Fnasa 18

SNEMEHTAPHAS TEOPMSA FPynn

A¥cuoMnl rpynnsl; afejqeBa Trpynna; UHKJAMYECKas rpynfa; MOATPyNna; nopsioKs
H30MOpP@H3M; TOMOMOp(U3M; aBTOMOPDH3M; NEpecTaHOBKA; CHMMeTPHUeCKas rpynnas
LIMKJ; TPAHCMO3HIHS; YEeTHOCTb; 3HAKOMEPEMEHHAss TrpyMNMna; sApOo roMoMopdusMa;
HOpMaJibHasi MOArpynna, MfpocTass rpyfna; COMNPSXKEHHEIE SVIEMEHTHI; CMEXKHbIE
KJacchl; Teopema Jlarpanxa; axkToprpymnna; TeopemMa O roMoMophu3Max; TpaHCJs-
LHH; BHYTpeHHUE aBTOMOP(QH3MBI; TeopeMa KaJu; conpsikeHHble MOATPYNMH; Mpo-
cToTa rpynmnsl 4s; KOMMNO3NUHOHHLIA psa; Teopema Kopmana—Ténbaepa; obpa-
3yIOUIHe; ONpefejsiollie COOTHOMIEHHA; cBOGOAHas rpynna, cBoboAHasi abeJieBa
rpynna; npotyieMa TOXK/IeCTBa; NPOCTPAHCTBEHHLIE H TOYEYHLIE PPYNMH; MNpsAMoe H
noviynpsMoe MPOH3BEIEHHS; CUMMOP(QHBLIE NPOCTPAHCTBEHHLIE IPYMMLL.

{1pedsapumensrowe ceederus:. saeMenTapHas anarebpa.

DTa raaBa coep:KUT 00630p 3d7eMeHTapHOH Teupun rpynn. [Hasa we-
MOJML30BAaHHA B CJEIYWOUIMX IVIaBaX caMoe IJIaBHOEe —— 3TO TeopeMa o
roMoMophu3Max M cBfi3aHHble ¢ Hell MOHATHSA.

18.1. AKCUOMDI rPynbl. MPUMEPDI

Tpynnod G HasbiBaeTcss moGoe MHOXKeCTBO sneMeHToB {a, b, 9, . . .,
X, Yy 2, . ..}, KOHeuHoe s OecKOHeuHOe, ec/ Ha HeM ompejlesieHa
onepauus, oGo3HayaeMas 4yepe3 o M TaKas, 4TO:

1) ecnu a u b—nBa Mmo6Lix snemeHTa U3 G, To aob sABAsiercs
Takxe 3jeMmeHToM G;

2) ecnid a, b ¥ ¢c—Tpu JoOux 3nemedta u3 G, T0 (€ob)oc=
=qa o (boc¢) (3aKOH acCONMATHBHOCTH);

3) ecsiu @ U b—jBa moGHX iemeHTa U3 G, To B ( CyIIeCTBYIOT
€IMHCTBEHHBIA S/€MEHT X U €NMHCTBEHHBI 37eMEHT Y, TaKue, 4TO
aox=bu yoa=b.

Ecnu sneMeHTamMH #BJSIOTCS 4YHCJIA, MATPHIB, KBAaTEDHHOHBI H
T. 0., TO Pe3yJbTATOM ONepallid a o b Moxer ObITh CyMMa WJH MpO-
u3BeneHue a ¥ b, B MpPUBENEHHLIX HHXE€ ApHMepax Mbl OyneM TOYHO
YKasblBaTh CMBICH 3TOH omepauud. B ciyyae oroGpaxkeHufl, npeobpa-
30BaHuUil, BpauleHWH, MepecTaHOBOK U T. M. MOL IPYNHOBOH onepauHesi
MOHUMAIOT OOLIYHLIA 3aKOH KOMOO3HUUU; ecad a U b—npeobpaso-
BaHus, To a o b npeacrtasiser cofol npeobpa3oBaHUe, SaKI0YAOULEECH
B TOM, 4TO CHayaja ocyulecTBasercs b, 4 3areM a.

3ameuaHHe. B Hekoropnx KHMrax akcuoma 3 3aMeHsiercsi SKBUBa-
JIeHTHO akcHomol: (G CONEPXKUT €IHHCTBEHHHIA €IMHUYHBIH /IEMEHT ¢
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H sl KaxJoro ssnemeHta @ us G cyliecTByeT eJHHCTBEHHBIH ofpaT-
HblH 5JeMeHT a™~! (cM. caelylowHi naparpad).

B kauectse nepBoro npHmepa rpynnbl G pacCMOTPHM MHOXKECTBO
BCeX BpalleHHH B IJIOCKOCTH: MyCTb R, oGo3HauaeT npeobpa3oBaHHe,
IPH KOTOPOM TOUYKH X, y TepeMellaloTcs B (MOXKHO CKasaTb, OTOOpa-
JKAlOTCA HA) TOYKH x*, y', rie

x'=x cos p—ysin g,

y' =xsingp4 ycosq. (18.1.1)

Ecin  OCyillecTB/IAIOTCA  [OC/IE0BATENbHO [peo0pasoBaHHA R,
n R, TO pesyabTaroM OyJAeT BpalleHHE Ha Yroad @, +@,, T. e,
npeoOpasoBaHHe Rg,i+p,. JIerko [OPOBEPHTb, UYTO MHOXECTBO
{Re: 0<C@ < 2n} Bcex TakHX BpalleHHH YJOBJIETBOPSIET aKCHOMAaM
rpynimbl.

Urobbl onucaTb Jw00e BpalleHHE B TPEXMEPHOM MPOCTPAaHCTBe,
MOXHO cHayasa BplfpaTb HEKOTOpPOe HampaB/eHHe, NPOXOJsiluee yepes
HayaJo KOOPJHHAT, a 3aTeM OCYIIEeCTBHTDb BpallleHHe Ha HeKOTOPLIH yroJ
BOKpYT 5TOro HalpabJieHHs KaK HemnoABHKHOH ocH. V3 Teopembl DiJepa,
Kotopas OyjeT AokaszaHaB § 19.2, cieyeT, uTo pe3yIbTaToM JABYX TaKHX
n1peo0pa3oBaHHH, BHIINOJHEHHBIX [0CJAEl0BaTeqbHO, OYIeT CHOBA Takoe
»Ke npeo6pa3oBaHHe, T. e. BpalleHHe BOKPYT HeKomopoll OCH Ha HeKomo-
poui yroa. 310 kaeTcs OueBHIHBIM (MOCKOJBKY Ka/bll 3HAeT, YTo
5TO BEPHO), NOKa He NeJaloTcs NOMBITKH J0Ka3daTh 3TO yTBepxkieHne.]
BesescTBHE 5TOro MHOXKECTBO BCEX BPalleHHH B TPEXMEPHOM MIPOCTpaH-
ctBe obpasyeT rpynny. ['pynna Bcex BpalleHHH B 7-MEPHOM NPOCTpaH-
cTBe of0o3HayaeTcst yepes SO (n) no npHYHHAM, KOTopble OyAyT 00bsc-
HEHbl HHXE.

B KauecTBe TpeTbero npHMepa Bo3bMeM MHOXECTBO BCeX BpalleHHH
B TPEXMEPHOM MPOCTPAHCTBE, NPH KOTOPLIX HEKOTOPHIH KY0 ¢ UEHTPOM
B Hayaje KOOPJAHHAT ocTaeTcsi HHBapHAHTHbIM (T. e. OTOOpakaercs
Ha ky0, coBnajauHi ¢ nepBoHayaibHbIM). TaKUMH BpalleHHAMH Gy 1y T:
noBopoTsl Ha 90, 180 1 270° BoKpyr ocH, npoxoisituei uepes EHTPLL 11Po-
THBONOJIOXKHLIX Ipadeil, noBopoT Ha 180° BOKPy! ocH, mpoxoasiuel yepes
CEpeJInHbl IPOTHBONONIOKHLIX peep, noBoPOTH Ha 120 Hax 240° Bokpyr
OCH, poXojaiei yepes 1POTHBONONOKHBIE BePUIHHLL. JIerKo NpoBepHTD,
yTo 3TH npeobpas’oBaHHs (BKIOYas TOXKIAECTBeHHOE) 06PasyloT rpyuny
u3 24 sjeMeHTOB. B oflueMm ciyyae MHOXKECTBO BCeX 11peoBpasoBaHuii
OlpeJeTeHHOro Buja (HaupuMmep, BpatleHH#, oOWHX JHHEAHBIX npe-
00pa3oBaHHi, IBHXeHHH, KOHQOPMHBIX OTOOpa)KeHHH), NPH KOTOPBIX
JaHHan (Hrypa ocraeTcs HHBADHAHTHOH, mpeicTaBaseT cobofi rpynany,
HO0 SICHO, YTO QHIypa HHBADHAHTHA OTHOCHTENBHO MPOH3BELeHHsI TAKHX
oTOOparkeHHH W OTHOCHTeJbHO OOPAaTHBIX K HHM. [[BHXKEHHS, NPH KOTO-
pbIX HUHBAapHaHTHA KPHCTAJJIHYecKasl peuleTka, o6pasyloT NpocHipancim-
BEHHYIW epynny Kpucmaaria, cM. § 18.13.
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MHoXecTBO BceX NMepecTaHOBOK n oObeKToB o6pasyeT rpymmy; Ta-
KHe rpynmel paccmatpuBaiworcsi B § 18.4.

HeKkoToprle MHOMeCTBa BelecTBEHHBIX H/AH KOMILIEKCHBIX 4YHCen
HJIH KBaTEPHHOHOB SAIBJSIOTCS I'PYINIAMH OTHOCHTENbHO CJAOXKEHHA M
YMHOEHHs!, HalpUMED MHOXKECTBO BCEX IeNbIX uHcesa (MOJOXKHTeNb-
HbIX, OTPHUATENBHBLIX H HYJif) OTHOCHTENBHO CJIOXKeHHA, MHOXKecTBO
BCEX MONOMKHTENBLHBIX BEECTBEHHBIX YHCEN OTHOCHTENBLHO YMHOMEHHS,
nensle uucna 0, 1, . . ., m—1 OTHOCHT@NBHO CJIOXKEHHS MO MOLYJIO M,
HaKOHell, MHOYKECTBO BCEX HEHYJ/eBLIX (Bell|eCTBEHHbIX) KBaTepHHOHOB
OTHOCHTETbHO YMHOMKEHHS.

Korzpa rpynnoBofi onepanuel aBasieTcs caoKeHHe, a o b o6o3Haua-
10T uepe3 a-b, 3neMeHT, OOpaTHLHIA 3/MeMeHTy a,— 4epe3 —a, a elH-
HUHIYy — uepe3 0. HacTo KpyKOK OmycKaeTcsi H KOMITO3HUIIHSA ABYX 3Je-
MEHTOB ¢ W b 3aMHCHIBAETCA NPOCTO KakK Npou3BeleHue ab.

KoHeuHyio rpynmy MOMXKHO TMOJHOCTBIO OMHCATh INIPH MOMOWH ee
mabauyst ymuoncenun. Hanpumep, epynna Kaetina us uemeipex 3ie-
menmos, V,, onpenensierca Tabanuei

(2}
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B KOTOpO#H HMeeTcs B BHAY, UTO @ o b=c 1 T. I. KaXX1blfl 3/1eMEHT rpy el
nosiBJASETCA OJMH pa3 B J0GOI CTPOKe M OfMH pa3 B JoGoM cTonbne;
6oJiee TOro, Bece CTPOKH (H Bee cTo6nb) pasauunbl. Jlioboe KBagpaTHoe
pa3Melieine 6yKkB, of/ajaioluiee TaKUM CBOHCTBOM, HasbiBaeTcs Aa-
munckum ksadpamonm (Dinep). Jlio6oi naTHHCKHI KBaapar onpelesnser
abCTPaKTHYIO TPYINNy NMPH YCJAOBHH, YTO ONpejesieHHas TaKuM 06pasoM
MyJbTHIJINKAaTHBHAs CTPYKTypa HMeeT eJHHHLY H YHOBJIETBOPSET
3aKOHY acCOLHATHBHOCTH.

Teopusi aGCTPaKTHBIX TPYIMI MMEET JeN0 ¢ OTHOLUEHHAMH, NOKa3aH-
HLIMH B TabJsiHlle YMHOXEHHS, U COBEPUIEHHO HTHOPHPYET BHYTPEHHIOI
MPHPOLY 3JeMEHTOB a, b H T. . B oTiHUHe OT MaTeMaTHYeCKOro aHasu-
3a, TeOpUH (YHKUHMH BeleCTBEHHOH H KOMIIEKCHOH IepeMEHHHIX,
nudxpepeHHaNbHBIX YPABHEHHHA H HDYTHX 4HAJHTHUECKHX MMCUMIJIHH
(Teopusi TPYNI OTHOCHTCA K as2ebpe) 3[ecb TOUTH HHKOrLa He BCTpe-
YaloTCA YMC/EHHble 3HaueHHsl, MCKoUas HCMOAb30BaHHE LEeMbIX UYHCel
IJiA HyMepaluu M cueTa. Teopusi rpynmn UrpaeT OMpeNeeHHY0 DOJb B
KBAaHTOBOH MeXaHHKe, B TEOPHH CIIEKTPOB, B aHajiH3e KJaCCHYECKHX
IYHAMUYECKHX CHCTEM, B TeOpDHH aBTOMODQHLIX (QYHKLUHH, B TEOpHH
anrebpauyecKux ypaBHEHHH H T. H.
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18.2. SJIEMEHTAPHBIE CIEACTBUR U3 AKCHOM.
AANBHEAWME ONPERENEHUSA

Caenyioline 3aKOHB! SIBJAIOTCSA CJACACTBHAMH H3 akcHoM 1—3 npenpiny-
mero naparpadga.

3arxon cokpawenusn: Ecnn a, b, c—nobue anemenTs rpynnsl G,
To U3 aob=aoc caenyer b=c u u3 boa=coa caegyer b==c.

Cywecrnsosanue edunuyb: B G colepkHUTCS €IMHCTBEHHBIH 3ne-
MEHT e, TaKofl, UT0 aoe=¢eo a=a Jjs Jjwboro a us G.

Cyuwecrneosarue obpamnozo 3remenma: Eciu a-——npoH3BONbHHH
asieMedT (, TO CYIIeCTBYeT €IMHCTBEHHEHI 3JleMeHT a~!, TakoH, uToO
aoa~'=a"loa=e; KpoMe TOro, (@ o b)~t=b"t06a™1,

Pacwupennoui  3axon  accoyuamusnocmu: (ao(bo (cod)))oe=
=gobocodoe u T.n. B jancHefimemM Heolsi3aTenbHbie CKOGKH
6ynyT onyckartbca. Kpome Toro,

(aobo...ox0y) t=yloxlo...ob loa"L

Ecnu a npunagnexutr G u m—mwoboe 1ejoe UHCIO, TO CTENeHb
a™ onpejensiercsl CJAeLyIomnM o0pasoM:

a®=e, a'=a, a*=aoaq,..., A""'=a"o0a, a "=(a"Ym.

