. Jy6, BeposTHocTHbie npomeccel, MJI, M.,
1956; E. B. IbiHkuH, MapkoBckue npouecci, duamarrus, M., 1963; T. Hida,
Stationary Stochastic Processes, Princeton Univ. Press, Princeton, N. J., 1970;
K. Uro, I'. Makkun, JInddysHoHHble npouecchl M HX TPaeKTOPHH, «Mup», M.,
1968; M. Kau, BeposTHOCTb M cMexkHble BOnpochl B ¢H3HKe, «Mup», M., 1965.
UuraTenb, HHTEpECYOWHIICH 3THM NpEIMETOM, HO HE 3HAKOMBIH C €ro BeposTHO-
CTHBIMH OCHOBaMH, MOXeT BOCNoOJb3oBaTbcst JaeKuusmu Puga: M. Reed, Functi-
onal Analysis and Probability Theory, in Constructive Quantum Field Theory
(G. Velo and A. S, Wightman, eds.), Springer Lecture Notes in Physics, 25,
1973, pp. 1—41 (pycckuit nepesog B 6. «KOHCTpYKTHBHas TeopHs NoOJsA»,
«Mup», M., 1977, ctp. 13—47). MHOXecTBO nNOAPOGHLIX CcBeIEHHH O CBOMCTBaX
peryasipHOCTH Mepbi BuHepa H, B 4aCTHOCTH, Teopemy X.67 MOXHO MNOYEpPNHYTh
H3 KHUrH HUto u Makkuua.

HHorpa nuteparypa no TeopHH BeposTHOCTEl, ocoGeHHO GoJiee crapas, cojep-
JKHT TeXHHYECKHE CJIOXKHOCTH, KOTOPHI€ B HallleM DacCyXJeHHH Jaxke He NOosBJis-
JHCb. IJTO NPOHCXOAHT NOTOMY, YTO HEKOTODHE aBTOpH CTPOAT Mepy BuHepa
TakuM 00pa3oM, 4TO, €ClTH 3TO NepeBecTH Ha Halll 3biK, OHa OKA3HIBaeTCs TOJbKO
6aposoii Mepoii. Ho HekoTOpeie XopouiHe MHOXecTBa Q, Hanpumep Q,, GopeneBsl,

HO He 63pOBHl MHOXecTBa. Mjes OOOHTH HEKOTOphie TeXHHYeCKHe 3aTPYIHeHHs,
peanu3ys © KakK KOMNAaKTHOE NPOCTPAHCTBO-NPOH3BEJEHHE M NOJb3YHCh peryJsp-
HbIMH GopeneBHIMH MepaMH, npHHafiexutT Heabcony (E. Nelson, Regular Proba-
bility Measures on Function Space, Anan. Math., 67 (1954), 630—643). K coxa-
J€HHI0, MeToX HenbcoHa He CHHMAaeT BceX npobsieM H3MepHMOCTH, TaK Kak npH
NanbHefllleM NOCTPOEHHH BaXXHBIMH OKa3biBAlOTCH HEKOTOpHie HebopeJieBbl MHOXe-
CTBa, TaKHe, KaK NYTH, HeNpepsIBHLIE CnpaBa.

Uness QDeiiHMaHa BHpa3HTb IMHaMHKY ypasHeHus Hlpeaunrepa B BHAE CYMMHl
no TpaekTopHsM Oblna UM chopmyaupoBana B IIpuHciOHcKOR Auccepranun (1942)
H B cratbe: R. Feynman, Space—time approach to non-relativistic quantum
mechanics, Rev. Mod. Phys., 20 (1948), 367—387 (R‘yccxnﬂ nepesol B c6. «Bo-
npockl NPHYHHHOCTH B KBaHTOBOH MexaHmkes, UJI, M., 1955). Uurtatenb Moxer
HallTH JeTasibHOe H3JI0XKeHHe 3TOF0 npeiMeTa M €ro janbHeiiliee pa3BUTHE B KHHIe:
P. ®efiuman u A. Xubc, KBautopas MexaHHKa M HHTerpajbl No TPaeKTOPHHM,
«Mup», M., 1968. Unes npogo/iXKeHHss K MHHMOMY BDEMEHH, TaK YTOOH MOXHO
66110 BOCNO/Ib30BaTbCst Mepoii Buuepa, npunammexur Kauy (M. Kac, On some
connections between probability theory and differential and integral equations,
Proceedings of the Second Berkeley Symposium on Mathematical Statistics and
Probability, Univ. of California Press, Berkeley, 1951, pp. 189-215). Tam e
nonyueHa ¢opmyna deiinmana—Kana. Haw seiBox ¢opmyan deiinmana—Kana
3aUMCTBOBAH W3 LNUTHPOBAaHHO# Bhie cTathbd Heabcoua (8 J. Math. Phys.).

