fnasa 20

NPEACTABNEHMA rpynn 1.
BPAUWEHMA U COHEPHYECKME TAPMOHMKM

[TpencTapneHne; TOYHOe NpelCTaBleHHE; pa3MepHOCTb; MpPHBOAHMOCTb; HENPHBO-
IHMOE NpejCTaBJieHHe; 3aKOlbi Npeo6pa3oBaHHsl TEH30POB; MpefcTaBjienHs rpynn
SO (2) u SO (3); nHOHHHTE3HWMAaNbHBIE ONMEPaTOpPbi; OMEPaTOPbl MOAHATHS H ONY-
cKaHHA; 3(QhEeKTHBHOE H TPaH3HTHBHOE NeHCTBHE TPYOMNbI; ONHOPOAHOE MPOCTpaH-
CTBO; perynspHoe MNpeACTaBleHHe, TeccepajJbHbie TapMORHKH; Miorounenbt Jle-
XaHpa H npHcoefHHennble (QYHKUHH JlexaHIpa; peKyppeHTHbHE COOTHOIIEHHS H
nuddepennnanbioe ypasuenne ana PT; dopmyna Pogpura ans PT; opronopmn-
POBaHHOCTb H MOJNHOTA TeccepalbHBIX FapMOHHK; TeOpeMa CJIOXKeHHs,

[T pedsapumenvriie ceederus: rn. 18 u 19; sneMeHTapHasi TeopHs MaTpHL; 3HAKOM-
CTBO CO CMeUHANbHHIMH GYHKLHAMH MaTeMaTHYeCKOH (QH3MKH.

B 310if W B ABYX caefylOlWHX raaBax 6yjeT NOKasaHo, YTO HMEIoTCA
CyllecTBeHHble CBA3H MEXAY TPEMs CTOJb, Ka3anoch Obl, pa3HLIMH
AMCUMIJIHHAMH, KaK MNpPeACTaBJe€HHs TPYIIN, KJacCHUeCKHe CrelHalb-
Hble (GYHKLUHH H KBAaHTOBAasi MEXaHHKa.

[IpencraBneHHss TPYNn TeCHO CBA3AHBI C PAas/HYHBIMH CHELHallb-
HBIMH (YHKIHSMH MaTeMaTHYecKOH (H3HKH. B ompenesieHHOM cMBICHe
nepBOcTeNeHHass PoOJab 3THX (PYHKUHH 3aK/IH04aeTcd B AEMOHCTPaUHH
OTHOLUeHHH cuMMeTpuH. Hanpumep, pyHKuuH JlexkaHapa nosBJsiOTCS
(yepe3 cepHuUecKHe FapMOHHKH) B 3aflayax co c(epHuecKoli CHMMeT-
prell B TaKHX PasHbiIX 06JIaCTAX, KAK 3JI€KTPOCTAaTHKA, aKyCTHKA, Tell-
JIONPOBOJAHOCTb, MePeHOC HEHTPOHOB, KBAHTOBAash MEXAaHHKa BOJOPOJO-
nopo6Horo atoma. QPyHKUHH Deccens (¢ UeJIBIMH H MOJYLEJNBIMH HH-
JeKcaMH) BO3HHKalT Oovibllledl YacTbio B 3aJaYax pacnopocTpaHeHHs
BOJIH, HO GoJiee riiy6oKoe HccsieloBaHHE MOKAa3biBAeT, UTO 9TH PYHKIHH
CBfI3aHbl CKOPee C HEKOTOPLIMH THNAMH CHMMETPHH, YeM ¢ MeXaHH3MOM
BOJIHOBBIX MpoueccoB. [leficTBHTeNbLHO, BOMHOBOHA NpoLece B HENOCTOSH-
HOM (Ha)ke cpepHyYecKH CHMMETPHYHOM) MOTEHLHAJLHOM MoJie, Boobiie
roBops, BKJIIOYaeT IpYrHe (QYHKUHH, Hampumep (yHKUHH Jlareppa
B cJyuyae BOAOPOAONOAOOHEIX aTOMOB, Torja Kak (yHKUHWH DBeccens
NOABJAIOTCA B cJjydae, KOMJ@ CHCTeMa HHBADHAHTHA OTHOCHTEJILHO
NOJIHOH TPYNOH JABHXKEHHH, a He TOJbKO OTHOCHTENILHO MOACPYNIH
BpauleHHH; cM. caenaywowyio raasy. B § 20.5 Gyner nokasano, urto
TPHTOHOMETpHYECKHE (YHKUHH (B BHIe ™) BO3HHKAIOT B MPEACTaB-
JIEHHAX JABYMepPHOH TIpynnbl BpalleHHH u, C/leA0OBaTeNbHO, CBA3aHBI
C CHMMeTpHeH OTHOCHTEJbHO HEKOTOPOH OCH.
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20.1. KOHEYHOMEPHDIE NPEACTABNEHUSA FPYNINb

[lycte G -— npousBo/ibHas rpynmna, a X — HeKOTOpoe n-MepHoe (ya-
CTO KOMILJIEKCHOE) BEKTOPHOE NpocTpaHcTBo. ['oMoMopdHam p: g — p (g)
rpynnsl G Ha rpynny JHHEHHBIX 1NpeoOpasoBaHHi B MPOCTPAHCTBE
X 1) HasbIBaeTcs n-mepuum npedcmasienuem epynnot G (na X). Jlnneh-
Hble [1peo6pasoBaHHsa OOBIYHO OIHCHIBAIOTCS MaTPHIIAMH, H MaTpHuy,
ONHCHIBAKILYIO Tpeobpa3oBaHHe P (), Takxke 0603HAYaIOT yepes P (g).
[losTOMYy MBI MOXKEM TaKXKe paccMaTPHBATh NpeicTaBjeHHe rpynnsl G
KaK roMomopgusM rpynnsl G Ha rpynny MaTpHIl; TOTAa efxHHna B G,
obparumlii 37eMeHT B G M rpynnoBasi onepanus NPeAcTaBJAsOTCS elu-
HHYHOH MaTpullefi, o6paTHOH MaTpHIeH H YMHOXEHHeM MaTpHIL
Ecnau romomMopdusM siBasieTcss H30MOD(GH3MOM, TO IpeACTaBjeHHE P
HaspiBaeTca mounbiM. Ecnu cama rpynna G ecTh rpyina JHHEHHBIX
npeoGpa3oBaHHi B HEKOTOPOM BEKTODHOM IpocTpaHcTBe Y, TO TOX-
NecTBEHHOe (eJHHHYHOE) OTOGpaxeHHe g — ¢ rpynnel G Ha cebs 4B-
JsieTcsl TOYHBIM MpeacTaBjieHHeM. ONHAKO N0 MHOTHM COOGDaXKEHHAM
H B 3TOM C/Jydyae HMeeT CMBICJ paccMaTPHBaTbh TaKXe APYyrHe Npen-
CTaBJIEHHS.

3ameuanue. lcnonbayemble 3fech GOPMYJHPOBKH HECKOJBKO OTJH-
qaiotcs or npuBefenunx B § 18.10, rae npeacraBnenne rpynmst G
610 romoMopduaMoM rpynnsl G Ha Jo6ylo rpynny (He o6A3aTesibHO
JMHEeHHBIX) TpeofpasoBaHHUi.

Ecnu X comepKHT cOGCTBEHHOE NOANPOCTPAHCTBO X;, KOTOpoe
HHBAPHAHTHO OTHOCHTEIbLHO Bcex IpeoGpaszoBaHuil p(g), g€ G, To
NDeCTABJEHHE HA3BIBAETCA NpueoduMbIM, a CyXeHHe TpeoOpa3oBa-
HHH p(g) Ha X, naeT mpeAcCTaBJEeHHe MeHbleH Pa3MEPHOCTH, HAa3bl-
BaeMoe noonpedcmaeaeruesm. Eciu Takux COGCTBEHHBIX MOANPOCTPAHCTB
X, He cyulecTByer, TO NpEACTaBIEHHEe P HAa3bIBACTCS Henpueodu MoLm.

Ecan G — HenpepwiBHas rpynna (rpynna JIn), To H OT 3/leMeHTOB
MaTpHIB! P (g) TpebyeTca HenpepbiBHasi 3aBHCHMOCTh OT g. EnHHCT-
BeHHHIMH HeENpPephIBHBIMH TPYINIaMH, KOTOPbie Mbl OyfeM 3Jech pac-
CMaTPHBaTh, fABJSIOTCA FPYNNBl MATPHL, MOAOCHBIE YHHTaDHBIM, Op-
TOTOHAJILHBIM M JIODEHIEBHIM IpynnaM. B TakoM cjyuae JaHHOe Tpe-
G6oBaHHe 3aKJ/AIUaeTcss B TOM, 4TO 3JeMEHThl MAaTPHIHL P (g) AO/MKHBI
GbITh HENpepLIBHEIMH QYHKIHAMH 3J€MEHTOB MAaTPHILI g, H 3T0 OyneT
cpasy BHIHO BO BCeX NDHBEIEHHBIX jajiee NMPHMEpaXx.

20.2, 3AKOHbI NPEOEPA3OBAHMS BEKTOPOB M TEH3OPOB

Tenepsr MBI ONHILleM HEKOTOPBIE NMPEJCTaBJEHHS TPYIIN, ecTeCTBEHHbIM
obpasom BosHHKamow ke B dusnke. CorsacHo ri. 19, npeo6pasoBaHus B
TPeXMepPHOM IIPOCTPaHCTBE, KOTODble MO/ydaloTcsl NyTeM BpalleHHH

1) X 4acTo HA3LIBAKT (PeiCTABAAIONEM (POCTPaHCTBOM HAM NPOGTPAHCTBOM
npexctaBnensd,— [l pum. nepes.



54 ra. 20, pedcmasaenusn epynn |

JEeKapTOBbIX OCell BOKDYr HaudaJa KOOPAHHAT, COCTABJAIOT IPYIN
SO(3). PasiuuHble npeAcTaBJeHHs 3TOH CPynnnl JAIOTCA 3aKOHaMI
npeobpa3oBaHHs AJA KOMIOHEHT TeH30poB. EciH JeKapTOBH KOOp
JHHATBI peobpasylTca MOCPEICTBOM X — X', rlie

3
X;= k; €inXes (20.2.1

a (g:p) — MaTpHua BpameHHs [saemedt rpynn SO (3)], To Kommno
HeHTH T';; TeH30opa BTOPOro paHra npeo0pasyloTcsi MO 3aKOHY

%=§§&wﬂﬁ (20.2.2)

Eciu nesate Bennuun T, 0603Haunth uepes X;, ..., X, H pac-
cMaTpHBaTh HX Kak KOOpJHHATH ToukH X B mnpoctpaHcTBe R?, TO
KaxJoe npecbpasoBaHHe X — X' HHAYLHpYeT npeoGpasoBanue X — X',
H 3TH TNoc/eJAHHE Npeo6pasoBaHHA JHalOT MpPeACTaBJICHHE TIPYINbl
SO (3) na R®. IlpeoGpasoBanusi KOMIOHEHT TEH30pa TPETHETO PAHra
Haot npefcrabiaenue rpynnsl SO (3) Ha R* u 1. &

Bonee cneuuduuHble npeACTaBNeHHs MOrYT HMETh MECTO B TOM
clydae, KOrJa KOMIIOHEHTBl TeH30pa CBfi3aHbl HEKOTOPBIMH OTHOLIE-
HHAMH cHMMeTpHH. [lonycTuM, uTo T';; — KOMIOHEHTHl TeH30pa CKO-
pocTell JedopManHH B HEKOTOPOH TOUKE KHIAKOCTH:

Tl/ = 00,/6)6,,

rie v=v(X)—BeKTopHoe noje ckopocteif. EciaH Teuenne GesBHx-
peBoe, TO
T,=T, G 1=1,2,3). (20.2.3)

HeTtpyano npoBepHTb, YTO 3TH COOTHOLIEHHS HHBADHAHTHBl OTHOCH-
TeJbHO BpalueHui, T. €. ecin Ty, =T, Ana Beex i U j, 10 T} =T}
(cM. HHxke ynpaxneHue 2). CiefoBaTe/IbHO, B 3TOM CJydae TOJBLKO
IECTb KOMNOHEHT 7', ABMAIOTCA HE3aBHCHMbIMH, CKaKeM BEJIHUHHEI Y,
onpejenseMble Kak

y1 = Tiz’ Yz = Tzsa ys = Tsir
Y4 = Tnv Y5 = Tzzv Ys = T33~

Torma BpameHne X -—X' HHAYUHPYET JIHHEHHOe npeobpasoBaHHe
Y — Y’ u nonyuaercs 6-mepHoe npexcrasieHHe rpynnsl SO (3).

