Fnasa 19

HENPEPLIBHbLIE TPYNMNbI

O6wue nyHeliHble, CMelHaJbHble JHHeHHble, ODTOrOHATbHbE U YHHTAapHHE TPYIIHS
rpynna Bpaweunu#i v rpynna JlopeHua; Tteopema Sisepa, deThipe KOMIIOHEHTH
noqHo#l rpynmst Jlopenua, npeueccusi Tomaca; MHOrooGpasusi PpYIIbl; BHYTpeHHHe
KOODAMHATHI; ABYCBS3HOCTb TIPYMNE BpalieHWil; roMomopduam rpynmsl SU (2) Ha
rpymny SO (3) w romoMopduam rpynmst SL (2) Ha X p; npocToTa rpynmns Bpa-
weHn#l v rpynns JlopeHua.

{Tpedsapumensroe ceedenus: ri. 18 n HekoTopHe anreGpanyeckue (haxThl.

Henpepownoimu rpynnamu (dbopmanbHoe onpelesjeHHe OyneT LaHO B
/. 25) Ha3bIBAIOTCA I'PYMHb MATPHIL (MJIH COOTBETCTBYIOUIUX JTHHEHHBIX
npeo6pa3oBaluil), B KOTOPHIX 3JeMEHTH MPYNMNbl HENpPEePLIBHO 3aBHUCAT
OT HEKOTOpBIX NMapaMeTpoB, NOJOOHBIX yriaM diijepa B ciyyae rpynnhbl
BpaileHuit, 37ech Mbl OMUILIEM CBOHCTBA HEKOTOPHIX H3BECTHBHIX Hempe-
PHIBHBIX TPy,

I'pynna BceX HEBLIPOKAEHHBIX (B OOLIEM C/ay4yae KOMIJIEKCHBIX)
MaTpHIl pa3mepa nXn HasbliBaeTcs obuied aurelinoll epynnofi u 060-
snayaercsi yepe3 GL (n, C). I'pynna semecTBeHHBIX MaTpHu 0603Ha-
yaerca uepes GL (n, R). Tloarpynnw rpynn GL{(n, C) u GL(n, R),
coctonupe u3 Matpun ¢ det =1, HaswBalOTCA crneyuarvHoimy (WIH
YHUMOOYAAPpHOIMY) JUHEHHBIMH rpynnaMH u 0603HAyaloTCs  uepes
SL(n,C) u SL(n, R). OG6GosHaueHus APyrHX MOATPYNN TCpPymmbl
GL (n, C) 6yayT npuBeleHbl B XO#€ 00CYXIEHUS.

19.1. OPTOTOHANBHAS TPYNNA M FPYNNA BPALLEHMA
B MaTpuuHO-BEeKTOpHHIX 0603HayeHHAX nJockoe BpauweHue (18.1.1)
npejCTaBJseTcs B BHIE

X — x' = RX, (19.1.1)

_[x r (X _p _fcosp —sing

Ipu npeobpasosauus (19.1.1) nausa mo6oro BekTOpa W yroa
MexIy JIOOBIMK [BYMs BEKTOPAMH COXPAHAIOTCS, TaK 4YTO eCjH
xX'=Rx u w=Rw, 70 xX'-W =Xx-w 111 J00bX ABYX BEKTOpOB
X nw

rne
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Haiinem Tenepp npeoGpasoBaHHs, o6/ajaioulHe TAKHM CBOHCTBOM,
B n-MepHOM cJjyuae, T. €. 3a1aB

X1 Ry ... Ry, ‘

Xn) ‘Rni v Rnn/

0yleM HCKAaTb TakHe MaTpHLB R, uTo (RX) - (Ry)=x-y aaa Jao0bix
BeKTOpoB X W y. [lycts §(j) obosnauaeT BEKTOp, -1 KOMIOHEHTA
KOTOpPOrO paBHA €IMHHLE, a OCTaJbHbI€ KOMIOHEHTHl PaBHEI HY.JIO.

Torna, B uacTHoCTH, MaTpHua R Io/mkHA OBITb TakoH, 4TO
. b . 5 ( 1, ecan j=k&,
RE() REM=3() 8=\ o' oo iy

Tak kKak BeKTOp

(R,

RE ()=

\an
npeiacTaBnseT cobof j-ii cTonben Marpuilibl R, SICHO, UYTO CTOJGLAMH
MaTpHlbl R ABJAAIOTCA MONAPHO OPTOTrOHAJbHEIE €IHHHUHbIE BEKTOPHI.
Takas maTpuua HasmiBaeTcs opmocoraasroil. O6paTHo, ecin R obaa-
JaeT YKa3aHHBIM CBOHCTBOM, TO RX-Ry=x-y ana Bcex X, y. Ecuu
yepes RT 06O3HAYUHTb MAaTpHLy, NOJYYEHHYIO TPAHCIOHUPOBAHHEM

MaTpuubel R, TO cTpokH MaTpuubl RT 6yayT ctoabuamu MaTpuusl R
H, 10 NpaBHJy YMHOXEHHs MaTpHL, HMEeM

10...0
01...0

RIR=|* + “|=I, (19.1.3)
{00 ...1

H Mbl MOJYyYHJH APYIYI0 XapaKTEPUCTUKY OPTOrOHAJbHOH MAaTpHUBL.
[lockonbky RT=R~™*—maTpHua o6paTHOro MpeoGpa3oBaHHA, TaKKe
COXPaHSIOMIEr0 CKaJAPHOE NpPOU3BENEHHE, OTCIAa CJeayeT, uTo RT—
TOXE OpPTOroHa/IbHas MATPHLA; CJEJOBAaTeJNbHO, cTOMOIbB RT (T. e.
GTPOKH MaTpuuB R) 06pasyloT APYTryio CHCTEMY n MONAPHO OpPTOro-
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HaJbHBIX €AHHHUYHBIX BEKTOPOB. Tak Kak det R7=det R, u3 (19.1.3)
caenyet, uto det R =4 1. Tenepp Mb omnpesenum

O (n)={R: R —BelllecTBeHHast OPTOroBa/bHash MaTpHua pasMepa nXxn}

B KauyeCTBe OpmMO20HAAbHOU 2pynnbt B N-MEPHOM cJydae, B KOTODOH
rpynmnoBo#l onepandeil siBJseTcs MaTpuuHoe yMmHoXeHue. Toria mox-
rpynna

SO (n)={R €0 (n): det R=1}

ecTb cneyuanrshas (WIH YHUMOOYAAPHAA) OPTOrOHaJbHas Trpynna B
n-MepHOM cydae. Mbl MOXeM paccMaTpPHBATh 3TH IPYINIbl H KaK MPyMbl
MaTpHL, H KaK Cpylnbl COOTBETCTBYIOUUX MNpeoOpa3oBaHHi X — Rx
B 1-MEPHOM MNpPOCTpaHCTBe.