OueBHIHO, YTO 3TH CTENEHH MNEPECTAHOBOYHH (KOMMYTHDYIOT) H
a*o a™=qa"*", Boobue, eciin a o b=>5 o a, TO rOBOPAT, UTO 3JIEMEHTHI
aubwus G kommymupyrom. Ecaum mwobrie napbi snemeHToB U3 G
KOMMYTHPYIOT, TO G Ha3bBaeTCsi KOMMYymamueHoti WIH abenesol
rpynno#i. Ecau Bce amementht a" (n=0, 1, 4-2, ...) sBaswoTcs
PA3IMUHBIME 3/1€MEHTAMH TpYNIbl, TO @ Ha3bIBAETCH dAemeHmom Oec-
KOHe4HO020 nopsdKa; B NMPOTHBHOM CJydyae, KaK JIETKO BHAETb, CyLie-
CTBYET nops00K 3AemMeHma a— HaMMEHBIIEe IOJNOXKHUTEIbHOE LeNoe
yucsio /, TAKOe, UTO a‘=e; NpU 3TOM a™=¢ TOrJa M TOJNBKO TOrAa,
Korna ! siBisieTcs JeNMTeNieM m, Y Jiio0asi CTeneHb 3JIeMeHTa @ paBHa
OJHOMY M3 3JIEMEHTOB {e, a, a?, ..., a‘*~}.

Hodepynnoii epynner G HasbiBaeTcst NOIMHOXecTBO G’ 3J1eMEHTOB
rpynnet G, eciy OHO caMO fIBJIA€TCsi TPYNMOH OTHOCHTENIBHO ONepauuH,
onpefejieHHol B rpynne G. BpaiieHHsi BOKPYT OCH 2z COCTaB/SIIOT MOA-
rpynny rpynnsl BpauleHuH B TpeXMEeDHOM NpOCTpaHCTBe. PasinuHbie
cTeneHH 3JIeMeHTa a COCTABJISIIOT NOArPYNNY, Ha3bBAEMYIO MOArp YIIO#H,
nopoxdenHotl 3JIEMEHTOM @; TaKasi NMOATPYNNa sBJSAETCH YUKAUYECKOL
rPYNNo¥ KOHEYHOro MK 6ecKOHeuHoro nopsaaka. ITopsdok rpynnsl ecTb
YHCJIO 3JIEMEHTOB B Hell (KoHeuHoe WJH GeckoHeuHoe), Eciu G apjs-
erca noarpynno# G, et numeM G'<<G. B ymoGom ciayuae G<<G u {e}<<G.
Ecan G'54G, To G'— cobemeennas noarpynna; eciau G'={e}, 10 G’ —
mpusuasbHas TMOArpYyNMNa.



18.3. Hzomopgusm

Bonpochl 1 YNPAXKHEHHUS

1. Uto siBaseTcs ofpaTHbIM /1eMeHTOM A1 Re B SO (2)? UTto sasasercs eau-
HHYHbIM 3JIEMEHTOM?
2. Tokaxute, yto SO (2) — KoMMyTaTuBHas rpynna, a SO (3) He aBAsercs
TaKoBO#H. )
3. TlokaxuTe, 4TO rpynna BpalieHHH, KOTOpas OCTaBJAseT Ky0 WHBAPHAHT-
HbIM, HWMeeT Nopsaaok 24, kak Obli1o ykasano B § 18.1.
4. Onuumte rpynmy BpalleHH#, OCTaBJSIOWYIO HHBapHAHTHBIM MNpaMOH#  Kpy-
TOBOH UHMJNHMHAD; clesaliTe TO XKe caMoe IS HKOCA3Ipa.
5. BbiBeauTe M3 aKCHOM FpYMMBl TPH 3aKOHA, MpHBEICHHDBIE B HadYasle AAHHOTO
naparpada.
6, OnpefieiTe, KaKHe M3 MEPEYNCJECHHBIX MHOXECTB SIBJSIOTC FPYMIAMH.
(a) MHOXeCTBO BCeX HEHYJIEBBIX KOMIIEKCHBIX YHCeJ, €C/H TIpymnoBoil
oflepalHedl sBJseTCA YMHOXeHHe,
(6) MHOXecTBO BceX HEBBIDOXKAEHHHIX MaTpHIl pasmepa 7 X f [pH yMHO-
XKEHHH.
(8) MHoXecTBO
JKeHHH.
(r) MHoxecTBO

BCEX [OJIOKHUTEJbHLIX palHOHANbHBIX YHCeJ TIpy  YMHO-

JKEeHHUH.
(1) MuoxecTBO
JKEHHH.
{e) MHoxecTBO
(3x) MHOXecTBO
(3) MHoxecTBO

BCeX [MOJOXKHUTEJbHBIX HppAUHOHAJbHBIX 4YHCEY TIPH  yMHO-

BCEX TOJOXKHTENbHBIX alre6paHyecKuX 4YHCes [MpH YMHO-
BCEX MaTpHl, pasMepa n X n MPH CJOXKENHH.

BCEX MaTpul pasMepa n X n M BHAA e4 MpPH YMHOXEHHH.
uenbx yucen 1, 2, ..., p—1 NpH yMHOXCHHH 110 MOAY.1IO

p {(p mpocToe).

(1) MHoXecTBO
ayao m (m

(x) MHOXecTBO

(1) MHoXecTBO
KeHHH.

(M) MHoXecT1BO

YMHOXeHHH.

(H) MHoxXecTBO
{0) MHOXecTBO

uenbix yucen 1, 2, ..., m—!1! npun yMHOXeHWH 1O MO-
COCTaBHOE).

BCeX BeKTOpoB B E3 1pH BEKTOPHOM CJIOKEHHH.

BCEX HEHYJIeBbIX BeKTOPOB B E¥ 1pH BeKTOPHOM yMHO-
BCeX KOMIJIEKCHBIX 4YuCeJ 2, TakHXx, 4to |z|=1, mpu
BCeX YHHTAapHBIX MaTpHU pasMepa n X n [1pu CJOXKEHHH.
BCEX YHMTapHBIX MaTpHl pasMepa 7 X 7 MpH YMHOMXEHHH.

(m) MHoxecTBO BCex npeo€pa3zoBannit MéGnyca
2— 2'=(az-}+-b)/(ce+d) (ad—bc # 0)

B KOMIJIEKCHOH MJIOCKOCTH,

18.3. USOMOPDOU3IM

Ecsii cylLiecTBYeT B3aHMHO ONHO3HauHOe oToGpa)keHHe ¢ rpynmsl G
ua rpynny G, Taxoe, 4TO

@(aob)=g(a)o () (18.3.1)

aas Beex a H b u3 G, To ¢ npencrapasieT co0OH u3040pgu3sl, a rpyinbl
ABJAIOTCA ujomophremu; cumBosndeckn G=G’. [B (18.3.1) nepsuiii
KPYKOK of03Hayaer rpymnosywo onepauuio B G, a Bropoii'— B G'.]
[oBopsAT, uTO MpOM3BeNeHHs OTOGpaXKAIOTCS Ha MpPOH3BeAeHHsA. B 3Tom
cayyae G 4 G' MOXKHO paccMaTpHUBATb JIHUIb KaK [Be Pas/HYHbIE pea-
JH3aLHK OJIHOH H TOH rKe alcTPaKTHOH rpyMIbL
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Hanpumep, eciu G — mHOXKecTBO uncen {1, {, —1, —i{} ¢ ymHO*e-
HHeM B KauecTBe rpyInoBoi onepanud, a G'— MHOXKECTBO MAaTpHIL
{I, A, B, C} c maTpHuHbIM YMHOXXEHHEM B KauecTBe T'DYyIIOBOH oOmne-
pauuu, npHYeM

(0 9). (3. s=(Ch D). e=(),

TO oToOpaxKeHue
p:1—1), i—A4, —1—B —~—i—>C

aBaseTcs usomopousmoM G Ha G'; HETPYLHO [1POBEPHTL CIIPaBelJIHBOCTD
(18.3.1) mns kaxnofi u3 16 Bo3MOXKHHX nap (a, b) snementoB u3s G.
Hanpumep, (—i)=(—1) (i); caenoBaTeqbHO, AONKHO ObITb ¢ (—i)=
=@(—1) ¢ (i), T. e. C=BA, xak u B JelcTBuTenbHOcTH. Chenyer 3a-
METHTb, YTO OTOOpaXKeHHe

Py 1—«»1, [——»C, ——1—*3, —i— A

fABJAsieTcsl ApyruM usomopdusmom G Ha G'.
Ecnau G — rpynna BceX KOMIJIEKCHBIX 4Mcesa 2, TakHX, 4ro [z|=lI,
C YMHOXKeHHeM B KauecTBe T'DYIIIOBOH onepanuu, TO oTobpaxeHHe

e cos 9 -—sinb
# —'Qsine cos 0

aBAsieTcss usomMopdusmoM G Ha AByMepHYI0 rpynny BpaweHuii SO (2).
HMsomopdusm rpynnu Ha cebs HasbiBaeTcs agmomopusmom. B ka-
yecTBe IIpHMepa BO3bMEM OTOOpaXKeHHe OIMCAHHOH Bhille TPYMNbI
{l, 4, B, C}:
I—1I1, A—C, B—B, C— A

Apromopduamom rpynnu SO (2) apasercs oTo6paxeHue

. ’

COSG —sin O\ ( cos O sin6>

sin®  cos 6,)_’ —sin0 cos0

Jlioboe oTobpaxeHue ¢ (He 06A3aTeIbHO B3aHMHO OJHO3HAYHOE HJIHN
Ha Bcio rpynmy) rpvone G B rpynny G', Takoe, YTO CHpaBeiHBO
(18.3.1), HasbiBaeTcs eomomoppusmom. Ecau G ects rpynna GL (n, C)
BCEX HEBbIPOXKIEHHBIX KOMHJIEKCHBIX MaTpHIL pasMepa 1 X7 ¢ YMHOMe-
HHeM B KayecTBe TpynnoBoH onepanuu, To oToOpaxeHuHe A-»det A
ABJsteTcA roMOMOPGH3MOM rpynnbl G Ha rpynny BceX HEHYJEBLIX KOM-
IVIEKCHBIX UYHCE] OTHOCHTE/NbHO YMHOXeHHA. Jlas BToporo npumepa
Bo3bMeM B KauecTBe G rpynny M, Becex IABHkKEHHH B IIOCKOCTH, T. €.

rpynny BceX npeobpasoBaHHA BuIA
Xx—x'=xcos0—ysinf+a,
TB, a, b

y—y =xsinl04ycos0-b, (18.3.2)
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rie 0<CO<2n, a a U b — npoU3BOJAbHLIE BelllecTBEHHbIe Yyucaa. Torza

oToOpaxKeHHe
T cos® —sin 6) 18.3.3
82,67 \sinf cos 0 (18.5.9)

ABaserca romomopdusmom G Ha SO(2), UTO MOKHO YBHIAETDb, OCYIecT-
BJAA NMOC/NeL0BaTe/NbHO [ABa NpeobpasoBanun Buza (18.3.2). [Tockonbky
S0 (2) npencrasaser coboil moarpynny rpynnel G (npu a=b=0), oTo6-
paxeHHe (18.3.3) MOoXHO paccMaTPHBaTb Kak roMomopgusm rpynnb G
B cefs.

18.4. TPYNNbl NEPECTAHOBOK 1Y)

llepecmanoskoli HasblBaeTca B3aUMHO OAHO3HAYHOe OTOODAXKEHHE MHO-
kecTtBa C (0OBIYHO KOHEWHOro) oObeKTOB HJH CHMBOJOB Ha ceba. Ha-
npuMep, ecaH C cocToMT H3 mepBbIX ceMH uudp, C={1,2, ..., 7},
TO YacTHOH epecTaHOBKOH aBJseTcs OToOpaxkeHHe = : j—ni(j), rue
GyHKLIHMA T (f) 3amaeTcsa clenyomuM o6pasoM:

a()=7, n(@)=3, n@)=1, n4)=4,
n(d)=6, n(6)=5 n(N=2.

STy NepeCTaHOBKY MOXKHO 3alMHCaTb KOpoue:

1234567
"=\7314652) (18.4.1)

3lecb UMeeTcsl B BHJIY, YTO KaXKIblH CHMBOJ BepXHeHl CTPOKH oToGpa-
XKaeTca B CHMBOJ, cToamuil nox HuM. Lluxauueckod nepecTaHOBKOI
HJIM {uKAOM Ha3biBaeTcs MepecTaHOBKA, KOTOPAas MOXeT ObiTh MOJy-

N
\ ./

b Y o}

Puc, 18.1. Llukmuueckast nepecTaHOBKa.

yeHa MyTeM pasMellleHHs CHMBOJIOB Ha OKPYXKHOCTH H OTOODaxeHus
KaXIOr0 CHMBOJIA Ha CJeIYIIHA npu NepemelleHHH N0 OKPYKHOCTH
(cKaxkeM, O 4acOBOH CTPeJIKe), Kak MMoKa3aHo Ha puc. 18.1; 3ToT nuka
3anychiBaeTcs elle Kopode, a HMEHHO Kak (a b cde), 4To aBaseTcs,
pasyMeeTcs, TeM e caMbiM, 4To H (bcdea) u T. a. Jlobaa nepe-
cTaHOBKa MHOxecTBa C MOXeT ObiTb BbIpaxkeHa 4Yepe3 HHUKJIHUYeCKHE

1 HHorAaa mepecTaHOBKH HAa3bIBAIOT NOACTaHCBKaMM,— [1pum. nepes,
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MepecTaHOBKH PasjiHUHLIX TOAMHOXKECTB MHOXKecTBa C; HanpuMep, nepe-
CTAHOBKY 7T, 3afaHHyt0 npd momouiy (18.4.1), MOXKHO 3amHcaTh B BHAE

n=(1723) (4) (56). (18.4.2)

Jlaurotl UMKNA ABJASETCS YHCA0 cuMBOoB B HeM. [lukibl aanHbl | [Ha-
npumep, (4)1 06bIYHO ONYCKAIOTCA, MOCKONBKY OHH NMPeACTaBJSIOT cOB0H
TOXICCTBEHHOE OTOOpa)keHHe, B KOTOPOM HHYero He nepecrabJseTcd.
[luka AIHHBL 2 ABAsSieTCH mpaucnosuyueti, TPH KOTOPO#H MEHSIOTCS Me-
CTaMH [Ba CHMBOJIA, a OCTaJbHbie OCTAIOTCH Ha MecTe,

Jlio6as mepecTaHOBKAa MOXKeT ObITb Pa3/ioeHa B IIPOH3BEEHHE [0-
c/efoBaTebHBIX TpaHcnosHuM#A. Hanpumep, ecan

m, = (17), n, =(72), n,=(23), n,=(56),

TO mepecTaHoBKy (18.4.2) MOXHO 3amucaTb B BHIE
=1y o M, 0 f, o 1, =(17)(72)(23) (56), (18.4.3)

npHueM 3/lech N0ApasyMeBaeTCs, YTO TPAHCIIO3HIHMH ClIelyeT BbIIONHATh
copaBa HajeBo. PasjiokeHHe NaHHOH NEPECTAHOBKH B I[IPOH3ReJEHHE
TPAHCIO3HLMH He ABJAeTCS OJHO3HAUHbIM, HO ceffuac Mbl JOKaXKeM, 4TO
IS JAHHOH [EepecTaHOBKH UYHCJIO TPAHCHO3HLHMH HJIH Bceraa YeTHO,
HJM BCerla HeyeTHO.