[Tyctb, Kpome TOro, :KHIAKOCTb HECKHMAaeMma; TOLNAa HMEETCH JO-
NOJIHHTENbHOE COOTHOILEHHE

T+ Tog+ Toa=0, (20.2.4)

KOTOpPOE TaK)Ke HMHBADHAHTHO OTHOCHTEJNBHO BpalleHH# (CM. HHXKe
ynpaxsenue 3). B stom ciyuae Y, MOXKHO onycTHTB (T. €. ero Bceraa
MOXHO BBIMHCIHTE Kak — Y,—Y,), H npeoGpa3oBaHHs KOMIOHEHT
Y,, ..., Y, nawor 5-vepHoe npexcraBaenue rpynnst SO (3).
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Coortnouenus (20.2.3) n (20.2.4) onpefiensitoT NOoANPOCTPaHCTBA
npoctpancTBa R°, KOTOphHle HHBapHAHTHEI OTHOCHTENbHO mHpeobpaso-
BaHu# (20.2.2); WHBApHAHTHOCTb 3THX MNOANPOCTPAHCTB MNO3BOJSET
NPHBECTH 9-MepHOEe TNpeACTaBJeHHE K 6-MepHOMY H D-MepHOMY mpen-
craBjeHHsAM. [MOXHO MONy4YHTb 8-MepHOEe NMpEACTaBJeHHE, HCNOAb3Ys
auib (20.2.4).] B panbHeiillieM BLIACHHTCH, YTO 5-MEpHOE MOANPO-
CTPaHCTBO HeJb3A [jajiee Pa3jIoXUTh Ha HHBapHAHTHEIE NOANPOCTPAHCTBA
MEHblIEH pPa3MEPHOCTH; MOSTOMY O5-MepHOe mMpeAcTaBjeHHe HENPHBO-
naumo. Oxakercs, u4To A oGO0 HEYETHOTO LEJOr0 /M CYIIECTBYET
HENPHBOAHMOE m-MepHOe TnpeAcTaBaeHue rpynnbl SO(3); B cayuae
m>>1 Takoe MpeAcTaBJeHHe ABJAETCH TOYHBIM.

Hexoaubiii 3akon mnpeobpasoBanusa (20.2.1) nns KOMIOHEHT BeK-
TOpa X OfGecrneynBaeT, pasyMmeeTcs, TpexmepHoe npeiacrasnenue. (Ecau
BpallleHHs paccMaTPHBATb KaK JEMEeHTH HeKOH abCTPaKTHOH TpyINmHl,
TO Takoe NpEACTaB]eHHe He Gojiee TPHBHABHO, YeM JoGhie APYTHE.)
Bosee Toro, paau MOJHOTH (B TOM CMEICJIE, KOTODHIH GyAeT yTOUHeEH
no3[Hee) Mbl BKJIOYaeM B PacCMOTPEHHE H OJHOMEPHOe MpeacTaBJe-
HHe, aBaeMOe 3aKOHOM NpeoGpa3oBaHus CKalsApOB, COIVIACHO KOTOPOMY
oHH BooOule He npeoGpasyioTcs. JIo6OH CKanAp €CTb BellecTBEHHOe
YHCJIO X, H KaXAbI 3/JeMeHT TpynnH (BpaumeHxe) orobpakaercs Ha
TOXJECTBEHHOe npeoGpasoBanne x — x B R. [Orciona He caenyer
IesaTh BBIBO[, YTO OJHOMEPHOE MNpeACTaBl€HHe T[PyMNNbl BCerga co-
CTOHT TOJbKO H3 TOXKZAeCTBeHHOro npeobpasoBanus. OnHOMEPHOe mpex-
craBnenne rpynnbl GL(n, R) uau rpynnbl GL (n, C) paercs oroGpa-
XKeHHeM snemeHTa M rpynnel [mMarpHua pasmepa nxn| Ha mpeoGpa-
sopanne x — (det M)x B R nan B C.]

[Mpeacrasaenus rpynn Jlopenna (cMm. B § 19.4) ananornyno paiorcs
3aKOHaMH Mpeo6pa3’oBaHHs CKalAPOB, BEKTOPOB (T. €. 4-MepHbIX
BEKTOPOB) H TEH30DOB MNpH npeoGpasoBanusax JlopeHna B npocTpaH-
CTBe-BPEMEHH; 5TH NpeJcTaBJeHus HMeloT pasmepHoctH 1, 4, 16, ... .

llecTumepHoe npeacras/enye (OrpaHHYeHHOR) rpynnbl JlopeHua %,
3aJaeTCA 3aKOHOM NpeoGpas3oBaHHA [/ KOMIOHEHT 3JIEKTPHYECKOro
u maruuTHoro noneit E u H B cBoGoaHoM npoctpanctee. (Murtepmnpe-
TauHs STOCO 3aKOHA MPH TNOMOWIH TeH30POB OyleT OObSCHEHA HHXKe
B ynpaxuenuu 5.) CornacHo yacTHOMy npeoGpasoBanuio JlopeHua
(19.4.1), KOMMOHEHTBbI 3/EKTPHYECKOTO H MAarHHTHOrO mnoJeH npeobGpa-
3yIOTCA MO 3aKOHY

E,=E,, E.{/=Y[Ey_’(v/c)Hz]7 E;=Y[Ez+(U/C)Hy],
H,=H, H;=y[Hy+(v/c)E,], Hé:V[Hz_(v/C)Ey]'

rae

(20.2.5)

p=(1—0v¥/c?)= 1,

(Cm. mobof xopowuit Kypc anekTpomarnetusma.) Ilpu Bpamenun kKou-
noxeHTs! noas E u Komnonenth nons H npeobpasyiorcs HesaBHCHMO
no o6niyHOMy 3akoHy (20.2.1) ans BekTopoB. B cootserctsunm ¢ § 19.4
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/06O 3/IEMEHT Ipynnsl %, MOXKHO 3andcath B Buie R,PR,, rJ
R, v Ry,—BpaumieHHss B NpPOCTPaHCTBe, a P—npeo6pasoBaHHe BH]
(19.4.1), u nostomy ofuee mnpeo6GpasoBanne aas E u H MoxHO m
ayuutb kom6unauueli (20.2.1) u (20.2.5).

OnHa M3 ueyiell TEODHH MpPEACTABJEHHH IPYNN 3aKIO4aeTcs B TOM
4yTOGhl HAHTH Bce BO3MOMHBIE 3aKOHBI MpeoSpa3oBaHHs (PHU3HUECKH
BeJHYHH, T. €. HAHTH Bce BO3MOXHble NPeICTaBJeHHA (GH3HYECKH
rpynn cuMMeTpHH. Kak BHIHO H3 NpHBeNeHHBIX BbIllle MPHMePOE
CYLULECTBYIOT [Be OCHOBHbIe MPOUEAYPLI: n0CMPOoeHUe HEKOTOPbIX npel
cTaBjleHH#i U3 6oJjiee NMPOCTHIX NPH MOMOILH TEH3OPOB H pacuienneru
npeacras/ieHHH HA NMOANPeACTaBJeHHs (npuBeleHHe). OJHAKO Ha4yHHA
¢ § 20.5 onuchiBaeTcs eule o4Ha Mpouefypa, KoTopasi OCHOBaHa H
JIeACTBHH HEKOTOPOH rpynnbl Ha MpOCTPaHCTBAX (yHKUHH.

VYrrPaAXHEHHUS

1. TMokaxuTe, uTo mpeRcras/iente BpaweHHi (20.2.1) npH nomowH npeoGpa
3oBakHi (20.2.2) apnsertcs romoMopdusMom, Hnaue rosops, NOKaIKHTE, 4TO ecli
o (g) —npeobpasopaHHe, HRAYLHPOBaHHOe BpalleHHeM g B mpocTpaHctse RP, T
plg) p(gh=p (gg’)

2. TlokaxuTe, MTO CHMMETDH HJIH AHTHCHMMETDHS TEH30pa BTOPOrO paHr:
coXpaHsfeTCs NpH BPalleHHAX, eCJIH HCNO/Ib30BaTh 3aKOH npeobpasoBanus (20.2.2)
T. . nokaxure, uto M3 T, =T, (mim T;y=—Ts) maa seex i, | crelye
T,';:T/; (HJIH T;,":— Tll') s Bcex &, |.

3. llokaxuTe, 4TO clel TeH30pa BTOPOrO paHra COXPAaHAETCS INpPH Bpalle-
HHAX, T. €. 4TO

T+ Tee+Tis="Ty +Taa+Ts.

4. PaccmoTpum ofwee snHefinoe npecGpasosanue B R” pupa (20.2.1), rae
(8i) —ueBbIpOXAeHIasA MaTpHua pasMepa nXna. [lokaxkuTe, 4To 3To npeoGpaso-
BaliHe opToronanbHo (gfg=ggT=/) B TOM ¥ TONbKO B TOM Clyuyae, KOTAa cAex
A1000r0_T€H30pa BTOPOTO paHra MinBapHaHTeR OTHOCHTeablio (20.2.2).