19.2. FPYNNA BPALLEHMHA SO (3).
TEOPEMA WIIEPA

Ceiluac Mbl MOKaxeM, 4TO eclH R — OpPTOroHasnbHasi (BellleCTBEHHas)
Marpuua pasmepa 3X 3 ¢ det R=1, To npeoGpasoBaHue X — RX Moxer
ObITh MOJIYUeHO CJeAyIoUiHM 00pa3oM: CHayaja BHIOHpaeTcs HeKOTopoe
HanpaBJieHHe B NMpPOCTPaHCTBe, NPOXOJsllee 4epe3 Hayajlo KOOPAHHAT,
a 3aTeM OCYLIECTBJSIETCA MOBOPOT CHCTeMBI KOOPJAMHAT Ha HYXHHIH
yrosl BOKPYr 3TOro HanpaBJieHHsl KakK BOKpYT ocH. B aToM 3akaiouaercs
meopema Jtirepa. [lyctb A; v v; (i=1, 2, 3) — co6cTBeHHbIE 3HAUEHHA
H cOOCTBeHHble BEKTOPhI MaTpHiibl K (OHH MOryT ObITb KOMIJIEKCHBIMH
Jlaxxe B TOM cJydae, Koraa R BelllecTBeHHa); OHH YAOBJIETBOPSIOT
ypaBHeHHAM

Rv,=kyv, (i=1,2,3). (19.2.1)

Tak kak R TakXe W yHHTapHas MaTpHua, Mb HMeeM |Rv;|=|v;]|,
rae |v] aas moGoro (BooGlie roBOpPsi, KOMIJIEKCHOro) BEKTOpa V
o6osHauaeT (Jv,|?+|uv,|*4|v,|?)1/2; cnenosarensHo,

[h]=1 (i=1,2 3). (19.2.2)

Uuncaa A; ABAAIOTCH KOPHAMH KyOHUYeCKOro ypaBHeHHSi C BellleCTBeH-
HBIMH KO3(hPHUMEHTaMH

det (\/ —R) =0; (19.2.3)

NpoH3Be/leHHe 3THX KOpHeHl paBHO elHHHue:
AjAAg=det R=1. (19.2.4)

[Tlo MeHbiueli Mepe OAMH H3 STHX KOpHeH sBJsieTcsi BellleCTBEHHBIM;
eC/IH 1Ba APYTHX (CKaXKeM, Ay H Ay) KOMIJIEKCHBI, TO Ag=A; H B CHJY
(19.2.2) A As=1; caenoBarenbHo, A;=1. Ecan Bce Tpu KOpHSA ABAAIOTCA
BellleCTBEHHBIMH, TO OHH paBHbl aubo |, 1, 1, aubo 1, —1, —1. B mobom
cjlydae BCerJa MMeeTCsl OIHH KOpeHb, CKaxkeM Ay, paBHbIH +1; crelo-
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BaTeJbHO,
Rv] =V

OTKYyJa BHAHO, UTO INpsiMasi, NMPOBeJleHHass dYepe3 HayaJo KOOpAHHAT

B HaNpaBJeHHH BEKTOpa V; (V; MOXeT ObiTh BHIGPAH BeLeCTBEHHBIM),

OCTaeTcsl HHBapUAHTHO! OTHOCHTENLHO Npeo6pasoBaHHA X — RX; ode-

BHJIHO, 3Ta TNpsiMas SIBJSETCA OChbI0 BPallleHHs.

[HanomuHanue, Eciu M — HopmanbHas MaTpHiia, T. €. MaTpHIA,
KOTOpasi KOMMVTHPYET CO CBOE 3PMHTOBO CONPSIXKEHHOH, T. €. ecJH
MM*=M*M (B yacTHOCTH, SPMHTOBLI MaTPHIlbl H YHUTAPHBIE MATPHIIBI
ABJSIOTCA HOPMAJbHBEIMH), TO H3 COGCTBEHHBLIX BEKTOPOB MaTpHub M
MOXHO IIOCTPOHThH TOJHYIO OPTOHOPMHPOBAHHYIO (OTHOCHTEJNBHO 3p-
MHTOBa CKaJIiDHOTO IIPOM3BENEHHs]) CHCTEMY BEKTOPOB B 7-MEPHOM
npoctpaHcTee. Ecau Bce COGCTBEHHBIE 3HAYEHHS PA3JHYHBl, TO COG-
CTBEHHble BEKTOPHl aBTOMATHYECKH OPTOTOHAJLHLI; €CJIH XKe A siBJseTcs
r-KpaTHbIM COOCTBEHHBIM 3HA4YEeHHEM, TO COOTBETCTBYIOLIEE COOCTBEHHOE
TIOANPOCTPAHCTBO 7-MEPHO H B HEM MOXHO BHIOpaTh OPTOHOPMHPOBaH-
Hbli Ga3suc; crefaB TaK 111 KaXKJA0ro COOCTBEHHOTO MOANMPOCTPAHCTBA,
MOXHO MOJYYHTh TOJHYIO OPTOHOPMHPOBAHHYIO CHCTEMY BEKTOPOB.]

Mycts A, =1, A,=¢"®, A, =¢"" u BexTopH V;, V,, V; 06pasyior
OPTOHOPMHPOBAHHYIO CHCTEMY (OHH SIBJISIOTCS COGCTBEHHBIMH BEKTO-
pamu). BosbMeM HOBbE BEKTODHI

u=v,, u,=(1V2)v,+vs) u,=(/V2) (V,—Vs); (19.2.5)

OHH TaKxe 06pasyloT OPTOHOPMHPOBAHHYIO CHCTEMY (IPHYEM BCe STH
BEKTOPbI MOXKHO CYHTATh BEIECTBEHHLIMH, NMOCKONBKY V, H V3 MOIJIH
6bITh BHIOPaHb! KOMILIEKCHO COMNPSiKEHHBIMH); OTCIOAA

Ru, =u,, Ru,=cos0 u, +sin O u,, Ruy = -—sin 0 u, 4 cos O u,.
(19.2.6)

Mmu BuauM, uTO npeoGpasoBaHHe, ONHCHIBaeMOe MaTpHIEH R, aBJaseTcs
BpallleHHeM B IUIOCKOCTSIX, NEpPNeHAUKYJIAPHHIX BEKTOPY u;.

Ecan 3apaHa matpuuna R, To yroa M oCh BpalleHHSI NMPAKTHYECKH
HaxopATcs chaepyoluuMm obpasoMm. Tak Kak cyMma coGCTBEHHBIX 3Ha-
YeHHH MaTPHUbLI paBHa ee cJaeny, yroa 0 sanaetcs ypaBHEHHEM

1 +e£0+e-i6=Ru + R, + Ry,
COSG=1/2(R11+R22+R33'—'1)‘ (19.2.7)

Hanee, och BpallleHHSt COBMAJAeT ¢ HANPaBIEHHEM BEKTOpAa V (BhIlle
OH 0003Ha4aJICs 4epe3 V,), KOTOPEIH COOTBETCTBYET COGCTBEHHOMY 3HA-
yeHHio A=1; ciegoBarenbHo, Rv=v. Ho B cHly opTOroHasbHOCTH
matpuibt R RTR=1, otkypa v= RTv. Ilostomy (R—RT)v =0, tax
YTO KOMIOHEHTHI U;, U,, U, BEKTOPA V HAXOJAATCH B OTHOLUEHHH

110,205 = (Rp3—~ Ry3) 1 (Rgy— Ryp) : (Ry; — Ry)- (19.2.8)

HJIH
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Y niPAXHEHUE

[lposeauTe aHasoruuHeill axaaus rpynne SO (1) Ans NpOM3BOJLHOIO 11,

19.3. YHUTAPHBIE rPynnb

OGo6lenre OpTOrOHa/MbHBIX TPYNI HA KOMIUIEKCHBIA CJyyail MOXHO
peasnusoBaTh ABYMA cnoco6amu. [lepBrlil MyTh OCHOBBIBae€TCA Ha TOM,
YTO KOMIJIEKCHafd OPTOTrOHajJbHas MATPHUA eCThb JoGas KOMIJIEKCHAs
Matpuua M, koTopas YyIOBJAETBOpAET COOTHoweHHw MTM =] TouHo
TaKk #e€, KaKk U B BELIeCTBEHHOM cJayuae. Ho, BuAuMO, mnosyuyeHHLIe
TaK Tpynnbl He OYAYT NpPeACTaBaATh OOJbLIOH HHTepec.