B camom pmene, nycTe f(...) — QyHKUHSA n BelleCTBeHHBIX HJH
KOMIIJIGKCHBIX MEPEMEHHBIX, onpefeneHHas cJeLyomuM o6pasom:

Flxy o0y x,)= II (Xg—x)), (18.4.4)
ILi<kgn
H Oycth s j— sU(j)—mnepecTaHoBka uesnix uucen I, 2, ..., a;
0603HauNM
Pt oo )= I Gaw—2xz0)- (18.4.5)

I<i<k<gn

Ecnn xp—x;— n060f U3 MHOXHTeqe# B (18.4.4), TO unu x,—x;, HJIH
Xj—Xy NOSBHTCA B TOUHOCTH OJ¥H Pa3 B KauecTBe OJHOTO U3 MHOXKHTE-
aeil B (18.4.5), tak uro uau f,=f, uiau fp=—F, cooTBeTCTBEHHO 3THUM
cJyuasM U Ha3blBAETCS 4emHoui HJIH Hedemuou NepecTaHOBKOH., ITo
CBOHCTEO HAa3LIBAETCH 4emHOCMb0 NMepecTaHoBKH . Ecan aBe nepecra-
HOBKH HMEIOT OJIMHAKOBYIO YeTHOCTb (T. €. OHH 00¢ 4eTHh WM 00e He-
YeTHBI), TO MX MPOH3BeAEHHE UETHO; €CJH OHH HMEOT pasjHuHble Yer-’
HOCTH, TO HX MpPOH3BeJcHHEe HeueTHO. SIcHO, uTO TpaHcmosuuus (12)
HeueTHa, HOO Torjaa Bce MHOXHTEIH B (18.4.5) UMeEIOT TOT Xe 3HaK, 4TO
n B (18.4.4), kpoMe MHOXHTeaA x,—x;. llanee, BHOHO, YTO TpaH-
cnosuums  (10)=(2/) (12) (2{) ob6A3aTesbHO HeueTHA H, HAKOHEL, YTO
ofiuas Tpaucnosuuns (jk)=(1j) (1) (1f) Bcerna Heuerna. CenoBaresb-
HO, B JI06OM Pa3sOKeHHH YETHOH (HEUeTHOH) MepecTaHOBKH B MPOH3-
BeJleHHe TPAHCIO3HUXH YHCJO MHOXHTeJeH Bcerja UeTHO (Bcerga he-
YeTHO).
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CyliecTBY€ET CTONBKO e HEYETHBIX, CKOJbKO YETHBIX NepecTaHOBOK
JaHHOro MHoxectBa C, TaK KaK ecjH fi;— JioGas (GUKCHPOBaHHasA
HeueTHas MepecTaHOBKA, TO OTOOP aXKeHHe T {71—-TT YeTHLIX N1ePecTaHOBOK
Ha HeueTHble fIBJsSETC B3aHMHO OJHO3HAYHBLIM.

fIcHO, YTO MHOXKECTBO BCEX MEPECTAHOBOK n CHMBOJIOB (BKJo4as,
KOHEUHO, TOXK/ECTBEHHYIO MEepPECTAaHOBKY, B KOTOPOH KaX<ABH CHMBOJ
orobpaxkaeTcsi Ha ceGs) npeicTaBasieT coGoii rpynny mnopsiaka nl
OTHOCHTEJIbHO OGBLIYHOrO 3aKOHA KOMIO3HIIMH OToOpa)keHuil (cnpaBa
Ha/leBO); 3Ta Ipynna HasblBaeTCA CumMempudeckol Tpynmnoll n cHMBO-
JIOB M ofo3HauaeTcs 4epe3 & ,. [loarpynna Bcex n!/2 ueTHBIX mepecra-
HOBOK Ha3blBaeTcsd 3HAKONepemeHHoi TPynnoll # cHMBOJOB H 00603Ha-
qaercs 4epes A,

18.5, TOMOMOP®U3IMbl. HOPMALHBIE NOLATPYNNDbI

HanomuuM, uto romomoppu3MoM siBasieTcsl oToGpaxeHue ¢ :G—G’
rpynnsl G B rpynny G’, Takoe, uto ¢ (ab)=¢ (a)¢ (b) ansa Bcex a u b
u3 G. (Ecau @ K TOMY e B3aHMHO OJHO3HAa4yHOe OTOOpaXKeHHe Ha BCIO
rpynny G’, To Mbl HMeeM H3OMOPdH3M. ) OnpesenUM HEKOTOPHE MOJIMHO-
xecTBa rpynn G U G’ (MBH yBHIUM, YTO Ha CaMOM JIe/Ie 5TH OJMHOMKECT-
Ba HPEJCTAaBJASAT cOOOH NOATPYNNbI):

Gy={x: ¢ (x)=e¢’ (emununa rpynns G')} =
== 720p0 oTOoGpa)keHus == ker (¢);

G ={p(x): x€G}=
=o06paz G npu ¢=¢ (G)

(cMm. puc. 18.2). HauGonbmuii HHTepec npeicTaBasieT ciayudail, Koraa
o6pas G; =@ (G) aBasiercss Gosee npocToH rpynnoi, yem G (B TaKOoM

G G'

- G
Go G, = ¢(G)

e

4
Puc, 18.2. T'omomopdusm rpynmsi G B rpynny G'.

clyuae @ He MOXeT GHITb B3aHMHO OJIHO3HauHbIM), OJHAKO Bce Xe @ (G)
He CBOJMTcS K TpuBHanbHOH rpynne {¢’}. Torjla MOXHO CYHMTATh, UTO
5TOT 06pa3 o6najaeT OCHOBHBIMH CBOHcTBaMH rpynnbl G, HO 6e3 HeKo-
TOPHIX TOHKOCTefH. B sToM cMbicne @ (G) annpokcHMHpyeT G HAcTOJBKO
TOYHO, YTO 06pa3 NpousBefeHHs ABYX 3JeMeHTOB H3 G Bcerja ABJsETCA
npousBefieHHeM HX 00pas’oB.
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Teopema. [Toomnosecmea G, u G, ssaawmes nodepynnamu epynn
G u G' coomeemcmeenro, Kpome mo2o, yxy~*€G, 0ra awboeo Xx
usz G, u mobozo y w3 G.

Mbl npoBesieM AeTalbHOE J0KAa3aTebCTBO 3TOH TeOpeMbl 1Jii TOro,
yTo6Bl MPOJAEMOHCTPHPOBAaTh OOpasel NoAOoGHBIX AOKasaresbcTB. Jlo-
Kas3aTeJibCTBO GOJBUIMHCTBA JPYTHX TeOpeM 3TOH IviaBbl NpejoCcTaB-
JIAeTCsl YHTaTeo.

(l) JIOKA3ATEABCTBO (toro, uto Gy < G). HyxHo nokaszate, uto B G,
BHINOJHSIIOTCS aKCHOMBI rpynnbl. Bo-mepBbIX, AonycTHM, 4TO X M Yy [pHHALJe-
®at Gy, T. €. ¢ (x)=¢' u ¢ (y)=¢€'. Hyxuo nokasatb, uto xy&G,. Tak kak
P xy)=¢ (x) P (y) (B cuay TOro, uTo OTOGpAKEHHE § SIBJIAETCA FOMOMOPPHHIMOM),
TO ¢ (xy)=e'e’ =e’ (B cuny cBoHcTBa efuHUUBl B A1060H rpynne). A MOCKOABKY
G, onpellesisiioch KaK MHOXeCTBO scex 3JMeMeHTOB rpynmbl G, KoTophle oTOGpa-
KAWTCS B 3JeMeHT €', To xy npuHaiatexuT G;. Bo-BTOpEIX, 32KOH aCCOUHATHB-
HOCTH BhinonHsietcss B Gy aBTOMATHYECKH, TaK KaK OH BHINOJHSeTCS BO Beell
rpynne G [ecau x, y M z npuHajgiexat rpynne Gy, 1o (xy) 2=x (y2), NOCKOIBKY
X, Y, 2z NpHHajlJexaT Takke rpynne G]. TpeTblo aKCHOMY pacCMOTpPHM B aJjibTep-
HaTUBHOR (opme, npuBekeHHOW B 3ameuanuu B § 18.1. Cyujecrneosanue eOunuybi:
G, cOflep®UT efMHULY e, HGO eCIH a— NpOH3BOJbHBIH sjeMeHT G, TO ¢ () ¢ (&)=
=@ (ae) = ¢ (a); cnefoBaTeabHo, ¢ (e)=¢’. Cyujecmsosarue 06pamHoe0 3reMerma:
AONYCTHM, UTO a NpHHALJeRuT Gq (3Hauut, @ (a) =e');TorAae’ =@ (¢) =¢ (aa~*) =
=@ @) @@ Y=ep@a-)=¢ @1, 1. e. a-! npunaanexur G,.

(2) JOKA3ATEJNLCTBO (toro, 4t0 Gy < G’). CoBepleHHO aHAJIOTHYHO
’
JOKa3biBaeTcs BbINOJNHeHHe akcuoM rpynnsl B Gi. Bo-nepshix, ecau &' u y' npu-
Hagsexat G;, 10 X' =@ (¥) 0 y' =@ (y) A5 HeKoTOphX x U y u3 G, HO X'y =
’

=@ )P (y)=0 (xy) 1 TaK Kak G; GbiIO OMNpefieJeHO KaK MHOMKECTBO BCeX TaKMX
aseMeHTOB rpynne G’, KoTOphle paBHH ¢ 2) AIAst Hekotoporo z€ G, To x'y’ npu-

, .

nagiexuT G;. Bo-BTOpHIX, YMHO:eHHe accouuaTuBHOo B G; B Cu/ly TOro, YTO 3TO

CBOHCTBO HMeeT MecTo BO Bcell rpynme G’. B-tpeThbux, paHee Gblio MNoKa3saHo,

. ;

4ToO @ (¢)=¢’; caemoBaTennHo, ¢’ € G;. Haxkoneu, ecan x’ € Gy, 10 &' =¢ (x) s

Hegkotoporo x€G. Ho X' (x=H=¢ )¢ (x~L)=¢ (xx~1)=¢ (¢) =¢’, oTKyAa

caeftyet, 4To ¢ (x~}) siBastieTcst oGpaTHEIM 3JeMeHTOM (x')=} s sJementa x'; cle-
;

JoBatesabHO, (x/)~1E€G,.

(3) JIOKABATEJBCTBO  (Toro, uto yxy=} npuuamdexut Go, ecau x € G,
8 y-—npou3BOJBHBEIA sneMeHT G).

Py~ =0)eNPU N =0 e P U H =P V=01 @ () ~t=e';
cienoBaTedbio, yxy=1€ G,

3ameuanve. Bce 3Tu 3aksoueHusi copaBepIMBhl JaxKe B TOM Cly-
yae, Koria G’ He sBJfeTCHA Ipynnoi, a OpeacTaBdsier cobofi JHMb
MHOXECTBO, Ha KOTODOM OnpefeneHo npoussesende x'y’. B uacrt-
HOCTH, TOrfa CjaelyeT, YyTO MOAMHOKeCTBO G, 06f3aTe/bHO SIBJSETCH
rpynnoi, aaxe ecau G’ Moxer He GbiTb TakoBOH. Bce paccyxpenns
OCTaIOTCH B CHJIE, 3@ MCKJ/IOYGHHEM BTODOro 3Tana dactu (2) npuBe-
JEHHOro J0KasaTesibcTBa. [lisl AOKA3aTeJbCcTBA 3aKOHA aCCOUMATHB-

’

Hoctu B (; Bo3bMeM B (; ajiemeHTh X', y’, 2’, T. €. 3/JeMEHTH BUIA
¢x), @(y) @) Torna (x'y)2"=(e(x)@(y) e (@)=9(xy) @ (2)=



18.6. Cuemxcrbie Kaacco: 17

= @ ((xy) 2) =@ (x (y2)) (NocaefHee paBeHCTBO 6/arofaaps accoHaTHB-
HOCTH ymHoxeHHa B Q)= (x) @ (42) =0 (x) (@ (4) @ (2)) = &' (y'2").

Jllo6as moarpynma G, rpynnul G, Takasi, uro yxy~*€ G, ans
moboro x € G, 1 a1s moboro 4y € G, HA3LIBAETCH HOPMAALHOU nod-
epynnotl (HJIH HOpMAAbHUM OeaumeseM) WIH UHBAPUAHMMHOU HWIH
camoconpascennod noprpynmofi rpynnsl G; cumBonuuecku G, <] G.
$ICHO, 4uTO rOoMOMOPgH3M HHTEPECYIOMIEr0 Hac BHAA MOMET CyllecT-
BOBATb TOJIbKO B TOM cJayyae, Koraa G COIOEPXKHT HETPHBHAJNbHYIO
(OTNIHYHYIO OT {e}) cOGCTBEHHYIO (T. €. He cOBMAJAIOUY co Bcef
rpynnoii G) HopmanbHyto moarpynny G,. Eciu G He comepHT Takofl
noArpynusl, To rpynna G HasHBaeTcss npocmoti, MOCKOJbKY OHa He
MoxeT OnTb TOMOMOp(HO oTofpaiKeHa Ha Kakylo-nuGo eme Gonee
NpocTylo HeTPHBHaMbHYlO rpynny. B § 18.8 Gyner nokasano oGparthoe
YTBEPXKICHHE: €CH G CONEPXKHT HOPMasbHYIO MOATPYNNY, TO MOXHO
NOCTPOHTL TOMOMOP)H3M, Ans Koroporo G, sBAseTCA SAPOM, H TpH
MIOMOLIM 3TOrO NOCTPOEHHS IIOJIYYaloTcs Bce (B cMblcsie H3oMopbhH3Mma)
romomopHeie o6passl rpynnsl G.

Has MoGoro sjeMeHTa X 3JeMEHTH BHAa yxy ~!(y € G) HasbBawoTCA
conpascerHbimu ¢ 31eMeHToM x. [Toarpynna asaserca HopmanbHOH Toraa
H TOMbKO TOTZd, KOrja OHa CONEPIKHT BCce COMpPAMKEHHbIE CO BCEMH ee
s7eMeHTaMH. B aGeneBoit rpynne yxy ~'=x, H Mo3ToMy ntobas NOArpymn-
na sBJseTC HOPMasbHOH.