Unterpanbl N0 NyTsM ChiFpajd NPHHOMNHAAbHYIO POAb B KOHCTPYKTHB-
HOH KBaHTOBOH TEODHH 10/, OCOGEHHO B COBPEMEHHOH TEODHH eBKJHJOBBIX H
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MapKOBCKHX noJefi. MeTolpl HHTerpajia No NyTAM B KOHCTPYKTHBHYIO KBaHTOBYIO
Teopuio nons Beea Heabcon B mnepBofi H3 uuTHpyeMblx B 3aMeuaHuax k § X.9
cTaThbe, M OH XKe BBeJl HX B eBKJHA0BY KBaHTOBYlo Teopuio noas (E. Nelson, Quan-
tum fields and Markov fields, im Partial Differential Equations (D. Spencer,
ed.), Symp. Pure Math., 23, Amer. Math. Soc., Providence, R. I., 1973, pp.
211—219). PaccmoTpeHHe 3THX MeTOJOB M HX JaJibHefilllero Pa3BHTHA UHTaTeNb
HaligeT B KHUre «KOHCTPYKTHBHAfl KBaHTOBadA TeOpHA NOJA», IUTHPOBAHHOH BhIleE.

§ X.12. Vicnonb3oBanHe pa3noXeHHH THNa pasnoxenua Jlaficona Ina HaXox-
JeHHsl onepaTopa aBoalouuu (nponararopa) U (¢, §), YAOBJAeTBOPAIOLIEr0 ypaBlEHHIO

. Edt-U(t, =—iHWOU({,s), U, =1, (X.163)

OCHOBAHO, B CYHIHOCTH, Ha MeTOjle NOC/IeI0BAaTeNbHBIX NOJACTAHOBOK, Pa3BHTOM elile
B XIX Bexe anf pelleHHA HHTerpajbHHX ypaBHeHHH. Y pasHenue (X.163) dop-
MaibHO 3KBHBaJIEHTHO HHTEFpPajibHOMY YpaBHEHHIO

! ¢
U, sy=I—i S H() U (r, s)dr.

Mul nonyyum paanoxeHHe [laficona, ecnu GyieM NocjefoBaTebHO MOACTABAATH
310 BHipaxenue aaft U (¢, s) nox uuTerpan. JalicoH BOCNONB30BANCA 3THM Pasjio-
JKeHHeM JIJd TOCTPOEHHH TEODHH BO3MYIUIEHHH B KBaHTOBOH 3/1eKTPOAHHAMHUKE:
F. J. Dyson, The radiation theories of Tomonaga, Schwinger, and Feynman, Phys.
Rev., 75 (1949), 486—502 (pyccxuit nepesol B ¢6. «CaBHF ypoBHell aTOMHBIX 3J€K-
tponos», UJI, M., 1950) u The S-matrix in quantum electrodynamics, Phys. Rev.,
75 (1949), 1736—1755 (pycckuil nepesoa B 6. «Hoseliluee passutHe KBaHTOBO! a/1eK-
TpoauHaMuku», WJI, M., 1954).