5. lNokaxuTe, 4TO MOXHO HONYYHTb 3aKOH npeoSpazoBanua (20.2.5) pas
31eKTPOMAaTBKTHOFO nNOAA Opk npeoGpasosawnu Jlopenua (19.4.1), npeoGpasys
4HTHCHMMeTDHYeCKHH TeH30p BTOpOro paHra

(0 H, —H, —E,\
po_|—H: O He —E,
H, —H, 0 —E,

E, E, E, O

no 3aKony
4 4
nyv Vv
TW=3 2 5T,
o=11T=1

€C/IH KOODAMHATH Npeobpa3yloTcA MO Npasuly
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20.3. APYITUE NMPEACTABNEHMUA TPYNN B ®U3IUKE

Teopus INayau cnuHa saekTpoHa (1927 r.) u penATHBHCTCKOE BOJTHOBOE
ypasHeHue Jlupaka (1928 r.) npuBenH K OTJIHUHBEIM OT 3aKOHOB Ipe-
06pa3oBaHHsA BEKTOPOB M TEH30pPOB 3aKOHaM Mpeobpa3oBaHHs MNpPH
BpaUIeHHsAX H JIOpEHLEBHIX TNpeoHpa3oBaHHsAX. B cBoio ouepenb 3To
OACTOATENBCTBO NPHBEIO K TEOPHH HOBBIX OOBEKTOB, Ha3BaHHLIX CIH-
HOpaMH, KOTOpble TaKHM O6pa3oM 3aHsSJIH CBOE MECTO B PeJsATHBHCT-
CKOH KBAaHTOBOH MeXaHHKe Hapsilly cO CKaJspaMH, BEKTOPAMH H TeH-
30paMH; CNHHOPH OyAyT pacCcMOTPeHH B IJl. 22, 3aKoHB mpeoGpaso-
BaHHs A5 CHHHOPOB JAal0T TaK Ha3hBaeMble JBY3HAUHbIE MPEICTaB-
geHus rpynn SO(3) u &, KoTopble, OIHAKO, SIBJSIOTCS HCTHHHLIMH
npeicTaBaeHHsMH HakpoiBaiomux rpynn SU(2) u SL(2, C), pac-
cMoTpeHHEIX Hamu B § 19.7 u 19.8. Kaxerca napamokcajbHBIM TOT
($akT, 4YTO 3TH HaKpHIBalOUIHE T'pyNNbl BooOule HOsBASIOTCS B (DH3H-
uecKHX 3ajadax, H, K COXa/eHHIO, B GONBLUIMHCTBE KHUT N0 KBAHTOBOH
MeXaHHKe 3TOT BONPOC KaK C/AeNyeT He BhisicHsaercs. Pasperienue storo
napajokca, cBs3aHHoe ¢ uMeHeM [. Beiins, Gyner omucaHo B ra. 22.
B 3TOM c/lydae UMEIOT MECTO TaK Ha3hIBaeMble JyUeBHIE NMPelCTaBJeHHs,
KOTOpHIE, He sIBJASCh HCTHHHLIMH TPEICTaBJEHHAMH (B CMBIC/]E, Ofl-
pelesieHHOM B JaHHOH IJjiaBe), TeM He MeHee BNOJHE MPHUTOAHBI AJTA
ONHCaHHAA KBAHTOBOMeXaHHUYeCKHX saABJeHHH. B kHure Beftas [1928)
MOKAa3aHO, YTO JIyYeBbie NPEACTaBJ€HHA KaKo#-THGO rpymnmel MoJHo-
CTBIO ONpeNeNsioTCd HUCTHHHLIMH TPEACTaBJeHHAMH COOTBETCTBYIOUIHX
HaKpHIBAIOWIHX TpYNN; cJaeloBaTesNbHO, NpeiacTaBieHHs rpynn SU (2)
u SL (2, C) urpaior onpeneneHHYIO PoJb.

Jlanee u3 TEeOpHH c/eNyeT, YTO, NMOCKOIBbKY MHOI006pasHs rpynn
SU(@2) u SL(2, C) opHOCBA3HH, 3TH TPYHNb HPEACTaBIAIOT cO6Of
TaK Ha3hiBaeMble YHHBEpPcaJbHble HaKpHIBAIOUIHE TPYNNbl s TPymn
SO (3) u &, cooTBeTCTBEHHO (cM. IM1. 24 H 27), U OTClofla KaK CJeACTBHe
BHITEKaeT TOT ()aKT, UTO He CYUIECTBYeT MHOTO3HAYHBIX MpPEACTaBJEHHH
rpynn SO(3) u Fp ¢ KpaTHocThio, Gosbiied nByX. TakuM o6pasom,
OCHOBBIBasiCb Ha TEOPHH TPYyNN, MOXHO 3aKJIOYHTb, YTO BEKTOPHI,
TEH30pH H CNHHOpPHl 00ecneunBaioT Bce BO3MOXKHHE 3aKOHHI mpeoOpa-
30BaHHA BEJHYHH B KBAHTOBOMEXaHHUYECKHX SIBJIEHHSX.

B kmaccuueckol ¢u3HKe pesaeTcsi pasHYHE MeXAY MOJIsPHBIMH
BEKTOpaMH (TaKHMH, KaK HMOYJbLC H 3JeKTPHYECKOe MOJIE) H aKCHalb-
HBIMH BEKTOPaMH (TAaKHMH, KaK MOMEHT HUMIYJbca H MarHHTHOE NoJe).
[MossipHble BEKTOPHI MEHAIOT 3HAK NMpPH HHBEPCHH X — —X, TOTAa Kak
akcHaJbHble He MeHAIOT 3Haka. CieloBaTeJbHO, CYHIECTBYIOT /ABa (M
TONBLKO [Ba) NMYTH pacliHpeHHs 3aKOHOB MNpeo6pa3OBaHHA IS BeK-
TOPOB OTHOCHTEJIbHO MOJIHOH OpTOroHanbHON rpynnsl- O (3).

CHMMeTpHS MM aHTHCHMMETPHSI MHOrOYacTHYHOH BOJIHOBOH (pyHK-
LHH TpH B3aHMHON nNepecTaHoBKe (HJIH Oojiee oflleH nepecTaHOBKe)
TOXAECTBEHHKIX YacTHII JaeT NPOCTOe NpPeACTaBJeHHEe COOTBETCTBYIOUIEH
rpynnel HepecTaHoBOK. Bosee ciokHBIE MpeACTaBJeHHs [pYHN nepe-
CTAaHOBOK MNOSIBJSIOTCSI B TEOPHH NapacTaTHCTHKH,
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20.4. 6ECKOHEYHOMEPHGIE NPEACTABAEHNS

B Takux ¢u3HueCKHX AMCUMNJIMHAX, KaK KBAaHTOBas TeOpUS IOJS
BCTpPeyaloTcst GeCKOHEUHOMEpHLE Npe]CTaBjJeHHs, HanpuMep, Tpyn
Jlopenua u [lyankape. EcTecTBeHHO, Takoe NpeAcTaBjeHHe ABJSETC
romomMopuamom rpynne G Ha TPYNny OrpaHHYEHHBIX JIHHEHHBI
npeobpazoBaHuii p(g) B 6aHaXOBOM MJH THJLGEPTOBOM NPOCTPAHCTB
X. Ecau G — HenpepbiBHAs rpynna MaTpHl, To HeO0OXOAUMO, UYTOGI
p(g) 6bI0 cHILHO HenpepbiBHOH (yHKIMelH g, T. e. Tpebyercs, uToOk
s mobol Touku 4 B X

Ip(g) u—p(go)u]—0,

KOrja MaTpHuHLle 3JIeMEeHTbl g CXOAATCA K MaTPHUUHBIM 3JIEMEHTaM go

B To BpeMsa Kak Bce HENPHBOAUMbIE NMpPEACTABJISHHS KOMIAKTHBLX
rpynn, nogobueix SO(3), KOHEUHOMEPHBI, CYIIECTBYIOT OGeCKOHEUHO:
MepHble npeicTaBaeHHa rpynn Jlopenua, Ilyankape u rpynnsl ABuxe-
HHH, TaKHe, YTO HeT KOHEUHOMEpPHBIX NOANPOCTPaHCTB GaHaxoBa HJH
ruas6epToBa mpocrpaHcTBa X, KOTOpble GbuiM Gbl WHBapHAHTHBL OT-
HOCHTEJbHO BceX npeobpa3oBaHuB p(g), g € G, U, cJIelOBaTENbHO, 3TH
NpeACTaBJIeHUs He MOryT ObiTb PasjioXKeHH Ha KOHEUHOMEDHHE MOA-
npeAcTaBjeHus. B caepyloiell riase Mbl onuuieM GeCKOHeUHOMEPHBIE
NpeACTaBJEHHS ABYMEPHOH I'pynnbl ABHXeHUH M,; 3TH npeicTaBjaeHuA
JOBOJBHO THIMHUYHBI H BKJOYAOT (GyHKUUH Deccens. 3a panbHelluum
MaTepHasJoM MO JaHHOMY BONPOCY, B YAaCTHOCTH MO NpPEACTABJIEHHAM
rpynn Jlopenua u Ilyankape, Mbl oTcbuiaeM uMTaTens K KHuram Bép-
nepa [1955), Teawdanna, Mungaoca u Ilanupo [1958], Teandanaa,
lpaeBa u Bujenkuna [1962], Bunenkuna [1965], Yopuepa [1972],
Bapyra u Ponuku [1977]; cxonb oOmMpeH STOT MaTepual, MOXHO
CYAHTb N0 00beMy YKa3aHHHIX KHHT.

B ra. 27 mbl npuBefieM NpHMep HeNPepbIBHOH TPYNNbl (FPYyNmnbl
Jlu), KoTopas He HMEeT TOYHOrO KOHEUHOMEDHOTO MpeACTaBJAeHHS H
nosToMy BooOGlle He MOXeT ObITh peaqu3oBaHa B BUJE I'PYNNH MaTPHIL.

20.5. NPOCTOM CAYHYAK: TPYNNA SO (2)

OO6iui MeTOA OTHICKAHHR MPEACTABJEHHH MOXHO I POHJIIIOCTPHPOBATD
Ha JOBOJIBHO TPHBHaJbHOM npumepe rpynnsl SO (2), aneMeHTamMu
KOTOpOH fBJAIOTCA BpallleHHA B IVIOCKOCTH BOKPYT Hauala KOOpPAH-
Hat. Jliobasi OKPYXHOCTb C LEHTPOM B Hauale KOQOpAMHAT HHBapH-
aHTHa OTHOCHTeNBHO 3TOH rpynnel. [lyctes X*—GeckoHeuHOMepHOE
npocTpaHcTBO GeckoHeuHO AuddepeHunpyemolx dyukuui f(¢), onpe-
JeJICHHbIX Ha eAMHHYHOH oKpyxHocTH. (IlockoubKy Hauiu paccyXxie-
HHUA HOCAT KAaueCTBEHHBIH XapaKTep, Mbl He OyAeM BBOJHTb B 3TOM
NPOCTPAHCTBE HOPMY HJH TOMNOJOTHIO.) BpailleHHlo g, Ha yroa o
[sniementy rpynnbl SO (2)] ™Mb cTaBuM B COOTBETCTBHE JIHHeHHOe
npeobpasoBaHHe

Po: (@) —f(p—0) (20.5.1)



20.5. Mpocmod caysai: 2pynna SO (2) 59

B npoctpaHctBe X~. COOTBeTCTBHE gu— Py €CTb TPEACTABJIEHHE
rpynns SO (2) Ha npoctpanctee X*. (B atoM npumepe paBHO Jomy-
cTHMO H mnpeobpasoBanue f () — f(p+a); cM. 3ameuaHHe B cie-
QylolieM mnaparpacge.)