18.6. CMEXKHBIE KNACCHI

[lycte G,—noarpynna rpynnsl G, a y—NpoOH3BOIbHLIH (QHKCHPOBaAH-
Heifl snemeHT H3 G. ITogmHOXecTBa

S¢r={yox: x€G,}, S={xoy: x€G,}

HAa3bIBAIOTCSl COOTBETCTBEHHO ACBbIM U NPABLIM CMEHCHOIMU KAQCCamU
B rpynne G no noarpynne G,. DIeMeHT y HasHBAeTCs N pedcmagumenem
cMexHoro Kjaacca S (uam kaacca Sf°). JloGoit 31eMEHT CMEXKHOro
KJlacca MOXKHO paccMaTpPHBaTh B KauecTBe ero npepacraBHTesns. Cama
noarpynna G, fBAfeTCA Kak JEBHIM, TaK M NPaBbIM CMEXHEIM KJac-
COM; B KauecTBe NPEACTABHTE/A 3TOrO KJacca MOXHO B3ATb €IHHHY-
HHA 371eMeHT e faHHOH rpynnbl. COOTBETCTBHE X— Y o Xx NS JaH-
HOTO 4§ H BCEX x € G, ecTb B3aMMHO ONHG3HAayHOe oTofpaxeHnHe U,
Ha S’ (aHaMOTHYHO N/l MPaBbIX CMEXHBIX KJACCOB); CJIEA0BATENbHO,
KaXIblfl CMEXHBIN KJlacC CONEPXKHT TO e uucao (KOHeUHoe HJIH
OecKOHEUHOe) 3seMeHTOB, YyTo H noarpynna G,. Kpome Toro, .erko
IOKa3blBaeTcsl, 4To JoOble [Ba JEBBHIX CMEXHBIX KJacca 1O NOA-
rpynne G, (nMo0ue ABa NMPaBhHX) HJH COBNAJAlOT, HJH K€ HE HMEIOT
HH OIHOTO OGLIETO 3JEMEeHTa, TaK YTO YHCJIO 3/1eMeHToB B G (ecsu
OHO KOHEYHO) PAaBHO YHCJIY 3JEMEHTOB (,, YMHOXEHHOMY Ha WYHCJIO
CMEXHBIX KJAaCCOB (CKaXeM, JEBHIX), BKJ/IOUAIOWHX H caMy ToJ-
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rpynny G,. Teopema Jlaepansa ANs KOHEUHHX TPyNN FJACHT: HO-
pAadoKk nodepynnet  asasemca Oeaumensem NOPAOKA camoli  2pynnsl.
Vs sToro ciaepyer, HanpuMep, UYTO €CJH KOJHMYECTBO 3JIEMEHTOB
B rpynne G mpeicTaBiser coGofl mpocToe uHcao, To G He HMeeT
HUKAaKHX TOArpynn Kpome {e} u camofi G. CwmexHple Kjaccel Sy’
u S obosHaualoTcs Takxke uepes yG, u G,y. OTMernM, uTO 3TH
CMeXKHBle KJlacChl, HCKJoYasi camy rpynny G, He SBASIOTCS IOJ-
FpyNNaMH.

18.7. GAKTOPTPYNNb!

Teopema 1. [Todepynna G, epynnet G sgasemcs HOPMAALHOL
moeda u moabko moada, Koeda KaxcObili neeviti CMexHbUl Kaace
8 epynne G no nodepynne G, coenadaem c COOMEEMCMEYIOUUM Npa-
8bim;, moeda CMexcHoUl Kaacc, coOepycauyutl Y, MONCHO 0D03HAUUMb
uepes S,. (JokasaTe/bCTBO 3VIEMEHTAPHO M MPEAJIAaraercsi B KauecTBe
ynpaxmemm )

OnpeneneHue. Ecan Si H Sz-—-JIK)6bIe JABa NMOAMHOXKeCTBa (lefl'-IEM
He 00A3aTeJbLHO MOArpynnbl HJIH CMEXHbIE KJIaCCbI) 3JIEMEHTOB IPYyIIH,
TO HX npousee@eﬂue onpelessaercsd Kak NOAMHOXKECTBO
def

88, =1z, 02, 4, €S;, 2,€S,} (18.7.1)

OTMETHM, 4TO B ofleM ciayuae S;S,s=S,S;.

Eciu S; u S,~—cMexHble KjacChl (J€BBE HJH NpaBbie), TO HX
NpoH3BeieHHe B - OOLIEM CJyuae He SABJSETCS CMEXHBIM KJaccoM
(06BIYHO 3TO MHOXECTBO GoJblile, ueM Jiro6of cMexHbH Kiaacc). Mckao-
ueHHe COCTaBJseT cayuafl, koraa G, <]G.

Teopema 2. Ecau G,—Hopmarsras nodepynna epynnor G (G,<]G),
10 S,S,, =S, 012 6cex y; u y, 6 G. O6pamno, ecau G,—nodepynna
npuueM “makas, wmo npoussederue aw0bolx  08Yx (crcao/ceM A€8bLX)
CMENCHBIX KAQCCo8 écezda npedcmasanem coboli (nesoil) cmencHbili Kiace,
mo G,<lG (8 smom cayuae pasrudue MeHOy nesolM U HpagoLM
CMENCHBIMY  Kaaccamu ucwesaem). [lpu smux Ycaosusx MHONMECMB0
cmexcnox  Kaaccos {S,: y€ G} obpasyem epynny no OMHOUEHUIO
K onepayuu ymHoxcerus, onpederenrnot ¢ (18.7.1). Ima epynna
Hassiaemca dakroprpynnoil epynnst G no Hopmarenoti nodzpynne G,
u obosnawaemca uepes G/G,. Hanee, omobpascenue ¢,: G— G/G,,
onpedeasemoe Kaxk @, (y)-—S (kascdoui ssemenm epynnot G omobpa-
HACMCA HQ CMENCHOBLL x/racc, 8 KOMOpoMm OH Haxodumcs), npedcmas-
asem coboti eomomopuam, Ha3biBaeMblli eCTECTBEHHEIM TOMOMOP(hH3MOM
epynnot G Ha G/Q,.

CoryacHO 5ToH TeopeMe, JOKa3aTesJbCTBO KOTODOH Takxe Mpeno-
CTaBJIsIeTCsT YHMTaTeqdlo, BCerjia MOXHO MOCTPOHTH rOMOMOpPGHEIA o6pas
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H TOMOMOP(}H3M, COOTBETCTBYIOHIHA /060 HOpMaJsbHON noArpymnmne .
M3 Teopemsb! caenyromero naparpacga BbiTeKaeT, YTO TaKHE TOMOMOpP(H3-
Mbl, B CYHUIHOCTH, $IBJAIOTCSl €IHHCTBEHHBIMH FOMOMOpP(H3MaMH JaHHOH
rpynnsl G.

18.8. TEOPEMA O TOMOMOPMMU3IMAX

Teopema. [lycmo 1 G — G’ —npoussoasvHeli eomomoppusm, u
nyeme G,—ezo adpo, a P (G)—obpas epynnet G ¢ G’ npu omobpa-
aceriun . Obosrawum uepes S, cmexcrod kaace 8 G no nodepynne G,
8 Komopom colepxcumca saemenm y, Toeda P (G) u gakmopepynna
G/G, usomopgret. Tounee, omobpascerue V: G/G, — P (G), 3a0asaemoe
gopmyaron

Y(S,) =1y (), (18.8.1)

B0-NepeLiX, 8nOAHE OnpedeseHO (8 CMbICAe He3ABUCUMOCILU OM YACHIHOZ0
6vibopa npedcmasumens y CMEHCHO20 Kaacca Sy), a 60-8Mopbix, ABASEMCA
usomoppusmon. Cxemamuuecku 3mo MOMCHO u300pasums mak:

¥(G) « G = G/G,

v @n
(hom) (hom)

W(iso)

UnTares10 HACTOATENbHO DEKOMeHAyeTcs [POBECTH [OApPOGHOe
[OKA3aTeJbCTBO TEOPEMBI; 10JYEPKHEM JIHIIb, YT, COOCTBEHHO, AOKHO
ObITb fokasaHo. Utobel fokasatb, yto W BOosHE ompesesneHo, HyXKHO
MoKasaTb, 4To M3 S, =S, creayeT § (y;) =y (y,). 1A nokasaTein-
CTBa B3aHMHOM onHosuaqucm oToGparkeHHs 1I’ Mbl O/IHBI [10KA3aTh,
uTo H3 Y (y;) =1 (4, cieayer S, =S, Hanee cieayer nokasathb,
yto ¥ ofsajaer cBOKCTBOM romomopcpusma T. €.

V(S,S,)=Y(S,)¥(S,)

Hakomer, coBeplileHHO oueBHAHO, 4To ¥ ABaseTcA oToGpaXeHHeM (dak-
TOPrpynnst Ha Bech o6pa3 Y (G), nbo moboii aneMeHT H3 P (G) ecTb P (y)
s Hekortoporo y u3s @.

18.9. CTPYKTYPA UMKJIMYECKMX TPYM

Kak 6blo ykasano B § 18.6, rpynna, nopsizok Koropoil ectb mpo-
CTOE YHCJIO p, HE MMEET HHKAKHX HeTPHBHAJIbHbIX COOCTBEHHBLIX MOA-
rpymm, CJe0BaTe/IbHO, OHA ABJAAETCA 06sI3aTEJbHO LHKJUYECKOM
(a moromy a6esieBOH) H MOXeT OblTb MOPOKIEHA JIIOGBIM M3 CBOMX
5JIEMEHTOB (MCKJIOYasi eAMHHILY), MOCKOJLKY, MO TeopeMe Jlarpan:xa,
MOPAMOK J1I0GOTO 3/1eMeHTa (T. €. MOPSIJOK MOATPYNINbI, NOPOKIEHHON
ITHM 3JIEMEHTOM) ROJ/KeH OblTb i 1, wam p, (EauHcTBeHHBIM 3.e-
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MeHTOM nopsaka 1 B rpynme sBasiercs egMHHuA e, HGo H3 a'=e,
roe (=1, cnepyer, uto a=e.) Ectu G={e, a, a% ..., a"7 '} —
IMKJIHYeCKasl rpynna nopsijka n, a m— JeJHTeNab 71, TO 3J1EMEHTH
e, a™, a*®, ... COCTAaBJISIOT UMKJIHYECKYIO MOArpynmy INOPsiAKa n/m
W TakKWe HOATPYNNB  SABAAIOTCSH  €JHHCTBEHHBIMH MNOATPYNNAaMH
rpynnel G. B 6ecKkoHeYyHOH UMKJ/HYeCKOH rpynne Jo6oH 3JeMeHT,
OTMIHYHLIA OT eAMHHIbI, NOpOXKjaeT GECKOHEYHYIO LHKJIHYECKYlO NOZ-
rpynny, npHYeM TakHe NOArpYNNbl ABJAIOTCS €JHHCTBEHHbIMH HETPH-
BHAJbHBIMH NOATPYNNAMH; BC€ OHH Pa3/IHYHH, HO H30MOPGHHI.

18.10. TPAHCNAUMM 1). BHYTPEHHME ABTOMOP®DU3MbI

B3siB npousBoibHBEIE 3neMeHT a rpynmet G, obosHaumm uepes T,
orobpaxenue rpynnel G Ha ceBs, 3alaHHOE COOTBETCTBHEM X — QX
(x € G); 370 oroGpaxkeHHe HasblBaeTcs sesod mpancaayuel B rpynne G;
ortobpaxeHHe BHAA X — Xxa L1 (PHKCHPOBAHHOTO @ HasbiBaeTcsl npa-
6oil mpancaayuel.,

YTIPAXXHEHHE

1. [okaxuTe, 4To MHOXecTBO & BceX JeBHX Tpancasuuit B G mpeacrasiaser
co60¥ rpynny OTHOCHTENBHO OOBIMHOrO 3aKOHA KOMMOSHUMH oToGpaxenuil. [loxa-
®KuTe, yto rpynna & usomoppra G.

Npumeuvanue 1. JhoGcit romomoppusm rpynnel G (ab6cTpakTHOH
HJIH MHOH) HA rpynny OToGpaxeHHH HasblBaeTC npedcmasieHuem
rpynnel G. Msomopduam G = J HasblBaeTcsi pecysfpHoim npedcmas-
neruem rpynnel G. Ecin npepcraBieHne siBJAsSeTC  H30MOPGHH3MOM
(a He TOMBKO TOMOMOP(HH3MOM), TO OHO Ha3bBAaeTcst mo4HbiM. Pery-
JSipHOe NpejcTaB/leHHe fABJsETCA TOYHBIM,

Mpumevanne 2. Ecam G-—KoHeuHas rpynna, To oTobpaxkeHHe
T, npejcrasasier co6ofi NepPecTaHOBKY 3JeMeHTOB rpynne G; ciaeno-
BaTeJbHO, J SABJSETCs HEKOTOpoH moarpynmnof rpynns ¢, (CM. Ko-
Heu § 18.4), rne n—nopagok rpynnst G, T. e. amobas KoHeuHas
epynna u3oMoppHa Hekomopoil epynne nepecmarosox (meopema Kaau).

OGosnauum uyepes A, orobpaxenue rpynnnl G Ha cebs, 3a1aBaemoe
COOTBETCTBHEM X — axa™~!, rae x—mobol sjaemeHT rpynnet G, a a —
(HKCHPOBaHHBIH 3jeMeHT rpynnb G.

YTPAKHEHUE

2(a). TMoxaxHuTe, YTO MHOXecTBO J BceX orobpamenufi A, B G daBnsercs
rpyNmoil OTHOCHTEJAbHO OCHYHOrO 3aKOHAa KOMMO3HUHH OToOpaxennf. (6). Haii-
aute ¥, ecan G=.3. (8). Hafinute J; ecin G==.4,.

Mpumeuanue 3. B mobom cinyvae J npexactaBiaser cobod HEKo-
TOpyl0 HOArPyHHy TIpynnbl g, =d, Aas ynpaxnenus 2 (6) u Heko-
TOpyl0 MOArPyNNy rpynnsl o, AJds ynpaxHenus 2 (B).

1) MOXHO 6bIO 6H HCNOJb30BATb TEPMHH «CABHTHY, HO B (QH3HuecKHX MpH-
JIOXKEHHAX Yallle BCTPEUaeTcs TepMHH «TpaHCAsumu»,— [Ipum. nepes.
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[pumeyanue 4. BoipaxeHue «HafiiuTe J» O3HAyaeT, yTO HYIKHO
OTOXIECTBUTb J C TpYyNnod, H30MOPPHOH HEKOTOPOH H3BECTHOH
rpynne.

Mpumeyanne 5. Kaxjoe us orobpaxenuit A, ectb aBTomOpdusM,
HA3BIBAEMBIH GHYympenHuMm asmomopdusmon epynnet G, uGo, BO-mep-
BbIX, OHO B3aHMHO OJHO3HAYHO M ABJsSETCH OTOOpa)KeHHEM Ha BCio
rpynny, NoCKOJbKY YpaBHEHHe axa~l!==y BCerla HMeeT eJHHCTBCH-
HOe pelleHHe x (x=a~'ya),; BO-BTOPHIX, 3TO OTOOpakeHHe obnajaer
CBOACTBOM romMomopdusma, T. €. NMPOU3BEJEHHA OTOOpa)KaroTcs B MpoO-
U3BEIEHHA, MNOCKOJNbKY axwa™!=axa~‘awa™. I'pynna J HasbiBaercs
epynnoll GHYMpeHHUx asmomoppusmos rpynnsl G.