Bropoit nyTth: HazoBeM yHumaptoi wmatpuumy U, Takyio, 4TO
U*U =1 (torza u UU*=1). [lpu yuurtapHom npeo6pasoBanuu x — Ux
n-MEpPHOTO KOMILJIEKCHOTO MpocTpaHcTBa C” 3PMHTOBO CKaJIspPHOE MpO-
usBefleHHe

wy= i§ X1y

JMOOBIX IBYX BEKTOPOB X M y OCTaeTCs HHBAapHaHTHHM. OO6paTHO, eciH
370 MNpOH3BeREHHe HHBApHAaHTHO MJA JMIOObIX X H y, TO MaTpuua U
ABJAETCA YHUTApHOH. YHumaprol epynnob U(n) HasplBaercs rpymnna
BCEX YHHTApHBIX MATpHL pasMepa nXn (WIH YHHTapHBEIX npeolpaso-
BaHu#l B C).

[Tockonbky det U* komniekcHo conpsxeH ¢ det U, u3 paBeHcTBa
U*U=I cnepyer, uto |det U]=1, 1. e. det U ecTb uucio Ha equHuy-
HOH OKPYKHOCTH B KOMILTeKCHO# miockoetH, [logrpynna rpynns U (n),
cocTosUlas H3 YHHTapHeIXx maTtpHu ¢ det U==1, HasuBaercs cneyuaio-
Hod (MIH YyHuMOOYAspHol) yHUTAPHOH rpynnoit U ofo3HauaeTcs uepes

SU (n).

19.4. rPYNNb! NOPEHLLA

Ecnn x, y, 2z, tux', y, 2, ' — HekapToBbl KOODAHHATH B ABYX HHep-
UHAJbHBIX CHCTEMAxX OTCUETa, OCH KOTOPHIX MNapaJsljiejibHbl, HO BTOpas
cucTeMa ABHIKETCS OTHOCHTENILHO MEepBOH CO CKOPOCThi0 V B Hampas-
JEHHH —+x U ecaun B MoMeHT {={'=(0 ofe cHCTeMbl COBNajajH, TO,
COrJIaCHO CMELHANbHOH TEOPHH OTHOCHTEJIBHOCTH,

Pl L y=y, 2=z t=1ZWAE (1941

Vi—vie V. i=vee
Jpyrue HHepuHalbHblE CHCTEMBl MOTYT OBITH MOJY4YeHBI MyTem OTHO-
CUTEJIbHOTO JBHXKEHHs B HaNpaBJIEHHAX OPYTHX Oced KOOpIAHHAT,
BpalleHHi B NPOCTDAHCTBE, CMEILEHHs Hayana OTcyeTa MNPOCTPaHCTBa-
BpeMeHH, MPOCTPAHCTBEHHBIX OTpaxkeHuit, obpaiieHusi BpemeHd. Eciau
YUHTHIBAIOTCA OTpaxeHus H ofpailesHe BpeMeHH, TO Mbl HMeeM MNOJHYIO
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rpynny JlopeHna, B NMPOTHBHOM caydae — coGcTBeHHylo rpynny Jlo-
penna. CMelueHHe Hauana KOOPAHHAT 3Jech He o6CYyKpaercsi, TaK 4TO
paccMaTpHBaeMble Npeo0pa3sOBAHHA ONHOPOAHH, T. €. YPaBHEHHs He
CONepKAaT MOCTOAHHBIX YJIEHOB.

Ecnu BBecTH 0603HaueHHs (OObIUHBIE A1 TEOPHH OTHOCHTEJBHOCTH)

X'=x, xt=y, x*=z, x‘=ct

(vHorza cf o6o3sHaualOT uepe3 x°) W oNpeleNHTb ¢ GOpMYJIOH
Vi/e

S L - 19.4.2
she V= ( )
To (19.4.1) MOXXHO 3anHcaTb B BHIe
4
xXB= 3 plxv, (19.4.3)
v=1
rie Ko3hQHUHEHTH pY oOpasyloT MaTpHLY
che 0 0 she
0 10 0
(¥l=P@={ o o1 o | (19.4.4)
she 0 0 cho

B ocraBmefica yacTH naHHoro naparpada GYZEeT HCNOJIb30BATbCH CO-
2AQuienle O CYMMUPOBAHUL, IO KOTOPOMY TN penroJaraercs, 4to Jo6oi
WieH, COAepXKallHH NMoBTopsioluics HHIeKC [Hanpumep, v B (19.4.3)],
yKe NPOCyMMHpOBaH 1O 3ToMy HHAEKcy (no v=1, 2, 3, 4); Takum
o6pasoM, (19.4.3) MoxHO 3anucaTb MpocTo Kak x'* = phx¥. B Teopuu
OTHOCHTEJIbHOCTH HHIEKCH, 0603HAaueHHbIE I'peYecKHMH GyKBaMH, Ipo-
GeraioT OOBIYHO 3HaueHHS OT | 10 4, a HHOekCH, 0GO3HAYEHHBIE JIa-
THHCKHMH 6YyKBaMH,— 3HaueHusi oT | mo 3.

Muoxectso {P ()} MaTpuu (WaH npeoGpasoBaHHii) YKA3aHHOTO
BHILIE BHIA, MOJYyYaeMoOe, KOrAa ¢ NPHHHMAeT BCE BEleCTBEHHHIE 3HA-
YeHHs, npeAcTaBjaseT cobofi rpynny, koTopas 6yneT oGo3HayeHa
yepes &,,—3Ta rpynna siBJjsieTcs MOATPYNNOH rpynnul JlopeHua.
3aMeTHM, 4TO

P(o) P(9,) =P (9, + 9,); (19.4.5)

H3 3TOTO YDABHEHHSi MOXHO NOJYUHTb 30KOH KOMNO3uuul (KOJJIHHe-
apHbIX) cKopocmmed, MHAue TOBOPS, HOJYYHTb (HOPMYJY IJIsi CKOPOCTH,
C KOTOpPOH TpeThsi HHepLHAJbHAsi CHCTEMAa OTCYUETa ABHIKETCH OTHO-
CHTEIbHO MEPBOH CHCTeMBbl, Yepe3 CKOPOCTb BTOPOH CHCTEMBI OTHOCH-
TeJbHO MEePBOH M CKOPOCTb TpeTbelf CHCTeMbl OTHOCHTENBHO BTOPOM;
BbIBOA ()OPMYJIbI OCTaBJIsieM B KAueCTBE yIpPaxkKHEHHS.

Ecau Bropas cucrema oTcuera mosyuaercs JIHWIb NMyTeM BpalleHHs
NepBod CHCTeMbl B MPOCTPAHCTBE, TO NpPeobpasoBaHHe 3ajaeTcsi MaT-
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pHlell BHAA

(19.4.6)

k4

0
(R) 0
0
0 0 01

rie yepes R’ ofo3HayeHs MaTpHIa pasMepa 3X 3 co6CTBEHHOro Bpa-
WeHus, T. €. snemMent rpynnsl SO (3). MHOXKECTBO BCeX TAKMX MATpHIL
(M npeo6pasoBanuil) ABJAAETCA nodepynnod 6pauieruti rpynnel Jlo-
peHua H ofo3Hayaercs yepe3 R.

I'pynna, nopoxiaemas sieMeHTaMH rpynn %, u R, T. e. rpynna,
COCTOSIINAS M3 BCEX KOHEUHBIX NpOM3BeleHHd Q,Q,...Q,, rie Kax-
At MHOXHTeNb Q; HMeer BHA au6o (19.4.4), iu6o (19.4.6), Haswl-
BaeTca cobcmeerrod (MW oeparudernoid) epynnoti Jlopenya u 0603Ha-
yaercsi uepes £, ColcTBeHHas rpynna JIopeHua sBASieTCH ceA3Hal
B CJeLYyIoeM CMBICe.

