Fnasa 21

NPEACTABNEHMA TPYNN i,
OBULIME CBEAEHMA. ABMHEHMA. DYHKLIMM BECCENS

YHutapHoe npeicTaBieHue; NPUBElEHHE; PA3oKeHHe; NPAMAs CyMMa; NOJHOe MpH-
Beftenne; JemMma Illypa; KoMnakTHble W HEeKOMNAaKTHblEe IPYNNbl; WHBAPHAHTHOR
HHTerpupoBanue; Mepa Xaapa; npaBas W JeBag TPaHCASLHMH; WHBaDHAHTHOE HHTe-
rpupoBaune B SU (2); miomalb n-mepHOf chephi; DeryispHble NpeACTaBJIEHUS,
HHBapuaHTHoe HHTerpuposanne B SO (3); Teopembr nonuotsl [letepa—Beiing u
BuienknHa; BOJHOBbie QYHKLUHU CHMMETPHYHOTO BOMYKA; FPYNNbl ABHXKEHWI; PYHK-
uun Beccenst; pekyppeHTHble coot1HOWeHH s, AuddepeHLiHal bHble yPABHEHHS H IOPOXK-
JalolHe yPaBHEHHA; Pa3ioXeHHe MIOCKON BOJIHBI, XapaKTephl; NOJHOTA NMPEACTaB-
geauit rpynne SO (3).

[Ipedsapumenvuvie ceedenun: ra. 18—20.

Henpusoaumble npeicTaBaeHuss rpynnbl SO (2), paccMOTpeHHble B
§ 20.5, aABAAOTCH ONHOMEDPHbIMH; HENPHUBOAHMLIE TPEACTABJEHHS
rpynnsl SO (3), KoTopble GblIH paccMoTpeHbl B § 20.9, MHoOromepHH,
NpHYeM HX pasMepHOCTb paBlia 2[+1, rae [=0, 1, 2, . . .; HENPHBOAHUMEIE
npelcTaB/eHHs1 TPYNNbl JABHXEHHH, KOTOPble PacCMOTPEHHl B 3TOH
riaBe, GeCKOHEYHOMepHH. DyleT nokasaHo, UYTO TaKoe pasJiHyHe
OTpa)kaeT pasjHYHble CBOKCTBa Tpymm.

214.1. IKBMBANIEHTHOCTb. YHUTAPHbLIE NPEACTABAEHUA

[lepBbIM wWaroM npH KJaacCHPUKaUHH TNpeAcTaBJdeHHH sBJseTCS Bhi-
ICHEHHE CJIelyIOIETO BONpOCa: KakHe [Ba INPEICTABJAEHHS MOXHO
CYHTATb 3KBHUBAJIEHTHBIMH, TaK YTOOB HYXKHO GbLIO ONHCHIBAThH JHIIb
ofHo W3 HUX? [IBa npejcTaBjeHHs p(g) H p’ (g) Ha (KOHEUHOMEPHOM)
npoctpaHcTBe X OYAYT 3IK8UBANEHMHbL, €CTH NEPBOE H3 HHX MOXKET
GuTb Mpeobpa3oBaHO BO BTOPOE NMyTeM MNOAXOASILEH 3aMeHBl KOOPHH-
HaT B npocTpaHcTBe X, T. €. ecqH CYILeCTBYeT TaKasi MaTpHua A, uTo
p(g)=A"’'(g)A nn1a Bcex g. B Gonee obuwedl dopMyaupoBke aony-
CTHM, 4TO p W @’ — NPEICTaBJeHHs Ha pa3HblX npocTpaHcrBax X w X'
ONMHAKOBOH pa3MepHOCTH H CYLUECTBYeT Takas MaTtpuua A, 4to co-
OTBETCTBHE X— X =AX ecThb B3aHMHO OJHO3HaYyHOe oTobGpaxkeHne X
Ha X', ap(g) u A~ (g)A — o1HHAKOBHIE MaTPHLUbI A/ JIOGOro 3Je-
MeHTa g; TOTAa P H P’ fABJSIOTCS SKBHBAJEHTHBHIMH NPeLCTaBJIEHHSIMH.

Kak 6bu10 ykaszaHo B § 20.4, B GeckKOHEUHOMepPHOM cJaydae p(g)
ISl KQXAOTO g ecTh OrPaHHYeHHoe JHHeHHOe npeo6pa3oBaHue B GaHa-
XOBOM HJIH THJAbGEPTOBOM nNpocTpaHctse. JlOnycTHM, 4To p H p’ —
npejcTaBaeHHs B npocTpaHcTBax X u X' ofHOro u TOro e THUNa, cka-
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XKeMm, 00a 3THX NpPOCTPAHCTBA ABJAIOTCA cenapabenbHbIMH THILO6EpTO-
BHIMH NPOCTPAHCTBAMH; JONYCTHM fajee, YTO CYIUECTBYET OrpaHHueH-
Hoe JIHHefHoe npeoGpasoBaHne A w3 X Ha X' ¢ obparHbim A~! H 4TO
p(g) u A~%p’' (g)A — oIHH H TOT Ke onepartop AJs JoGoro g; Toraa
P H p’ — 3KBHBAJEHTHbIE MPEACTABJIEHHS.

DTO OTHOIEHHE IKBHBATEHTHOCTH pedJIEeKCHBHO, CHMMETPHYHO H
TPAH3HTHBHO, a MOTOMY Pa3bHBaeT COBOKYITHOCTb BCeX MPeACTaBJEHKH
JAHHOH IPYMNMBbl HA KJAcChl 9KBHBAJTEHTHOCTH. ECTeCTBEHHO NMONBITAThCA
BHIOpATh H3 KamJOro Kjacca 3KBHBAJEHTHOCTH NpeACTaBjeHHe ¢ HaH-
6osee MNOAXOASIIMMH CBOHCTBaMH. B GOJBIIHHCTBE CJy4aeB MOXKHO
BHIGPATb YHumMapHoe NpPeACcTaBleHHe, T. €. NPeACTaBJIeHHE, B KOTOPOM
Kaxjoe npeobpasoBaHHe p(g) ecTb yHHTapHas MaTpHLA HJIH YHHTAap-
HEIF onmepaTop Ans Beex g € G; 6aaronaps teopeMe, chopMyJTHPOBaHHOH
B cJefyolileM naparpage, Takoe NpeicTaBJeHHe NaeT H3BeCTHHE Mpe-
HMYILECTBA.

Cnenyer 3aMeTHTb, YTO BONpOC 00 3KBHBAJEHTHOCTH ABYX MpeX-
CTaBJeHHi O H P’ He CBOZHTCH JHINb K BOMpOCy 00 H30MOpdH3Me
ABYx rpynn MaTpHil {p(g)} ¥ {p’(g)}: 3TH MaTpPHUBl NOMKHBI GHITH
OLMHAKOBOTO pasMepa B MBYX NpPENCTaBJEHHAX, a NPeACTaBJIEHHS
JIOMKHBl GBITH CBsi3aHbBl TaK, uto p (g)= A"’ (g) A 117 BCex g U s
HeKoTopoll  ¢HKcHpoBaHHOH MmaTtpuusl A. Bce npencrapienus
p¢ ({=0, 1, 2,...) rpynoet SO (3), HafinenHsie Hamu B § 20.3,
HeSKBUBAJIEHTHB (OHH HMEIOT pa3/iHyYHble Pa3MEPHOCTH), HO BCE MOQTY-
yeHHble rpynnbl MatpHIl {p’(g)} u3oMopdHb mpH [=0: dakTHuecKH
Bce o H3omopdubl rpynme SO (3). Ciaenyrouruii npUMep MokaswIBaerT,
uyTO fBa MPEACTABJEHHS MOLYT HMETb OJHHAKOBYIO pPa3MepPHOCTb, HO
6uTh HesKkBHBaMeHTHRIMH. [lyctb G—rpynna Topa T,, cocTofiias
H3 JHaroH4JbHbIX YHHTAPHBIX MATPHI pasMepa 2 X 2, T. €. MaTPHI BHJa

g=(5 ) lal=1 1pI=1

Hpa npencraBnenuss Ha C, 3ajaHHble B BHAE
p(g): z—az, p'(g): z— Pz,
HE fIBJSIOTCS SKBHBAJEHTHbIMH; HHKAaKHM MpeoGpa3s0oBaHHEM [JIOCKO-

CTH Zz Henb3s VIS Bcex g nepesectH p(g) B p’ (g). Has g=<z _:)
p(g) ecTb TOXKJecTBEHHOe npeobpa3oBaHHe, TOrka Kak p’(g) He #AB-

JIAETCA TaKOBBIM.

21.2. NPMBEAEHME NMPEACTABNEHMA

Chenyiomuii mar KjJacCHQHKALHH COCTOMT B pa3jOXKeHHH AAHHOTO
NpeACTaBJAEHHsA HAa CTOJbKO HENPHBOLHMBIX KOMIIOHEHT, Ha CKOJILKO
3TO BO3MOXHO. EcCaH p—NOpeAcTaBieHHe HA KOHEUHOMEPHOM MpPO-
cTpaHcTBe X H €CJH NOANPOCTPAHCTRO X, HHBAPHAHTHO OTHOCHTEJIBbHO
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BCEX p(g), T. €. €CJaM H3 TOro, yTo X € X,, caenyer, uto p(g)x € X;
AJf BCeX g, TO NpEICTaB/eHHe p HAashBaeTCsl NpPusoduUMbIM, Kak
U B Npelplayuledi rnaBe (B MPOTHBHOM CJyuyae p Ha3bIBAeTCH Menpu-
600umoinm). TlycTb Halinercss apyroe HHBapHAHTHOE TO/NPOCTPAHCT-
Bo X,, npuuem Takoe, uto X = X; @ X, (310 BbIpaKeHHe O3Hayaer,
yto X; M X, He HMEIOT HHKaKHX OOILHX BEKTOPOB, KPOMeE HYJeBOro, .
v mobolt X € X MOXHO 3anHcaTh B BHAE X, +X,, Ile X; € X;, a X, € X,).
B Takom cnyuyae npeincTaB/ieHHe p HasbIBAETCS 8M0AHE NPUBOOUMbIM
HIH  pasaroxcumbim. Torna ecau el, ..., e” apasercs Gasucom B X,
TakHM, yto €!, ..., e”—0asuc B X;, ae™*!, . . e”"—Gasuc B X,, T0
OTHOCHTEJLHO 3TOr0 6asuca BCe MaTPHUb p(g) UMET BHA )

mxm (O]

@21.2.1)

(n—m)
©) X
(n—m)

T. €. MaTPHYHbie 3JIeMEHTHI, KOTOPLIE CBA3BIBAIOT [Ba JaHHBIX TOANPO-
CTpaHCTBa, paBHbI Hymwo. (Ecau p npHBoAHMO, HO He PasfoXHMO, TO
MOXHO BBIOpaTh Gas3uc, B KOTODOM BCe MAaTPHYHLIE 3JI€MEHTH PaBHHI
HYJIIO B JIeBOM HHXKHEM TNPSIMOYToJibHOM 6/10Ke, HO TPH 3TOM HaHayTCs
OTJIHYHBIE OT HYJsSl 3J€MEHThl B BepXHeM npaBom 6sioke.) Ecan ans
moboro g pi(g) M p.(g) COOTBETCTBEHHO OGO3HAYAIOT TPHBEAEHHbIE
BbILIE MAaTpHLBI pasMmepa mXm H (n—m)X (n—m), TO KaXjpoe H3
oTobpaxkeHH#H g —-p;(g) H g — p.(g) #ABAsETCH TNpeACTaBJEHHEM
rpynnel G, a NpeacTaBjleHHE P €cTb HX APSMAS CYyMMQA; CHMBOJIHYECKH
3To 0003HayaeTcsl KakK P=p;-+p,.