BaxkHLI#i MeTOA HaXOXKJeHHR TMOANPEACTABJEHHH 3aKJloyaeTcs B
HCTIONb30BaHHH TaK HA3bIBa€MBIX HWH(HHHTE3HMAJNbHbIX OlEepaTopoB
NpeJACTaBleHHA, TaKHX, Kak onepaTtop T, mojyuaeMblii B JaHHOM CJy-
yae nyTteM auddepeHnHpPoOBaHHs omnepatopa p, no o npu a=0, a
HMEHHO

(THe)=—F (o), (20.5.2)

TaK 4To T MOMKHO pacCMaTpHBATh KakK INpejen OTHOUWeHHR (1/a) (pa—p,)
npu a-—s 0. QueBHAHO, 4TO JI060€ MOANPOCTPAHCTBO NPOCTPAHCTBa X~,
HWHBApHAHTHOE OTHOCHTEJbHO BCeX Ipeob6pa3oBaHHH p,, 6GyAeT HHBa-
PHaHTHO H OTHOCHTeJNbHO 7. Mbl HileM HHBapHAHTHbIE MOANPOCTPaH-
CTBa KaK MOXHO MeHblleH pa3MepHocTH. C/eJOBATeNbHO, Mbl HIIEM
Takyio GQyHKUMIO f (), YTOOH MHHHMANbHOE NMOANpPOCTPAHCTBO, COAEP-
Xatiee f (@) H HHBApPHAHTHOE OTHOCHTENbHO onepartopa T, He cogep-
¥ano HHKAKHX JAPYTrHX (QyHKUHH, a ecaH 6bl W colepXkano, TO CTOMb
Maao TakHX GYHKIHE, CKOIb 3TO BO3MOXKHO. B ciyuae omHOMepHOro
noanpoctpaHctBa Tf nomkHa ObITh KpaTHa f, ckaxem Tf=Af; 310
NPHBOJHT K 3ajaue Ha COOCTBEHHLIE 3HAYEHHA

—F" (@) =4Af (). (20.5.3)

B Hamem ciyuae, NockONbKY (yHKUHH W3 X© JNOMKHH GHITb OJIHO-
3HAYHLIMH Ha €JHHHYHOH OKPYKHOCTH, COOCTBEHHble 3HAUEHHR H COob-
CTBeHHblE QYHKLIHH CYTb

A=im (m=0, +£1, +2, ...), f(@)=F,(¢)=e-mo  (20.5.4)

Jas mo6oro o neficTBHe npeoGpasoBaHHA P, 3afaHHoro B (20.5.1),
TaK)Ke CBOAHTCR! K YMHOXKEHHIO KaXJoH coOcTBeHHOH (yHKuMH f,
onepatopa 7 Ha KOHCTaHTy, a HMEHHO

(Paf ) (@) =em>f (@)

Takum obpasom, 118 J060ro /1 OAHOMEPHOE (KOMIJIEKCHOE) MOAMNpO-
CTPaHCTBO

X, ={Ae-ime; AeC} (20.5.5)

HHBAPHAHTHO HE TOJbKO OTHOCHTENBHO T, HO H OTHOCHTENBHO BCeX
npeoGpasoBanuii p,. [lo Teopeme Dypbe, mobylo ¢yHKnHio H3 X~
MOXKHO Pas3jiOXHTb MO JAHHHM (DYHKUHAM, a, 3HAUHT, X~ eCTb JHHed-
Han o60J0uKa MOANpOCTpaHcTBa X,,.

Teneps 6ymer mNOKazaHo, YTO EOUHCMBEHHbIMU KOHEYHOME PHBIMH
npeictaBienHamMu rpynnos SO (2) Ha X™ aBiA0TCH NpEeACTABJIEHHA,
KOTOpHIE MOTYT OHITb MOCTPOEHHI H3 TOJYUYeHHBIX Bhile, HO60 6yler
YCTaHOBJIEHO, 4TO Ji060€ KOHEUHOMEPHOE HHBAPHAHTHOE MOAMN POCTpaH-
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ctBo X' mpoctpaHcTBa X™ ecTb npsAMas CcyMMa KOHEUHOTO 4MC/]a MOA-
npoctpaHcTs Buaa (20.5.5). B camom pene, nyctb f(@)—Jo6as
¢yHkuua M3 X', sanucaHHaa B Buje paja Qypbe

f(cp)=§ C '™, (20.5.6)

JlokaxeM, yTO NOANpoCTpaHCTBO X' CONEPIKHUT HE TOJNBLKO 3Ty CyMMY,
HO H KaXIblii ee uleH c,e™? B OTAENbHOCTH; OTCIofa OyleT caeno-
BaTh, YTO X' COQEPHHT MOANPOCTPAHCTBO X _,, A/A KAXKAOTO M1, TAaKOTO,
yto ¢, = 0. [efictBuTeNbHO, TAK KaK X' MHBAPHAHTHO OTHOCHTEJBHO
Bcex npeobpasoBannit (20.5.1), oHo copepxutr BCe o6pasb f(p—a)
JaHHOH QYHKUMH f(p) H NOITOMY COLEPKHT J0GYI0 QYHKUMIO BHIA

K
k§ hef (9—2tp),

rhe h, U o, — KOHCTaHTH. B3aB 3Ty cyMMy B KauecTBe CyMMbl Pu-
MaHa, KOTOpasa annpoOKCHMHPYeT HEKHH HHTerpaj, M 3areM lepexoas
K Mpefeny, Mbl BUAHM, 4TO X' CONEpKHUT MoGYIo QYyHKIHIO BUAA

{h@f(o—a)da,

a 3HaYUT, B YAaCTHOCTH, U (YHKHHIO

!

1 :
o S emef (p—a) da = c,e'me,

-

Takum obpasoM, X' conepkut X_,,, €clH ¢,70, 4To u TpeBoBanoch
nokasatb. (IlockonbKy mpeanonaranock, 4to X' KOHEYHOMEPHO, Te-
nepb ACHO, YTO ¢y, OTJHUYHBI OT HYJA JIHUIb AJAA KOHEUHOr'o uHcjaa m.)
Jlas HeaGeseBbiX TPynn pasMEPHOCTb MHHHMA/bHBIX HHBAPHAHTHBIX
NOANPOCTPAHCTB MOXKeT ObiTb, BOOOUie roBOpsi, GoJblie eJHHHIbI.

20.6. NPEACTABAEHMS FPYNMN MATPULL HA X~

WMnen npenwiayumero naparpaga moxHo 0606muTh. Ecan G—rpynna
MaTpHLl pasmepa nxXn, TO ee 3JeMEHTH g ONpPeleNflOT JIHHEHHbIE
npeo6pasoBaHUA B n-MEPHOM mnpocTpaHcTBe V* (coBnanatomem ¢ R”
um ¢ C*). IonyctuMm, yto X~ o6o3Hayaer NpoCTPAaHCTBO Bcex Gec-
KOHEYHO JAH(QepeHuHpyeMbIX (yHKuHH f(x), 3ajaHHbix Ha V7 uau
Ha JI000f MOBepXHOCTH B V7, KOTOpas MHBapHAHTHA OTHOCHTENbHO G,
H NMOCTaBHM B COOTBETCTBHE KaXKAOMYy 3neMeHTY g H3 G nnHeliHoe
npeobpasoBanue

p(@): f(X)—f (x)=f(g™'x) (20.6.1)

npocTpaHcTBa X™ Ha ce6s (3hech LITPUX He oGO3Hauaer AngepeH-
uupoBanue). Ecan 3a npeobpasoBanuem p(g)=p(g,;) CJAeAyeT HOBOE
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npeobpa3oBaHHe p (g,), a HMEHHO
p(&): [ (x)—f (x)=F (g'%)
TO pesysbTaToM OyA€T peodpasoBaHHe
p(g)p (&) () —[ (x)=F"(gz'x) =/ (g7 (g5'x)) =1 ((€.8,)™* X).
TaK 4TO
P (&) P (81) =0 (£,81)- (20.6.2)

CrnenoBaTesbHO, COOTBETCTBHE g —> p(g) €CTb NpeACTaBJeHHe TpyMbl
G uHa npoctpaHcTBe X,

3ameuanue, Ilosasnenne B (20.6.1) g~! (a He camoro 3nemeHTa g)
Heo6xonuMo ans Toro, ytoGnl B (20.6.2) nonyuyHTh npaBHABHHEI [O-
psigok MHOXHTeseH. [lostomy ke B (20.5.1) cTouT 3HaK MHHYycC, HO,
MOCKONBKY IJIst abeseBOH rpynnbl yKa3aHHbIH MOPAJOK HE CYIIECTBEH,
B (20.5.1) paBHO monycTHMO u [ (p-+).

3ameHa ¢yHKUHH f(x) HA f(g~'X) 3KBHBAJIEHTHA OCYILECTBJEHHIO
orofpaxeHHs1 X — gx B V" 4 nepeHocy 3HaueHHH GyHKUHMH f no xomy
JaHHOrO OTOGpa)KeHHUsT B TOUHOCTH Tak, KaK MOACTaHOBKa f(f) —
—> f ({—a) nepeHocuT 3Havenus f Ha R (BnpaBo npu a > 0) Ha pac-
CTOfIHHE a.

Ecnu G—HenpepoiBHasi rpyfnna U 3M€MEHTBl TPyNnbl 3aBHCSIT OT
mapamMeTpoB &, P, ..., T. €. g=gq p,..., TA€ Gy, 0. .. — €XHHHYHbIH
aneMeHT rpynnsl (, TO HH(pUHHTE3UMATbHBIE OMNEpaTOpbl, COOTBET-
cTByMomMe oneparopy 7 npexabiymero naparpada, nomyyawnTca Aud-
(epeHuHpoBaHHEM p (g, p,...) MO KaXKAOMY H3 mapameTpoB «, B, ...
M 3aTeM MpHpaBHHBaHHeM A =f=...=0. Jasa rpynnn SO (3) astu
HHOHHUTE3UMANbHbIE onepaTopel 6yRyT npuBedeHsl B § 20.9.

20.7. OAHOPOAHLIE NPOCTPAHCTBA

Ecnu npoctpancTBO V7 COREPKHUT HEKOTOPYIO NVIAAKYIO MOBEPXHOCTb S
MEHbIUeH pa3sMepPHOCTH, HHBAPHAHTHYIO OTHOCHTENBHO BCeX npeobpa-
30BaHMi rpynnel (G, nono0HO e€IMHUYHOH OKPYXKHOCTH B CJyuae
rpynnel SO(2), To BMecTo X MOMXHO paccCMaTpHBaTh [POCTPAHCTBO
byHxuui, onpeneneHHelx Ha S, a He Ha BceM V" B ynomsHyToM
Bblllle MPHMEpE B KayecTBe S MOXKHO GbLIO B3AThb JI0GYI0 OKDYKHOCTD
¢ ueHTpoM B Hayasme koopauHaT. Ecau G coBmamaer ¢ SO (3), TO
B KaueCcTBe S MOXHO B3ATb J06yio chepy B V? ¢ ueHTpoM B Hauane
KoOpAMHAT, B KaxaoM M3 3THX ciyyaeB ZeificTBHe rpynnbl Ha S
ob/afaeT CleAYIOLHMH CBOHCTBaMH.

a) [HefictBue rpynnul G s¢exmusno 1o OTHOLIEHHIO K S; 3TO O3Ha-
yaeT, YTO JIMIUb €XMHHLA e rpynnbl G AaeT ToXKAeCTBeHHOe OToOpaxe-
Hie Ha S; HHaye roBOps, €cJH g=e¢, TO CYLLECTBYeT XOTA Obl OjHA
TOYKAa X Ha S, Takas, 4yTo gX=X.
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6) JdeiictBue rpynnel G mpansumuéno No OTHOILEHHIO K S; 3T0 03-
HayaeT, YTO ec/IH X H y — JIBe NPOH3BOJIbHBIE TOUKH HAa S, TO CyllecT-
BYeT TaKoH 3/eMeHT g H3 G, KOTOPblif NepeBOAUT X B y, T. €. y=gX.

Ecau S HHBapHaHTHA OTHOCHTeJNbHO rpynnbl G H, KpoMe TOro,
HMeIOT MEeCTO CBOHCTBa a) H 6), To S HasbIBAETCH 00HOPOOHBIM RpPO-
cmparcmeom jaa G.