Jlemma. Ecau Q,—npoussoronoui saemenm epynno. £ ,, mo cyue-
cmeyem odnonapamempu4eckoe cemeticmeo Q (A) saemernmos epynnot &,
MAaKux, 4Mo 6Ce MAMPUHHbIC SAEMERMbI HENPEPbIBHO 3aBUCAM Om A
022 0 KA Ay, npuuen Q(0)=1, Q(X)=Q,

JlOKA3ATEILCTBO Bo-nmepebix, a0Go# 3nemedT P (p) Ha rpynnsl Ly
MOXKHO TMepeBeCTH B eJHHHLY [CPYNIH, MEHsSl (¢ HelpephlBHO OT HYJAs RO €ro Ko-
HEYHOr'0 3HAYECHHS; BO-BTOPLIX, JIOOOH 3/eMEHT R H3 Ipynmel 5B MOXKHO MepeBecTH
B €IHHHUY, MEHSS HeNnpepeiBHO Yroa BpalUeHHS OT HYJASl A0 €ro KOHEYHOro 3na-
YeHHs; M03TOMy ecl Qo=Q;Qy...Qy, rie KaXKAWH Q; NPHHAANEKHT NHGO L,
JaH6o R, T0o B KauectBe HHTepBana [0, Aol MoxHo mpuHaTek [0, j], a Q@ (L) Moxuo
BuGpath Tak, 4T0 Q (0)=7, Q (1)=Q4, Q@ () =Q1Q; u T. X. H, HaroHel, Q (j)=
=Q;Qa-..Qy, TpHYEM IS HelleNILX 3HAYeHHH napaMeTpOB HCMOJIB3yeTCs HHTep-
HOJISILHS.

[Tposepka nokaseiBaer, uTo yHOamenmasvras (Keadpamuunas)
dopma  (x1)2 4 (x2)24- (x?)*~—(x*)? HHBADHAHTHA OTHOCHTEJNBHO BCeX
npeoGpasoBaHuil rpynn %, U A, a 3HaYHT, H OTHOCHTEJBHO BCEX
npeo6pasoBaHHii rpynnel &, 3Ty ¢OPMy MOXHO 3anHCaTb B BHIE
guvxtx®, rae

100 O

010 0

001 ol=G (19.4.7)
—1

000

NpHYeM COrJlallieHHe O CYMMHDOBAHHH NDHMEHEHO KaK K |, TaK B
K v. EciH 4-mMepHbIfi BEKTOD X* B KBaJApPaTHUHOH ¢opMme ZyuyxHx¥ 3a-
MEHHTb CHayasna Ha x*4-y*, a satem Ha x"—y"* U H3 nmepBoro pe-
3yJIbTaTa BbIYECTb BTOPOH, TO BHJHO, YTO HHBAPHAHTHOCTb KBalLpa-
THYHOH (GOPMBL gpyx*x’ 3KBHBAJ€HTHA HHBADHAHTHOCTH CHMMETPHuE-
CKOH GHJHMHEHHOH (oPMBI guvx*y® = xy' + xy* + x*y* — x*yt.
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Teneph MOXHO ONPENENUTb hnoAHylo (00HOPoOHYw) epynny Jlo-
perya Kak TPynny BCeX OJHOPOJAHBIX JIMHEHRHBIX mpeoGpasoBanui x1, . . .
<., X*, OTHOCHUTEJBHO KOTOPHX g,vX*x* HWHBapHaHTHa JJjsa BceX
4-vepHHX BEKTOPOB xM; 3Ta rpynna ob6osHavaercs uepes .Z,. [lycts
npeo6pasoBanue xM —s x'M =ghx¥—TNPOU3BO/IBHLIA 3JE€MEHT TpYIIH
%, Torna u3 WHBapUAHTHOCTH OHJUHEHHOA (OPMBI ClelyeT, uTO
Zuvgugy = @ya WIH, B MaTPHYHBIX OOO3HAu€HHSIX, YTO

Q7GQ=G; (19.4.8)

HHaye TroBops, CTONOIIBI Q ABJISAIOTCH TICEBAOONTONOHAJbHREIMH TICEBAO-
€IMHUYHBIMH BE€KTOpaMH B TOM CMBICJIE, YTO

+1 pna v=1, 2,
132 212 V2. 2 j
(@F H@EP+H@P— @ =\ _j 100 4,

Aah + G+ g3gr —g3gi =0 nas v+ A (19.4.10)

Orcioga chaenayer, uto MaTpHua, ofpaTHasi MaTpuue Q, MoxKer GHITh
noJyueHa 43 MarpHuu Q7 u3MeHeHUeM 3HAKOB IO CJIeAVIOHIEH cXeme:

+ + + —
+ + + —
+ + + —
- — — +

[Tockoneky Q~! TakKe siBJsieTcsl JIODEHIEBHIM NpPeoOpa3oBaHHeM,

CMpoKu MaTpuubl Q TakXKe SIBJSIOTCH NCEBAOOPTOrOHAJbHEIMH TICEBO-
eUHUYHEIMH BEKTOPAMH.-

K3 (19.4.8) cnenyer, uto nerepmunant Matpuusl Q pasen =4-1. Ecin
B KadectBe {x!, ..., x*} B3aTb {0, 0, O, 1}, To UHBapuaHTHOCTH hyH-
JaMeHTalbHOR GOPMBI MOKA3LIBAET, YTO

3,
(19.4.9)

3 3
X () —(xtp= E‘ (@) —(qiy=—1.

[:‘
CrnenoBarenbHo, ¢f uwau =1, uan <—1.

Teopema. Cobcmeennan epynna Jlopenya & py ONpedeseHnasn eouue
KaK epynna, nopoxcdennas epynnamu £, u R, cocmoum u3 ecex
npeobpasosanuti Q, xomopeie npunadsemam £, u 018 KOMOpHX
detQ=+1, a gt =+1.

JLOK A3ATEJILCTBO. Crasana NOKa3bIBAETCs, YTO H3 CBSA3HOCTH TpyNnbl .Z’p
4

caenyer, yto detQ=--1 # ga=1 mna nwboro anemenTa Q u3 £ p. Tlycts Q
NepeBOAHTCA B eNHHHLY {‘, Kak B JI0OKa3aTeJIbCTBe JIEMMB; NOCKONbKY Q (0) =/,
nmeem detQ (0)=1 u ga(Q)=1; B cuny wenpepmiBHocTH detQ (A) u gi (A) npu
M3MEHEHHH A He MOTYT CTaTh OTPHLATe bHbIMH. (T0, uTo det Q=1, MoxkHo ycTa-
HOBHTb M HEMNOCPEACTBEHHO H3 pasJioxenus Q=0Q;Q,...Q,, rie kaxkioe Q; npu-
HALIeXKHT MHGo £, aubo R). O6paTHo, 10NycTHM, 4TO Q —J1060e npeobpaso-
Bahue H3 £, Takoe, yT0 det Q=1 u gi=1. TTokaxkeM, 4T0 Q MOXKHO npefcTa-



19.4. I'pynna Jloperya 43

BHTb B BHJe mpoHusBefends R\PR,, rle R; n R, npunamnexar AR, a P npunajn-
JeKHT L y; CIeA0BATENbHO, Q € L. (KeTaTH, 0TCIOAa CllellyeT, YTO B PasJloXKeHHH
Q:1Qs-.-Q; Bcerna AOCTaToYHO Tpex MHOXHTesdeil., [Tpexae Bcero, myctb R; H

R,—-—Bpameuuﬂ KOTOpble COOTBETCTBEHHO nepenonm TpeXMepHEle BEKTOpPHI (g3, q4,
qd) H (ql, q2, qa) B MONOXKHTe/bHOe HanpaBaeHue ocH x'. Toraa

‘1
A
i
RQR,=| X g —q, (19.4.11)
@0 0 g

rle X’ —Hekotopan MaTprua pasMepa 3X3, q; H ql' HeOTpHUATeJbHbl H q;‘ =
= g3 = L. Nockoabky (g4)>—(g:*)*=—1, (41%)* —(ga*)* = —1, napametp ¢ MoxHO
BHOpaTh Tak, YTO

9 =q*=she, gi=che.