Kato B cBoeil crathe: T. Kato, Integration of the equation of evolution in
a Banach space, J. Math. Soc. Japan, 5 (1953), 208—234, nepseiM Hauen
o6 1iHe YCAOBHSA CyulecTBOBaHHA pellleHHs ypaBHEeHHS 3BOIOUHH do (£)/df = A (¢) ¢ (2),
Korga A (¢)— HeorpanuyeHHblit onepaTop. [I0CKONBKY OAHO H3 [J1aBHBLIX NpPHMEHEHHH
3Tofl TeopHU — AH(XpepeHUHANbHbIE YDPABHEHUSA B YaCTHBIX MPOH3BOAHBLIX, B 3ITOM
06/1aCcTH elile npexje GbLIO MHOFO Pe3yJibTaTOB YaCTHOFO XapakTepa. Ilpu pokasa-
TenncTBe TeopeMbl X.70 Ml 6ausko caenopanu Mocuze (K. HMocuna, Pyunxnmo-
HanbHBIl aHanus, «Mup», M., 1967). Bonee obwue peayabTaThl cM. B paboTe:
T. Kato, Linear evolution equations of hyperbolic type, J. Fac. Sci. Univ. Tokyo
Sect. I, A Math., 17 (1970), 241—258.

O6cyxJenue pe3yJbTaToB, OTHOCAWMXCHA K 3aBHCALLMM OT BpemeHH dopmam,
H, B YaCTHOCTH, O pacluMpeHuH Teopemsl X.71 na kaacc PoabHuka cM. B. Simonm,
Quantum Mechanics for Hamiltonians defined as quadratic forms, Princeton
Univ. Press, Princeton, N. J., 1971.

Hznea Bocnoassobathcsl L2 (R; F7),- uToObl nepefiTH OT 3aBHCALIUX OT BPeMeHH
KBaHTOBOMeXaHHYeCKHX TFaMH/JbTOHHAHOB K HE 3aBHCAUIMM OT BPEMeHH, NpHHal-
aexut Xayaeuay (J. Howland, Stationary scattering theory for time-dependent
Hamiltonians, Math. Ann., 207 (1974), 315—335). Minea Xaynenga, Mexxay NnpouuM,
HMeeT KpacuBoe NpHMeHeHHe B Teopuu pacceaHus. Ilycte U (¢, s) u Uy (¢, s) —

JBa YHHTapHBIX ONepaTopa 3BOJIOLHH Ha G, u nycts U (6) u Uy (0)— coorseT-
CTBYIOLIHe CUBHO HENpepbiBHLIE OAHONAapaMeTpHyeckHe rpynnul Ha L? (R; 77). Toraa
MOXKHO MOKa3aTb, YTO BOJIHOBbIE Omeparopbl A 3aBHCAWESl OT BpeMEHH TEOpPHH
Ha §/ CYMHIECTBYIOT TOFJa H TONBLKO TOFJd, KOFA4 OGbIYHBIE BOJHOBBIE ONMEPAaTOpbI
Wi:s-lim Uy (—o0) U (o)
g—>x

cymecisyioT Ha L2(R; F¢). CaenoBarenbHO, MOXKHO AOKa3aTh CYuleCTBOBAHHE
BOJIHOBBIX ONEPaTOPOB B HEKOTOPHIX 1€0PHAX C 3aBHUCAUIMM OT BPEMEHH FaMHJib-
ToHHaHoM, NepedOPMYIHPOBAB HX, KaK yKasaHO Bblie, H N0JAb3YACh OGBIYHBIMH
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MerojaMH AJfl He 3aBHCAIIEF0 OT BPEMeHH FaMUJbTOHHana. J{0Ka3ateNbeTBO 3THX
pe3yJbTaToB H TexX, YTO YHOMAHYTHl B CCHOBHOM TEKCTe, CM. B YKa3daHHoil pabore
Xayaenpa.

Cyulectsyer ApPyrofl MeTol NOCTPOSHHS M[PONAraTopoB, (OPMAALHO YIAOBAETBO-
paowux ypasHenuio (X.163). Heficreurenbro, nycre B —06aHaxoBo HpoCTpaHCTBO,
3/€MeHTaMH KOTOPOro CJyXaT QYHKUHH Ha HEKOTOPOM (MKCHPOBAHHOM KOMMAKT-
HOM HHTepBaJle BelleCTBEHHOH OCH CO 3HAaYeHUSAMH BO MHOXECTBE HEOTpaHHYEHHBIX
onepatopos. IlpeanonoxuM, yro B ¢B COAEpPIKHTCA INOTHCE NOAMHONKECTBO By,
TaKoe, 4T0 Aad JoBoro snementa fE€¢B, ypasuenne (X.163) ¢ H (y=Hy,+4f (1),
rie H,—HeKoTopbll (QHKCHPOBAHHEIH OIEpaTOp, UMEET KOPPEKTHO OmpeieseHHOe
pewenue. O6o3nadum 4epes U (¢, s; f) coorBercraylomuit nponararop. Ecau oro6pa-
xkenue U (¢, s; -) paBHOMEDHO HellpepblBHO Ha By, TO €ro MOXHO NPOJOMIKHTH
Ha Bce B u noayuurb QopmanbHble pemeHHs ypasHeHHd (X.163), orseyaiomiue
fEB. Tlpumep Takoil cuTyauuH Mbl YBHAHM B jomoaHeHud k § XIII.6.