HonyctuM, Hanpumep, uTo G COCTOMT M3 BCeX MNpeo6pasoBaHHMI
BEIIECTBEHHOTO TPEXMEPHOTO NPOCTPAHCTBA, HMEIOUIHX CJAELYIOUIHH
BHJI:

abe

x—x'=(cd f |x,
001

rae ad — be=0. Jlio6as MJIOCKOCTb X;=const HHBapHAHTHAa OTHOCH-
TeabHO G, M 119 Hee HMEET MecTOo CBOHCTBO §), HO /1A MJOCKOCTH Xz:=0
CBOMICTBO a) He MMeeT MecTa, MOTOMY YTO J1106as TOUKA MJAOCKOCTH Xg=0
orofpaxaercs Ha ceba npu npeobpa3oBaHHAX BHA
1 0e
X —> 0 1 f X.
001

CnenoBatesibHO, TONBKO MJIOCKOCTH X, = const 5= 0 npeactapasior cofoit
ONHOPOJHBIE NPOCTPAaHCTBA AJS AAHHOH TPyNmbl.

O6ulas npoueiypa OTBICKAHHS HENPHBOAMMBIX MpPEACTABJAEHHH He-
npepbiBHOH rpynnsl G JHHEHRHBIX npeoGpasoBaHuil B V7 COCTOHT H3
CAEAYIOUIHX [HAaroB: HAXOAMTCS OJHOPOJHOE MNPOCTpaHcTBO S Ana G
B npoctpaHcTse V7, BBOAMTCA p Kak npeiacTaBJeHHe f(x) — f (g !x)
rpynnel G Ha npoctpancte X© dynkuuit Ha S [o6bunO 3T0 L2(S)];
ONpeae/nseTcs NoNHas CHCTEMa HHOHHHTE3HMANbHBIX ONEPaTOPOB; MpPH
MOMOIILH 3THX HH(HHHTE3HMAJNbHBIX ONEPATOPOB HAXOAATCS MHHHMAJb-
Hbl€ MHBAapHAHTHBIE NMOANPOCTPAHCTBA NpocTpaHcTBa X™. CrnenuanbHbie
(OYHKIUHH, CBSA33aHHBIE CO CBOACTBAMH CHMMETPHH, OIMHCBHIBAEMBIMH
rpynnoit G, ABNAIOTCA 3M€MEHTAMH WHBAPHAHTHBIX MOANPOCTPAHCTB
npocTpaHcTea X°.

Jaunnaa npouenypa 6yzaer Gosee noppobHo onucaHa B § 20.9 mas
rpynner Bpaitennit SO(3). B 3ToM cayuae Bce HHBapHaHTHble NOJ-
NpOCTPAHCTBA, KOTOpbie OYAYT HaleHbl, SABJAIOTCH KOHEUHOMEPHBLIMH.
Kak 6yzer nokasano B cjelyloliledl ryiase, 3T0 CNPaBeVIHBO AJS 06O
KOMNaKTHOH rpynnel. B Toit xe riaBe A1 KOMNAKTHBIX rpynn 6yzeT
NoJIy4eH OTBET Ha BONPOC O TOM, MOXHO JiM TakKHM 06pa3oM HaiTu
Bce HENPHBOJAMMbIE NpENCTaBJAEHHS.

Teopus npencTaBieHHii HEKOMNAKTHBIX Py, TA€ MOT'YT HOSBHTBHCA
6ecKOHeUHOMepHble HENpHBOAMMbIE NPEACTaBJEHHS, B 3HAYHTEJbHOM
CTENeHH BbIXOJHT 3a PaMKH HacToslleidl KHHIH, H B CJeAylollell rJiase
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MBI YOBJIETBOPHMCS OGCYXKAEHHEM JIHIIL HEKOTOPHIX OCHOBHBIX CBOHCTB
TpeX MPHMEPOB: CPynnel ABHeHHH M, rile Bo3HHKaWT (QYHKUHH
Becceas;, rpynnet Jlopenua u rpynnet SL (2, C), rae noseasiorcs
CIIHHOPHI.

20.8. PEFYNSAPHLIE MPEACTABNEHMA

dns rpynn JIH OAHOPOAHBIM NPOCTPAHCTBOM MOXKET CHYXHTb CaMo
mHoroo6pasue rpynnsl. Paccmorpum, Hanpumep, rpynny G = SO (3).
Bcnomuum, yro MuHoroo6pasHem rpynnbl SO (3) ABisieTcs HeKoTOpas
anre6paHyecKas TPeXMepHas NOBEPXHOCTb S B MPOCTPAHCTBE AEBSATH
- BEIECTBEHHBIX H3MEpeHHH; KaxJas Touka S MpPEeACTaBJsSET HEKOTO-
puiii sneMeHT g u3 G. [Ins ¢uKcHpoBanHoro h H3 G aesas mpancas-
yus g-— hg oro6paxaer S Ha ce6a. Ilyctb X —npocTpaHcTBO Beex
¢yukuui f(g) kaacca C* Ha S WiH ruAL6EpPTOBO MpocTpaHcTBO L2 (S).
Lns moboro h € G oroGpaxeHHe

p(h): f(g) —F(hg)

ecTb JIHHeliHOe mnpeofpaszoBaHHe B X~, a coorBeTcTBHE h — p (h) 5B-
JsieTcs npeicraBjieHueM rpynnh (. AHANOrHYHO CBSI3b OTOGPaXKEHH$
f(g) — f(gh) ¢ anemeHToM h TakXe JaeT NpejcTaBleHHe rpynnsl G
(oTMeTHM, 4TO B OTOOpaXX€HHE BXOAHT caM 3JIeMEHT A, a He ero obpar-
Hblfl). TIpeacTaBiieHHs 3TOro THNA, HAa3bIBAEMHE A€66iM H NPABbIM pecy-
ASPHbIMU  NPEOCMABACHUAMIY, OOCYXKAAIOTCS B CJeAylolied [JiaBe.

YIPAXHEHHE

[lokaxuTe, 4YTO MHOMKECTBO JeBHX TpaHCASUHA 3PPeKTHBHO H TPAH3IHTUBHO
N0 OTHOLIEHHIO K MHOr0OGpasHio Ipymibl.

20.9. NPEACTABJIEHUA TPYNMNbl BPALWEHKA SO (3)

MeroaH, onHcaHHele B oOmux ueptax B § 20.6 u 20.7, Mbl nmpume-
HHM 3fech K rpynne ppauieHnii. Haw nopxox Heckonbko oTiHyaercs
OT TPaAHIHOHHOIO B TOM, YTO Mbl 3apaHee He MpeANoJiaraeM HHYEro
0 cepHUYECKHX rapMOHHYecKHX yHKRUHAX YT (0, ¢) H nonyyaeM stH
(GYHKLIHH H HX CBOHCTBA H3 TEOPHH Ipynmi.

[lyctb gy = goy, 0y, 0,—MATPHUA BpAWEHHs HA yroa |@[ BOKpyr
OCH, HampapJeHHOH Mo BekTopy ®. HMHaue rosops, g, =R (®), rie
R(-) onpeaenena npu nomomu (19.6.1), Ilyete X*—npocTpaHcTBO
Bcex GeckoHeuno AHd¢epeHunupyembix ¢yHkuHA f(x) B R®. [Ina Kax-
JOH MaTpHubl g=g, onepatop p(g) Ha X~ onpeleneH [corjacHo
(20.6.1)] paBenctBoM

(p(8) ) (x)=F(g™*x). (20.9.1)

OtH oneparopll p(g) cocTaBAAKT NpeicTaBjeHHe rpynnbl SO (3).
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HNHduHUTE3UMaAbHBIE ONMEPATOPLE 3TOrO MPeJcTaBaeHHsT NOAYYalTC
caenyoimum obpasom. B cuay nuddepeHuupyemoctd ¢yHKUHE u3 X
npu o — 0 onepaTop

(Vo) [P (8o, 0, 0)—p (G0, 0. 0)]

Ha X® umeer npenea, ckaxeMm L;. [HanoMHuM, 4TO p (g0, o, o) —TOX
IecTBeHHLIH omepatop f—f Ha X™.] JlioGoe KOHeuHOMEpDHOEe mOx
npocTpaHcTBO X; npocTpaHctBa X™, HHBAPMAHTHOE OTHOCHTEJbH(
Bcex p (g), TakXke MHBAPMAaHTHO M OTHOCHTeaAbHO L; (T. e. mon ned
CTBHeM onepatopa L, 310 moimpocTpaHCTBO npeobpasyeTcs Ha ce6s)
Ecan g=go, 0.0 ¥ f(x)=f(x, y, 2), TO

flg x)=Ff(x, ycoso+zsinw, — ysin®4-zcos ),

M M3 3TOrO CJeIyeT, YTo
def
L, =4dp (g, o, 0)/d® |o=o = 20/dy— y0/dz. (20.9.2)

Axanoruyso,
def

L, =dp (go, o, 0)/d® |o=q = x3/02 — 20/0x, (20.9.3)

def
Ls =dp (go, o, o)/dO lo=0 = Y0/ 3x — x0/3y.

D10 (c TOYHOCTHIO 1O MHOXKUTENS if) KBAaHTOBOMEXaHHUECKHe Ofepa-
TOpbl KOMIIOHEHT MOMEHTa uMnyabca (cM. KHury Ulnddga [1955, ra. 1V].
OHu yI0BIETBOPSAIOT COOTHOLIEHHSIM KOMMY TallHH

[L, L)=L, (ijk=123, 231, 312). (20.9.4)

3ameuanne. MudnuutesnmanbHbie onepatopbl /06020 npeicTaBae-
Hust rpynnet SO (3) yLOBAETBOPSIIOT 3THM COOTHOLIEHHSIM, MOTOMY YTO
caMM UH(QUHHTE3UMAJbHbIC 3JIEMEHTHI I'PYNNH YIOBIETBOPAIOT UM; a
HMEHHO €eC/iH

T, =080, o 0/00; lo=0 (=1, 2, 3),

10 B cootBeTcTBHH ¢ (19.9.1)

00 0 001 0—10
T,=(00 —1), T,=[ o000}, T,=(1 00}
01 0 —100 0 00

caegoBaTenbHo, [Ty, Tl=Ty, roei jk=123, 231, 312 Tak Kak
B NpeNCTaBAeHUH g —> p(g) NPOM3BeleHUs! OTOOPAXKAKTCH Ha NPOHU3-
BeJleHUs, cooTHoleHus (20.9.4) umeroT cuay aas mo6oro npeicTas-
JeHHs,

Honyctum Temepb, 4To S — efuHuuHas cpepa x?-+y*-+z2=1 (on-

HOPOJIHOe MPOCTPAHCTBO AAf TPYNNbl BpauleHHH) H uto X (S) — npo-
CTPaHcTBO BeeX QyHKHUR u3 kaacca C° Ha S.
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Hauunasa ¢ onepatopoB L, MOXHO MOJYYHTb HHBapHAHTHHIE MOJ-
MPOCTPAHCTBA, HCMONB3YA TaK HA3bIBaeMble ONEPATOpPbl MOAHATHA H
onycKaHHs, BBeleHHble JlupakoM [1958, rui. 6] ana KBaHTOBaHMf rap-
MOHHYECKOFO OCLHJIJINTOPA H MOMEHTa uMmnyJbca. (CM. Takxke KHHTY
Muanepa [1973].) B cdepuueckux KoopauHaTax

= sin ¢0/08 4 ctg 6 cos ¢d/dg,

L, = — cos $0/08 + ctg 0 sin 0/dp, (20.9.5)
L, = — 0/3¢.
Onpenensn onepatopul L* Kak L; 4 il,, uMeem
L+ =e* @ (3 {0/30 + ctg 60/0¢) (20.9.6)
H BHIHM, YTO
[L*, L=)=— 2iL, =2id/0¢. (20.9.7)