TakuM o6pasom, eciH Q' yMuoxuMm na P (—¢), TO nocaedusii CTPOKa d mocjen-
HHH CTOJ6EN 3TOFO MpOH3BeleHHs] GYAyT TeMH XKe, YTO H COOTBETCTBYIOU[HE CTPOKA
H cTonbeu Matpuubl P (—¢) P (@)= [; otcroda

0

X" 0
P(—q) Q' = ™) 0
1

0 0 0

dTa MarpHua, noxo6Ho @ H Q’, onmHceBaer npeoGpasopanHe, KOTOPOe MpHHAAJE-
XHT &L p, H, S3HAYHT, OCTABASET HHBAPHAHTHOH (QYHAAMEHTAIbHYI0 KBaApaTHYRYIO
dopmy. ﬂoa'romy X" ocTapAster HHBapHaHnTHOH KBaapaTHuHYIO dopmy (x1)2 -
+ (x®)%4-(«%)2 u, chepoBaTenbno, npuHapnexut rpynne O (3), HO det X"=+1,
orkyaa caeayer, 410 X"—sJjement SO (3), 1.e. Q" —s3neMedT rpymnsl R, cka-
XeM Rjy. Htak, MBl HMeeM

P (—@) RsQRy= Ry,

4TO NPHBOAHT K HCKOMOMY BHAY 3JI€MEHTa Ql
Q=R.P (9) Ry,
rie Ri=R5" u Ry= RsRi".

3ameuanue. dnementnl BUAA L =R~'PR, rie R npunapiexut R,
a P npHHaMJIeXHT .%¥,, HasbIBAIOTCS 4UCMbIMU Npeobpa30saHuaAMU
Jlopenya. B sToM ciyyae ocH HOBOH H CTapofi cHCTeM KOODIAHHAT Bce
elle napasnienbHbl (Tak xe, Kak Ang P (g)), HO HanpaB/JE€HHE OTHO-
CHTEJIbHOH CKOPOCTH MOXeT GBbITb NPOM3BOJNbHBIM. MaTpuuma L cum-
MeTpHUYeckasi, Ho ecad L; M L,—1Ba uHcTHX TpeoBpaszoBaHus Jlo-
peHua, To JIETKO BHAETb, UTO MaTtpuua L,L, He ABJseTca CHMMETDH-
YecKOH, €CIH TOJNBKO OTHOCHTENbHbIE CKOPOCTH HE MapaJieNbHbl; cie-
JI0BaTeJIbHO, YHCTHIE NpeofpasoBaHuda JlopeHua He o6 pasyoT NOArpynny
rpynnsl Z,. Bonee toro, ecnm L,L,—HecHMmeTpHUECKash MaTpHua,
T0 MOXHO HaiiTH TaKoe YHCTOe npeo6pasoBaHHe L,, uto L,L,L; npex-
cTaBlfAeT COOOH YHCTOE BpaUleHHE (3/€MEHT TIPYIIHI Ji) N pIYeM
L,L,Ly==1. D10 06CTOATENBCTBO MPHBOLHT K NCEBAONAPALOKCAIbHOMY
pesysbTaTy, 3aKJIOYaioLUleMycsi B TOM, YTO MOXHO MOBEPHYTb HEKOTO-
poe Teso, MOCJIeN0BaTebHO COOOLIMB €My TPH YHCTO JIHHEHHBIX yCKO-



44 [a. 19. Henpeposnue epynno:

peHHs B TpeX pamIHYHBIX HANpAaBJA€HHAX TakUM 00pasoM, 4TO B pe-
3yibTaTeé KOMOHHAUHH 3THX TPeX JBHXEHHH Tel0 ocTaHaBJHBaeTcsl.
Takoe sBJeHHE, OMHCAHHOE B HECKOJMbKO HHBIX (OpPMyJiHPOBKaX, 6bLIO
OTKPBITO Ha 3ape KBaHTOBOH MexaHHKH JI. Tomacom B cBsisu ¢ pens-
THBHCTCKHMH MONMpPABKaMH K HEPreTHYECKHM YpPOBHAM aToMa. [DnekT-
POH, JBHraschb N0 opOHTe BOKPYT sIApPA, MOABEpraercs (HelpepbiBHOH)
Noc/ielI0BaTeAbHOCTH JIOPEHLEBLIX TPaHCAALHH, MOAOGHBIX ONHCAHHBIM
npeobpa3oBaHUsAM, H BO3HHKaeT hdeKT, aHaJOTHUHBI TOMY, K KOTO-
pOMy NPHBOIHT CYLIECTBOBAHHE CIIHHA 3JIEKTPOHA. ]

Ipynna &,, nopoxienHas sjemeHTaMH rpynnel %, H npeogpa-
30BaHHeM OOpaiieHHs BPEMEHH, KOTOpOe 3ajaercsl marpuueh

100 0
010 0
T=\oo01 o}
000 —I

ABASIETCA MOATpyNmo# rpynnel £, MOCKOJbKY scHO, 4To T coxpa-
HseT ¢yHAaMeHTabHYIO (GopMy. AHajorHyHo rpynna .%, NOpOKIEH-
Has 3/eMeHTaMH rpynnbl ., H NMPOCTPAHCTBEHHOH HHBEPCHEH, 3aia-

(7] o p
BaeMOH MaTpHIEeH

fiBJSIRTCA MOArpynnoi rpynns %,. HakoHneu, Bca .2, nopoxknaercs
3NeMEHTaMH rpynnsl %, W npeobpasoBaHusmd T u S.

YTNPAXHEHUS

JoKaxuTe WIH ONpPOBEPrHUTE CJERYIOHIHE yTBepXKACHHS.
1. Jlioboe co6eTBenHoe NMpeoGp asoBaHHe Jlopenua ¢ cuMMeTpHuecKofl MaTpHueft
€CThb YHCTOE mpeobpasosanue Jlopenua,

2. Ecu Py u Py—1Ba uncteix npeoGpazosanus JlopeHua, To PP, PTPT!
eCTb YHCTOe BpalleHHe.

3. Iloprpynna Bpamenuit npeicTasnser co60fi HOpPMAIBHYIO nogrpynny
rpynnst &,

OquPUlelM 0606[Ll€HHeM rpynn .HOpGHI_Ia MOryT 6BIT rpynmnel
npeo6pa3013aHHH, KOTOpbl€ COXpaHsitOT 3HayeHHe (pyHJlaMeHTaJIbHOﬁ
¢$opMbl

(x1)2+ . +(xr)2___(xr+1)2___ . _(xr+l)2;

BO3MO2KHOCTE INPOCTPAHCTBEHHBIX orpameﬂuﬁ nosABJAfAETCA, Korpa r
HeyeTHO, a BO3MO2KHOCTBb oépam.e}mﬂ BpeMeHH — Korza { HeyeTHo.
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19.5. MHOTOOGPA3ME reynnsl
Ecau no6oll 3neMelt

Ris Rip Ry

R= Ry Rzz st

R81 Rﬁz Rss
opToroHasabHOH rpynnel O(3) npeacTaBjasierc TOYKOH 9-MepHOro
(BelllecTBEHHOT0) MPOCTpaHcTBa VP ¢ KoopaHHATaMH Ryy, Ry, . . ., R