Korna X — 6eckoHeyHoMepHOe 6aHaXOBO MJH THJALGEPTOBO INPO-
CTpaHcTBO, X; paccMaTpHBaeTcsl KaK 3aMKHYTOe JHHeHHoe MHOroos-
pasHe B X; npH 3TOM HeT HHKAaKOH NoTepH OBUIHOCTH, HOO Bce one-
patopbl p(g) OrpaHHuyeHHb, a TOTOMY 3aMbIKaHHEe HHBAaPHAHTHOrO
JIMHefiHOro MHOroo6pasHusi HHBapHaHTHO. U cHoBa, ecan X=X,P X,,
a X, n X, NHBapHaHTHbl OTHOCHTEJNbHO BCeX P (g), Mbl MoJiaraeM, uTo

P = Py P

rie pi H Py CYTh CYXKEHHS TpeAcTas/jeHHs p Ha X; H X, COOTBETCT-
BeHHO. (OIHO U3 p;, P» MOXET ObITb KOHEYHOMEPHLIM.)

MoxeT oKasaThcsi, YTo X; HAM X, B CBOIO ouepelb COJAEpPKAaT HH-
BapHaHTHblE TIOANPOCTPAHCTBA, TaK YTO P; H P, (HAH 06a HX) MOXHO
CHOBa pasJyioXHTh, U T. A. B TakoM cayyae B noaxoasieMm 6asuce B X

1y Takue MaTPUUBLl YaCTO Ha3WBalOT KJIETOUHBLIMH.— [Tpum. nepes.
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MaTpHUbI p (g) coaepkaT HEKOTOpoe KOJMH4YeCTBO KBAAPaTHBIX GJIOKOB,
CUMMETPHYHO pacNoONIOXKEHHBIX BJAO/Mb IVIaBHOH JAHAroHajH, NpHYEM
BCE 3JIEMEHTH BHE 3THX G/IOKOB paBHbI Hymo. Kaxjiplii KBajapaTHHH
6JI0K LaeT HeKoTopoe npejicTaBjeHue rpynnn G, a p ecTb npsMas
CYMMa 3THX npejcTaB/ieHHi. Ecin 3TOT npoiecc DPOAO/MKATh OCYLLECTB-
JIATHL Jajbllle, MOXET OKa3aThbCs, YTO BCE MOJYy4YeHHble npejcTaB/eHHs,
Ha KOTOpble pPasJioxeHo P, HenpuBoAMMEL. Torja ropopsaT, 4To O rnoa-
Hocmbio npuéodumo. B 3ToM ciydae MOMHO HaHTH CTPYKTYDY BceX
npeAcTaBneHHH rpynnsl G, onpejenssi Bce MHHHMaJbHble HHBApHaHT-
Hbhle TNOANPOCTPAHCTBA MEPBOHAYaJNbHO AOCTATOYHO OGOJBIIOrO MNpo-
cTpaHcTBa X, Kak 3To 6buio cienaHo aas rpynn SO(2) u SO(3) B
npeaplayuiel raase.

Teopema. JI1060e KoneuHoMepHOe YyHumMapHoe npedcmasienue epyn-
no. G noanocmoto npusoduMO, m. e. UAU OHO Yde HenpusoouMo, U
Moxcem Obimb 8bipadeHo 8 8ude NpAmoLl Cymmbi Henpueodumbix nped-
cmasaenuil.

ﬂOKAaATEJleTBO. 9TOT peayabraT sBAAeTCs CJeACTBHeM Toro axta, uTo
ecJld p YHHTapHO, a X; HHBapHAHTHO, TO, KaK JIErKo BHAETb, NOANPOCTPAHCTBO XiL TaK-
e HHBapHaHTHO.

21.3. NIEMMA WIYPA M EE CNEACTBHMSA

JlokasaTenbcTBO TeOpeMBl, NPUBEAECHHOH B 3TOM naparpade, 3aBHCHT OT
3HaMeHHTOH JeMMBl, KoTopyto fokasan Llyp B 1905 r. u Kotopas ka-
XercAd TPHUBHAJbLHOH, XOTS fABJSETCH BecbMa [/IYOOKHM pe3yJ/bTaToM
3/leMeHTapHOH JIHHEHHOH anreGphl.

Jlemma (Uyp). Ecau p; u p,—HenpueoQumbie npedcmasienus
epynnot G- na V* u V' coomeemcmeenno, a A— mampuya pasmepa
IxXk, makasa, 4mo

Ap; (@) =p,(g) A 0aa ecex g€@G, (21.3.1)

mo aubo k==l u A umeem obpammuyw mampuyy A~' (u, 3nadum, p;
u p, sxeusareHmust), abo A — nyaresan mampuya. B nepsom cay4ae
A onpedensemcs edurcmeentoim obpasom (¢ mourocmsio 00 CKAAIPHO20
MHOMcumeas) us ycaosusn (21.3.1).

JOKABATEILCTBO.  [lycTb S — Hy/Ib-NPOCTPAHCTBO MaTpuubl A, cocTosiuiee
13 BceX BeKTOpOB X € V#, takkx, uto Ax=0. [IpocTpanctso S uHBapHaHTHO OTHO-
cuTesbHO BceX Py (g), u6o ectn Ax=0, 10 Ap (g) x=0 coraacno (21.3.1). Tak
KaK p; HeNpHBOABMO, TO S sHGO coBmajaer co BceM VE, u B 3toM ciyuae A=0,
Ju60 S CcOAEPKHT JIKIUb HyJeBOil BekTop. B 3TOM moclelHeM ciyuae He CyutecT-
ByeT HEHYJEeBOrO BEeKTOPa, OPTOrOHaJbHOTO KO BCEM CTPOKaM MaTphuml A; cuaejo-
BaTeJbHO, KOJH4YECTBO CTPOK [==k, a oTo6paxeHue X — y= Ax o6paTumo,
NOCKOJIbKY Ji06asi moaMaTtpuua B A pasmepa k Xk HeBHIDOXIEHHA H MOXeT OhITb
HCNOJb30BAaHA 1S pellleHHs] ypaBHEeHHs {:Ax OTHOCHTEJIBHO X.

Iycts S’ —o6pa3 npoctpanctsa V* B V! npu oto6paxenud x —s Ax; toraa
DOANPOCTPAaHCTBO &' s#ABJAAeTCS k-MEPHBIM W WHBADHAHTHLIM OTHOCHTEBHO BCEX
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2 (2), TaK KaK eclH y= Ax 15l HEKOTOPOro X, TO p; (g) y= Ax’ m1a x’ =p, (g) x.
Pe}l(!TaBJIeHHe Q2 HENpHBOJAMMO; NO3ITOMYy S’ = V k=1, a A-d—wmaTpHua odpaT-
HOro OTOOPaXKeHHUf.

Tenepb JoKaxeM elMHCTBeHHOCTb Matpuupl A, Honyctum, ut0 B—napyras
HeHyJleBasi MaTPHLA C TeM e cBOiicTBoM, a uMenHo Bp; (g)=p, (g) B ans Beex g;
TOrla HyXHO J0KasaTb, 4T0 A=const.B. $lcHo, uTO

P2 (g) AB-*=AB-1p,(g) A scex g.

M3 storo paBencTBa cilleflyer, 4TO €ClM V—COGCTBeHHbIH BeKTop MaTpuum AB—3
(mo6asi MaTpuua HMeeT XOTs GObl OJMH COGCTBEHHBIH BEKTOP), TO P, (g) V TaKKe
ABNSAETCS] COOCTBEHHLIM BEKTOPOM STOH MaTPHUB!, COOTBETCTBYIOLIUM TOMY JKE CaMOMy
COGCTBEHHOMY 3HaueHHIO, CKaxeM A. KMHaue rosopsi, olHOMepHOe cOGCTBEHHOE NOJA-
NPOCTPAHCTBO, COAepXKalllee V, HHBApHAHTHO OTHOCHTENBHO P, (g) Als Bcex g.
INockonbKy P, HeNPHBOAHMO, NOJAHOE COGCTBEHHOE MOANPOCTPAHCTBO, COOTBETCTBYIO-
mee A, JAOMXKHO coBnaiatb co Bcem VE; Takum o6pasoM, AB~lv=Av a1 Bcex v,
a, sHauT, B-1=AA-! unu A=AB, uTo M Tpe6oBanOCh A0Ka3aTh.

3ameuanue. B nokaszatenbcTBe HHrJe He HCMOMB30BAJCH TOT (HakKT,
yro G—rpynna. Bce BriBoan coxpaHsiotes, ecan {p, (g)} 1 {p, (&)} —
IBa JOObIX HENPHBOAHMBIX MHOMECTBAa KBajpaTHbIX MaTpHU. MHo-
®ectBO {M,} MartpHll pasmepa kX Kk SBIAETCA HenpuoOumbiM, €ClH
Hesb3fi HafiTH HETPHBHAJBHOrO COOCTBEHHOIO MOANPOCTPAHCTBA MPO-
crpanctBa V%, kortopoe 6buio Gbl HHBapHAHTHBIM OTHOCHTENBHO BCeX
otoGpaxeHHii x — Mx.