§ X.13. Tlepsoe 10Ka3aTeNbCTBO CYLIECTBOBAHHA TI/00a/NbHBEIX pelleHHil ypas-
nenus (X.138) (m > 0) npunamnexur Moprency (K. Jorgens, Das Anfangswert-
problem im Grossen fiir eine Klasse michtlinearer Wellengleichungen, Math. Z.,
77(1961), 295—308).

AGcTpaKkTHHI MOJXOA K 3THM HeanHHefiHbIM 3ajayaM pa3BuT Bpayzepom u Cu-
ranom (F. Browder, On non-linear wave equations, Math. Z., 80 (1962), 249—264;
I. Segal, Non-linear semi-groups, Ann. Math., 78 (1963), 339—364). I'106anbHan
TeOpeMa CcyllecTBOBaHHS ANfl Clyyas HyJeBofl MacCh JKOKa3aHa BhepBee B pabore:
W. Strauss, Decay and asymptotics for [Ju=F(u), J. Functional Analysis,
2 (1968), 409—457. Cayuail HyneBOil Macchl MOXHO paccMarpHBaTh H IPAMO Me-
togamu § X.13. CoorsercrBylomuii cnoco6 HameueH B 3ajave 76. IToxoxas Tex-
HHMKa MIpHMEeHANacCh U K CBA3aHHHIM ypaBHeHHAm Makceenna — Jupaka; cM. L. Gross,
The Cauchy problem for the coupled Maxwell and Dirac equations, Comm.
Pure Appl. Math., 19(1966), 1—15; J. Chadam, On the Cauchy problem for
the coupled Maxwell —Dirac equations, J. Math. Phys., 13 (1972), 597—604;
Global solutions of the Cauchy problem for the (classical) coupled Maxwell —
Dirac equations in ome space dimensiom, J. Functional Analysis, 13 (1973),
173—184.

[laBHO H3BECTHO, YTO AJfi HEKOTODBIX HeNHHeHHBIX AuddepeHIHaNbHHX Ypab-
HeHHH B YacCTHHX [POM3BOAHBIX TJ100aJbHble pelleHHfl He CyLIeCTBYIOT; CM., Ha-
npumep, J. Keller, On solutions of mnon-linear wave equations, Comm. Pure
Appl. Math., 10 (1957), 523—532, Ilpumep, KoT1OpHIl NpHBeAEH B KOHIE HaCToA-
mero pasjena, pacckasan asropaM Jlesun. OGobiienne 3TOFo mpHMepa UM Ony6-
aukoBaHo: H. Levime, Some non-existence and instability theorems for solutions
of formally parabolic equations of the form Pu;=— Au- F(v), Arch. Rational
Mech. Anal., 51 (1973), 371—386.

Ilyere @ (f)=<u(x, t), ug(x, f)>—pelleHHe HenHHeHHOH 3ajauu KaefiHa —
Topiona,- onncaHHoe B Tekcre, W onpefenum M; Kak oroGpamenue ¢ (0)—> ¢ (£).
Torza M; ectb CHAbHO HelpepbiBHAA [OJYIPYNia OrpaHHYEHHBIX HEAUHCUHBLX
onepatopoB, Cpa3y e BO3HHKaeT BOIPOC, CYUIeCTBYeT JH A1 HeJHHEHHOFO cay-
yafl TeOpH#A, aHANOFHYHAf TEOPHM CHJBHO HENpPEepPLIBHBIX NONYIPYII AUHeLHbIX
oreparopoB, onucaHHo# B § 8, M, B YacTHOCTH, HMEIOT JH TakHe HeJHHeHHpe
IOJIYTpPYIiibl OJHO3HAYHBE HHOHHUTE3HMAJbHEE FeHepaTopu? DTHM Bompocam I[o-
cbauleHa o6wupHas aureparypa. Cm., Hampumep, T. Kato, Accretive operators
and nonlinear evolution equations in Bamach spaces, pp. 138—161 in Proc.
Symp. Pure Math,, 18, Part I, Amer. Math. Soc., 1970 (F. Browder, ed.), uau
M. Crandall, Semi-groups of mnonlinear transformations im Bamach spaces,
pp. 157—171 in Contributions to Nonlinear Fumnctional Analysis (E. Zaranto-
nello, ed.), Academic Press, New York, 1971, a Tak:ke yKa3aHHYIO TaM JHTepatypy.