BuyTpeHnne usomopduambl rpynnn ¢, o6nafaloT ocobbiM CBOH-
creoM. IlycTe anement n npuHapnexur o ,; 3andiieM m B BHAE
Npou3BeieHHsl HEe3aBHCHMBIX UMKJIOB, kKak B (18.4.2) [aBa mnukna
ABJASIOTCS He3a8UCUMbIMU, €CIH OHH HE COAEpKaT OOMHUX CHMBOJOB;
(173) u (24) nesaBucumbl, a (173) u (34) Her], npuuem Gonee ANMH-
Hble HHKJbl 3aMUCLIBAIOTCS NMEPBLIMH, @ TaKiKe BKJIOYAIOTCA [UKJIbI
auHbl 1. Torna ANMHBL 5THX HHKJAOB COCTABASIOT pasbienue yucaa n,
T. €. NOCJAENOBATENILHOCTb LEJBIX YHCEJ, CyMMa KOTOpbIX paBHA 1.
Oco6oe CBOHCTBO, O KOTOPOM Mbl YHOMAHYJIH, 3aKJIOYaeTcsd B TOM, YTO
obpa3 3/leMeHTa T NpPH BHYTPEHHeM aBTOMOpH3Me rpynnnl o,
(m — omG™', rie O—HEKOTOpLIH 3aJlaHHbLIM 3/MeMEeHT ¢,) BCeraa coor-
BETCTBYET TOMY »Ke Da30HEHHIO YHCJa f, YTO H caM &, MNOCKOJBbKY
ecnd (a, b, ..., f)—mo6olt uukn, to o(a, b, ..., f)o"! sABaAerca
UUKAOM (0 (@), o(b), ..., o(f)).

Ecau a v x npunapnexar rpynne G, TO 3JeMEHT axa™! Haspl-
BaeTCs conpaseHHoim ¢ x. BHyTpeHHull aBToMopdusM A, x — axa™!
(@ dukcupoBaH) orobpaxkaeT KaxAbll 3N€MEHT TPYNnbl X HA OAMH
U3 CONPSKEHHBIX ¢ HUM 31eMeHTOB. Ecau G,—mnoarpynna rpynmsl G,
TO MHOMECTBO

Gy=laxa™t x€G,}

ecTb TOXe MOArpynma, yacto ofo3Havaemas uyepe3 aG,a~'! M Hasbl-
BaeMas conpascennoti ¢ G, nodepynnoii. Ecnu aGa™' =0, aas Beex a
u3 G, 1o G, <] G. Tlosromy HopMasbHblE MNOATPYNIbI WHOTAA HA3bl-
BalOT CaMOCONpsKEHHbIMK moAarpynnamu. B rpynne & compsxen-
HbIMH 3JIEMEHTAMH SBJSIOTCA 3/EMEHTHl, HMEIOUHE OAMHAKOBYIO
CTPYKTYPy 3alNHCH B BHA€ MNPOH3BEAEHHUH HE3aBHCUMbBIX UHKJIOB,
Hanpumep (1732)(56)(4) u (4531)(76)(2).

13.11. NOATPYNNbI TPYANbI &,

CummeTpuyeckas rpynna ¢’, NOMHMO TPHBHAJIbHOR MOArpynmsl {e}
u camoit G umeer 22 moarpynnul. Pas6uBas ux mo kJaccam conps-
MEHHBIX MOArPYMIN, MBI MMeeM:
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1) {e, (12)} u T. A.— ILECTb MOArpPyMNII;

2) {e, (123), (132)} 4 T. A.— ueTbIpe NMOATPYNIBL;

3) {e, (1234), (13)(24), (1432)} v T. A.— TPH NOArPYNIHL;

4) {e, (12)(34)} w T. A.— TPH MOATPYMNIIbI;

5) {e, (12)(34), (13)(24), (14)(23)}=V,— onHa noarpymnna;

6) {e, (123), (124}, (134), (234), (321), (421), (431), (432), (12)(34),
(13)(24), (14)(23)}=A,— ofHa noarpymna;

7 {e, (12), (13), (23), (123), (321)} — ueTHlpe MOATPYMMLL.

Jlro6as: moarpynna M3 ONMpeleseHHOro KJjacca (ormpeleseHHOH
CTPOKH INpPHUBEAEHHOH TabJHIbI) MOKET OBITb MOJYYEHA H3 JI0OOM
Apyrofi MOATPYNMEl TOrO K€ KJacca MpH [OMOLUM BHYTPEHHEro
aBromopdusMa Bceit rpynnel f,. Hanpumep, npu orobpaxeHuH
nu — (12) n (12) snementsl rpynnsl {e, (134), (431)} nepexonst B 3ie-
MeHTHl rpynmsl {e, (234), (432)}. Mel BHAMM, 4YTO €IAHHCTBEHHBIMH
HOPMaJIbHBIMH (MJIH HHBAaPHAHTHLIMH, WJH CaMOCONDSXKEHHBIMH) IOA-
rpynnaMu sBjsiiores V, U A, KaxAas W3 KOTOPHIX €AHHCTBEHHAA
B cBoeM KJacce. OfHAaKO KaxKaas M3 MOATPYNN B KJacce 4 spisercs
HopMaJsibHOH moarpynmofl rpynnut V, (0TKyaa cJeiyer, MeXKAy MOpoO-
uuM, uto U3 G; <] G, <] G4 otHIOAb HE BhITekKaerT G; <|G,). [lonHbIM
TaK Ha3bIBAEMbIM KOMMIOSHLIIHOHHBIM pAAOM (CM. HMXke) rpynnel o,

ABJISIETCH PSR
{e} e, (12) BV, <A, U F . (18.11.1)

HOas n =5 A, saBiserca npocToil rpynnod (oHa HE HMEET HHKAKHX
'HETPHBHAJbHBIX COOCTBEHHBIX HOPMAJbHBIX MOATPYMMN), TaK YTO KOM-
MO3HILHOHHBIA PAJ CBOAWTCA K pAly

et <A, I

ynPA)KHEHME

[Mokaxure, 4T0 Az—npoctas rpynna (cxeMma JOKAa3aTesbCcTBa NPHBOJHTCH
5

HmKe) Ilonycrme ato Go <3 A5 npuuem G, 7 {e}; saTeM HyxHO [OKasaTh, 4TO

G,=As. ITokaxure, uro Gy foN:KHA COJepKATb 3JIEeMEHT 7L OJHOTO H3 CIeAYIOWHX

THIIOB!
(@ @bag, ©) @dcd, (8 (abcde.

Torgn rpynna Gy coepaT Bce 3JeMeHTH! 0n0~1, rge 0 € As; MOKAKHTE, 4TO
OH& (UepMHT Bce 3JeMeHTbl TOro e THNa, uTo W 7. [lokamnTe, uro ecnun G,
BKJIOYA€T BCe 3JIeMEHTH CJHOTO H3 BBIUIEYKA3aHHHX THIOB, TO OHA BKJIOYaeT
3JleMeHTH (4 CJefoBaTelbHO, BOOOIle BCe 3MeMeHTBI) OGOHX LPYTHX THIOB; HAlpH-
Mep, ecan rpynne G, NpHHAAJEKAT 3JIeMEHTH THNa (a), TO el MPHHAMJIEKHT H
eMEHT (12§) (234) = (21) (34). llouemy 3TO [OKA3aTENBCTBO HE MNPOXOAHT s
A,? UlpocToTa 4; sIBJsETCA KJIOUYEBHIM MOMEHTOM B JoKasartejabcTBe ['allya Hepos-
MOMKHOCTH pa3peuliTb ypaBHeHHe MATOf CTeNeHH B pafuHKalax.

Komnoauyuonrei pad rpynnsl ( npeacTaB/feT cobof mocaeno-
pateqbHocTh moarpynn {G,}, Takyio, 4ToO

le} =G, |G, < ... <|Gy=G, (18.11.2)



18.12. Obpasywoujue ssemermot u onpeferftOujue COOMHOUEHUR 23

rie G;5=G,;,, H TIle yXe HEeBO3MOXHO HHMKaKOe VILJIOTHEHHE, T. e.
ecth G, <JH<G;,y, o nmu H=G, wm H=G,, Koneuynas
rpynna Bceria HMeeT KOMIO3HUHOHHBIH psi. Ecam G—mHekoropas
GecKOHEeyHasi FPYIIa, TO MOXKET CJAYUHThCS (CM. yNpakHeHHe 3 HuXe),
yTO JIIOGOH psil BBIIIEYKA3aHHOTO THIA HMEET YIJIOTHeHHe. 3HaMeHH-
tas meopema Xopdana— 'éavOepa Taacut, 4TO ecaud G HMEET KOMIO-
aulHoHHbIH psx (18.11.2) u ecan

jd=H,<{H, ... {H,=G
npencTaBiseT cofoll JioOoH Apyrofl KOMMO3ULMOHHBIA psax rpynmbt G,

10 (1) I=F, (2) X0Ts1 moxrpynmst Hy, . . ., Hy_y MOryT OTJIHYAThes OT
Gi, . . ., Gy_1i, HO 1O MeHbIIel Mepe (HAKTOPrpyNIkl

HyH, H,H; ..., H/H,_; (18.11.3)
6yAyT TeMH Xe (C TOYHOCTBIO A0 MOPAIKA), 4TO H

G,/G,, G,/G;, .oty G/Gp_ys (18.11.4)

HHaue TroBOpsi, mnocsefoBatenbHocTh (18.11.3) MoXHO ynopsiiouuTth
TaKuM 00pasoM, 4TO Kaxjas rpynna B Hefi €yjeT u3oMmopdHa COOT-
BETCTBYIOLEeH rpymme B nocjenoBaTeabHocTH (18.11.4).

YIIPAKHEHHUS

2. Kak npumenutp Teopemy Koppana—Iéabjepa K KOMIO3HIHOHHOMY psify
(18.11.1) gna rpynnm of,?
3. [TokaxHuTe, uTo GeCcKOHeYHas L HKJIHYeCKass TPYNNa He HMeeT KOMIO3HLHOH-

HOTO psja.
4, O603HauHM uepe3 oF . MHOXECTBO BceX KOHEUHHIX NEePecTaHOBOK TNOAOMH-
TenbHpX weamx uncea {1, 2, ...}. (Ilpu Kaxzgoi#l nepecTaHoBKe H3 F, Bce

SJeMEHThl, KpOMEé KOHEUHOTO HX 4YHcaa, Nepexondr camH B cefs.) Tlokaxure, uto
&F o HMeeT KoMnosHUHOHHBIH PAR {€} QA w < F w-

18.12. OBPA3YIOWME 3IJIEMEHTBI M ONPEQENAQUWME COOTHOLLIEHMUS.
CBOBOHLIE repynnbt

[lycts G — Hekoropasi rpynna. ['OBOPAT, UYTO MOAMHOXECTBO S=
={a, b, . . .} saementoB rpynnn G nopoxcdaem G, eciiu J0GOH 3JeMEHT
13 G MOXET GuTh NpejcTaBJieH B Bujle (KOHEUHOrO) NPOH3BELEHHS 3Je-
MEHTOB, KaXIblfl H3 KOTOPBIX JIMOO caM MpHHALNeXMT S, aubo sBJs-
eTca OOPATHBIM HEKOTOPOMY 3JeMeHTy K3 S. (DKBHBaNeHTHO: 06Ol
37eMeHT g u3 G aBJsieTcs MPOU3BEJEHHEM CTeneHeH 3JeMEeHTOB u3 S;
cTeneHd 3jemeHta Gbutn ompenenienb! B § 18.2%).) das nonHoro omu-
caHus TPYIIB, BOOGIIEe rOBOPs, HEOOXOJAMMO YKa3aTh HE TOJBKO CHC-
TeMy 06Pa3yIOUIMX 3TOH IPYMIbl (MHOXKECTBO S), HO B HEKOTODBIE OMpe-
JeJAIOUHe COOTHOLIEHHS Mexay obpasywoouumu. Hampumep, uukiu-

1) DneMeHTH MHOXECTBa S B TaKOM CJyuae Ha3HBAlOTCH 06pa3ylOmHMMH 3Je-
MeHTaMH  (0o6pasyliomuMH), a caMO 3TO MHOXECTBO-—CHCTEeMOH 06pasylomux
rpynne.— I pum. nepes.
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YeCcKyI0 rpynny rnopsajKa n MOXKHO OMHCATb OJHUM 00DasymolluM 3Je-
MEHTOM 4 W OJHHM ONpEIeJdioUIHM COOTHOLIEHHEM a”==e,

I'pynna, gns KoTopo# He TpeGyeTcs HHKAKHX OMpEAESIOUIHX COOT-
HoUleHH#, HasbiBaeTcAd c80oO00HOU epynnod, OHa CTPOHUTCSA CJELYIOULHM
obpasom. [lycth S — (kKoHeuHO® WU GeCKOHEUHOE) MHOMKECTBO GYKB,
S={a, b, ...}, Ha3biBaeMblX obpasyrouiumu. Hasosem caosom xoHeu-
HYIO YNOPALOUYEHHYIO CHCTEMY CUMBOJIOB Xy X5 . . . Xp, [Jl€ X; AABJAETCA
aubo OYKBOH M3 MHOXKecTBa S, squ60 cHMBOJIOM BHAa o~!, npuuem
a €S. [IBa caoBa pasgues, ecin OJHO W3 HHX MOXKHO MOJNYYHTb H3 ApY-
rOro BKJIOYEHHEM HJH BblueDKHBaHHEM (COKpallleHHeM) ap CHMBOJIOB
BHAa aa”! uan oo (o € S). QueBH/HO, KeMaTelbHO COKPAaTUThL MaK-
CHMaJIbHO BO3MOXKHOE KOJTHUYECTBO Map; 5TO MOXKET IIPHBECTH K [YCTOMY
CJIOBY, T. €. CJIOBY, He COLepKallleMy HHKaKHX OYKB; 0003Ha4uM TaKoe
CJIOBO 4epe3 e, roJjlarasi IPH 3TOM, YTO ¢ He ABJAseTca OykBoil us S.
(Hanpumep, abc~ich~'a~l=e.) UTOOb mnONYyUHTb npoussederue IBYX
CJI0B, HYXHO MPOCTO OJHO CJOBO HAamHcaTh HENOCPEACTBEHHO 3a ApY-
IHM CJOBOM: €CJIH W=X1Xp. . .Xp, U=U1Ya. . .Y; TO

WOU=Xy voo Xlff oo Yy, UOW=Y, ... YKy oo X

HeTpyaHo mpoBepHTh, YTO MHOMKECTBO BCEX CJIOB, COCTOAUIHX H3 3Je-
MEHTOB 33[aHHOM cHcTeMbl 06pasyomux S, npeacraBaser cobol rpynmny
G OTHOCHTEJILHO YKasaHHOro rnpouspegeHus. OHa HasbIBaeTcsl c60600H 0L
epynnod, TOPOXIeHHOH MHOXecTBoM S. EnuHuue# sapasercsi nycToe
CJI0BO €, @ OODATHLIM CJIOBY X1Xp. . . Xp OYJAET CJIOBO YrYyp_i. . Y1, TAC
y;=a"!, ecau x;=a, U y;=0a, eciu x=a "L,