Ipu noxazatensctse semmel lllypa Gbi1 ycTaHOBJEH ciefyroLHil
pe3yJbTaT.

CaeactBue. Jlrobas mampuya, Komopas KoMmymupyem co ecemu
MaAMpPUyAmu Henpueodumozo npedcmasrenus (UAU HenpueodUMoeo MHo-
mecmea mampuy), Kpamua eOuHUMROl mampuye.

Kak JanbHeiliiee c/ieICTBHE JIEMMB HMeeM CICAYIOUYIO TE€OpeMy.

Teopema. Jlwboe KoHeurHOMepHOe HenpueoOuMmoe npedcnasierue
abenesoll ( KOMMYymMamusHoil) epynnot 00HOMEDHO.

JIOKABATEJNBCTBO.  Tak KaK Kaxjiasi MaTpHua p {h) KOMMyTHDYeT cO BCeMH
p(g), To Kaxlas p (h) KpaTHa elMHHYHO MaTpHlle; C/IelOBaTeNbHO, NPeICTABIeH e P
NPHBOJHMO, €CJIH OHO He OJHOMEpHO.

Tenepr scuo, nouemy B § 20.5 GbliH OGHapyXKeHBI TOJIBKO ORHO-
MepHele npeactaBieHds rpynns SO (2).

21.4. KOMMNAKTHBIE M HEKOMMAKTHBIE FPynnbl

B § 19.5 6puto ykaszaHo, 4TO MaTpHUH pa3mepa 7 X n (BOOGLIE TOBOPS,
KOMIJIEKCHHE€) MOXHO NpPEeACTABJATb TOYKaMH B npocTpaHcTee V,
HMe[oleM 2n? (BeleCTBEHHBIX) H3MepeHHH, H YTO MHOXKECTBO BCEX
MaTpHL, COCTaBJAIIHX Moyl rpynny, noxobuyto GL (n), SL(n),
U(n), O(r) u 1. n., ecTb aareGpaHyeckas NOBEPXHOCTb & B Mpo-
crpaHctBe V. [ yNOMSIHYTHIX T'DYNN (OHH SBJSIOTCS HENPEPbIBHbIMU
rpynnamH, HJaH epynnamu Jlu) & Bceraa npeactaBiaseT co0oi 3aMK-
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HyTOEe TOYEYHOe MHOXKECTBO, HO OHO MOXKEeT He ObITb OTPaHHYEHHHIM,
Hdas O (n), U (n), SO (n), SU (n) noBepxHOCTb ¢ orpaHuueHa [Hanpu-
mep, u3 ypasnenus (19.5.1) cnenyer, uto ans rpynnsl O(3) Hu olHA
TOuKa Ha ¢ HE MOXKET MMETb KOOPAMHATY R, NpPEBBULAMILYIO MO
abCoOMIOTHON BeNHYUHE €MHHLY], Toraa kak aast GL (n), SL(n), M,
u aasi rpynnsl JlopeHua & He siBJsieTCS orpaHH4eHHOH (paciuupsiercs
B V nmo GeckoHeuHoctu). B nepsom cayuae rpynna HasbiBaeTcst KoM-
nakmHol (&£ ecTb KOMNaKTHOe MHOXKecTBo B V), a BO BTOPOM — He-
komnakmuoid. Teopusi KOMHAKTHBIX TPyNn MHOTO HpOILE, 4EM COOT-
BETCTBYIOIAsl TEOPHSI HEKOMIIAKTHBIX TpyINn; 3TO OOCTOATENbCTBO
J€MOHCTPUPYET HHTEPECHYI0 B3aUMOCBS3b Pa3JUUHBIX o6jacTell marte-
MaTHKH: KOMHAKTHOCTb I'PyHHOBOTO MHOTOOGpAa3us NMpeacTaBaseT coboil
reOMeTpUYECKOe CBOHCTBO, B TO BPEMsi KaK YNOMsiHyTbie YIIpOLIEeHHA
UMEIT B OCHOBHOM anrebpaudeckufl XapakTtep.

Cnenyiouiue TeopeMbl, KOTOPbI® Mbl MPUBOANM 6€3 I0Ka3aTesbCTBa,
MOKAa3blBAIOT, YTO B CJyd4ae KOMIAKTHBIX TPYyII JOCTATOYHO PacCMaTpH-
BaThb YHUTapHbIE NPENCTABICHUS.

Teopema 1. [1ycme p— KoHeuHoMepHOE npedcmasierue KOMNAKMHOL
epynnot G. Toela p 3K6UBANEHMHO HEKOMOPOMY YHUMAPHOMY nped-
CMABACHUI); WHAYe 2060ps, CYUECMByem maxas uKCUpoBaHHas Heebi-
posicdennas mampuya A, umo mampuya Ap(g) A™' ynumapua 0an
ecex aremermos g us G.

3mo moocro nepepopmyaruposame creOyrouum 06pasom: ecau onpe-
Oeaums 8 npedcmasAAOUEM N POCMPAHCTEE )d( fcrca/z'ﬂp)ttoe 1 pou3eede-

€ .
Hue (-, )y npu nomouwu pasescmsa (8, n), = (A&, Avn), 20e (., )
03HAHAEM NepBOHAHAAbHOE CKAAAPHOe npoudsederue, 3adanHoe Kax
(x, y)=x"y, mo

(P8 p(g)W,=5, n); 012 6cex g€G u scex §, neX; (21.4.1)

uHade 2060ps, mampuybt p(g) YHUMAPHbL OMHOCUMEALHO HOB020 CKA-
ARPHO20 N pouU36ederus.

CnpaBepnuBa U Gonee obias (QopMyJHpOBKa:

Teopema 2. [lycme p—npedcmasrenue komnaskmuol epynnst G
Ha eunrvbepmosom npocmparcmee H, m. e. Oara awbozo g p(g) —
obpamumotll oeparudennbul aunelinvui onepamop ¢ H u p(g,g,) =
=p(g;) p(g,). Tozda 8 H cyuwecmsyem Hosoe ckaraproe npouseede-
Hue (-, -);, maxoe, 4mo

(plg)u, p(g)v)y=1(u, v); Ora ecex g€G u scex u, vEH. (21.4.2)
Teopema 3. Bce HenpusoOumeie yHumapHsle npedcmasienus KoM-
nakmnoii epynnet G KOHeMHOMEPHSL.

B nporusonosoxHocTs 3ToMy rpymnnb JIopeHua uMerT 6eckoHeuHo-
Mepible HeNPUBOAUMEIE YHUTAPHBIE I1PeACTABJEHHUS.
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21.5. MHBAPMAHTHOE MHTErPUPOBAHME. MEPA XAAPA

HonyctuM, 4to G —KOMNAKTHAs rpynna MaTpul pasMepa 71X f; MHOTO-
obpasue & rpynnel G ABAAETCS KOMNAKTHOH (3aMKHYTOH OrpaHH4YeH-
HOW) TMOBEPXHOCTbIO (pasMepHOCTH m < 2n%) B mnpocTpaHcTee V 2n?
(BemecTBeHHEIX) u3MepeHuit (cM. § 19.5). MoxHO 10Ka3aTh, YTO CyIIE-
CTBYET MOJOXHTENbHAsA HeNpepbelBHasA (YHKUMA w(g), onpeleseHHas
Ha ¢ (31ech CHMBOJ g HCNOAB3yeTcss KaK AJsl 0603HaueHHs JEMEHTa
rpynnel, Tak ¥ AnA 0603HAYeHUA COOTBETCTBYIOUIEH TOYKH Ha o)
H ofsajalolias 3aMeyaTesibHbIM CBOWCTBOM, a HMEHHO ecJu f-—.ioGasn
HenpepoiBHasi (yHKUHA HAa ¢ W h—1060H (UKCHPOBAHHBIA 371€MEHT
rpynne, To

{frow@dt@=f@wedie
Cd Cd

ans Bcex h € G ¥ A Beex HENpepHBHEIX Ha & dynkuuit f; (21.5.1)

3nech dA (g) ecTb m-MepHBLIH 3MeMEeHT o6beMa HJIH «3JeMEeHT MJo-
wanu» Ha .

D10 ocTaeTcsl BEepHHM W B TOM ciayuae, korga G HEKOMNAaKTHa,
TAK 4YTO MOBepXHOCTb & pacuupsercs B V 10 6eCKOHEYHOCTH, T. €.
M TOTIa CyWecTByeT BecoBass (yHKuus w(g) Ha &, Takas, yTo cnpa-
seanuBo (21.5.1), npu ycioBuM, pasymeercss, 4TO Ans QYHKUHM f
JAHHBIE HHTErpajbl CXOAATCH.

Orobpaxenue g—-hg rpynnh G Ha ceba s (QUKCHPOBAaHHOTO A
HasbiBaeTcsl aesoti mpancasyueld B G. TIpHBeleHHOE BHIllle paBEeHCTBO
NOKa3LIBAET, YTO MHTErpaj OT HenpephHBHOH Ha & (QYHKIMH C BECOBOH
(pyHKIHeH w HWHBapHAaHTEH OTHOCHTENLHO BceX JeBHX TPAHCAAIHH B
rpynne. Muterpan B (21.5.1) Ha3wBaeTCs 1e80UHBAPUGHIMIHOIM UKMESPA-
Aom. JlOKas3aTeNbCTBO CYUIECTBOBAHHS BeCOBOH (PYHKIHH @ MOXKHO
naiith B kKHure Buruepa [1931] B pasnene «Muterpan I'ypBuna»; cM.
takxe KHUry Hax6una [1965].

AHanoruyHeIl WHBAapUAHTHHIA HHTerpan cyllecTByeT MJf MPaBHX
TpaHcasnuil. MOXHO IOKasaTb, 4YTO, B YacTHOCTH, MJIAi KOMIAKTHOH
rpynnsl G NpUBEJIeHHEBIH Bbillle HHTerpai (¢ modd oce camotd BecOBOM
yHKIHeH @) TaKXKe WHBapHAHTEH OTHOCHTENbHO MNPABHX TPaHCHAA-
UMH M OTHOCHTENbHO WHBEpPCHii, T. e.