§ X. 14. loBoabHO XOpollee H3J0XKeHHe TIaMHUJbTOHOBOH MeXaHHMKH (XOTd
C HEKOTODBIMH MaTeMaTHYeCKHMH Oommb6KamMH) MOXKHO Hafity B kuure I'. Toazcraiina,
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Knaccuueckas wmexanuka, locrexteopuagat, M., 1957. BoJiee H3ouipeHHBIM cno-
co60M OHa M3Jo0XeHa B kuyre: R. Abraham, Foundations of Mechanics, Benjamin,
New York, 1967.

EcrecTBeHHO! ocCHOBOHl AJd4 (GOpPMYyJHPOBKH KJacCHYeCKOHl MeXaHMKH CJIYyKHT
CHMNJIeKTHYeckoe MHoroo6paste. KpaapaTuyuas GopMa ¢ Ha KOHEYHOMEDHOM Bellle-
CTBEHHOM BeKTOPHOM NPOCTPaHCTBe Ha3blBaeTca cuMnileKTHueckofi, ecan: (1) g(v, w)=
=—¢q(w, v), (2) ¢ HeBHIpOXKZAeHHAa, T.e. H3 g(v, wj=0 W19 BceX W BhiTEKaeT,
yTo v = (. CHMnJIeKTHYeeKoe MHOroobpasne ecTb AudxpepeHuHaIbHOE MHOroo6paste M
¢ BhieseHHoft 2-popMoit @ E A2 (M), Takoil, uto (1) do=0, (2) npu BcAKOM X O
ecTb CHMnJekTHYeckas ¢opMa B KacateJbHoM npocTpanctee T, (M). dopma @
cnpenesifer OHEeKTHBHOe OTOGpaKeHHe ®, KacarTeabHoro nyuka 7 (M) B kokaca-
teapnblii nyyok T* (M): [0, (X)] (V)=0 (X, V). Daa gaunex f, g€C® (M) ux
ckobka [TyaccoHa ompenessieTcsl nocpeicTBOM {f. g}z[mI1 (df)1(g). Ecau 3anana
¢yukuusa H B C* (M), To onpelesuM acCOLHHPOBAHHBIN ¢ Hell FaMHJIBTOHOB NIOTOK
dopmyJioit p (f) =(Xp) (£), rre X — BeKTOpHOE noJe X =— 0! (dH). Cymecrsyer
ectecTBeHHaa ¢QopMma oOwema, onpejeifdeMas uepe3 ©, HMeHHO AT@E A7 (M),
ec/n 2n=dim M. Teopema JInyBH/JIf yTBepXKznaer, YT0 A HHBapHaHTHA OTHO-
CHTeJBHO JI060F0 FaMHJIBTOHOBA NOTOKa. KokacatelbHbifl ny4OK JOG0FO MHOFO-
06pa3nsl eCTeCTBEHHBIM NYTeM OKa3bIBaeTCA CHMILJIEKTHYECKUM MHOFooGpasHeM.