(3a0aHHBIMH, CKaXeM, B TOM MOpsJKe, B KOTOPOM OHH HOMBJAIOTCA B
MaTpHlle), TO JAaHHas TPyNnna MNpPeACTaBJAETCA MHOXECTBOM TOUEK B
npocTpaHcTBe V?®, KOTOpbie YIOBJNETBOPSIOT LIECTH aJjreSpan4yecKHM
yPaBHEHHSM

i,+ R§I+R?ﬂ=1’ ’=1v 29 39 (19'5‘1)
RyRix+ RyjRae+ RyRye=0, (i &)=(12), (1 3), (2 3), (19.5.2)

KOTOpbIE 03HAYAIOT, 4TO CTOAGIHBI MaTPHIbl R CyTh MONapHO OPTOro-
HaJbHBIE eJHHHYHble BEKTOpPhl B cOOTBeTcTBHH ¢ § 19.2. [Tosmyuennas
TpexMmepHasi anre6pauyeckasi MOBEPXHOCTb B MpocTpaHcTBe VP Hashl-
Baerca mHo2o00pasuesm rpynnbl O(3). Tounbie pasmepb, ¢opMma H
KPHBHM3HA 3TOH MOBEPXHOCTH HEe NPENCTABJIAIOT HHTepeca, HO ee
ofliHe TOMOMOrHYeCKHe CBOHCTBA TECHO CBfA34HH CO CTPYKTYPO#H
Tpynnbl.

C kKaxnoli HenpepblBHOH rpynnoH JHHeHHBIX mpeoOpa3oBaHHil
aHAJIOTHYHO ACCOLMHpPYETcA Hekas anreGpandeckas MOBEPXHOCTb B
HEKOTOpoM npocTpaHcTBe V™. OnHako TpeGyeTcs onpefneeHHOe BHH-
MaHHe, KOrja [eJaloTCs BHIBOABI W3 YHCJIa ypaBHeHW#. Jlasi rpynmbl
SO (3) kpome BhIMHCAHHBIX Bbillle HiecTH ypaBHeHH# (19.5.1) u (19.5.2)
HMeeTcsi cellbMoe aJsrefpauyeckoe ypaBHeHHe

detR=1. (19.5.3)

Kak 6yner nokasaHo B JaJjbHEHLIEM, MOBEPXHOCTb, OMNpeJeIeHHan
MepBLIMU LIECTbIO YPAaBHEHHAMH, COCTOHT H3 ABYX 4YacTeH, HJIH KOM-
noHent (Hamomo6He AByX BeTBell rumepGosbl) W ypaeHenue (19.5.3)
JHILb HCKJIOYAeT OIHY W3 STHX 4acTeH, HO HE yMEHbLIaeT pasMep-
HocTh moBepxHocTH. s ofmedi suHeliHofi rpynnel GL (n, R) uMeercs
Juib anreGpanueckoe wepasercmso det M ==0; nas GL (n, C)—an-
re6panueckoe HepaBeHcTBO (Re det M)? 4 (Im det M)? 54 0.

YrPAXHEHUE

Hatiante anre6panueckoe ypasuenne F (x, y, 2)=0, KoTopoe onpeaenser no-
BEPXHOCTb TOpa B MpocTpancTee V3 Tak xe, Kak x*-+42+422—1=0 onpeneaser
noBepXHOCTb mapa. Haftiute rpynny, A KOTOPOR TOP CAYKHT MHOrooGpasueM
B CMbiCJIe TIPHBEJEHHOTO Bhillle OTpefesieHHs.
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19.6. BHYTPEHHME KOOPAMHATH B MHOFOOBPA3MM
FPYNibl BPALLEHMA

Xora B npuHuume Joboe MHOrooGpasHe MOXHO paccMaTpUBaTh Kak
n-MEpHYI0 MOBEPXHOCTb, BJOXKEHHYIO B NMPOCTPAHCTBO V7™ Gosblueli
pasMEpPHOCTH, KaK 3TO J[eJaJoch B MPHBEIEHHBIX Bhille NpHMepax,
TaKoe BJIOXKEHHE He BCerJa MpPOCTO HAUTH WM OMHCATh, U MO3TOMY
GoJiee eCTECTBEHHO OMUCHIBATH MHOroobpasve NpH MOMOLIM BHYTPEH-
HHX KOOpJMHAT, MOJOGHBIX MOJSPHBIM yriaM O W ¢ Ha MOBEPXHOCTH
cepel, uan B oflieM ciydae NpH NoOMOWM IBYX WM GoJsiee nepe-
KPBIBAIOIMXCA CHCTEM BHYTPEHHHX KOOpAHHAT.

Kaxnoe npeo6pasoBanue rpynnsl SO (3) MOXeT GbITh MOJYYEHO
nyreM BhI6Opa (PHKCHPOBAHHOH OCH, @ 3aTeM NMOBOPOTa BOKPYT 3TOH
oct (§ 19.2). Ecain R—wmaTpuua Bpawenus Ha yroa 8 >0 (mo waco-
BOH CTpeJKe, €ClH CMOTPeThb BAOJb MOJOXHTEIbHOTO HAMpPAaBJEHHS
BexTopa k) BOKpPYr OCH, 3aiaBaeMO¥ eNHHHYHHIM BeKTOopoM Kk, To
uucna 9k,, ka, Ok,, o603HayaeMLle COOTBETCTBEHHO yepes 0, 0,9,
MOXHO B3ATb B KauyecTBe BHYTPEHHHX KOOpAHHAT B rpynne SO (3);
B TakoM cJayuyae Mbl sanuiieM R=R(0), rne 0—pektop k0. Hdun
TOro 4TOObl Takas cHCTeMa KOOpAMHAT Oblna eAUHCTBEHHOH, O cie-
Ayer orpaHuuuTh wapom K={0: |0 < xn} B koopamHaTHOM mpo-
crpaHctBe R®, B koropom 6,, 6, 0,—nekapToBH KOOpAMHATHI, H
KpoMe TOTO, HY>KHO COOMIOAATh CJeAylolee YCJIOBHE: MPOTHBOMNOJOK-
Hble KOHIBI JI060ro nuaMerpa mapa K COOTBETCTBYIOT OJLHOMY M TOMY
Ke sjgemeHTy rpynnel SO (3), a BO BceX APYTHX C/yuasXx Kaxjo#
Touke K COOTBETCTBYeT €NMHCTBEHHHIH 3jeMeHT rpynnsl SO (3) H
obpaTHo.

Marpuna K= R (0) sajnaercs B ABHOM BuJE 4Yepe3s BHYTpeHHHUe
KOOPJMHATBI [PH MOMOMIY BBIPAXKEHHA

0 —8, 6,
R(9) = exp 6, 0 —o, | (19.6.1)
\—6, 6, 0

YTo6H 3TO yBHAeTb, 3aMeTHM CHayaJa, 4TO MOCKOJABKY R — HeBHPOX-
JeHHas HOpMaJbHas MaTpuua, To ee JorapHgM A BmosiHe onpeneneH
(XxoT M MHOTO3HauyeH):

Reer, R‘=me-"=RT==eaT;

CJ1Ie10BaTEeJIbHO, A-—aHTHCHMMeTpH'{eCKaﬂ MaTpuna H JHOJXKHA UMETh
BHI

0 atbt
A=| —a 0c¢ |.
—b —c¢ 0

To, uTo a, b, ¢ MOXHO B3ATb MMEHHO TakuMH, Kak B (19.6.1), cie-
AyeT M3 TOro, 4TO B TakoM cayuae: (1) co6cTBeHHble 3HayeHUs! Ma-
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TpHubl A paBHbl O H =+ i0, rae 9=V9§+9§+9§, a, 3Ha4uT, cob-
CTBeHHblE 3HAYeHHF MaTpHUbl eXpA paBHbl | U e*®; (2) nepsHi
coGCcTBEHHBIE BeKTOp MaTpHubl A (Tak e, Kak H exp A) mnponop-
uHoHased BekTopy 0; (3) Tak Kak A —HOpMajibHasi MaTpHLa, ee cob-
CTBEHHBIE BEKTOPH MOXHO B3ATb B KauyecTBE OPTOHOPMHpPOBaHHOH
cucteMmul; (4) W3 3TOro chaeayer, kak u B § 19.2, uro R npeacras-
JISeT BpallleHHe Ha yroa 0 BOKpyr OCH C HampaBjieHHEM BekTopa 0.
Ocraercsi (B BHJe YNpaKHEHHA) [POBEPHTb, YTO B NpaBOH CHCTeMe
koopauuat (19.6.1) onpeneaser R (8), a He R(—0).