Heyw@dt@="fenw@dt@={few@d @
(21.5.2)
JlokasaTeabCTBO CM., HanpuMmep, B kuure Beitna [1932, ra. 111, §12].

YPAXHEHHSA

1. TlokaxuTe, 4TO JI0Gast MaTpHna g B SU (2) moxeT GLiTh 3alHcaHa B BhHJe

(22
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rle @ M b-—KOMIVIEKCHHE YHCJ2, MORYMHeHHBle eAMHCTBeHHOMY YCaIOBHIO |a[? |-
+ | b|2==1. INostomy ecnu a=xy-+ix, u b=1x3-} ixy, TO MHOrOOGpasve S rpynnul
SU (2) romeomopdno Tpexmephoii chepe S%, T. e. emunuunofi cdepe P
+ 3+ xi=1 B R%,

2. INokaxure, uyro JeBass Tpancasauus g—hg B SU (2), roe h—dukcupo-
BaHHBIHl 3JEMeHT TpYMNbl, HHAYUHPYyeT BpauieHHe chepnl S® BOKpyr ee ueHTtpa H,
ClenoBaTeNbhO, [OKaXHTe, UTO eCaH d.f (g)—3/NeMeHT TpeXMepHOH IuIomanH
Ha S3, To B KauectBe BecoBO#l GyHKUHH @ (g) B (21.5.2) MOXHO B3ATb KOHCTaHTY

¥ HRTEerpan S f (g) dA (g) 6yneT MHBApHAHTHHIM OTHOCHTEJILHO JIEBHX (TaKKe H 1pa-
BEIX) TpaHCIAsUHH B yKa3aHHOH rpynme,

3. ycrs uncna a v b U3 ynpaxHeuuss | 3anucansl B BHAe

a =cos (B/2) exp [i (a+7v)/2), b=isin (§/2) exp|i (@—7)/2],
rae
l<a<?n O<Pgn, —2n<y < 2

Toria g 3amuchiBaeTcs Kak g (a, P, v) H nepemenHnie o, f, y HaswBaloTCa yeramu
disepa Bpamenvis g. [Baaronaps romomopduamy rpynmst SU (2) Ha SO (3), yera-
HoBeHHOMY B § 19.7, 3Tu yras cTanyT yraamu ODfinepa Ans Bpauenus R (g)
B Ccayyae, KOria Y OrpaHuueH uHTepBatoM 0=Cy < 27; OTMETHM, yTO 3ameHa y
Ha Y-} 27 NpHBOAMT K 3aMeHe g Ha —g, HO OCTaB/lsieT HeH3MeHHHIM R {g).]Iloka-
KHTE, YTO eCAH yrabl iljepa B3SATh B KaueCTBe BIYTPEHHHX KOOPAWHAT B rpynhne
SU (2), 10 snement mioumanu ua S3 umeeT BuA

dA (g)=1/e sin B da df dy.
4, TlokaxuTe, 4TO

g(@ B, v)=g(,0,0g(0,B,0g(0,0,y). (21.5.3)

5. O6osnauns R (g (@, B, y)) uepes R (x, B, y); nokaxure, yto 6aaronapsa
romomopdusmy rpynnei SU (2) Ha rpymny SO (3) (§ 19.7) Bpamenune R (., 0, 0)
cosnagaet ¢ BpamenueM R (0, 0, &) u aABJfgeTcR BpalleHHEM Ha YroJ o BOKPYT
ocy z, rtoraa kak R (0, B, 0) sBaseTcs BpaweHueM Ha yroa B BoKpyr ocH x.
Jafite reoMeTpHYeCKYI0 HHTEpNpeTalUui0 Pe3y]abTaTa YNpaXKHeHHs 4 Kak 3aKkoHa
KOMIMO3HKIHH TPOUSBOILHOTO BPAIEHHs U3 MOCAENOBATENBHEIX Bpallenuii BOKpyT
0CeHl z, Xx U Z COOTBETCTBEHHO.

6. Buseaute Qopmyay ans niomain A, n-mepHoil cdepn (eAMHUYHOM cdephr
B npocTpaHctBe E7+1) u3 oyeBHAHOro paBeHCTB2

® n+l o
( S e=** dx> =S e=T*A,rm dr,

—-® 0

HCMONb3YA IS 3TOr0 raMMma-QyHKUHIO, H NPOBePbTE HeNoCPeACTBEHHO, YTO Gop-
MyJa B YINpaxKHeHHH 3 HOpDMHpOBaHa npasuibHo. Ha ochoBe (2 —s» 1)-roMomop-
¢uama rpynnu SU (2) na rpynny SO (3) ycrahoBHTe, 4TO (TpexMepHas) miowmainb
3TOA MOBEPXHOCTH, KOTOpas pacCMaTPHBaeTCR kKak MHorooGpasue rpymnua SO (3)
(cM. § 19.5), pasua z%. [lokaxuTe, uTo O6BLEM f-MePHOTO tapa paaHyca R ecTb

V=120 /(nT'(n/2))} R".

Cucrema TeccepanpHblX rapmoHuk {Y['} He efuHCTBEHHas OpTO-
roHanbHas cucreMa (yHKUHMH, KOTOpasi MOsIBJsieTCsl M3 mpejcTaBJe-
Hufi rpynnet SO (3). TeccepanbHble TapMOHUKH OPTOrOHAJbHE Ha efu-
HHYHOH JByMepHOH c¢epe, KoTopas B3fTa B KayecTBe OAHOPOAHOTO
npocTpaHcTBa Aasi mpeicraBiaeHus. OaHaKO, KakK GHIO yKa3aHO B
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§ 20.8, MHOrooGpasue rpynnbl TOXKe MOXET CJAY>KHTh OJHOPOLHLIM Npo-
CTPAHCTBOM; B TaKOM CJyyae BO3HHKaeT GoJiee IIHPOKHH KJjacc OpTo-
TrOHANbHBIX (PYHKLHH, a UMeHHO QYHKLUMH OT YIJoB JiJjepa a, f, v,
KOTOpLIe MOXHO paccCMaTPHBATh KaK BHyTPeHHHe KoopAuHaTH B SO (3).
IlpuBeneHHas HHXKe TeopeMa OyIeT HMEThb JeJIO ¢ TAKMMH OOLIHMH CHC-
TeMaMu (yHKIHH.

Jns jpanpHeifiniero HaM npHBblYHee 6yleT 0003HAYaTh BbipaXceHHe
w(g)dA (g), KoTopoe NOsIBAsETCS B JIEBOHHBApHAHTHOM HHTErpHPOBaA-
HHH MO MHOroo6pasHio IrPymnnsl, NpOCTO Yepe3 dg H 3anHcaTb PaBEHCTBO
(21.5.1) B BHIE

§f(hg) dg=§ F(g) dg. (21.5.4)

O6o3HaunM uepe3 C,(G) NpOCTPAHCTBO HenpephiBHLIX QYHKUHH ¢ KOM-
NaKTHLIM HOCHTEIEM Ha MHOrooGpasHH TpyMNMbl, WJH, Kak TOBOPAT,
Ha rpynne G (ecu G caMa KOMNaKTHa, TO JaHHOe MPOCTPAHCTBO BKJIO-

yaeT Bce HenpepoiBHHE (GYHKUHH Ha G). B TakoM cayuae Sf(g) dg,

G
[ € Co(G), ABNsAeTca HenpephBHLIM JHHEHHHM ¢GyHKUHOHAMOM Ha C, (G)
H aBagerca Mepolt (cM. ra. 13). IlosToMy HHOTrZa rOBOPAT O 1€60UHEA-
puanmnoll mepe Ha G, uiu o0 mepe Xaapa, NOCKONBLKY OHAa paccMaTpH-
Bajach B craThe Xaapa [1933].
Iycts L2(G) oGo3HauaeT ruab6epTOBO NMPOCTPAHCTBO KBAAPAaTHYHO
HHTETPUPYEMBIX pacnpelesieHHH, oOnpeieseHHBIX Ha MHOrooOpasHH
rPyMNMbl, CO CKAJAPHBLIM MPOH3BENEHHEM

(s, m=§’_fi @ /. (8)dg, (21.5.5)

rie, Kak W Bhille, dg — JeBOHHBapHaHTHasA Mepa (G He 06A3aTeILHO
KoMnakTHa). Jlesbim pecyraproim npedcmasserues rpynnsl G HasplBaeTCH
COOTBETCTBHe KaxjaoMmy h U3 G orobpaeHHs

p(h): f(g) — F(h™g) (21.5.6)

npocrpaHcTBa L% G) Ha ce6s. (AHAJOrHYHO NPABOMHBapHAHTHLIA HH-
Terpas NPHBOLHT K npasomy peeyaapromy npedcmasaenuro.) Tak Kak
cKaNsfipHOE MNpOH3BeleHHe OCHOBHIBAETCA Ha JIEBOHHBAPHAHTHOM HHTe-
rpane, BHIHO, 4TO

M fs o i) =S T f, (h-g)dg =\ @ 1, (@) dg =
G G
=(f;, f,) 14as Bcex f;,f, u3 L? u Bcex h€G;
WHaue TOBOPs, 3TO NMpeICTaBJeHHe P YHHTapHO.

MoxHo IoKa3aTh, YTO B cJyyae KoMnakTHOH rpynnel G Bce He-
NPHBOIMMLIE NPEACTAB/EHHS MOJAYYalOTCA NyTeM PasOXeHHs (J1eBOoro
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HJIH [PaBOro) peryJjspHOrO NpeacTaBjeHHsi p. JTO 3HAUHT, YTO €CIH
p1— Jo60e HeNpHBOAMMOE MpeicTaBieHHe, TO cyiuecrByer B L2(G)
TaKoe MOANpPOCTPAHCTBO X, YTO cyXKeHHe p HAa X; 3KBHBAJEHTHO pj.