L2-epcuss TeopeMpl JIMYBWJJASA COCTOHT B TOM, YTO L KOCOCHMMeTpHYEH.
Hnes BocnosnbsobaTeca Teopemofi VIIIL1l A RokasaTelbCTBa KOCOCOMPSXKEH-

HOocTH L BhickasaHa B pabore: W. Hunziker, The S-matrix in classical mechanics,
Comm. Math. Phys., 8(1968), 282—299. O6uwiaa upzes npHMeHeHHA TeopeM cCy-
11eCTBOBaHHA LA CHCTEM 1epBOro NOpfjikKa K J0Xa3aTeJbCTBY CaMOCONp AXKeHHOCTH
B CYIIECTBEHHOM Ju(ppepeHnHaIbHBIX ONePaTOPOB HAXOAHT CBOE AaJjbHefilmee pas-
ButHe B pabote: P. Chernoff, Essential self-adjointness of powers of generators
of hyperbolic equations, J. Functional Analysis, 12 (1973), 401—414. UepHoB
noJibayercs Tem, 4To ecin Uy=e~JA! ocraBasier HHBAPHAHTHBIM HEKOTOPOE NJOTHOE
MHOXecTBO D u DcC>(A4), To A" camoconpsixeH B CyINecTBeMHOM Ha D ajs
Jo6oro n. C noMoulsio cnenuasbHOrO NpHeMa MOXKHO paccMaTpHBaThb TakK H one-
paTopel, KOTOpble He KaM{yTcs Ha nepBHlil B3FJIAJ KBajApaTaMH Onepatopos nep-
BOr0 nopsjxa, Hanpimep — A Ha L2(R3). [leficTBuTeJbHO, NOJOXKHM Ff =
=L2(RHPL2(R3, RHDL2(R3, RHDL2(R3), u nycs d(f, g, h, k)=
=(0, gradf, rotg, divh), rak uro d*d(f, g, h, k)=(—Af,...) u d2=0.
[Monoxum A=d-|{-d*. Toraa A2, cyXeHHHl Ha nepBHlfl yJeH CyMMbI, ecTb —A,
Paaymeercd, 3To He mpocTefiufi cnoco6 anaimusa —A Ha L2 (R3), ogxsako 3ToT
MeTOX no3BoJIfieT ROKa3aTh, 4To onepartop Jlaniaca— BesbrpaMu camoconpfxeH
B cymectBeHHoM Ha C*® (M) a1 WHPOKOro kJacca pPHMaHOBHIX MHOFooGpasuit.
Metonsr YepHoBa no3poJfIOT TaKke ROKa3aTh TaKYlo TeopeMy:

Teopema. Ecin VEC™ (R%) u o u §—o6uunsle matpunsl Qupaka, To
H=—a.i04pm+V
camoconpsxel B cyulecTBeHHoM Ha C= (R3).

B orauune or ciyyas omepatopa llpeamurepa ajech OTCYTCTBYIOT YC/IOBHA
Ha poct V. Kak oTmevyaer YepuoB, 3TO He YRHBHTEeJNbHO, H6O DeNATHBHCTCKHE
OFpaHHYeHHs Ha CKOPOCTb HMCKJIOYAIOT nonajaHuHe Ha GeCKOHEYHOCTh 3a KOHeyHOe
BpeMA.

Eciau H o6nanaeT CUHTY/JIADHOCTAMH, HanpuMep KYJIOHOBBIMH, TO MBI He MO-
xKeM TpebOBaThb CyHeCTBOBAHHA FJI0GaMbHEIX pelleHHH ypaBhenus (X.153) npu
BCEX HayaJIbHBIX YCJOBHAX, NOCKOJbKY MOTYT HMeTb MecTO CTOJKHOBeHHS. B MHo-
FOYACTHYHHIX CJAYyYyadXx MOXHO BOOODa3HTb M XYAlIMe Yxachl. BMecTo 3toro xore-
Joch 66l ROKas3aTh CyulecTBOBaHHe [JI00aJIbHBIX pelleHHH AJA NOYTH BceX Hayalb-
HBIX YCJOBHH, T. e. No4TH nojHoty. [10oYTH noJHOTa MoXeT 6HITL JOKa3aHa AJIs
npobJeMel ABYX TeJ npHMeHeHHeM 3aKOHAa COXDAHEHHS YIVOBOFO MOMeHTa, a AJd
3ajlauu Tpex Tea — ¢ noMowbio pesyiasraroB Cynamana (K. Sundman, Le probleme
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des trois corps, Acta Soc. Sci. Fenn., 35(1969)) u Bupkroda (G. D. Birkhoff,
Dynamical Systems, Amer. Math. Soc. Colloq. Publ., 1, 1X (1927)). YacTHble
pesyJ/IbTaTH, OTHOCAIWHecH K 3ajade N TeJ, cM. B caenyowmeft aureparype: H. Pol-
lard, D. G. Saari, Singularities of the N-Body Problem, 1, 11, Arch. Rat. Mech.
Anal., 30 (1968), 263—269; Inequalities, 11, ed. O. Shisha, Academic Press,
New York, 1970; D. G. Saari, Improbability of collisions in Newtonian gravi-
tational systems, Trans. Amer. Math. Soc., 162 (1971), 267—271; erratum 168
(1972), 521,