B
Cy

C,

Pue. 19.1.

[lpn nomoww BHyTpennux koopauHnatr 6,, 6 , 6, MOXKHO BHIACHHTb
CBOMCTBA MOBEPXHOCTH ¢ B NpocTpaHcTBe V®, ornpenefeHHOH aJjre-
GpanueckuMu ypaBHedusamu (19.5,1)—(19.5.3). Kaxnas touka mapa K
COOTBETCTBY €T €JAHHCTBEHHOH TOUYKe Ha [OBEPXHOCTH ¢, HCKJouas
NPOTHBOIOJIOXHLIE KOHUB Jiio6oro nuamerpa K, KOTOphe COOTBETCT-
BYIOT OQHOH M TO# e TOYKe MOBEPXHOCTH <, H JNEBATb KOOpAHHAT
TOYKH [OBEPXHOCTH ¢ ABASAIOTCA HeNpephlBHBIMH (DYHKUHAMH BHYT-
peHHHX KoopaHHaT B wape K corsacho (19.6.1). [Tosatomy & —cBss-
Hasi MOBEPXHOCTb, MOCKOJbKY Jio6as Touka wapa K Moxer OHITb
cBa3aHa c JwobOod Apyrofi Toukodl K HeKoH KpHBOH (Ha caMoM aene
NpAMOJIHHERHEIM oTpe3koM), Jexauefi B K. OnHako & He saBasercs
OOROCBA3HOL.

[lycTh Ha cBA3HOH NOBEPXHOCTH 3aJaHB! ABe [POH3BOJbHLIE TOUKH
A u B u nBe awboie kpube (nytH) C; u C,, nexamue Ha 3Tol
NOBEPXHOCTH M coendHsiomue A ¢ B (puc. 19.1). Ecau C,, He ocrab-
JIfisl TMOBEPXHOCTH, MOXeT OhiTh npeofpazoBaHa B C, HenpepuiBHOH
nebopMauHei, To Takas NOBEPXHOCTb HaswiBaercss o0HocaAasHou. Tlno-
CKOCTb H cepa ONHOCBA3HBI, TOrAA KaK MOBEPXHOCTb TOpa, MOBepX-
HOCTb UHJHHApPA, Kpyrosoe Koabuo R} < x*+ y* < R} He ABAANTCH
OLHOCBA3HBIMH. CpenH TpexMepHblX Tesl ap, Ky6, cpepHueckHi ciaol
R} < x*+ y?+2* < R} onHOCBS3HBEI, TOTAA KaK TOpP H KpeHAelb He
SIBJISIIOTCS1 OAHOCBA3HBIMH.

[Mokaxem, uto MHoroo6pasne & rpynnsl SO (3) He ABAsercs OAHO-
cBs3ubiM. [lycth A—Touka B ¢f, COOTBETCTBYOIAA UEeHTpY Hiapa K,
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a B—rtouka B &, COOTBETCTBYIOLAsl JBYM KOHLAM HEKOTOPOro jiHMa-
merpa wapa K (puc. 19.2). Torma aBa paamyca, cocTaBasioude
JaHHBI JMaMeTp, COOTBETCTBYIOT B ¢ J[BYM KPHBBIM, HJH [yTsM,
KOTOpHIe COefuHsoT A ¢ B, M OYEBHIHO, YTO OJMH TaKOH MNyTb

Puc. 19.2.

Helb3A HenpepuBHO AedopmupoBartbh B Apyroi. Oanako Jio6oii Apyrod
nyTs u3 A B B MOXHO HelpepblBHO JedOPMHPOBaTb B OJHMH M3 yKa-
3aHHBIX MYTed.

19.7. TOMOMOP®M3M FPYNNbI SU (2) HA rpynny SO (3)

[lycte X, y, e—JnekapTOBH KOOPAHHATH B €BKJHMLOBOM MPOCTPaH-
ctee E3. PaccMoTpuM martpuuy

A : 19.7.1
T\xtiy —2 ) (1571

KOTOpas sIBJAETCS 3pMHTOBOH MaTpHIEd H HMeeT cJell, paBHHI HyJIO.
(Cnien. MaTpHuLbl ecTb cymMMa ee COGCTBEHHHIX 3HaueHHMH H paBeH CyMMme
€e JMaroHajbHbX 31eMeHToB.) [lycthb U —umo6asn yHuTapHasi maTpuua
pasmepa 2X2 ¢ nerepmHHaHTOM, paBHbiM | [1.e. U€SU (2))], a

A" =UAU*. (19.7.2)
[Nockonbky coOCTBeHHble 3HaueHHst MaTpHlnl A’ COBNajalT ¢ cobeT-

BEHHbIMH 3HayeHHAMH MaTpuubl A, cjel MaTpuubl A’ Takxe paseh
Hymo; A’ Toxe spmuToBa MaTpuua (A'*=A’), U ee MOXKHO 3anucarhb

B BH]IE
A’ < zI xl—iy’
=\v iy —2 ) (19.7.3)

roe x', y', 2 — BeulecTBeHHble uHcaa. Kpome Toro, det A'=det A4,
4yTo caedyeT M3 (19.7.2), u, 3Hauut,

XAy 2 (19.7.4)

OueBHHO, YTO CBA3b MEXAY X, Y, 2 U X', y', 2 NMHEHHA NPH 3a1aHHO}
MaTpuue U; clefoBaTe/bHO, €c/Id MBI ONPENENHM BEWECTBEHHYI Mart-
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puuy R=R (U) pasmepa 3X3 HOCpe,ElCTBOM

s )-(5).

TO R—OpTOI‘OHaJ’IbHaﬂ MaTtpHua.

O6wee 3ameyaHHe 06 OPTOrOHANbHBIX YHHTAPHBIX H JIOPEHUEBHIX
npeoGpasocanuax. JlonycTHM, uTO OAHOpOAHOE JHHEHHoe npeobpaso-
BaHHE X — X' B BElECTBEHHOM r-MEPHOM HNPOCTPAHCTBE TAKOBO, YTO
OHO OCTaBJisieT WHBADHAHTHOH KBAJpPaTHUHYIO (GOPMY X -X=xi- ...