YacTo faxe A5 HEKOMIAKTHOH rpynmnbsl G MOXHO HAWTH HEPHUBO-
JMMble TMpPeAcTaB/JeHHs, HCIOJb3Ys ONepaTopbl, MpeAcTaBjeHHbE B
(21.5.6), Ha Hexomopom mnpocTpaHcTBe (YHKUME, ORBpEAe]eHHbIX Ha
rpymnne, HO MPH 3TOM [JIf HaXOX/eHHUsI TaKHX QyHKUHH MOXET BO3HHK-
HyTb HeOOXOAMMOCTb BBIATH 3a Npejesbl THAbGEpTOBAa MpPOCTPAHCTBA
L*(G). Mbl He GyseM paccMaTpuBaTh 3TOT OGIUMH cjyuali, a JMWb NpH-
BefeM onaHH npumep: B § 21.10 ¢pyHKUHH, KOTOpble NOABATCA B CBS3H
€ HENMPHBOAHMbBIMH MpPEACTaBJEHHsIMH HeKoMOaKTHOH rpynnet M, aBu-
XeHHH B MJIOCKOCTH, He SIBJAIOTCS KBAaAPaTHYHO HHTErpHPYeMbIMH Ha G.

BrluncauMm Tenepb BecoByio gyHkuuio w (g). Jonycrum, uto 0y,. . .
..., B,— BHyTpeHHHe KOOPAHHATH HAa MHOrooOpasHH rpynimsl G, U Mbl
XOTHM HalTH BecoByl ¢QyHKuHIO ©(0), Takyio, uro w(6)d8,. . .do,
IBJIsIeTCA 3JIeMeHTOM HHBAapHaHTHOH MepHl dg.

[lepennwem paeeHcrBo (21.5.4) kak

g={rrg)dg' =t (0 dg

G G

Mubi paccmoTpuM caydait, Koraa dyHKuus f(g) paBHa HyJiO BCWAY,
KpOMe 3/IeMEHTOB g, HaXOAAUMXCH B MaJOH OKPECTHOCTH of €JHHHY-
HOrO 3/MeMEHTa rpyfinbl, npudeM f(g)==1 ana stux snementoB. Coor-
BeTCTBYIOIIHE MM TOYKH 3alOJHAKT Majbléi 06beM V B KOOpAHHATHOM
npoctpaHcTBe B6iH3H 0=0; mostomy B npapoil YaCTH BbILIEN PHBE/EH-
HOro paBeHcTBa Mbl noayuum J = Vw (0). Orauunble OT HyJs 3Ha-
YeHHs B JIEBOH YaCTH 06S3aHbI CBOHM MOSIBAEHHEM 3JEeMEHTaM Ipyli-
nmel Ag' M3 OKPECTHOCTH of° €IMHHUB H, 3HAYMUT, JMeMeHTaM g’ H3
OKpeCcTHOCTH 371eMeHTa h™!, umelome# o6veM V', tak uto J =~ V'w (h™1);
clefoBaTesibHO, 4TOGH onmpenenuTh @ (A~™Y), HaAM HyXHO 3Hatb V'.

Myctb g’ =h"'k, rae k mensierca B . OGosnayum uepes 6 (g) Koop-
OUHATH Jioboro 3aeMeHTa rpynnsi g. Takum o6pasoM, 0603HAuHB
uepes 0 u 0’ koopauHathl B M g’ =h"'k, uMeeM
0=0(k), 0'=6(h1k)=0"().
Korna 0 usmensiercsi B o6reme V, 0’ npoberaer o6wem V'; nostomy,
HCIOb3YA fKOGHAH, V' MOXHO BHIPA3HTb Tak:
V' =0, ..., 0,)/0(6,, ..., 0)],V,

rae unaekce O ykasbiBaeT Ha To, 4To sikobHaH Gepercs npu 0=0,
Hrak, Mb1 3akJawodyaeM, urto

w@®(Hh)=C[0(0;, ..., 6,)/0(0;s ..., 8,)]0]7%, ‘ (21.5.7)

npuueM C =w (0). B cumy npou3Bo/ibHOCTH A TaKKe MPOU3BOJIEH U h™1;
cJefloBaTenbHO, AaHHOe BhipaxeHHe ompejenser @ (0) ana Beex 6.
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B cayuae xomnakTHoO# rpynnbl G KoHcTaHTy C MOXKHO BHIGpATh Tak,

4TOOBI S dg=1.
G
YOPARHEHHE
7. Ilyets G—rpynna spamenuft SO (3), 6., 6, 0,—BHYTpenHhe KOOPAH-
Hatsl, BBelenusie B § 19.6, a O—pexTop ¢ xomnoneHTaMu Oy, 6,, 6,. IlycTs,
B YaCTHOCTH, O NpeICTABJISET 3AeMEHT FPYNNHl K B BHIUENDUBEIEHHOM PacCMOTpe-

Huu, npuuem [|0] <1, a 8 npeacrabnser A—1k. C TOYHOCTBIO MO BEHYHH IeEp-
Boro mopanka Manoctd [em. (19.6.1)}

1 —6, 8,
k=( 6, 1 —8,
-0, 8, I

IMockonbky w(h~1') He 3aBHCHT OT HAaNpaBJEHHA OCH BpallleHHS, B KauecTBe h—1
MOXHO B3ATh BpallleHHe Ha YroJ ¢ BOKPYP OCH X, T. €. MOXHO IOJOXHTb

1 0 0
h=-1={0 cosax —sina).
0 sina coso

TNokaxuTte, uTo KOOPAMHATH Oy, Oy, 0; 37MeMenta h~'% C TOUHOCTBIO A0 NMepBOro
MOPAZKA MAJOCTH HMEIOT BHJ

, , 1 osao. O . 1 3]

OTKyJa fKOoGuHaH DaBeH
3(6z, 6y, 0:)/0 By, 0y, B2) |g_ o =a?/[2 (1— cos @)], (21.5.8)
H, CJNeAOBAaTebHO, HODMHDOBAHHAA BecCcOoBaf (byHI(IlHﬂ 3aaeTcsa Kak
w (8") = (1 —cos a)/(4n*a3), a=[ 0’| (21.5.9)

¥xasanue. lns 3alaHHOR MATpHIB! BpallleHHS YroJl BpAlleHHS H HanpapJedHe OCH
aawrtes dopmynamu (19.2.7) v (19.2.8).

21.6. NONHAS CMCTEMA NPELCTABNEHMH KOMNAKTHOW I'PYNNbI
My npunuiM K OIHOH M3 BAaXKHEHIIHX TEOPEM O KOMNAKTHBIX I'pYyINMaXx.

Teopema. [Tycmo ok (k=1, 2, ...)—noanvii Habop Heaxeuearenm-
HbIX HEeNpUEoOUMbLX YHUMADPHbIX npedcmasrenul komnakmuot epynnot G;
nycmo  d, — pasmeprocms ok, a ok, (g) — mampuunsie anemenmor
npeobpasosarun p*(g). Toeda dyukyuu

Vigoha(g) k=1,2, ..., 1<mn<d,

06pasyrom NOAHYIO OPMOHOPMUPOBAHHYIO cucmemy Ha G OMHOCUMENbHO
CKAASPHOZ0 NPOU38e0eHUS, OCHOBAHHO20 HA UHBADUAHMHOM UHMezpU-
posaruu no G.

3ameuanns. (1) HamoMHuM, uTo Ha KOMOAKTHEIX Tpynnax JeBo-
¥ TpaBOMHBAPHAHTHOE HHTerpupoBanusi cosnafaior. (2) Ilpeanona-
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raeTcsi, 4TO Sdg: L. (3) IlpeanonaraeTcs, 4T0 MaTpHYHbE 3JEMEHTHI
G
OTHOCATCA K OpPTOHOPMHPOBaHHOH CHCTeMe BEeKTOPOB, TaK 4TO MAaTPHUbI

(0% (g)) ynutapHbiX npeobpasoBaHHil p*(g) YHHTapHBI.
JloKa3aTebCTBO TeopeMbl cM. B KHHre Buiaenkuua [1965]. C opro-
HOPMHPOBAHHOCTBIO 3THX (QYHKUHH JAeso OOCTOHT MPOCTO, a BOT HX
MOJIHOTA MpeAcTaBJsieT co6oif Gosee rayGOKHH (akKT, KOTOPHIH Obla
nokasan [lerepom u Beitnem [1927].
Has G=80(3) Teopema raacur, 4To GYHKUHH

Vo F1emepl, (cosP)e- ™, [=0,1,2, ..., —I<m' m<l,

00pa3yloT MOJNHYI0 OPTOHOPMHPOBAHHYIO CHCTEMy Ha MHOrooOpasHH
rpynnel SO (3) OTHOCHTEJBHO CKaJlsfipHOTO NPOH3BEAEHHSA
2 n2n

(o F) =55 g0g 0§fﬁ“‘<a. B, %) f (@ B. ) sinp dod dy;

cM. {20.12.2) u ynpaxHeHHe 3 B npeabiaylieM naparpade.

Pasnoxenne ¢ynkuuii uz L2(G) B (o60o6uweHHbH) pax Pypee no
GyHKUHAM, ONMHCAHHBIM B NPHBEJAEHHOH TeopeMe, Ha3bBaeTCsi apMo-
HHYeCKHM aHaJu3oM Ha rpynme. [apMOHHuecKHH aHaJH3 Ha HeKOM-
NaKTHLIX TPyNnax BKJouaeT o6olOleHHbe HHTerpaJsl dypee; cM., Ha-
npumep, Kuury lenbdanga, 'paesa u Busenkuna [1962] no noBoxy
rapMoHHueckoro aHanusa Ha SL (2, C) u kuury Yopuepa [1972] no
MOBOAY TapMOHHYECKOrO AaHajH3a Ha MOJYNpPOCTHIX rpynnax JIu.

AHajsoruyHas Teopema CNpaBefj/IHBa MpPH HEKOTOPHIX YCJOBHAX
A5l QYHKUHH, TOJY4YeHHBIX Ha APYTHX OJHOPOAHBIX NPOCTPAHCTBAX C
HajJ/1eXallHM 06pa3oM BLIGDAHHBIM CKaJASIPHBIM MPOH3BEAEHHEM; CM.
Kuury Buaenkuna [1965, pasa. 4.5 ra. 1). [lpumepom cayxut dakr,
Y€ YCTAHOBJIGHHBIH HAMH H COCTOALIHH B TOM, YTO QyHKLHH Y (0, @)
06pasyioT MOJHYI0 OPTOHOPMHDOBAHHYIO CHCTEMY Ha €AHHHYHOH ABY-
MEpPHOH cdepe.