HekoTopse M3 CaMBIX HHTEpeCHBIX NpPo6JeM KJaCCHYECKOH MeXaHUKH PacCMoT-
penn B KHure AGpaxama u B kuurax: H. Pollard, Mathematical Introduction to
Celestial Mechanics, Prentice-Hall, Englewood Cliffs, N. J., 1966; C. L. Siegel,
J. K. Moser, Lectures on Celestial Mechanics, Springer-Verlag, Berlin, 1971;
S. Sternberg, Celestial Mechanics, Part 1, 11, Benjamin, New York, 1969.

Haxkonern, Heo6X0XHMO OTMETHTb KpacuBYlo pabory Jlantbopha o cywecTBoBaHHU
pellenuit ypasHeHuH HblOTOHA AN HEKOTOPHX CHCTEM C ORCKOHEYHBIM YHCJOM
vactun: Q. E. Lanford, I1[, The classical mechanics of one-dimensional systems
of infinitely tmany particles, 1, U, Comm. Math. Phys., 9 (1968), 176—191;
11 (1969), 257—292,

3AJJAYH
1. (a) Myctp A, —cumMeTpuueckHil onepatop Ha ¢, U D —MHOXKeCTBO BeKTO-

-]
pos B @1 Hn vuia $=(%1, $s, ...), rae P, €D (A,) u BCe, Kpome
n=

@
KOHEYHOTO YHCJIa, ), PaBHH HyJ0. [lokaxure, yro A= 2 A, cum-
. n=1

@® @®
metpuyer Ha D u yto ny (A)= 2 ny(4p), n- (A= 2 n_ (4p).
n=1 n=1
(b) NMoxkaxute, urto id/dx na Cg (0, o) uMeeT HHAEKCH AedexTa 7, =0,

n_=1. ITokaxure, uro id/dx na C§ (— oo, 0) MMeeT HHAEKCH AedexTa
ny=1, n_=0.

(¢} TNoka)kurte, KaK NOCTPOUTL CHMMETpPHYECKHI onepaTop c J0GoH 3afgaHHOR
napo#i HHAeKcOB AedexTa.

2. Mycrs A—3aMKHYTHH CHMMeTpHUeCKH}I Onepatop, ¥ NpejnoJoxuM, yto A
HMeeT CaMOCONpSXKeHHOoe pacuiupeHve. BoaMoxHO JH, 4TOOH A HMeJ 3aMK-

HYTOE CHMMeTpHYecKoe paciinmpenue A, KOTOpoe He HMeeT CaMOCONMPAKEHHHX
pacuiupeHHui?

3. Myerb p (x)—NOJNMHOM C BellleCTBEHHHIMH KOshdHunentaMH, H nyctb A =
= p(id/dx) c obaactsio onpepenenus Cy (0, o) B L2(0, o).
(a) Hdokaxure, yto A cHMMeTpHUeH.
(b) Kak cBsizanbl 3Havenus p (x) ¢ uHjaekcamu jedekra A?

(¢) Hokaxure (ne onupasch Ha Teopemy X.3), YTO €C/IH p (X) HMEET TOJBKO
YeTHHle CTeNeHH, TO HHAEKCH JHedekta A coBmajalior.

(d) Hokaxure, yTo ecql p He4eTHOH CTeneHH, TO HHAEKCH pedeKTa A He
cOBNajaloT.

14. TMycts M u N —3aMKHyTHE NOANPOCTPAHCTBA CenapabesibHOTO rHILGepTOBA
npocrpaHcTsa. Jlokaxure, yto ecau dim M > dim N, To cyuiectByeT Tako#

UEM, Juj=1, uto uENL.
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