Onpedeasrotiye COOMHOWEHUS MEXKJY 3J€MEHTaMH TDYIMIbl MOXKHO
ycTaHaBauBaTh - (B TaKOM cJydae rpynna yxe He OyAeT cBOOOAHOMN)
NpH TOMOULH YPaBHEHUH w;=¢, Wy=¢e U T. A., TAe Wy, W,, . . . — HEKO-
TOpble ¢JIOBA. DTH COOTHOWIEHUS ONpPefe/sioT CTPYKTYpYy IPYIMEL

Ecau cpean cooTHoleHU# MBI HMeeM aba™1h~'=¢ (4TO SKBHBAJIEHTHO
ab=ba) pns kax]ofl napel a, b 3m1eMeHTOB U3 S, TO 5Ta rpymnmna fBJjs-
ercq abeneBoil. Ecan KpoMe 3THX cOOTHOUIEHHH APyrHX Hem, To G Ha-
3bIBaeTcst c80600H0l abeaesoll epynnoti. CBOOOLHEIE IpyNIbl # CBOOOA-
Hble abesieBbl Ipynnbl GYAYT HCOOAL30BaThea B § 23.7 npu W3yueHnH
BHAOB MHOIOCBSI3HOCTEH, KOTOPbIMH MOXeT o0gaafaTb MHoroofpasue.
CTpyKTypa CBOGOLHOH Tpymnkl UaH cBOGOAHON abeneBoll rpynmsl omnpe-
JIeNIAETCsI HCKIIIOUHTENTLHO YHCJIOM 06D asyolluX.,

Jliohana KoHeuHasa rpynna ( 3KBUBaJIeHTHaA (T. e. u3oMopdHa) HeKo-
TOpPOH Tpymne, onpejeaeHHO# MPH MOMOLULH 0O6DA3YIOUIHX 3JeMEHTOB
H onpefensiouUX COOTHOILEHHH: B KauecTBe S MOXKHO B3ATh MHOXECTBO
BceX 3j1eMeHToB rpynnsl G, a onpele/sioulne COOTHoOLIeHHA 6paTh Tak,
yTOOBI MOMYYHThL BCl HHopManuo, ofecrneynBaeMylo Tabjauilell yMHO-
JKeHHs TPYMNOel; HanpuMmep, ecjd U3 TabJuibl caefyeT, uTo ab=c, To
OJIHUM U3 ONpejeNsioUIUX COOTHOIleHUuH OyaeT abe~l=e.

Ecau rpynna onpejgensercd KOHEUHBIM YHCJAOM OOpa3yiollHX H KO-
HEYHOH CHCTEMOH COOTHOLIEHHH, OHA HA3BIBAETCH KOHEHHO 0npedescHHOW,
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OJIHAKO 3Ta 'Pymna MoXKeT OBITh 6ECKOHEUHOro NOPsAKA, ¥ TAKHe IPYIIIIb
CO3Jal0T MHOTHE CJIOXKHBIE M TPYZAHBIE 3aJlaul 1JIsi COBPEMEHHOTO McCile-
noBauus. Tax HasbiBaeMasi npoGjeMa TOXIECTBa, XOTS U HE COBCEM
HOBas, JaeT npejcTaBjeHHe 00 3THX TPpyZHocTsaX. [loMuMo onpenesnsio-
INX COOTHOIHEHHH w,=e, . . ., W, =¢€ BCEerJa BO3MOXKHEl ApYTHe ypaB-
HeHHsl BHJA w=e; HalPHUMEP, W MOXKET GbITh PABHO W,y HIIH W w; !,
Tle wo,— NPOH3BOJLHOE CI0BO. [Ipobaema moxdecmsea, BnepBbie ctop-
MynHupoBaHHasi B 1912 r., COCTOHT B CJEAYIOLLEM: JaHa KOHEYHO ompe-
JeJieHHass rpynna, HaflTH Mpouefypy (T. €. ajJropHTM), TaKylo, YTO
€c/IM JlaHO MPOHM3BOJBHOE CJOBO W, BHIpaXkeHHOe uepe3 o0pasyloliHe
rPYNNBL, TO MNPOLEIypa 3a KOHEYHOe YMCJIO LIAroB JOJXKHA PELIHTb,
ABJAETCA JIH PaBEHCTBO w=e¢ HUCTHHHBIM HJIM JIOXKHBIM. B. Maruyc B
1932 r. nokasan, Kak NOJTYYHUTh TaKOH aaropHTM AJs J0G0OH T'pynmel
C OQHHM onpejesitoliM cooTHoweHnem. B 1955 r. I1. C. HoBukoB nan
(BecbMa JJIMHHOE) H0Ka3aTeJbCTBO aJTrOPHTMHUECKOH HepaspelinMOCTH
npoBJeMbl TOXKIECTBa B o0mieM ciayuae. B Hacrosiiee BpeMsi H3BEeCTHBI
TPYNNE], KOTOPBIE OMPELeNAoTC MaJbIM YHCIOM 06pasyIolUX H onpe-
JEJISOLMX COOTHOWEHHH H JUIS KOTOPHBIX MOXeT OBITb JOKa3aHo, YTO
HHKaKOH aJirOpHTM TPefyeMOoro BHJia He CYIIECTBYeT.

18.13. KPATHO NMEPMOAMUYECKHUE dYHKLUMHU U KPUCTANTL

M jiea1n3upoBaHHbIi KPUCTA/ COCTOHT M3 OUEHb GOJIBIIOTO YUC/Ia HJEH-
THYHBIX 3JIEMEHTApHBEIX CTPYKTYp, HaA3blBAeMbIX 3JIEMEHTApPHBIMH siueii-
KaMH M pa3MellleHHBIX B BHJAE TPHXKIB NePHOIHYECKOTO MaccHBa HJIH
perieTkH B npocTpaHcTBe. Ec/H f(X) onHchbiBaeT mIOTHOCTb Macchl Hal
3apsaja MM aHaJOTMYHYIO BEJIHYHHY Ha 3TOH CTPYKType, To f(X) siB-
JISETCA TPHXKIBI NepHoIHuecKON QyHKuueld. B obiiem ciayuyae QyHKLHs

f(xi, ... x,)=[(X) n BeluecTBEeHHbIX MePeMEHHbIX HA3LIBAETCS A-KpaAM-

HO nepuoduueckoli, eCJIM CYIIECTBYET n JHHEHHO He3aBHUCHMBIX BEKTOPOB
v(l), ..., v(n), T. e. BEKTOPOB, TaKHX, UTO
o () ... v (n)

det| . . # 0 (18.13.1)

o () ... v ()

H uTo f(X) YLOBJETBOPSET yDaBHEHHSIM

fx-+vIn=F(x),
f(x+v(@2)=/x), (18.13.2)

v () =1 ()
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s Becex x. Bexropel v () HasbiBaloTes nepuodamu pynxyuu f(x)
€C/IH BeKTOp W—J 1000l BEKTOp BHAA

w=mv()+...+m,v(n), (18.13.3

Tle M;— UeJble YHCIa (MOJOXKHTEJNbHbIE, OTPHLATENbHbIE HJH HYJIb),
To f(x)=f(x-+W) I/ Bcex X; MOSTOMYy W SIBJSETCA TOXE MEPHOJOM
¢yHkunu f(x). Kpome Toro, npeamosnaraercsi, 4To J0GOH MNEPHOD
f(x) umeer Bux (18.13.3) ¢ neabIMH KosbhdHUHEHTaMH; TOTAAa TOBOPAT,
yTO BEKTOpHl V (1), .. ., v(n) oOpasyT pyrHOamermareHyw cucmemy
nepuojioB. HekoToprle GyHKIHU MOTYT He obsajfaTh GyHAaMEHTaNbHON
CHCTEMOH MepHOMOB Jlaxke B TOM CJiydae, KOrJla OHH SIBJIAIOTCS NMEPHOMH-
YeCKMMH B CTPOTOM CMBIC/IE, HAapHMED MNOCTOSIHHbIE (DYHKLUHKH H (YHK-
LMK, NePHOJHYECKHe MO HEeKOTOPhIM MepeMeHHBHIM H He 3aBHCsLlHE OT
Ipyrux nepeMeHHbIX. Takne GyHKIUKH GYNYT Ha3bIBATBCS BbLPOHCOCHHbL-
MU ¥ HCKJIIO4aTbCA M3 PAacCMOTPeHHs Ha OCHOBAHHH CJEAYIOWRX (PH3H-
YeCKHX COOOpaXKeHHR: Ka[bli aTOM 3aHHMaeT HEKOTOPhIA 00beM, W
(OYHKUHH, NOAOOHBIE NOTEHUHANY H MJOTHOCTH 3apsijia, H3MEHSoTes OT
LIeHTpa aToMa K mneprdepHr, TaK 4TO B JIOOOM JaHHOM HampaBJeHHH B
NPOCTPAHCTBe Heu3OeXHBI HeKOTOpble H3MeHeHHsi. KpaTHo nepHoAnue-
ckasi (QYHKLUHA Ha3bIBAETCH HEbIPONCOPHHOW, eCRH OHAa HMeeT ¢hyHHAa-
MEHTa/NbHYI0 CHCTEMY MNEepHOJOB.
MuoxecTBo Touek X B R“, ompenensiemoe Kakx

x=mv (1) 4 ... +m,v (n), (18.13.4)
TIe m;—Le/ble YHCsIa, Has3blBaeTcs pewemxol gyukyuu f(X).
Ecnn 3agath Hosele BekTophl V' (1), ..., v’ (n) B BHAe
vi(=m, v () +...+m,v(n), (18.13.5)

rae mjk—uenble yucJjaa, Takue, 4TO

My e My,

det| . L =, (18.13.6)
My o My,
To v'(l),..., Vv'(n) Takke o0pasylT (yHIaMEHTAJbHYI CHCTEMY

NEePHOJOB, MOCKOJIBKY, €C/H pas3pellinTb CHCTeMy ypaBHeHHH (18.13.5)
OTHOCHTEJIBHO V (), TO Mbl YBHIIUM, YTO V (/) SBJIAKOTCA JHHEAHBIMH KOM-
GHHALHAMH BEKTOPOB V' (f) ¢ mesbiMd KoadxpuuueHtamu, Obe 3TH (yH-
[AMEHTa/NbHble CHCTEMBl NOPOXKAAT ORHY M Ty iK€ pelleTKy.

18.14. NPOCTPAHCTBEHHBIE M TOYEYHBIE rpynnbl

[lycts anst moGoro ¢ukcuposanHoro Bektopa W Ty o6o03Havaer
TPaHCJIA LHIO

Tt X—X-+Ww (LJI9 BCEX X) (18.14.1)
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npoctpadctBa R”. Torga KpatHo nepuonuueckas QyHKUHS f(X) HHBa-
pHAaHTHA OTHOCHTEJbLHO BceX NpeoGpasoBaHuii M3 abeneBOH rpynnsl

& = {Ty: w—rnepuon Qyuxunu f(x)}, (18.14.2)

KOTOpan HasblBaeTcs 2pynnoti mparcaayuti 1as QyHKuuH f(x). Oynk-
uHs f(x) MOXKeT OLITb, KOHEYHO, HHBAPHAHTHOH H OTHOCHTENLHO APYrHX
npeo6pazoBaHuii, TakKHX, KaK HEKOTOpDble NOBOPOTH BOKPYr oOnpefe-
JIEHHBIX ocel, OTpa)eHHs B HEKOTOPHIX MJIOCKOCTAX M T. n. I'pynna ¢,
BCeX (OJHOPOJAHBIX H HEOJHOPOAHBIX) JHHeHHBLIX npeobpasoBaHHi Mpo-
crpaictBa R7?, OoTHocHTeNbHO KOTOPHIX f(X) HHBADHAHTHA, HasbiBaeTcA
npocmpaucmeeHnol epynnoti ¢ynxyuu f(x) wam aaa f(x), npeacrasis-
Iowel KpHCTall,— APOCMPAHCMEEHHOU epynnoli Kpucmaaiq.
Saevent rpynnsl G, ecTb npeobpazoBaHHe BHAA

X — X' '=Mx+§, (18.14.3)

rie .:-—HeBLIPOXJEHHAash MaTpHUA, a §—BEKTOp; 3T0 npeobpasosna-
Hue obosnauaetcs uepes (§, M). TlpousBsenenue aByx npeofpasora-
Huft B rpynne G, COCTOMT B I0C/J€J0BATEILHOM HPUMEHEHHH 3THX
npeo6pa3oBaHuii:

X" = [‘VI[X' -+ E,l» = Mi (M2X -+ §2) -+ §i1

(gir /\41) ° (gm ]\/12) =(‘”1§2+§i7 MiMz)' (18144)

[peo6pasoBanue (18.14.3), npH KoTOpoM GYHKUHS f(X) HHBapHaHTHA,
HasbiBaeTcs onepayued cummempuu pynxyuu f(x).

Boo6me roeops, npeofpasoBanusi (18.14.3) BKaloyaloT TpaHcas-
UMM, BpallleHHs, pacTsKeHus W cABUTH. OJHAKO HETPYJHO BHETH,
YyTO ecsH [(X) — HenmpepblBHAs M HeBBIPOXJIEHHasa (QyHKUUs (B yacT-
HOCTH, eCJIH OHa NpeJAcTaBiseT peanbHbIH KPHCTala), TO PacTsXKEHHs
H CIBHI'H MOXKHO HCKJIOUHTL. UT06bl nOKasarh O6LIMH XapakTep 3TOro
paccyJeHusi, paccMOTPIM CIABUI B MJIOCKOCTH: KBaJpaTHAas peLieT-
Ka M3 TOUEK ¢ UEJOUMCIEHHBIMH KOODJHHATaMH Ha MJOCKOCTH X, Y
HHBADMAHTHA OTHOCHTENbLHO rpynmbl TpaHcasuul &, cocrosmed w3
TpaHeAsSUMH BHAA x—>x+k&, y—-y--[(k, [ 1enble), aTakxe OTHOCHTE/LHO
pasIHYHBIX Npeo6pa3oBaHKH, BK/OYAIOIHX CABHTH THINA

S,! x— x-+ny, y— y (n—uenoe yuco), (18.14.5)

n

Ecau B3arb B KauectBe f (x, ) QyHKUHIO, PaBHYIO 1 B TOYKAX peILETKH
(x, y uenble) U paBHylo 0 B OCTANBHBIX TOUKaX, TO [ 6yJeT HHBapHaHTHA
uW OTHOCHTeNbHO npeofBpasoBanuf (18.14.5). Onnako Henpepowras
HEBLIPOXIEHHas IBaxjsl nepHopudeckan QyBKUMA [(X, y) He MoxkerT
OLITb MHBAapHAHTHON oTHOcHTenbHO (18.14.5). Ecau Ont oHa 6biia uH-
BapHaHTHOMN, TO 6bL10 Obl cpaBelIHBO TOXKAECTBO

flx+ny—rk, y)=Ff(x y
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As BCeX n M k; IS MPPAUHOHAJIBHOrO Y uHcl1a ny-—~k BCIOAY TUIOTHB
Ha R; Taxum o6pasom, MO HeMpepEIBHOCTH f (X, y) NOMKHA OB He 3aBH-:
ceThb OT X I BCeX HPPAUHOHAJNBHBIX Yy, a 3HAYHT, H 13 BceX y (CHOBA
M0 HEernpepuIBHOCTH), H, CJENOBATeNBHO, f (X, y) AOMKHA 6bl GLITH BHI-
poxaeHHo#. [1osTOMy cIBHFH HYXHO HCKJIOUHTB. Paccyxkpas aHasgo-
rHYHBIM 00pa3oM, MOXHO 3aKJIIOYHTh, yTo Matpuua M B (18.14.3)
JO/XKHA OBITh OpPTOrOHAJBHOM.