.+ x2, T.e x-x=x"-x" gna Bcex x. Toria HHBapHAaHTHOH AB-
asercs H GuianHefiHas ¢dopMa X-y s JioObIX X, y, TaK Kak

x‘y=l/4 (x+y)-(x +y)—1/4 (x—y) (x—y)

MHaue roBopsi, ecsiH cOXpaHATcA BCe JJHHB, TO COXPAHAIOTCA H BCe
VIJbl, AHAJOrHYHO, eciH (- , +) 0003HayaeT S5PMHUTOBO CHMMETPHYECKOE
(T. e. noayGuiHHeHAHOE) CKa/isipHOe HNpPOH3BEJEHHE B KOMIJIEKCHOM
n-MepHOM APOCTPAHCTBE, TO (X, y) ABJAETCA UHBADHAHTHBIM AJIA JIOObIX
X, ¥ B TOM H TOJbKO TOM cJydyae, Korja (X, X) HHBApHAHTHO AJIA BCEX X.
Takum o6Gpa3oM, OpTOroHa/MbHYIO H YHHTapHYIO pYnibl MOXHO Xa-
PaKTepH30BaTh HHBAPHAHTHOCTbIO JH60 KBaupaquon JH60 CcooT-
BETCTByIOMeH OuAHHEAHOR (OpPMBL.

Y NPAXHEHHE
CoopmyaupyfiTe ananoruunbifi pesyabTaT Ajis rpynnsl Jlopenia,

JlerepMuHaHT MaTpuun R paBeH | MO HenpepblIBHOCTH, MOCKOJBKY
eAHHCTBEHHO BO3MOXHHEIMH 3HaueHHsiMH det R sasasiotes 1, det R
HenpeprBHO 3aBHCHT oT U u SU (2)—cBsa3Has rpynna, [Ec.zm U—
elHHHYHAas MaTtpuua pa3Mmepa 2x2, 1o R (U) ectv eguHHyHas Ma-
TpHua pasmepa 3 X3 ¢ aerepmuHanToM, paBHbiM 1.] ITlpoussenenne
RWU,)R (U, paeHo RU,U,), notomy uro R(U,)R (U,) npeactas-
Jser cofoli pe3yJsbTaT MocJjeoBaTesbHOrO npeobpasoBanus A cHauana
B U,AU;, a 3zarem B U,U,AUU;. CaenoBatesbHo, oToGpakeHue

®: U-—~RU)

ecTb roMoMopdusm, Mel yTBepmuaeM 0e3 JoKasaTeqbCTBa, 4TO 5TO —
orofpaxkenHe Ha Bcio rpynny SO (3)1).

Jlerko Buaern, yro sApoM 3TOro roMomopguama Gyner i/[ —1}
H no3toMy ¢ KaxaeiM R € SO(3) cBfisaHbl 1Ba 3JeMeHTa H —U
rpynast SU(2). B § 19.9 Gyner nokasano, uro rpynna SO (3) ss-
JfeTc NPOCTOH H, 3HAUHT, HHKAaKHe J[pyrde HETPHBHAJIbHBlE TOMO-
MopHambi rpynnsl SO (3) HEBO3MOXKHBL

1) To ectb Kaxabiit 3nemenT #3 SO (3) sBasetcs o6pasoM XoTs Gbl OLHOIO
anementa #3 SU (2).— [Ipum. nepes.
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19.8. FOMOMOP®K3M rPYNNbI SL (2, C)
HA COBCTBEHHYIO PYNNY JIOPEHUA £,

Tomomopdu3mM, nonyuekHbii B npeabiayileM naparpadge, BecbMa Jierko
paciuupserca. [TycTb x, y, 2z, ¢ — KOOpPAHHATbI B NpOCTpaHCTBe-Bpe-
MeHH (pH 3TOM cHcTeMa eIWHHI BbIGpaHa Tak, uTo6bl c=1). Toraa
MaTpHia

2 /t-}-z x—iy>

T\xdiy t—z

spmuToBa H det A=#—x?*—y*—22. Ecnu P — npousBonbHas (KOM-
IVIeKcHag) MaTpHlia pasMepa 2X2 ¢ JIeTepMHHAHTOM, paBHBIM 1, To
matpuua A’=PAP* Takxe 5PMHTOBa H, 3HAYHT, MOXeT GbiTb 3arH-

CaHa B BHIE
42 x’—iy’)

AT = X +iy t'—a2'

Ho det A’ =det A, u nosromy

’

PP et = AL z_y'a_z'a'

Wnaue roeopsa, wmarpuua P us SL (2, C) wuHiyuHpyeT HeKoTopoe
npeo6pasosanue Jlopenna 7. $icHo, uto orobpaxenne P — T ofna-
JlaeT CBOHCTBOM roMomopdH3ma, WMeHHO ecid Py — Ty u P,— T,
10 P,P,— T{T,. ®akthuecku 310 (2 — 1)-roMoMopdH3M rpynnk
SL(2, C) na rpynny. %,, T. e. roMomopdusM, oToGpaxaiomui IBa
snementa SL(2, C) B onun siement Z,.

19.9. NPOCTOTA TrPYNNH BPAWEHMA v rPYNNb) NIOPEHLLA

Teopema. I'pynna spawenuii SO (3) ssasemes npocmoil.

JoKA3ATENBLCTBO. [onyeruM, 9T0 Gy — HeTpHBHAbHAS HOpMasbHAA NOA-
rpynna: Gy <G 8O (3). Hyxno pokasate, uto Go= SO (3). [lyctb R, & G, npuuem
Ry # 1. B § 19.2 6bino nokasano, yto aas mwboro R u3 SO (3) npeoGpasosanue
X — RX MOXHO onHcaTb KaK BpalleHHe Ha HEKOTOPHIH yroa 6§ BOKpYr HEKOTO-
poit ¢ukcupoBanHok ocH. O6osnaunM depe3 O BeKTOp, B3ATHIA B MOJNOMKHTENBHOM
HanpaB/leHHH STOH OCH H UMeloUR fnuny |0 =0, n Boipasum R B Buze R= R (0),
Kak B § 19.6. Torna Ry=R (8y) nns uekotoporo BekTOpa 8y # 0.

[MpeanonoxuM Tenepb, yTo O;—M0GOA Apyroit BeKTOp ¢ TOH ke AJHHON,
ato 0 @ (| 0,]|=16,|), a Ry —Bpamerne, nepesonsmee 6, B 0,. Torza Ry 'R (6, R,
npuHajnexuT noarpynne G, NOCKONBKY OHa HopManbHa; HO Ry 'R (8,) Ry =R (8)),
H, crefoBaTenbito, noarpynna Gy comepxkut aio6oi anement R (8) ¢ |0]=]6,|
DNanee, G, Takxe cONepXKHT Kaxiblii s1ement R (0) R (6,) nnsn ||Oh=||00h,
OH ABAAeTCA s1eMentom R (') wns Hexotoporo 6’ =0’ (@, 6,). OueBugHO, uTO
10" || —nenpepriBhan dyukuus KoMnoHedT BekTopa O. [HanomHuM, uTo sBnoe
BoipaxeHue R (0) uepes kommonentn 0, 0y, 0, npuseneno B § 19.6.] Ilas
0=—0,n 9=-0, aanna |0’|| pasna O W 2|8, cooTBetcTBenHO. CrenoBa-
TeNbHO, AAA JoGoro yriaa 6 u3 uHTepBana {0, 210 G, conepXHT XOTA GH OZHH
anement R (8), Tako#h, ut0 [|0]=0. CxoBa menoabsys To, uto G,—HOpmanbEas
NoArpynna, ycTaHaBiuBaeM, u4To G, cogepxnT Jo6oii R (8), Takofi, 4TO
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0<9)<2(0y]; BO ecin R (8) npruanyexHT Gy, To 0 R (0) R (0) =R (20) npa-
HapiexXuT G,, H R (30) npuHagieXXHT G, H T. 1.; c/ieloBaTesbHO, noarpymma G,
cofiepXHT JioGoi aneMenT R (0) mia 0<<)|0)<<n T. e. Go=80(3)

CoberBeHtas rpynna JlopeHua Takike siBAserca Opoctod, HO Ho-
Ka3aTb 3TO CJIOXKHEe,