Honyctum, yto f (B, ¢)—HekoTOpas (GyHKLUHA H3 NPOCTPAHCTBA
X" (S), He ofpamaromanca TOXIECTBEHHO B HYJb. Mbl XoTHM HafiTH
MHHHMaJbHOe HHBapHAaHTHOe TOAMPOCTPAHCTBO X;, COxepxKallee
f(©, @), u BoIGpaTh 3Ty dyHKuHIO f (0, ¢) Tak, uTOGHI TaKOE MOAN PO-
CTPAHCTBO ObLIO CTOJb MaJNo B HEKOTOPOM CMBICJIE, CKOJb 3TO BO3-

moxno. Ecou f (8, (p)=2gm (B)elm wu ecam anA  HEKOTOpOTO M*
m

gm+ (0) 5= 0, To u3 paccyxnenuit § 20,5 cnenyer, uTo MoANpOCTPAHCTBO
X; conepxuT Bce QYHKIUHH, KPaTHbIe €IHHCTBEHHOMY WIEHY CyMMbl, a
HMEHHO g+ (0) €. TlpuMeHeHue omepaTopoB L* u L~ K (yHKUHH
Buna f(0) eme naer dyukumnu f, (0)el (m+nw y f, (B) el (m=1 @ (no 3TO0H
npuurHe L* u L~ HasblBAIOT onepamopamu noOHAMUA U ONYCKAHUA),
H B CHJYy WHBapHAHTHOCTH X; 3TH (GYHKLUHH JOKHB MPHHALJIEXKATh
Xy; cnenoBaTesibHO, Xj COMepkHT (YHKUHH BHAA

P, (0, ®)=g, (0) em® (20.9.8)

s m=m*+1, m*+2, ... v gngs m=m*—1, m*-—2, ...
Jlanee okaxercs, UTO cpym{upm g, (0) MOXHO BLIOpATh TakK, '{TO X;
OyJeT KOHEYHOMEpHHIM; JJIA 3Toro L+, NOMKHA OOPAaTHTLCA B HYMb
LUl HEKOTOPOro m, CKaweM A m=1{, a L™y, LoMKHA 06paTHTLCA
B HyJib 1Jisi HeKOTOporo m <!, ckaxeMm aas m=1{"; HHXe Mbl TOKa-
xeM, uTo ['=— 1 IlepBoe W3 ykasaHHLIX YCJOBHH CBOIHTCS K YypaB-
nennio g; (6)—Ictg0g,(0)=0, uro crenyer u3 dopmyas (20.9.6)
ana L+, Pemennem naHHoro augdepeHIHaTbHOrO YPAaBHEHHRA ABJAETICA
oyukuna g, (0)=const-(sin 6)’, u, mockonbky ¢yHKUHH H3 X* He
HMEIOT HHKaKHX oco0eHHOCTeH Ha elHHHYHOH cdepe, OTCIOZa caelyerT,
yro [ 2> 0; mostomy
Py (6, @)=C (e'osin 6), (20.9.9)

rae C—KOHCTaHTa, KoTopas OyJeT onpelesneHa mnosiHee. Hauwnan
¢ 3TOH QYHKLHH MOXHO MOJYYHTb NOCJIENO0BAaTeILHOCTh QYHKLHA {,_g,
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P,;_5 .. MOBTOPHBIM HCHOJb30BaHHeM oneparopa L™, KOTOPHIH Ipe-
obpasyer pyHkuHIO g (0)e™® B dyHKuHIO BHaa h(0)e!'m~1 % Bce 3TH
GYHKUHH npHHagnexart X,. Tenepb Mbl, BO-MEpPBHEIX, OKaxeM, 4TO
NPHMEHsA OMepaTop MNOAHATHA, HEeNb3 MOJNYYHTb HHKAKHX HOBHIX
GYHKLHUA H3 yXKe€ MOJIyYeHHbIX, T. €. 4To L*,_, —Ta Xe QyHKIHS,
YTO H ,, C TOYHOCTBIO A0 HOPMHPOBKH, a, BO-BTOPLIX, YCTaHOBHM,
yro L~y_,=0, HHaue roBoOpsi, 4YTO MOCJEJA0OBATENbHOCTb (DYHKIUHA
o6pblBaeTcsl npH m=—1[. Mu HcHonb3yeM HHAYKLHIO AN yObBao-
mero m HauuHas ¢ m=/[. JlonycTHM, 4TO AJIA HEKOTOPOro m (YyHK-
uua L*p, nponopuHoHasbHa ¢QYHKUHH Y, T. € uT0 L7L*y,
NPONOpPLUHOHANbHA GYHKUHH 1,, H 3aMETHM, UYTO 3TO [OC/e/HEee
YTBEpXK/IeHHE 3aBeOMO BepHO mia m=1[, nockombky L*y,=0.
Cornacno (20.9.7),

(L L= —LL*) = —2iLgp, = —2mp,,  (20.9.10)

OTKyAa cjeayer, uto H L*L~, Takxke NpOMOPLHOHAJIbHA 1,,; CJe-
A0BaTeNbHO, L*, _; NPONOPUHOHANbHA Y, H HHAYKIHIO MOXHO MpO-
JIO/KATD.

Tenepb onpeaenuM ¢yHKUHH P, B siBHOM Bujae. Ilyctb mponop-
IJHOHAJNIbHOCTb, O KOTOPOH TOBOPHJIOCH BhbIlIE, 3alHCaHAa CJeAYIOUHM
obpasom:

L+1pm:—‘iamlpm+i’ L_'lpm+j=—iﬁm’lpm. (20911)

Tax kak nto6as GyHKUHA 1, COACPHKHUT [MpPOH3BOJbLHBIH MHOXHTENbD,
3TH ypaBHEHHs ONpPeAIAOT JIHIIL [pOH3BeleHHe a B, nocpeacTBoM
ypaBHeHus L~L*y,=—a, B, v,. [losromy moxHO nonoxuts f,=a,
s Beex m. Torpa w3 (20.9.10) 6ynet caenoBath, uto —al,_; + o=
= —2m ans Bcex m <[, MpHUEM 3TO ypaBHEHHE CHPaBEAJIHBO H
A m=1, eclin a, MOJOXKHTb PaBHHIM Hy/o. [IpH moMomu HHAYK-
LHH AJ5 y6bIBAIOWErO /1 MOJY4YHM

at=((+m+0H(l—m) (m=l, I—1, ..., =)
CJ1€10BaTeNbHO, MOXKHO B3ATb

=V U+m+DY(I—m) (m=I 1—1, ...), (20.9.12)

rke UMeeTcsl B BHAY MOJOXKHTE/IbHOE 3HaueHHe KOopHsA. B uacTHocTH,
a_;_;==0; nostomy L~!y_,=0, uto u Tpe6GoBasoCch A0OKA3aTh.
Hrak, ypasnenns (20.9.9), (20.9.11) u (20.9.12) onpepensior sce
GyHKUHH P, (— << m <) ¢ TouHoCTbIO A0 NOCTOAHHOH C. JIHHeH-
Haa 000/04Ka 3THX (yHKUHHA obpasyer (2/+ l)-MepHoe nmoanmpocTpaH-
ctBo X*+*! npocrpaHctBa X~ (S), HHBapHaHTHOE OTHOCHTEJBHO L,,
L, L, a Takxke, Kak Oyaer nokasaHo B koHue § 20.14, u orHocH-
TeJILHO MpeoSpa3oBaHHil p (g) ana Bcex g H3 rpynns SO (3); cyuwe-
CTBYET JIHIUb OJHO TaKOe MOAMNPOCTPAHCTBO A Kaxporo [=0, I,
2, ... . IlpeoGpasoBanusa p(g), AeHCTBHE KOTOPbIX OrpaHHYHBAETCH
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MOANPOCTPaHCTBOM X ¥ *1 0Go3HaualOTC yepes pf (g); OHU COCTABASIOT
KOHEYHOMEPHOE HEMpHUBOAUMOE MpeAcTaBjeHue rpynnn G, H, Kak
Gyner nokasaHo B § 21.13, TonbKo TakWe NpeACTaBJeHUS SBJAAIOTCS
C TOYHOCTBIO 10 3KBUBAJEHTHOCTH €JUHCTBEHHO BO3MOMHBLIMU HenpH-
BOAHMBIMH MPeACTaBIEHUAMHU.

20.10. TECCEPAJNLHLIE FAPMOHMKK. OYHKUMK NEXXAHOPA

B stom naparpade GyneT nokasaHo, 4TO CBOHCTBa cepUueCKHX rap-
MOHHK [OJYYalOTCA W3 TEOPHH MpPeACTaBJEHWH TPYMnbl BpalleHUH H
YTO TeccepasbHble TapMOHUKH 00DasyloT 0a3uc AJS MpeACTaBJEHHS
rpynnsl SO (3).

Ecaun ¢yHruun v, (0, ¢), nonyueHHsle B npeiblaylieM naparpage,
B3ATb B KauecTBe Gasuca B X**+!, To npeobpasoBaHus o (g), AeficT-
BHE KOTOpPBIX OrpaHHYEHO MOANPOCTPaHCTBOM X?*/*1 zapnalorcs mMarpu-
uamu pasmepa (2/+41)x(2/41). Ho, npexne ueM BHYHCIAUTD 3TU
MaTpHLH, CJelyeT NOApPoOHEe pacCMOTPeTb (YHKILHUH ,; B JajbHel-
uieM oHU GYRYT o6Go3HayaThcs uepe3 Y7* (0, ¢) wis Toro, yToGH yKasaTb
3aBUCUMOCTb OT {. DTH (YHKIUH HA3BIBAOTCA mecceparshbimy (no-
BEPXHOCMHbIMU) 2apMoHuKamu. [logepxHocmHas eapmoOHUKA €CTb
¢yukuus f (0, ¢), Takas, uro ¢yHkuus rPf(0, ¢) ynosaerBopser
ypaBHeHuio Jlanmnaca 1/ HeKOTOpOTO LEJNOro 4ucjaa p, H, Kak Gyner
nokasauo, pyukuus r?Y7 (0, @) ynoesaerBopsier ypaBHeHuto Jlamnaca.
Teccepa (3TO CJIOBO [POU3OLLIO OT T'PEYECKOTO C€JIOBa, O3HAYAIOLIEro
«YeThIPEXYTOJIbHBINAY) €CTb KPHBOJHMHEHHHIH NPAMOYTOJBHHK, TaKoOl,
KaK MpAMOYroJbHUKH, HA KOTOphle pa3buBaeTcs cepHyeckas MoBEpX-
HOCTb Y3JIOBBIMH JHHHAMH ¢yHKuuH Re YV wam ImY?, npuuem stu
JHHHU COBMAJIAIOT C ONpeleleHHBIMH RapasensaMu 0 =const u onpe-
NeJEHHBIMH MEpHAHaHaMH @ = const.