MHox ecTBO Bcex opToroHasbHbIX matpuu M, Taxux, uto -(§, M)
conepxutrcs B G, A8 Hekotoporo §, TakxKe mNpeacTaBaser coboh
rpyNny; OHa Has3bIBAETCH moueuHol epynnot ¢ynkyuu f(X) u obO3Ha-
yaetcs yepes G,. $lcHo, yTo oTOGpaxKeHue

¢: Gg—r Gp! &, M)—M (18.14.6)

€cTb roMoMOpdH3M, AAPOM KOTOPOro fABjasieTca & ; CJeI0BaTelbHO,
Mo TeopeMe O romoMopdHaMax LJf FPynn okasmBaercs, 4To & —
HOpvasibHas moarpynna rpynmel Gy, a G, usomopdHa akTop-
rpynne G/ .

ynpr(HEHnE

. Hcnoavays (18.14.4), naiiaurte dopmyay pas (§, M)~1. 3artem Henocpex-
CTBeHHO nposepbTe, 4T0 J HBASETCA HOPMAJNbHOH moArpymmoil rpynnu G, aas
9ero MoKaXHuTe, 4To ecan (§, [)—awobasf aHcTas TPaHCASAUHA (34ech [ —efHHHU-
Has MaTpuua), To JmofoH rpynnosofi saemeHT Buxa (n, M) (&, /) (n, M)}
TaKkKe MNpejCcTaB/dsieT COGOH YHCTYIO TPAHCASLUHIO,

B Kpncrannorpaq)nn MOXHO IOJYYHTb OOLIMPHYIO HH(pOPMAUHIO O
KPHCTANIHYECKOH CTPYKType nyTem onpenenenus G, u & (npuuem
NOCJIEHIOI FPYINITY MPH MOMOLIH PeLleTKH, KOTOpYIO SHa MIOPOXKAAeT).
Onnaxo, BooOlie FOBOpsl, 3TO AaeT MeHblle HHHOPMAUHH, YEM MOMKHO
6blJ10 6Bl MMOJNYYHTb, 3ajaBas MpPOCTPAHCTBeHHYIO rpynny G,. B uacr-
HocTH, (; MOXET COJEepXKAaTb, a MOXKET H He COHepXKaTb G B Kaue-
cTBE nourpynnu Tak Kak G, Moxer BkJiouaTh (§, M) Lum HEKOTO-
poro &£ 0, HO He BKJIOYATH (0, M),

3ameyanne. J Kak abCTpakTHas rpynna wH3oMophHa CBOGOLHOM
aGeseBoi rpynne ¢ n o00OpasylOUiMMH, H, CJELOBaTeJIbHO, He Jaer
HUKaKoH unpopmauns. OQHAKO pelieTKa, MOpOXKAEHHAR MPH NOMOLIH &,
B cJydYae 3alaHHOH ¢yHIAaMEHTaJbHOH CHCTEMbI MEPHONOB HECET HH-
dopmaunio o f(x). [IpocTpaHcTBeHHan rpymnna, OTHOCHTENBHO KOTOPO#
pemieTka npeo6pasyerca cama B cebst, COEEPXKHT MPOCTPAHCTBEHHYIO
rpynny ¢yHkuuu f(X) B KauecTBe MOArpymIbl.

Hns n=3 nonpobHoe ONHCAHHE BOIMOXHBIX OMepauufl CHMMETpHH,
a Tak)Ke OnucaHue MPOCTPAHCTBEHHBIX W TOYEUHHIX FPYIMI COAep:KaTcs
B kHure 'enpu u Jloncaefina [19651. Onepaunsamu CHMMeTpHH sBJs-
IOTCR: YHCTas TPAHC/IALUNS, YHCTOE BpallieHHe, OTPaKeHHe B IJIOCKOCTH,
OTpa)KeHHe COBMECTHO C ITIOBOPOTOM BOKDYFP OCH, NepIEeHAHKYJp HOH
IJIOCKOCTH OTPaXKEHHWAA, OTpa)KeHHe COBMECTHO C TpaHcJauuedl napan-
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JIEIBHO IJIOCKOCTH OTPaMeHHs M BpalleHHe COBMECTHO ¢ TPaHCJsiLHed
napannenbio ocu BpaweHus., s Joboro BpallleHHsl eNHHCTBEHHO
BO3MOXKHBIMH YIMIaMH NoBopoTa 6yayt =4=2m/n, rae n=1, 2, 3, 4, 6,
Kak 3TO MOKa3aHo AJIf c/y4as YHCTHIX BpaileHH#l B ynpaxHeHHAX 2 H 3
(cM. HHxe). Beero cywectByior 32 Toueunsle rpynnel, 14 THMOB pelle-
TOK W 230 npocTpaHCTBEHHBIX Tpymm.

YPAXKHEHH %

2. (Uesb 3TOro ynpakHeHHsl — OKa3aTh, YTO eJHHCTBEHHO BO3MOXHBLIMH UHCTO
BpAaILaTe/IbHBIMH CHMMETpHSIMH JByMEPHOTO KPHCTal1a SIBAAIOTCA OBOPOTH BOKPYT
ocell CHMMeTpuH n-ro nopsika, rae n=1, 2, 3, 4 anu 6.) PaccMOTpHM HeBbBIP OK-
JeHHYIO ABaXXAbl MepHOfHuecKYylo GYHKLHIO f(x, y) u 3anumem ee B Buge [ {2),
T. €. Kak (HeaHaJMTHUYECKYI0) BEILeCTBEHHYIO (PYHKLHIO KOMIJIEKCHON NepeMeHHOH
z=x-+iy. [lycts & u f—dyHnaMeHTaNbHAR Napa nmepHOAOB; TorAa Re (a/f) # 0
v f(zt+na+mpP)y=/[(2), rae n n m-—uease uncna. BuiGupas nogxopsauyio
OPHEHTALMI0 H MacwTab MO OCAM X H y, IpHMeM Aas mpoctoTsl f=1. domycTHm,

yto f (2) TakXXe WHBAPHAHTHA OTHOCHTEJ/bHO BpalleHHs z2— %z, U3 ypaBHEHHH
@ =1 @),
fe+y=f (zefo-i— e‘?),
Fet+a) =F (2" +ae’)

sakaiouaeM, uto % n ae® sapnsorcs nepuogamu dymkumm [ (2). Hcxons ms
5TOro, NOKaXHTe, UTO & YJOBJETBODAET YPaBHEHHIO

ra?+ (s—p) a—q=0,
rpe p, 9, r, S—1Luejble 4Hcna, TakKHe, 4TO
ps—rg=1,
OTKyJla CJefyeT, UTo
0= (1L VEZD/2, I=p+s.

Jns Ttoro uto6e O OuINO BeliecTBEHHBIM, ! JOJNXKHO NpHHaAdexaTs [—2, 2].
ITonyunTe oTCIOfA 3aKJIOueHHe, YTO [N 6 BO3MOXHBLI JHIIbL ClefyloliHe 3Haye-
uusa: 0, + n/3, + m/2, + 2n/3, + m.

3. O6Go6luuTe 3aK/IOUeHHe ynpaKHeHHs 2 Ha TpPeXMeDHBIH cayuali chaegylo-
wuM o6pasoM: jpomycTuTe, uro dyukuus [ (x, y, 2)=[ (x) TpuXAH HepHogUUHA
u uto {u, v, w}—OyHIaMeHTaabHasA cHCTeMa mnepuopoB. Ilpeanonoxure panee,
yto f (X) WHBapHAHTHA OTHOCHTEJBHO NOBOPOTA Ha Yroa © BOKPYT HEKOTODPOH oOCH
B mpocTpaHcTBe. Brpi6Mpas Haya/o0 KOOPAHHAT Ha 5TOH OCH, 3alMINHTEe BpaIlEeHHE
B BUje X — RX, rie R—oprToroHanbHasm MaTpHla pasMepa 3 X 3 ¢ JeTepmH-
HaHToM, paBHbIM |. IlokaxkuTe, 4TO BeKTOpSHI

w=Ru—u, vV =Rv—-v, w=Rw—w

ABJSIOTCA MNepHogaMH (QYHKLUHH /| (X), NepNeHAMKYJASPHBI OCH BpalleHHl H He
KoanuHeapHpl. Otcioga nocaefyet, uto [ (X) ABaXKAH NepHOgHYHA B JI0GOH mi1o-
CKOCTH, l'lepl'IEHﬂHKy.}IﬂpHOﬁ OCH BpallleHusA, a 3HAYHT, NPHMEHHM MeTOoJ[ ynpa;x-
HeHHs 2

B HeKOTOpbIX KHHrax OrpaHHYeHHe BO3MOXKHBIX OCell CHMMETDHH
B KpHCTaJJe OCAMH CHMMETPUH TOJBKO l-ro, 2-ro, 3-ro, 4-ro u 6-ro
NOPSAKOB BHIBOAAT M3 HECKOJNBKO TAaHHCTBEHHOTO «IpPHHOMNA Paluo-
HaJMbHBIX WHJIEKCOB», KOTOPHIH, KaK IOBOPAT, JO/KEH HUMeTh 3MMNHPH-
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4ecKoe MPOHCXOXKIeHHe. Mbl BHAeNH, OQHAKO, 4TO 3TO OrDAHHuYEHHe
ABJIAETCA HEMOCPEACTBEHHBIM CJIEICTBHEM HANHUYHR TPHXKIBl MEPHONH-
4eCKOH CTPYKTYDbl; [0O3TOMY <«IPHHUHMI PAUMOHANBHBIX HHIEKCOB»
He HYIKEH.

18.15. MPAMOE U NONYNPAMOE NMPOUIBEAEHMUA rPYyNM.
CUMMOP®OHLIE MPOCTPAHCTBEHHGIE FPYNLI

Ecain G,—Hopmanbhas mnoxarpynna rpynnsl G, To B ofleM cjiyyae
Hesb3d ToJarath, 4to G aBaserca npousselenueM rpynn G, u G/G,;
B cavom nene, G B ofuleM caydyae faxie He COLEPXMT IMOArpymiy,
nsomopipuyo G/G,. Jlanee Mbl pacCMOTPHM JBA MCKJIOUEHHS H3 3TOrO
ofiuero npasuJaa.

PaccvioTpuM mpoctefiuit cayva#h. Ilyctb H u K —uonrpymnist
rpynnbl G, Takue, 9T0 JO6OH 3neMEHT g W3 ( MOXKET OplTb E€IHHCT-
BeHHBIM 00pasoM NpejcTaBieH B Buae hk, rae h conepxkutcs B H,
a #—pB K, KpoMe TOro, Kaxielfl sievent h u3 H xoMMyTHpyer
¢ KaxiblM 31eMeHTOM £ M3 K. B Takom caydae roeopsaTr, uto G
npeacTasasier coboll npamoe npoussedenue rpyun H u K, cumBonu-
vecki G=Hx K unn (=K x H. Ejpuduna ¢ spasercs e€IMHCTBEH-
HBlM 3nemeHToM M3 H K (ecan O6b B H N K cyulecTBoBaad Kakoi-
6o Apyrofl sneMEHT a, TO CYyLLeCTBOBaAH Obl [Ba MpeiCTaBJEHHS
B BUlAe hR, a uMeHHO ae U ea). [lanee, H u K—HopmanbHble noa-
rpyonel rpynnel G, ufo ecan a= ik, —mobolt snemenr u3 G, a
k,—nwboi snemeHT H3 K, T0 ak,a”'=hkk,ki'h™}, HO OH paBeH
ke R RTY, TOCKONBKY A KOMMYTHPYET C JoGbIM siemenToMm 3 K; orcrona
ak,a™' upunagnexur K u K <] G; ananornyno H <JG. Kpowme Toro,
daktoprpynna G/H wusomopdua noarpynne K, a G/K wusomopdna
noarpynne H, Tak kak JoGol snement W3 G/H aBasercd CMeXKHBIM
kaaccoM alf =lah: h€ H} u Moxer OblTb OHO3HAYHO MPEJNCTABJEH
KaK CMeXHBbIH knacc kM (rne a=*kh, k€ K, h€ H); scno, uto oro-
Opaxenne k-—kH ectb wuzomoppusm rpynn K u G/H, wubo
kyHR,H = kik,H.

Hpyras Touka 3peHHS COCTOMT B Jomnyulewuu, 9to H, u K,—
MPOM3BOJbHBIE 34JaHHBIC TPYINBl, H B MOCTpoeHHM rpynnbl G, Hasbl-
BAEMOH HX ApAMbIM npoussederuem, CACAYIOUHM 00DA30M: 3JeMeH-
tamu rpynnsl G aBastorca napwl (h, k), tne h€ H, u k€K, a one-
pauHa (3aKOH KOMIO3HIHH) ONpeleisiercs TaK:

de
(he, ki) o (hy k,) =(hih,, kik,). (18.15.1)

EnunuunbiM sieMentomM G ABaAsercs napa (e, e'), rhe e 0 ¢ —enu-
Hunbl rpynn A, u K, cooTBeTcTBeHHO, OGpaTHBIA 3jeMeHT (R, k) ~'=
=(h™*, k7). Ilyctb temeppb H u K —noamuoxectsa siementoB G,
a HUMEHHO

H={(n ¢ heH), K=le, k): keK,}.
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Jlerko npoBepHTb, yt0 G, H v K—rpynnsl, uyto H n K—HopMaib-
Hple noArpynnel rpynnou G, wro H=H, a K=K, u, HakoHel,
yro G=H XK.

YnpPaXHEHHE
1. ITpoBeprTe cdopmyaupoBaHHble B mochejHeM af3alie yTBepXKJAeHHS.

B cuny usomoppusma H = H, n K= K, rpynna G Takxe Hasul-
BaeTCsi NpsiMbiM NpousBeflenHeM f, u K,; o6bl4HO mpakTHYecKH H,
u K, omoscdecmersrom ¢ noarpynnamu {4 um K u Booflue omyckaioT
ungexc 0.

YnrPaXHEHUE

2. HonycTHM, YTO egMHHLA e SBAAETCA €JUHCTBEHHBIM OOLMUM 3j€MEeHTOM
asyx noprpynn H u K rpymnn G. Ilokaxwure, 4yto A u3 H KOMMYTHpYeT ¢ t06HIM
k u3 K rtorga u Toabko torga, Korga H <{G n K G.