21.7. OAHOPOAHbLIE NPOCTPAHCTBA KAK KOH®UIYPALIMOHHbBIE
NPOCTPAHCTBA B ®U3UKE

®u3nueckHe cOOOpa)KeHHsl 4acTO YKAasbIBalOT Ha TO, KaKo# BbIGOp Of-
HOPOJHOTO NPOCTPAHCTBA CJEAyeT CAesaTh, YTOOH MOJYYHTb (YHKIHH
IJs 3aJlaHHOH TPyMNNbl CHMMETDPHH, NpPeACTaBJ/sIOLHe HHTepec Aas pac-
cMaTpHBaeMmoii 3afaud. /18 KBaHTOBOMEXaHHYECKOro JBHIKEHHA B LieH-
TpaJbHOM CHJIOBOM I0Jle KOOPAHHATaMH ABJSAWTCA 7, 0, ¢; MOCKONbKY
HMEIOTCA JIHIUb [Be YIJIOBble MepeMeHHble, TO NMOAXOAALLHM OAHOPOA-
HEIM NPOCTPAHCTBOM OyAeT AByMepHas cdepa. DTOT BHIGOP MPHBOAHT
K QyHKuHAM Y7 (0, @), KOTOpHe, TaKHM 06pasoM, MOXHO B3ATb AJA
npeicTaBJeHHs] YIJIOBOH 3aBHCHMOCTH BOJIHOBOH ¢yHknuH. C apyro#
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CTOPOHBI, AJIsi ONMHMCAHHs JBHXKEHHS TBEPLOro Tela OKOJNO ero LeHTpa
Macc CYIeCTBYIOT TPH YIJIOBLle NepeMeHHble, a HMEHHO YIinl Jiijepa
a, B, ¥y, H B KauecTBe KOH(QHIYyPaUHOHHOrO NPOCTPAHCTBA MOXKHO pac-
cMaTpHBaTb MHoroo6pasuwe rpynnbi SO (3). 3omMepdenna [1929] no-
KasaJi, YTO KBAHTOBOMEeXaHHUecKasl 3aj1a4a O ABHXKEeHHH CHMMETPHUYHOro
BOJIYKA (TBEPAOrO Teja ¢ JABYMsA pPaBHbIMH MOMEHTAMH HWHepUMH), KO-
TOpas NpPEeNCTaBIseT HHTepec i TEOPHH MOJEKYJSIPHHIX CHEeKTPOB,
MOXeT GbiTh pellleHa NMyTeM HCMOJAb30BaHHA MHorouneHos fixobu. Ko-
HEYHO, B KAYeCTBE BOJHOBHIX (P)YHKUMH CHMMETPHUYHOrO BOJNUKA MOXKHO
B3aTh ¥ (yHKuMH (20.12.2).

21.8. TPYNNA M, U POACTBEHHDBIE rPynnbl

JlBHKeHHe B BEIECTBEHHOM 71-MEPHOM NpPOCTpaHCTBe V" COCTOMT M3
Bpaienus X — Rx [R€S0(n)], 3a xoTophiM cielyeT TpaHCAsHs L)
x — x-+§&, rae §E—nocrosHHb BeKTOp. (MOXHO NOMYYHTL TOT ke
pesysJbTaT H B TOM CJyuae, KOrla JaHHOE BpalleHHe caedyem 3a
TpaHcasuneli X — X -+ §;, B3AB § =R"'E.) 3ameuanue. Cnosa «Bpa-
LleHHe» H «JBHXKEHHE» MOTYT BBECTH B 3a6iyXJeHHe, TOCKOJbKY 3[€ech
HHYTO He 3aBHCHT OT BpeMeHH f{. BpaieHHe fBJsieTcs npocTo GUKCH-
POBAHHbHIM M3MEHEHHEM OpHEHTALHH, a TPAHCJAAUHS SBJsIeTCs JHILb
(PUKCHPOBAHHBIM CMEILEHHEM.

CBsi3H Mex1y HEKOTOPbIMH IPyNnnaMH, NpeACTaBJSIOMHMH HHTEPES
INA (PU3HKH, BLIVIAAAT TaK:

50(2) »50(3) —— %,

M2 — M3 ?p,

rie cTpenka BeleT OT NOATPYNNbl K BKJovaiomwed ee rpynne, 2,
obo3Hauaer coberBeHHylo rpynny IlyaHkape (cocrosimyio 3 Komﬁnua-
Ui coGCTBEHHbIX npeoGpa3oBaHHil JlopeHla co cMelleHHsIMH B NPOCT-
paHcTBe H BpeMeHH). I'pynnbl, BKJOYAKOLHe NPOCTPAHCTBEHHYIO HHBEp-
cHIO W ofpalleHHe BpeMeHH, TaKXke NpPelCTaBJsIOT HHTepec, HO OHH
CHJILHO YCJIOXKHHJH Gbl NpHBefeHHY0 AuarpamMmy. I'pynny M, Mu noa-
pobHee paccMOTPHM Jajee B JaHHOH rJiase.

O/neMeHT rpynnbsl M, ecTb OTOGpaXKeHHE g=g. , g IJIOCKOCTH X, Y
Ha cefs, 3alaBaeMoe cneuy;ommu obpasoM:

o ()= ()=CimoTremots) @80

3ameyaHue. B Teopun rpynn BooOlle H B YacTHOGTH NpPH onpele-
JIEeHHH «NpPeICTaBJeHHA» NOoL «THHEHHBIM npeo6pasoBaHHeM» NOHHUMaT

1) YacTo roBOpAT: NapajsleNbHbIH NepeHoc W/IB CABHT Ha BeKTop §,—[Tpuwm,
nepes.



90 Ta. 21. [Ipedcmasaenun epynn 11

OJHOPO/IHOe npecGpa3oBaHHe; notomy (21.8.1) 6yaeM Has3bBaTbh HPOCTO
«oro6pakeHueM», HeTpyaHO npoBepuTh, 4TO TpeXMepHOe TOYHOE Npes-
cTaBsieHHe rpynnsl M, 3afaeTcs COOTBETCTBHEM

cosO —sinb §°
ge| sind cos0 7w |. (21.8.2)
0 0 1

V1pPAXHEHUE

[lpoBepbTe, 4TO B 3TOM CJyude KOMIIO3HUHH gagy ABYX OTo6paxeHHR BHAa
(21.8.1) craBHTCR B COOTBETCTBHE IIPOH3BEJEHHE COOTBETCTBYIOLIHX MATPHL BHAa
(21.8.2).

21.9. NPEACTABNEHMA FPYNNbLI M,

Yrto6e HaHTH ApPYrHe npeacTaBjeHHs, AONYCTHM, 4To X ofo3Hayaer
NPOCTPAHCTBO BcexX OecKOHeYHO aupepeHuMpyeMbix pyHKuuil f(x, y),
onpefieJieHHbX A5 BeeX x U y. O4eBHIHO, MJIOCKOCTDb fIBJISIETCS ONHO-
POIHBIM MPOCTPaHCTBOM Wi M,. [lpeacrasienue rpynnet M, Ha X~
nosiyyaercsi nyTeM npeoOpasoBaHHa KaxA0H QYHKIMH f (x. y) B PyHKLHIO

e@hx »=Ff[x—ElcosO+[y—n]sinb,
——[x—g]sin6+[y—-—n]cosﬂ) (21.9.1)

corsiacHo npaBuay (20.6.1). Tpu onepatopa Ly, L,, L, («<uH}pHHHTE-
3UMAJIbHBIE ONEPATOpbi») ONPEAENAIOTCA CJEeAyIOUHM 06pa3oM:

(Lif) (x, y)=0(p Q) ) (x, Y)/OE |s=n—0mo»
(L.f) (x, y)=0(p (@) ) (x, Y¥)/0M|:mnmo=c, (21.9.2)
(Lsf) (x2 1) =0(p (&) ) (x, ¥)/09|;~ncpmo-

Hs (21.9.1) crenyer, urto
Ly=—0/0x, L,=—0/0y, Ly=yo0/0x—x0/dy. (21.9.3)

Ecjd r H @ — NOJsAPHEIE KOOPAHWHATBHI B MJIOCKOCTH X, Yy, a L* u L~
ONpEAeNAIOTCS COOTBETCTBEHHO KaK Ly+iLy u Li—ilL,, To MBI OGHapy-

JKHBaeM, 4To
Ly=—0/0p, L*=e*i®(0/0r 4 (i/r) 3/0¢),
L+L-=L~L* =¥, (21.9.4)

21.10. HEKOTOPLIE HEMPHBO AAMMBIE NPEACTABNEHMUA

I[Ipencrasnenue (21.9.1) B BBICOKO!H CTeneHH NPHBOAMMO, H Mbl MOCTa-
paeMcsi HaliTH WHBapHaHTHOe MOAMpPOCTPAHCTBO X; npocTpaHcTBa X,
Kotopoe Obljio OBl CTOJbL MaJio0 B HEKOTOPOM CMbICJE, CKOJIb 3TO BO3-
moxHo. [lognpocTpancTBo X; J0MKHO NpeoOpa3oBbIBaTLCA CaMo B cefn
npu AeHCTBHH KaxJaoro u3 onepatopos L,, L,, L,. [lpu nomowmn psaa



21.10. Hexomopwe Henpusodumbie npedcmasieHun g1

dypbe OTHOCHTENBbHO ¢ JIOGYI0 DYHKLIHIO f€ X™ MOMKHO pasNioXHTh
no QyHKIHUAM

Pn (x, y)=i"memg, (1), (21.10.1)

rie g,—Herkotopas ¢yHruus Ha (0, oo) u3 wknacca C”. Ilpuunua,
Mo KOTOPOH B3AT MHOMHTENb i~™, ckopo 6yner sicHa. [IpH JeHAcTBHH
onepatopa L, mobas ¢yukuus 1, npeobpasyercs B KpaTHYIO
caMoii ce6e (YHKIHIO; Mbl XOTHM HayaTb C ONHOH HS TakHX OYHK-
Ui P, 4 BBHISCHHTb, KaKOH »Ke€ HaHMEeHbUHH Habop HOMOJHHUTENb-
HbIX yHKIHH cJelyeT B3sTb JJIS NOJNYYEHHS HHBAPHAHTHOrO MOI-
NpocTpaHCTBA.