CkansipHoe mnpousBefeHue B npoctpaHctBe X (S) ¢yHkuuit Ha
efuHuyHoOH ctepe S ompenensercs caenymouum obpasoM:

2nn

(oo F="3 (T, @) /.6, ¢)sin0dBdp.  (20.10.1)

0 0

[Tononuenue npocrpanctsa X™(S) orHocuTeabHO HOpMH | f|==(f, f)!/2
ecTb rusb6eproBo npocrpaHctBo L*(S). Onepatopel o (g), g€ SO (3),
yHutapHsl B L%(S), Tak Kak, BO-NEPBHIX, OHH ONpEJENEHbl BO BCEM
L*(S) u o6paTuMbl, a, BO-BTOPBIX [B CHJIy HHBApUAHTHOCTH HHTerpaja
(20.10.1) oTHOCHTEBHO BpalleHHii],

(0@F 0@F)=(u [ (20.10.2)

aas Bcex fy u f,. Byner nokaszano, uto dyHxUuH Y7 OpTOroHa/bHbI
B cMBlc/ie cKaaapHoro npousseaedusn (20.10.1). Ecau BuiGpath Hape-
*amuM ob6pasoM KoHctauty C B (20.9.9) (ona moxeT saBuceTb OT [),
TO GyHKUHH Y7 OyayT TakKe HOPMHDOBaHHbIMH. Mnbl mnokaxkem,
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YTO 3TH (YHKUHH 0GpasyioT MOJHYI0O OPTOHOPMHPOBAHHYIO CHCTEMY
dyHkUHH HA cdepe.

Ecin npounrerpupoBaTh TOJbKO MO ¢, TO cpa3y 6yheT BHAHO,
yro Y7 u Y7 oproroHalbHel NpPH My 5= m,, NOCKOJbKY NpOH3Bee-

Hue Y''Y[* conepXHT MHoxuTeap ef(m-mide. K3 (20.9.5) caenyer
aHTHCHMMeTpHs onepatopoB L, 1. e. (L,f, g)=—(f, L;g), orkyaa
B CBOIO ouepeib chaeayer, uto L~L*—cHMMeTpHYeCKHH oneparop.
Kpome Toro, u3 (20.9.11) BriTekaer, uto

L=L*Y7P=—(al)? YT, (20.10.3)
rae, coryacHo (20.9.12),
@ =({+m+1)(l—m) (20.10.4)

[3Zech HecKOJbKO H3MeHeHbl 0Go3HaueHHs mo cpaBHeHHo ¢ (20.9.12)).
[Tosromy cooTHoleHue

(L-L+YZR, YI)=(YE, L~L*YT)
SKBHBAJIEHTHO TOMY, 4YTO

(@) (Y, Yi) = (i) (YT, YT);
c/le10BaTe/IbHO, NMOCKOJBKY aj, = ay, Aaa L=~ 1,, dyakuuu Y7 opto-
FOHaJILHBI.

Tenepr noxaxem, kax HyXHo BH6paTh koHcTaty C B (20.9.9),
yToOH HOpMHpPOBAaThb (QyHKuHH Y. OnepaTopoM, CONpsKeHHBIM K L*,
aBnAeTcA omepatop —L~; mostomy

(L¥Ypy, Yr)=(r, —L°YP).
[ockonbky B,=a,=af, u3 (20.9.11) caepyer, uto

(—ia' Y7, YY)y = (YT, ial'YT),
OTKYJa BHJHO, 4TO0 AJf nawHoro [ |Y7'|* me 3aBucut or m. [lonaras
$; =Y} u ucnonwaya (20.9.9), nomyuaem

Vi =2n|CJ { sin®+1040 =
0
—dn|Cp 2t @ anop EU (90.10.5)

L @FD @

Mrak, Bce ¢yHkunu YT GyayT HOPMHDOBaHBI, ec/H B3AThb KOHCTAHTY
C B BHIE

C=C,=[(— )2V @I+ 1)l/(4n). (20.10.6)

Hcnonbsys Y, sagaunyio gopmynamu (20.9.9) u (20.10.6), a Takke
ocTanbHble Y7, nonyyaemble H3 Y/ npH momoiy peKyppeHTHHIX COOT-
Howenuit (20.9.11), a umenno L~Y[*'=— jal'’Y?, mul onpernemum



20.11. Npucoedunennvie pyrxyuu Jescandpa 69

HOBhle QYHKLHH P (w), HasbiBaeMble nPUCOEOUHEHHOIMU DYHKLUIMU
Jdexanopa, na —1 w1 caenyomum o6 pasom:

Y70, 9)=(—1)=V [+ D@ (I—m)/([-F m)l P} (cos 6) e
(—i<m<). (20.10.7)

3ameuanng. (1) Muoxurenu (—1)* 5 (20.10.6) u (—1)” B (20.10.7)
He ABJAIOTCH 06s3aTeJbHBIMH, HO ofmenpuHaTsl. (2) HMctopuuecku
PI* (w) BnepBble onpenensauch npH nomowmH cdopmya (20.11.6) (cm.
crepyomuil naparpad), a 3ateM onpejeasyiick Y7 (0, ¢) nocpencr-
BoM ¢opmyan (20.10.7). (3) CumBon PP (w) Hcnonb3yercs pasiHy-
HBIMH aBTOpaMH JJ/1f 00O3Ha4YeHHs HEeCKOJNbKO OTJIHYAOWHXCH (YyHK-
uuii. 3nech npHHATO TO Xe, uro y Toamena [1968] u y npyrux
aBTopoB AJsA Bcex m (T. e. —[<C{m<!); oHO coBnajaet C NnepBo-
HauaJbHEIM onpezeneHneM eppepca (cM. KHHTy YHuTTeKkepa H BaTtcona
(1927)) nna m = 0.

20.11. NPUCOEAMHEHHLIE ®YHKUMM NEXXAHAOPA

B srom naparpa(pe cBoiicTBa (yHKIuH P* (w) BBIBOAATCA H3 TEOpPHH
npeAacTaBleHHH Tpynim.

M3 pekyppeHTHbIX CcoOOTHOWeHHH A1 Y7, ucnonbays ¢opmyay
(20.9.6) nas omepatopoB L%, Jierko BHIBECTH PEKYpPPEHTHbIe COOTHO-
WweHus ana PP

Vi—=wipp == PT (@) =PI @) (—I<m<)), (20.11.1)

V 1—=wipPp (w)—

Tw)=—(+m)(—m+1) PP (w)
(—Ii<m<l), (20.11.2)

rie WTpHX O3HauaeT auddepeHmypoBanve no w. Ecau nepsoe U3
9THX ypaBHeHHMH mnpoaxpdepeHLHpoOBaTh eille pa3, a 3aTeM NpH Mo-
MOMIM BTOPOrO ypaBHEHHS HCKJIOYMTh PP+! y PP, 10 noayuurics
InugepeHnHanbHOe ypaBHeHHe Jlexxaniapa

(1—w?) PP —2wPl +[I* 4 | —m?/(1 —w?)] P7=0 (20.11.3)

a5 PP (w). PexyppentHoe cootHowenue (20.11.1) moxHO 3amucarb
B BHIE
(I —w?)~m+0/2pp+! () =d [(1 —w?)~™/% PT (w)]/dw,

OTKyJa NMyTeM OYeBHAHOH HHAYKLHH MOXHO MOJYYHTb
(l—w"‘)-"’/zP”'(w)—( )’*m[(l_wz)wp-f(w)] (20.11.4)

v F

Hanee Gyner nokasaHo, 4TO
Pil () =[(— 1Y) (1 —w?)/s, (20.11.5)
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K MBI NIPHXOAMM K TaK HasbiBaeMoi#l ¢opmyJse Poapura
y 1 d \l+m
7 (@) = o (1—wiyrre ()77 @1y
(m=—1I1, —I4+1, ..., 1) (20.11.6)

{Ans sToft weau MOXHO OblO Obl CHayana B3siThb Y/, a He Yiu
onmpefenATb OcCTajlbHple Y[' mpH moMollu onepatopa moaHsTHs LT,
a He onepatopa omyckanusi L=, Tem He MeHee ofmas CBSI3b MEXIY
Y u Y™, koropas cefiuac norpe6yercsi, MpPeACTaBJ]seT U CaMo-
croaTeabHpll uHTepec.] Ilockombky L+ u L~ KoMmJekcHo compsi-
XeHbl, yPaBHEHHs!, KOMIIJIEKCHO COMpsiKeHuble ypasHeHusM (20.9.11),
HMEIOT BHI

L-wm = iam‘bm+i’ L+'¢m+1 = iamwm;

OTCI0Ja BHAHO, 4TO GyHKUMH (—1)” 1, YIOBJETBOPAIOT TeM ke ypas-
HEHMSM, YTO M (GYHKUHH {_,; CJEeL0BaTeJbHO,

Yl—m':k(—l)m —'I?lr

rjlie k—mocTosiHHAasA, Koropasi paBHa |, B ueM MBI CKOpo y6emumcs.
INockonbky noctosinnas C B (20.10.6) Beutectsenna, gopmyast (20.9.9)
1 (20.10.7) nokaswiBaioT, uto Pj(w)— BeulecTBeHHas (GyHKuMs; Aanee
u3 (20.11.1) cnenyer, uro u Bce PP (W) TOXKe BEUIECTBEHHbI, 3HAUMT,
cornacHo (20.10.7), YY) semectsenna. ITonoxkus B NpUBENIEHHOM BhIIIIE
ypaBHeHHH m =0, Mbl BuUIMM, uTo k=1. Hrak,

Yim(0, @)= (—1)"Y7(0, ¢). (20.11.7)

Taxk kak Y] =C (¢/% sin 0), npuuem C zanana B (20.10.6), us (20.11.7)
cllefyer siBHOe Bhlpaxiende A Y7!, u Gnaromaps (20.10.7) el mo-
JayuiM HcKomulit BUA (20.11.5) ana P;'. (Hekortopsie aBTophl ompe-
aensioT Y7™ Kak QYHKLMIO, KOMIIEKCHO CONPsKEHHYI0 K Y7, omnpe-
menus nocnenniolo ans m=>0. TlpeanoxenHas 3nech mnpouenypa
MMeeT HEKOTOpble MNPEHMYILeCTBa; HanpuMep, MATPHUb PL., HENpH-
BOAMMBIX TNPEACTaBJEHH TPyNNbl BpallleHHH, KOTOpple MpPHBOASATCS
HHXKe, SIBJSIOTCS CHMMETPHYHBIMH, )

flcHo, uto ana uetHoro m PT(w) siBAsieTcsl MHorouleHom. PY(w)
o0blyHO 0Go3HAauaercst Kak P, (w) ¥ Ha3biBaercsi MHo204renom Jlencand-
pa cmenenu 1.

YOPAXHEHUS
1 1

1. Moxaxute, yTo S (1—w?)! dw=1[21/(2{41)] S (1 —w?!=1 dw, u ucnonbsyh-
0 0

Te STOT Pe3yJbTaT, YTOOH MPH NOMOWM HKHAYKUHKH TMOKa3aTb NPaBHJbLHOCTH Bbl-
yucjeHBd mHTerpaJja B (20.10.5).

2. Buipasute onepatopul L* uepes nepemenHmte w w @, rie w=cos@; H Bbl-
BeJTe DEKY ppeHTHble cooTHoweHus (20.11.1), (20.11.2) u3 (20.9.11),
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3. Jaa cayyan m=0 nposepbTe, 4rtopopmyaa Poapura (20.11.6) naer pewe-
ude AudepeHUHaAbHOrO ypaBHeHHs Jlexkanapa, T. e. ypaBueHus (20.11.3) ¢ m=0.
[DTo pewenue ectb Py (w).] Bo Moxere cresaTh To e camoe aas m # 0, Ho 3710
HECKOJbKO CJI0XHee.