B caenywowmem npoctoM caydae (HOJNyNpsiMoe [POH3BEIEHHE) Bce
emie JONYCKAIOT, YTO JIOGOH sneMeHT g M3 ( MOXeT ObiTb BhlipakeH
eHHCTBEHHBLIM 00pasoM B BHJe hk, rie h€ H u k€K, Ho npH 3ToM
npennonaraercst, yto f <} G, torga Kak K He o0A3aTesbHO HOpPMaJb-
upifi gesrenp rpynnel G. Torma G HasbiBaeTcst Noaynpameim npous-
eedernuem H u K. JloGoll cmexubili knacc noarpynnul 4 B G (T. e,
moboit snement Qakroprpynnn (/) MMeeT ONHO3HAYHOE MpeiCTaB-
nenne kH = Hk, roe k npunagnexur K; Gonee toro, Hkifk,=Hkk,,
H, sHauuT, Qaktoprpynna G/H wusomopdua K. Ecam g; u g,, npu-
Hajaexamue G, eIHHCTBEHHBHIM 00pasoM [peACTaBJfIOTCS B BHJE
g, =hk; u g,=h,k, TO npousBeleHHe g,=g,g, CIAHHCTBEHHHM
06pa3oM OpeJACTaBAseTC: B BHAE A4k, Tie

_— —~1 _—
h:i_h’lklhzkl v kg =kik,.
(3ameTuM, 4YTO 3MEeMEHT k,h.kT' npuHainexHT [, nockonbky H —
HOpMaJibHasl NOArpyMNa, HO STOT 3/M€MEHT He 00d3aTeNbHO paBeH A,
ecld TOMbKO K He fABJAETCA TOox€e HOPMaJbHOH MOATPYMIOH.)
[pynna G Bcex [BHKEHHH B [MJOCKOCTH (MM B n-MEPHOM [po-

CTpaHCTBe) npeicTapnasier cofodl MpHMep MOMYNpPAMOTO MPOH3BEIEHHS.
JIpm:KeHHeM siBJasieTcsl npeobpasoBaHHe

X —x' = Mx +E, (18.15.2)

raie M —BelecTBeHHasi OPTOrOHA/MbHAS MaTpHUa pasmepoM 2X 2 (HaH
nxn) ¢ LETEPMHHAHTOM, paBHHIM |, @ §—npOH3BONbHBIH BEKTOp.
[pynna G nopoxaaercss Tpynnod TpaHCAsuMi

X—X =x+E§
¥ Tpynnoii & BpalieHHA BOKDPYT Hayaga KOOpAHHAT
x—x =Mx.
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[Onepauneil (3akoHoM KOMNO3HUMH) B & SBIAAETCH BEKTOPHOE CJ0-
xenne E +E, a B rpynne R-——MaTpHYHOE YMHOKEHHE MM,.
31ech & o6o3HAyaeT TPYMNNy 6cex TPAHCAALMH, a HE TOJNbBKO TpaHC-
asuuit pemerkn.] KombuuuposanHoe mpeoGpasoBanne (18.15.2) ofo-
snavaerca uepes (§, M), xak H B npeaplayuem naparpace, rie 6nuio
MoKas3aHo, uTo omnepanua B G 3ajaeTcs NpaBH/IOM

(&, My) o (&g My)= (& + &y, MiM,). (18.15.3)

Ecnn 6bl npaBasi yacTh storo paBeHctBa HMena BuA (§;+§&,, MM,),
To rpynna G 6blia 66 NpAMBIM [pOH3BeAeHHeM rpynn & H A.
3uauenne uynesa M,&, And aHHBIX ABYX TPy COCTOHT B CJEAylO-
weM. Bo-nepBnix, a1 (HKCHpPOBaHHOH MaTpuubl M oTobpaxeHue

E— ME nna Bcex §

rpynnel & Ha cefs ecTb aBTOMOPGHH3M [MOCKOJbKY OHO B3aHMHO
ONHO3HAYHO W ABAsSETCA OToOpaxkennem Ha Bciwo rpynny (M ofpa-
tiMa)] u orobpaxaer &4 Ha ME4 Mn; stor aBTOMOpdH3M 06O-
3Hauaercsi uepes t(M). Bo-Bropeix, korma M npoGeraer no BceM
nevMeHTaM A, MNOCTPOEHHble ABTOMOD(H3Mbl oOpasyoT rpynny A,
KOTOpasi ABAAeTCA MNOArPYNMNoOH Ipynfbl BCeX aBTOMODP(GH3MOB TpyILI
tTpaHcasuuil & . B-Tperbux, orofpamenue

M — (M) o5 Bcex MER

€CTb roMOMOPGHH3M rpynAasl & Ha A, TaK KAK €ClAH K [POH3BOJIb-
HOMY 3neneHTY & H3 & npuMeHuTh aBToMopdusm T (M) & — E'=AlE,
a K MOJ1ly4YeHHOMy 00 pasy npHMEHHTb aBTOMOphU3M T (N): &' — &"=NE’,
TO pesyabTaToM Oyner orofpaxenne &-— NME, a 310 3HauuT, uro
T(N)yt(MY=1 (NM).

Onpeaenenne, [lycte H u K — nBe npousBo/ibHBIE FPVANH (B 06enx
Ipynnax onepauuio OyjaeM 3anHchiBaTh B BHJAE YMHOXEHHSA), ¥ MNVCTh
3anaH romMomopthH3M k — T (k), oTobpaxaiowuil rpynny K B rpynay
apTomopduaMoB rpynnsl A [ana 3agaHHoro £ (k) oToGpaxaer h ua
T(k)h nns Bcex h u3 H]. Torma MmHoxecTBO Bcex nap (h, k), rue
he€H u k€K, ¢ onepauneil Hal TaKWMH MapaMmu, 3alaBa&MOH B BHAE

(hx» ki)o (hz' k'z)::(hit(ki)hz’ kl'kz)’ (18154)

npeacTaBaAeT cobofi rpynny, HasblBAEMYIO NOAYAPAMBIM HpOUssE0e-
wuen rpynn A u K (unm rpynnel A no rpynne K), v ofo3Hayaercs
yepes H X K.

OcHoBHBIE CBOfCTBA MHOJNYNPAMOrO MNPOW3BEIEHHs KPaTKO pac-
CMOTDEHBl B [PHBENEHHBIX HUXe yrnpakHeHHAx. YuTaTeno HacTos-
TelbHO PEKOMEHAYeTCA BBLIFOJHHTL 3TH YNpa)KHEHHS, MOCKOJLKY B
HHX yCTaHaB/JMBAaeTcsi, UTO JAHHOe Bbllle OfpejeseHHe, HeCcMOTpsA Ha
KaXyUylocs JOCTATOYHO [POU3BONLHON (HOPMYJUDPOBKY, COAEPHMT
BCe HEOOXOAHMMOe, YTOOLI MNPHAATh 3TOMY MNOAYAPAMOMY MPOH3BEEHHIO
BCE JKejaTenbHble CBOHCTBA.
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YTPAXKHEHHUS

3. IlokaxuTe, uto emuuuued rpynmsl G=H X K sapiserca mnapa (e, e),
fle e 1 ¢’ —elWHHUYHble eMeHTHl H u K.

4. Tlokaxute, uto 3nemeHT (T (k=) h-1, k—1) saBndercs oGpPaTHRIM (T. €.
M JIeBbIM, U TPaBBIM O6paTHbIM) 3neMeHTy (h, k).

5. Tlokaxure, yro B rpynne G crnpaBe/UIMB 3aKOH accouHaTHBHOCTH. /]pedocme-
peacenue: T (k) [hhy]—3T0 He To ke camoe, 4To [T (B} hy] hy, moOTOMY uTO T (RB) —
oTo6paXkenHe, a He SMeMEHT MPyNmul. Ynpaxuenus 3, 4 u 5 mokaawiBawoT, yTo G
ABNAETCH TPYNNOH, KaK ¥ yTBEPXKIaJOoCh B OnpefieIeHHH MONYPSIMOro NPON3BEleHH .

6. Tenepb oroxnuectsute H u K ¢ noarpynmamu {(h, e’): Bce h mpuramie-
wat H} n {(e, k): Bce k mpuuamiexar K} cooTBETCTBEHHO M MoKaxuTe, 4to H —

HOpManbHas TOArpymnna rpynmsl G
7. Toctpotite daktoprpynny G/H ¥ mOKaXuTe, 4TO OHA H3OMOpdHA mOA-

cpynre K.

8. Hao6opor, nonyctuM, yto rpynma G comepxut noarpymmst H u K, onuxa
us koropuix (H) sBnsercs uopManbHod, npuyem H [} K={e} u oakroprpynna
G/H waomopdua moarpynme K; mokaxure, 4yTo B 3TOM ciiyyae G ecTh moaympsiMoe
npouapenenne, T. e. H X (K, rne ana nwboro k& € K T (k) asasercs otofipaxe-
HHeM h —> khk=1 nna pcex h u3

9. TlokaxuTe, 4TO MOJNYyNpAMOe NPOM3BefleHHe PaBHO NPSAMOMY NPOH3BeleHHI0
H X K B ToM u TONbKO TOM ciyyae, Koraa T (k) ==/ [T. e. romoMopduaM k& —s T (k)
rpynnst K B rpynny aBToMopguaMoB rpynmel A oTo6paxkaeT BCe 3AEMEHTHI
rpyunsl K B enuuuuHbfi 3/MemeHT (TOXIECTBeHHOe oTo6paxkerde rpynmbl H ua
cebq)].

10. Tlokaxure, uto noArpymnna K, Takxke Kak H H, aBiseTcs HOpManbHOR
moarpynno& rpynmet G Toria ¥ TONDBKO TOrAa, Korna T(k)=/, T. e. B TOM H
TONBKO TOM Clydae, KOrja NpoM3BelleHHe ABJIAETCH MPSAMbBIM.

YnpaxHeHue 8 mokasbiBaeT, YTO aBTOMOP(U3IMBI T (k), KOTOpHIE
¢GUrypUpyIOT B TNPSMOM [POU3BEAEHHH IBYX 3alaHHLIX rpynn H u
K, cyTb BHyTpeHHHe aBTOMOp(hH3Mbl rpynmul 1 X K. 10T (hakT He
COBCEM MOHATEH B CJAy4yae TpyNNbl ABHXKeHHWA ( TMpPH HCMOJbL30BAHUH
aJJMTHBHBIX OOO3HAYEHHN 1A TPyNnel TpaHcasuuid & . Ecau xe
TPaHCAALUMIO X — X =X+ & 0603HauuTh dYepe3 T: M MCMOIb30OBATH
MyJbTUIIIMKATHBHbIE 0f03HaueHusi, Tak dyto (&, M) Gynetr mnpocto
pesyabtupyiouweil onepauuelt TeM, 10 Ty:=MT:M™. Takum o6pa-
3oM, aBToMoptuaM T(M): §-— MEE T umeeT BUA

T (:M)! T_E - MTEM -1

M, 3HAYUT, ABJSAETCS BHYTPEHHUM aBTOMOpdhH3MOM rpynnbl G.

B cootseTcTBHMH ¢ mpeabiAyliuM naparpadoMm rpyina TpaHcAnui
HEKOTOPOH KPHUCTAJINHYECKOH CTPYKTYpHl, 33aJaHHasg TpPH [OMOILIH
(18.14.2), saBasmercs HOpManbHOH TOATPYMIOH MPOCTPaHCTBEHHOM
rpynnsl G u Toueunas rpynna G, usomopdna daktoprpynne G/
[HanmomHuM, 4TO ToweyHas TpPyNNa ecTb IPYMNna BCeX BpalEHHH M
oTpaxeHull x — Mx, takux, uto (§, M) npunamiexut G, 113 HeKo-
toporo §]. I'pynna G, MoxeT Kak cojpepxarb, TaKk U He COLEpPKaTh,
noarpymnmy (ckaxem, G,), usomopopuyio G,; eciu G CONEPXKHT Takyio
noarpynny, 10 & u G, MOryT HMeTb €IHHCTBEHHbI# OOWIMil 3Je-
MEHT—eJHHHIY TpYMNMbl e, MOCKOJAbKY BCE€ ApPYrHe 3JIEeMEHTH Tpyll-
nb & HMMeloT 6eckoHeuHHll mopsjaok (ecan T €&, To T” =1 nas
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Bcex mz=0), Torla Kak sieMeHTHl rpynnsl G, UMEIOT KOHEUHblH
nopsinok. CnenoBaresibHO, COIIacHO ynpaxkHenusam 5 u 6, G, comep-
HT TaKyl0o NOArpynnmy Torja M TOJbKO TOTAa, KOrja OHa cama
ABNIAETCA MNOJNYNpsAMbIM NpousseneHdem & X G,. B Takom cayuae
KpHucTaiorpadsl HasblBalOT NPOCTPAHCTBEHHYIO TPYNNy cuMMOPGHOL.

Kpucrannorpad, NpUCTYNalOUHH K aHaJH3y MHOXECTBA JaHHBIX
MO OTPaXKEHHI0 PEHTreHOBCKHX Jyuell A onpefesieHHsi KPHCTasjiuye-
CKOHl CTPYKTYPBI, 4acTO 3apaHee 3HaeT TOYEUHYIO Tpynny (MCXOAs M3

7,

) /AL

Puc. 18.3.

Pe3Y/IbTaTOB H3MEPeHHs YIJOB MeXAy IPaHAMH KPHCTal1a H NJIOCKO-
CTAMH CNalHOCTH, a TaKXe U3 JPYyrHX MaKpPOCKONHYeCKHX CBOMHCTB
KpucTtaanos). OQHAaKO OH He MOXeT JONYCKaTb, UTO paccMaTpHBaeMas
NPOCTPAHCTBEHHAS TPYNNa COAEPKHT IK3eMIIAP 3TOH TOYEYHOH rpym-
nbl, T. €. AONYCKaTb, YTO NPOCTPaHCTBeHHasd rpynna cHMMOpdHa.
ITpocToii npumep HecUMMODPQHOH NPOCTPAHCTBEHHOH TIpynnal B
IBYX U3MepeHMAX JaeT QYHKLMA f(x, y), paBHasA 1 B 3alITPUXOBAHHAIX
TpeyroibHuKax Ha puc. 18.3 u paBHas 0 B OCTajJpHOH YacTH MJIO-
ckoctH. Hcnonb3ya koMnyekcHole OGO3HAueHWsl, BUJHM, 4TO Mpo-
CTpaHCTBeHHas rpynna nopoxAaaeTcs TPAHCAALHAMYH 2 — z+o, 2 — 2+

~+if M Tak HasbIBaeMbIMH CKOJB3SILIUMH OTPaXKEHUsIMH 2 — 2-+a/2.

ChenoBaTebHO, TOUEUHblE TPYNMbl COAEPXKAT OTPaXKEeHHs 2 — 2, TOraa
KaK NpOoCTPaHCTBeHHas Ipynna He MMeeT 3THX 3J1eMeHTOB.

[onynpsamoe npoussenenne H X K SBAAeTCs NPUMEpPOM Tak
HasblBaeMoro pacuupenusn epynnet 4 npu nomomu rpynnel K. Bosee
NOJIHOE 0OCYXKJEHHE paclIMpeHHH rpynn cM. B KHure Kypomwa
[1967, ra. 12] nau B kuure Pegen [1959, § 50].