13 (21.9.4) BunHO, yto L*1, umeeT BUA € ™V 9 h (r); clefoBaTelb-

HO, L~L*+, uMeeT BUAL €™ g (r). lns nosyuyeHHsi HaHMEHbLIErO BO3-
MOXXHOTO HHBapHaHTHOro mnoxanpoctpaHcTBa X, Tenepb donyckaemcs,

4TO g (r) paBHa g, (), YMHOXEHHOH Ha NMOCTOSHHYIO, CKaXeM Ha — O,
H Mbl HCC/ENyeM, MOXET JIH B JeHCTBUTENbHOCTH g, ObiThb BbiGpaHa
Tak, YTO 3TO JoNyiteHHe OyneT cnpaBellHBbIM. Hrak, Mbl XOTHM
BHOpaTh g, (r) Tak, 4ToOhI

Ly, =it $peiy L™ Pper =10, (21.10.2)

TakuM 06pa3oM NMOPOXKAAETCs MOC/AEAOBATENbHOCTb PYHKUHA {{,,}7,
B MpPeLNOJIOXKEHHH, YTO HH OfHAa M3 NMOCTOSHHBIX @, He ofpaitaercs
B HYJib; HO HH OIH3 H3 HHX M He MoXXeT o06paTHTbCs B HYJb (pasBe
TOMIBKO BCE BMeCTe), MOCKOAbKY L* u L~ KOMMYTHPYIOT, U3 4Yero
CAENYET, UTO Qf =a% _,; TO3TOMY BCE 5TH MOCTOSIHHBIE MOXHO B3SiTh
paBubiMH. Torzaa us (21.9.4) Buano, uto

Vi, =—a*, (21.10.3)

aas Bcex m. Orciona BbITEK3ET, YTO g, (r) 6YAeT NponopiHoHa/bHa
¢yukuun DBeccens J,(ar); dyHkuuH beccenss O6yAyT paccMOTpeHbI
B CJeaylolleM naparpade.

3ak.noyenHe. X; siBJAseTCs MOANPOCTPAHCTBOM NpocTpaHcTBa X™,
COCTOSIIUM H3 pellieHH ypaBHeHHs V2 -+ a*p =0 (KoTopbie He HMEIOT
ocobenHocTedl); 0603HaUMM TaKoe NoAnpocTpaHcTBo ueped X,. Takum
obpasoM J1000e OT/NMYHOE OT HYJs 3HAYeHHe & NPHBOAHT K HENpH-
BOAMMOMY npeacTaBienuio rpynnsl M,. Ilpn npeo6pa3oBaHuu X — px
IV BELleCTBEHHOTO | V2 MepexoiHT B P~2V?; mostoMy Ge3 orpaHu-
yeHHs OOIHOCTH Mbl MOXEM JAONYCTHTb, 4yTo |a|=1. Bosnee Toro,
@ ¥ — @ ONPeNeNsioT OfHO H TO XKe NOANPOCTPaHCTBO; CEJ0BATENbHO,
B KayecTBE 3HAueHMH o pasymHo B3aTb e, rae 0P < n. Has
KaXJO0ro Takoro @ mnpeicrtasjexde rpynnet M, ua X, sanaercs npe-
obpasoBanuamu (21.9.1).
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21.11. ®YHKUMH BECCENS

HopmMupyem cuctemy dynkuuit {¢,}=., nonoxus ¢, (0, 0)=1. Torna
Vs Kaxaoro m ¢yukyus Becceas nopadka m MoxeT OblTh onpeje-
NeHa Kak J,(2)=g, (2/a), Tak 4ro (21.10.1) npunuMaer BHJ

Y, (X, y)=i"mem® J_(ar).
Torpa (21.10.2) nepexomsaT B ypaBHeHHs
(didz—mj2)J,, (2) =—J 54, (2),
(didz 4 (m+1)/2) J 4y () =T, (2),
KOTOpble fIBJSIOTCA PEKYPPEHTHBIMH COOTHOLIEHHAMH AJsi QyHKLHHA
beccens. Hckaouenue J ., (2) Raer
(d¥dz* 4 (1/2)d/dz + | —m?/2%) J ,.(2) =0, (21.11.2)
a 310 ecTh AuddepeHunanbHoe ypaBHeHHe Beccens.
dyukuun beccens J,(2) MOJHOCTBIO ONMpefessSOTCA 3THM YypaB-
HeHHeM H Haya/lbHbIMH ycaoBuaMH J,(0)=1u J,(0)=0 ana m==0.

Jns nanbHefilnero npeAnosaraercsi 3HaKOMCTBO ¢ 3THMH (DyHKLHAMH
H, B 4aCTHOCTH, C HX HHTErpPajbHbIM MpEACTaBJIEHHEM

@1.11.1)

n
Jm (Z)=7lg-1- S eiesin t+imt gf (2].“-3)
~n

21.12. MATPHLLBI NPENCTABNEHUA

Jas HekoTopmix uenefl ObiBaeT npeAnoyTHTeNbHeH HMeTb npeobpaso-
BaHHS, NpeJCTaBJeHHble (6eCKOHEUHbIMH) MATPHLIAMH; MaTPHUYHbIE 3JIe-
MEHTH MOXHO IOJYYHTb CJefyomHM obpasoMm. IlycTe a—BekTop,
KOMIIOHEHTaMH (BooOle rOBOps, KOMMJIEKCHBIMH) KOTOPOTrO fIBJASIOTCA
acosy M osiny, TAe napameTp a Takod ke, kak B § 21.10, a y —
BelllecTBeHHbIli yroa. Toraa mnpHBefleHHOe BOJIHOBOE YypaBHeHHe
Viu-+4 a’u=0 umeer peieHHe

giar cos (P -X) (21.12.1)

(KaK H npexpe, x=rcos¢, y=rsing), a ofljee pelleHHe ecTb
L

Fry @)= § elarcos@=n f (1) dy, 21.12.2)

-

rle f—npousBosbHas (YHKUHA H3 HEKOTOPOro KJacca JAOMYyCTHMBIX
¢GyHKUHMI, TOuHble CBOHCTBA KOTOPHIX 3iechb HeBaxkHH. [Ecniu a Beue-
CTBEHHO H ecJiH [ (r, ¢) HHTEpNpPETHPOBaThb KaK BOJHOBYIO QYHKUHIO,
TO CLCOSY, U ¢ SinYy CyThb WMNYJbCHEIE NepeMeHHble, a f ()) TeCHO CBsi3aHa
C HMNYJbCHHIM npesicTaBnenueM QyHkuHH f(r, ¢).] Ecau naockyio Bonny
exp {{a-x} noaseprHyTh npeobpasoBanuio (21.9.1), To oHa mepexoauT



21.12. Mampuyw npedcmasienudl 93

B exp {ia-(x—§)g}, rle HHIAeKC O yKa3biBaeT Ha TO, YTO BEKTOPb
X H § noBepHyTHl (NPOTHB 4acoBoil cTpeskH) Ha yroa 6. Ecan kowm-
NOHEHTHl CMEUleHHs 3anHcaTh B BHAe E=[cosw, n={sinw, T0 H3
(21.9.1) 6yner cnegosaTh, 4TO

©@h . @) §earerw-vp (y)dy,

rjae
f' () =e-febeos =2 F (y 4-6) 21.12.3)

(lUTpHX He cBfA3aH ¢ JH(xpepeHUHPOBAHHEM); B HHTerpaje MNpoBejeHa
3aMeHa nepemeHHOH y—0 — y 6e3 H3MeHeHHs MNpelesoB, MNOCKOJIbKY
NOALIHTerpasbHass (GYHKUHA HmeeT mepHoA 2sm. CieloBaTeNbHO, 3ie-
MeHT g rpynnsi M,, coctoswuii H3 BpaueHHsa Ha O no uacoBoi
CTpeJsiKe, 33 KOTOPbIM CJeAYeT TPaHC/sUHs Ha BeKTOp §, HHAyWHpYeT
npeobpasosaiue (21.12.3) B npoctpaHcTBe QyHKUHHA f, umerouyx

nepuon 2s. Teneps, pasnaras f(x) H ' (x) B paan Dypbe Ec eim

H X Ce™ COOTBETCTBEHHO, Mbl HaljeM, YTo
m

2 pmn n?

Nz -~

rae

n

~ ~ 1 .

Pmn =pgm (g) =elm(-)et (m=n) (@-~7n/2) T S galsint+i(m—n)t jf —
-n

= eimbel (m=n) @=/D) J _ (al) (21.12.4)

H rAe Obl0 Henosb3oBaHo (21.11.3). Buano, yto dyHkuun Beccens
NOABJSIOTCA He TOJbKO MNPH OnpeleNeHHH HHBAPHAHTHBIX MOANPO-
CTPAHCTB MPOCTPAHCTBA X~, HO H B 3aBHCHMOCTH MATPHYHHIX aJe-
MEHTOB p,, OT napametrpoB & 1, 0 uiH {, ®, 6, XapakTepH3YIOLHX
3/€MEeHTbl rpynne M,.

AHnanoruyHbiM 06pa3oM MOMCHO NMOJIYYHTb HEMPHBOAHMLIE MpPEACTaB-
JIeHHs rpynnsl M, IBHX<eHHH B eBKJHJOBOM npoctpaHctse E*, npH-
Humas E3 B KauecTBe 0JHOpPOoAHOro npocTpaHcTBa. O60o3HauHM yepe3 X,
NpPOCTPAHCTBO BCeX GYHKUHA u (X, y, Z), KOTOphLie YAOBJETBOPSIOT
TpPeXMEepHOMY NPHBEJEHHOMY BOJHOBOMY YypaBHeHHIO V3u -4 alu=0
¢ (HKCHPOBAaHHOH NOCTOAHHOH @ BO BceM npoctpaHcTBe E3. Torna
npeicrtaBieHHe rpynnsi M, Ha X,, 3anaBaemoe NpH MOMOLIH COOT-
BETCTBHS1 KaxaAoMmy g H3 M; npeoGpas3oBaHus

p(g): u(x)—u(g='x) (21.12.5)

npocTpaHcTBa X, Ha ce6s, fBJseTCs HenpHBOAHMbIM. PaccmartpuBas
HH(HHHTE3HMAJIbHbIE OMNEpATOphi 3TOr0 MpEICTaBJEHHS, MOXXHO HalTH
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B X, 6a3uc, cocTosuiui H3 yHKUHH
YT, @) r-22Jiap(ar), 1=0,1,2, ..., m=—1,—1+]1, ,
(21.12.6)

[NosToMy npoHCXOXKAEHHE TaK HasbiBaeMbIX ctepHuecKHX GYHKIHH
Beccens

1@ =V @2 Ji:1 (2) 21.12.7)

CBS3aHO C HENMPHBOAHMLIMH MPEACTaBIEHHAMH Fpynnel M,.