4, Tax xak P7 u P[™ ynoBAeTBOPAIOT ONHOMY H TOMY JKe YPaBHEHHIO
(20.11.3) (3T0 ypaBHeRHe He MEHAETCH NIPH 3aMeHe /M HA —m), IPHIEM OHO HMeeT
camoe OoJabliee OAHO pELIEHHe, peryAspHoe npH w= 41, TO 3T GYHKUHM Dpo-
nopuHoHaabHel, Haifinute kospduuueHT nponoplHOHadabHOCTH. [1pedocmepedscerine
na GyOywee: HEKOTOpLIe aBTOPH Noaaraiot ¢yskuuio P7™ pasnoét PT.

5. TMoxaxuTe, 4TO cNpaBeAdHBO oTaHYHOe oT (20.11.6) BupakeHHe GyHKUHH
P (w), a umMenHo

PT (@) =(—1)m ((lzi’;))!;all‘, 1 —g2)—mi2 (%})"”’(wz—l)t (20.11.8)

ma —legme i

20.12. MATPULBI HENPUBOAMMDBIX MPEACTABNEHMA
rpynnbi SO (3). Yrnbl SANEPA

[lpu sapanHoM ! ¢yHkumd Y7 (m=I, |—1, ..., —I[) Gepyrcs
B KauecTB€ 6a3HCHEIX BEKTOPOB B mpocTpaHcTBe X +! (2[4 1)-mep-
HOro mpeictasieHus rpynnsl SO (3), KOTOpoe Mbl HAlLIH B NpPE.H-
ayuux naparpadax. Ins no6oi ¢pyakunn f==f(0, ¢) p(g)f asnsercs
(pyHKUHeH, noNyueHHOH NyTeM NepeHeceHus 3HaueHu#l Qyukuuu f (0, @)
npH ABHXEHHH MNo cepe cornacHo BpauleHHto g. CienoBaTesbHO,
mMaTpula p(g) npeobpasoBaHHs p(g), AEHCTBHE KOTOPOrO OrpaHHUEHO
NOAMNPOCTPAHCTBOM X¥*!, HMEeT 31eMEeHTH pl.,, 33]1aBaeMble MOCpel-
CTBOM pas/oXeHHA

{
(@Y™ O 9= 3 phon@ V(6,9 (m=l, =1, ..., —I).
(20.12.1)

Yno6Ho BhpaxaTb BpauleHHE NOpPH NOMOUH yriaoB Jinepa @, B, p
¥ nucarb p (e, P, ) BMmecto p(g). Torna g siBaseTcs pesyJbTaTOM
C/EYIOUIHX MOC/Ee]0BaTebHbIX BpalleHHH!

1) BpatlenHs BOKpYr OCH 2 Ha yroa y,

2) BpalleHHst BOKPYT OCH X Ha yroa P,

3) BpallleHHsi BOKPYr OCH Z Ha yroa a.
(Cm. ynpaxuenus 3—5 § 21.5.) CoorBercTBeHHO MaTpuua p‘ pas-
Jlaraetcsi cJelylounM ofpasom:

Pt (e, By v) =p* (a, 0, 0)p* (0, B, 0)p*(0, 0, 7).

[lepBelif ¥ TPEeTHH MHOXHTEJNH B 3TOM IPOHM3BEJEHHH MPEACTABJSIOT
cofOl JHaroHajbHbI€ MAaTpHUbl; NpeoGpasoBanne p (o, 0, 0) Jxwb
3ameHsieT B (QYHKUHH ¢ HAa ¢—, H, 3HAUHT, MPH ITOM Npeobpaso-
BaHHH Y7 yMHOXaeTcs Ha e~'™, T, e,

p;n'm (o, O, O) =g-iam 6m’m-
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Taxkum 06pasom, ph,., (., B, ¥) MOXKHO NPEACTABUTD B CJEAYIOUWIEM BUIE:
Ohnrm (0, B, 7) =e=iam’ PL _ (cos B) e=ivm, (20.12.2)

®yukuuu P, (w) TeCHO CBfi3aHbl C MHOroueHaMH $1kOGH; MOAPOGHO
MX CBOICTBA pacCcMaTpuBalTCA B KHurax lenbdanina, Muniaoca
Mlanupo {1958] u Bunenkuna [1965], kK KOTOPHIM H OTCHIIAETCH YH-
tarenp 3a getansimu. (Onpezenenue ¢yHxkuuit P, KaHHOE HHKe,
COBNafaeT ¢ onpenesneHueM ['enpdanaa u Ap. H OTIHYaeTC KOMILIEKC-
HHM CONPSIKEHHEM OT onpenenends Bunenkuna.) ®yukuuu Pl
HMEIOT BHA

Pl (@) =C (1 4 w)~m+m)/2 (] —gg)im=-m")/z ¢
% ( d >t—m’[(w___1)1-m(w+ 1)l+m]’ (20.12’3)

dw
rae

— m'-m9=I| (l+m’)l ys
C = im'-mQ ((l__m),(“rm),(l_m,),) . (20.12.4)
(BoaMoxkHO, JorHyHee O6bWIO 6bi BHIHECTH $IBHO MHOMXHTENb (™ —™
B ompenesnenue ph,., (20.12.2), a ue ocraBnsTh ero B dopmysae aas
byukuuu P, koTopast Gbia Gbl TOrAa BemecTBeHHoH ana —1 <<
<w<1, HO Tak XenaTb He MPUHSATO,)

IMpu m=0 (u npu m’=0) 3TH GYHKHUHH TPONOPHUOHANBHEI [1PU-
COeAMHEHHBIM QyHKuMAM Jlexxanapa. Cpasuenue (20.12.3) ¢ (20.11.8)
MOKa3biBaeT, YTO

P, @) =(— i V i—m /I +m )PP w) (20.12.5)
[B wacTHoCcTH, Pl (W)= P,(w)]; cnexoBaresbHo,
Phro (@, B, 0)=V 4/ +T) Y77 (B, a—m/2). (20.12.6)

[To xe camoe nonywaetcss U IS ph,. (@, B, ), HGO ph., HE 3aBU-
CHT OT ¥.]

YreaxxHeHuq

1. Ilposeprte (20.12.1), Korna g— BpalueHHe BOKpYr OCH 2.
2. IposepoTe (20,12.1), Korna g—BpaluenHe Ha yroJ s BOKpYT OCH X,

3. INokaxute, 4to Anst /=1 OYHKUMH Ppy.pm CYTH 3/IEMEHTH MATpHILI
(+we  —iVT—wd2 =12
(Prm) =( —i V(=72 w —iyT=ohz2 ),
@—1/2  —iYV{i—wd2 (+w)/2
Tfie CTPOKH HYMepYIOTCs CBepXy BHHM3,; coorsercTBys m’=—I; 0; 1, a croatup —
c/eBa HampaBO, COOTBETCTBYS m=—1, 0, I, OTMeTHM, UTO 5Ta MaTpHLA YHHTapHa.

4, OToxnecTsass nesyio yacth (20.12.1) ¢ YI* (§', @'), yMHOXHM STO paBeH-
CTBO Ha r, 'm’epeﬁnem K LeKapTOBHIM KOOpAMHaTaM, nosaras 2'=rcos 0, x' +iy'=
=rsin 0’et'?" (4 ananornuno ans X, y, 2), H BosbMeM /=1. Henonb3ys pesyap-
TaT ynpaxHeHHs 3, MOKaXHTe, 4TO B cJyvae, KOTAa g—BpalueHHe Ha yroa f



20.13. Teopema caodceHun OAR MECCEPANLHOIX 2APMOHUK 73

BOKPYr ocd x (1. e. a=vy=0), npeobpazopanue, onucuiaeMoe B (20.12.1),
HMEEeT BHJ

' =x, y'=ycosP+tzsinfl, 2'=—ysinfP-+zcosf,

5. TloxaxuTte, 4To P,ln,m=P,’,,m,.

6. ITokaxure, uto B (20.12.6) MOXHO u36exaTb NOABJAEHHA yria a—m/2
BMECTO C,-€C/IM BTOPLIM WIaroM B ONpCAeJIeHHH yrioB Diiepa NpHHATL BpalieHue
Ha yroJ { BOKpyr ocu y, a He BOKPYL OCH X.

20.13. TEOPEMA CJIOXXEHMA AN TECCEPAJIbHbIX TAPMOHMK

B dopmyne (20.12.1), koropasi mnokasbiBaeT, Kak AJs 3afaHHOro [
QYHKIHH Y7 npH BpauleHHH g npeo6pasyioTcsi B KOMGHHALHH 3THX
ke QyHkuui, nonoxuM m=0 H JomycTHM, 4TO g-—BpalleHHE C yrI-
JAamMu Dinepa o, f, 0, Tak uro

]
(p(a: B, 0)Y7) (6, (P)=m,§=l_lpinfo (@ B, 0) Y7 (6, 9). (20.13.1)

Oneparop p (@, P, 0) nepeHOcHT 3HayeHUs (YHKUHUH NPH ABHKEHHH
no cgepe COrjacHO BpallleHHIO g, KOTOpoe NepeBOAHT MOJSAPHYI0 OCh
B HampasJleHHe, 3afaHHoe yriamH f, o — n/2,.CnefoBatenbHo, Je-
Bas yactb B (20.13.1) paBHa QyHKHHH

y‘; (61'2' O)'
rae 0;,—~yroa mexiy Hanpasienusamu (B, a—n/2) u (6, ¢) [Hanom-
HHM, yTo Y} (0, ¢) He 3aBucHT oT ¢]. Ilepeo6o3Haunm 3TH Hampasie-

HHs: TycTb nepeoe Gyner (6;, ¢;), a BTOpoe—(B,, ®,), H HCIOJb-
3yeM TPHIOHOMETPHYECKOE TOXAECTBO

cos 0,, = cos 0; cos B, 4 sin ; sin O, cos (p; —,). (20.13.2)

Haxkonen, noacrasnas (20.12.6) B (20.13.1), nonyuaem

]
?(eiz: O) = V 4n/(2l+ 1) mf‘.:_[ YT (61" (Pl.) YT (62’ (Pz)’ (20- 13'3)

YyTOo M MpeAcTaBJsieT co6OH HCKOmyio TeopeMy ciokeHus. Ee MoxHo
3amHcaTb TAKXKE B BHJe

P, (cos 6;,) =P, (cos ;) P, (cos 0,) +
1
42 Zl[(l—m)!/(l + m)!]P7 (cos 8,) P7 (cos 8,) cos m (¢, —@,).
(20.13.4)

MHMOXOZOM OTMETHM, YTO B YaCTHOM cayyae /=1 Mbl CHOBa mony-
yaeM TpHroHoMeTpHuyeckyio dQopmyay (20.13.2), u6o P,(w)=w,

Pi(w)=l/l—w’.
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20.14. NONHOYA CHUCTEMBI TYECCEPAJLHbLIX I'APMOHMK

B stoM naparpade OyZeT HoOKa3aHO, YTO TeccepaJsibHble [apMOHHKH
06pasyloT MOJNHYIO CHCTEMY Ll pasfioKeHHsl GYHKUHH, olpeleseHHBIX
Ha chepe. Tak kak (20.11.3) sBasercs AuddepeHUHANILHBIM YpaBHe-
HHeM thna llItypma — JlnyBuana B uHTepBate (—I1, 1) (¢ ocoGbIMH
KOHLIEBBIMH TOYKAaMH THIA MNpeleNbHOH TOYKH Ha KaXK/IOM KOHLE),
TpebyeMylo MONHOTY MOMKHO yCTaHOBHTb NMpH momoun MeronoB § 10.6
ToMa | HacTosled KHHIH, 3jJech npeanaraercs Apyrod Moiaxon, oc-
HOBaHHBI Ha TEOPHH MOTEHLHAaJa.

®opmyna Poapura (20.11.6) nokassiBa