[TpeacraBnenus rpynnst M, paccmMaTpuBawTcs B KHure BuieHkuHa
[1965].

B npoTHBOMOMOXKHOCTL HENPHBOAUMBIM NPEACTABJAEHHAM KOMIMAKT-
HEIX FPYMN, KOTOPHIE SBJSAIOTCA KOHEYHOMEPHHIMH H 3aBHCAT OT AHCK-
petHoro napamerpa [Hanpumep, [=0, 1, 2, ... aas SO(3)l, uenpu-
BOAMMbIE MpPEACTABJIEHHS FPYyNn JABHKEHHH GeCKOHEYHOMEPHLI H 3aBH-
CSIT OT HENpPEepLIBHOFO NapaMeTpa o.

HenpuBoaumbie npeacTapjeHHs rpynn JlopeHua GbIBalOT ABYX BH-
JIOB: KOHEYHOMEPHbIE, KOTOpHIE 3aBHCAT OT AHCKPETHOro mnapamerpa,
H GeCKOHeYHOMEPHEIE, KOTOPLIE 3aBHCAT OT HENPEPHIBHOFO NapaMerpa.
[lepBble noJyyalOTCsi H3 KOHEYHOMEPHBIX NPEACTABJEHH{l FPYIIbI
SL (2, C) (cM. caenayouiyo rjaaBy) H NMOSBJAITCS B PENATHBHCTCKOM
KBaHTOBOH MeXaHWKe MHOFHX 4acTHU. M Te W apyrue npeiacrasieHus
HY>KHbl JJIf TOJHOA COBOKYMHOCTH HENPHBOAMMBIX NPEACTABJIEHHH;
NO3TOMY CJeAyeT OXKHIAaTb, 4YTO GeCKOHEYHOMEpPHbIe MpeiACTaBJeHHS
MOFYT TaK¥Ke HrpaTh ONpejeJeHHYI poab B (H3HKe.

21.13. XAPAKTEPbI

Ilonatue xapaxmepa ¥ (g) NpPEACTaBJEHHS HIpaeT B TEOPHH Npel-
CTaBJieHHH YpesBLIYAHHO BaXKHYIO0 poJb. JI/fi KOMNAKTHBIX TPynm 3T0
K104 K YCTAHOBJIEHHIO MOJHOTHI CHCTEMHl HEMPHBOAHMBLIX [1PEACTAB-
JIeHHH, a 3HaYyHT, K PEelIeHHIO BONPOCa O TOM, BCE JIH MpPEACTABJIEHHSA
HadaeHbl. Ecin p—npeacTasienne Ha KOHEYHOMEPHOM IPOCTPAHCTBE
X", TaK Y4TO p(g) ABAAIOTCS MATPHUAMH C 3JIEMEHTaMH p,, (g), TO

(@ =trp(g)= 2 p,;(g). CaenosaTenbHO, ¥ €CTb CKaJlsiPHO3HAYHASA
i=

(pym(uuﬂ Ha rpynne G. B cnyyae KOMNakTHOH FpymNisl GxapaKTepbl
y! H % ABYX HESKBHBAJEHTHHIX HENPHBOAHMBLIX I1PEACTaBJEHHH OPTO-
FOHAJIbHEI OTHOCHTEJNbLHO CKaslfipHOro npoussenenus (21.5.5):

Sx‘(g)xz(g)dg=0, (21.13.1)
G

a VIS 3KBMBAJEHTHLIX NpeAcTaBJeHud ¥*(g) =1y’ (g). Kpome Toro,
Slx(g)l’dg=1 (21.13.2)
G
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1A 06oro HeNpHBOAMMOro NPeACTaB/leHHs B TOM cjydae, Korjaa mepa
Xaapa HOpMHpOBaHa TaK, 4To Mepa (o6beM) Bcefi rpynmbl paBHa |.

XapakTtep % (g) 3aBHCHT TOJNBKO OT KJ1acca COMpPSI’KEHHOCTH TPyNno-
BOTO 3/1eMeHTa g, T. e. ¥ (&)=Y (hgh™') ansa Bcex g u Bcex h. COBOKyN-
HOCTb BCEX XapaKTepoB ' HENpPHBOAMMbLIX MPeCTABJAEHHH KOMMAKTHOH
rpynnsl oG6pasyeT NOJHYIO cHcTeMy QYHKILHH 1S pasioxeHHs PyHKIHA
f(g), 3aBHCAWHX TOJBKO OT KJacca COMPSIKEHHOCTH 3JIEMEHTOB g.

B rpynne Bpawenuii SO(3) Bce BpauleHHs Ha 3afaHHLIH yroa
He3aBHCHMO OT HaNpaBJeHHs1 OCH BpallleHHs NPHHAJ/eXaT OIHOMY
H TOMY K€ KJIacCy COMpSXKEHHBIX 3/1eMEHTOB; OTCIOJa CJefyeT, uTo Xa-
pakTepbl SIBAAOTCA (QYHKIOHAMH Jumb yria o. KnaccHueckoe poKa-
3aTe/IbCTBO MOJIHOTBI CHCTEMB! HENMPHBOJAMMBIX NpeAcTaBjeHHi pf(l=
=0, 1, 2, ...), o KoTopo#l roBopusoch B KoHile § 20.9, cocTouT ‘B 1e-
MOHCTPAlUH TOro, 4YTO COOTBETCTBYIOIiHE XapaKrephl ¥‘(g) obpasyioT
NONHYI0 cHcTeMy GYHKIHMH A8 pas3joxeHHss QYHKUMH yriaa o (cMm.
kuury Burnepa [1931]). Toraa, nockonbKy He cyluecTByeT HeHyJeBOH
¢QYHKIHH OT @, KoTopas Gblia 6bl OpTOroHa/tbHa BeeM y‘(g), He cymle-
CTBYeT M HENPHBOJAHMOrO NpeACTaB/ieHHs, HeSKBHBAJIEHTHOrO BceM (f,

YNPAXHEHHS

1. TlokaxuTe, 4TO €C/IH KOHEUHOMEpHbIe NPeACTaB/JeHHS Pl W p? SKBUBaJEHTHH
[T. e. eclu OHH ORMHAKOBOH pPasMepHOCTH H CyllecTByeT Takas MarTpuua A # 0,
uto Apt (g) =p?(g) A ana seex g], To x! (g) =x*(9).

2. TMMokaxuTte, 4TO ABa BpalleHus g; H gy Ha 3aQAHHBIA Yyrol ®, HO BOKPYT
pasiKUHBIX Ocefl ABJISIOTCH CONPSXKEHHBIMH, T. €. YTO CYUIeCTBYeT TaKoe Bpaile-
HHR A, uTO gy =hgh~1.

3. TMokaxuTe, YTO XapaKTepbl HEMPHUBOAMMHEX NpefcTaBaenudl p¢ rpynnu SO (3)
uMeior Bua Yt =sin ({-+1/2) u/sin (¢/2) (!=0, 1, ...) W 4TO OHH YAOBJETBOPSIOT
COOTHOWLIEHU® opToronanbuocTd (21.13.1), rae dg = [(1— cos v)/(4na3)] d°0 B coor-
BeTCTBMH C ynpaxuenueM 7 u3 § 21.5. ¥xasanue. IJocTaTouHo paccMoTpeTh Bpa-
IeHHe BOKPYr OCHM 2, MIsi KOTOPOro Matpulbl o (g) AnaroHanbher; cM. (20.12.2)
¥ TipeAlLIeCTBylOllee PaBeHCTBO.

Has Toro uto6bi JOKAa3aTb MOJHOTY CHCTEMbI XapaKTepoB y! Ajs
SO (3), HaM HYXXHO MOKa3aTh, UYTO €caH P (a)—Ji00asi HenpephiBHAs
¢yukuua, npuuem (x4 ¢Y)=0 mna scex [/, To P(a)==0. Tak Kak
l—cosa=2(sin(a/2))* H d°0 =4na®de, TO PaBHOCH/JBHO MOKA3aTh,
4TO €CJH

n
2 S sin (! + 1/2) @ sin (a/2) ¢ (@) de =0

0

ans Beex I, 1o Y (@) == 0. Breas o6osHauenns /2 ={ u sin (&/2) Y(a) =
= y (), MONYyYHM SKBHBAJEHTHOE yTBEPXKIEHHE, KOTOPOE HYKHO A0-
KasaTb. €CJIH

n/2

{ x@)ysin@+1)tar=0

0
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s Beex I, To % {£)=0. Ho sTo u B camom pene Tak, 6o ecan y (f) pac-
NpOCTPAHHUTb Ha MHTepBaNl —n<_{< s, norpeGoBaB, 4yToObl OHa Oblia
HedyeTHOH hyHKUHEH OTHOCHTENbHO =0 M YeTHOH OTHOCHTENbHO (==
=+4-n/2, To ¢GyHKUHH sin(2/+41) { OpencTaBASIOT cHCTeMY (YHKIUMI,
JIOCTaTOuHYIO IS nocTpoeHus pana @ypoe dyHkuuu ¥ (£). ITockoabky
xapaktepbl %' 06pasylT MONHYIO CcHCTeMY (YHKUHE, mpeNcTaBJeHUs
ot (1=0, 1, 2, . ..) HcuepmbiBalOT 6Ce HENPHBOAHMBIE MPEACTABJEHHA
rpynnst SO (3).

Takum o6pasom, nonayyeH OTBET Ha BONpPOC, KOTOPBIH BO3HHK B
§ 20.2, o BpallleHUsIX AEKAPTOBLIX Ocell KOOPAMHAT B TPEXMEPHOM mpo-
CTPAHCTBe: BCE BO3MOXHBIE HepeJATHBHCTCKHE 3aKOHHI NpeofpasoBa-
HHS1 ¢U3HYECKHX BeNHYHH OOECNeyHBAIOTCA [MpEACTaBJeHUAMH pf
rpynoal SO (3).



