Tnasa 22

NPEACTABNEHMA TPYNN M KBAHTOBAS MEXAHMKA

JlydeBoe MpOCTPaHCTBO M JyueBHle MpefCTABJIEHHS B KBAUTOBOH MeXaHHKe; pacili-
peHHSl JIOKaAbHBIX TNpeflcTaBieHuH; 3pPekT ABycBs3HocTH rpynmel SO (3) u oftuo-
ces3rocty rpynmet SU (2); ABy3HauHble MpefiCTaBACHHA; CITHHOPHIL.

M pedsapumensrsie ceederus: . 18—21 U OCHOBH KBAHTOBON MEXaHWKH.

Lenb naHHOR ryiaBbl — NMPOJIMTbL CBET Ha OJHH YacTHBIH BONPOC NPH He-
NOJIb30BAHHH TEOPHH MNPEACTABJEHHH TPYyNN B KBAHTOBOH MeXaHHKe,
a HMEHHO Ha BONPOC O NOABJEHHH ABY3HAUYHBIX, WIH CIHHOBBLIX, mpen-
cTaB/ieHHfi TPymObl BpameHHH H rpynnbl JlopeHua.

22.4. NPEACTABAEHHA B KBAHTOBOW MEXAHMKE

Mbl y)Ke BHAGAH, UTO B KJACCHUECKOH (PH3HKE DPas/IHUHbie CHCTEMBbI
BEeAHYHH NPH BpallleHHH ocell KoopAuHAT npeodpasyloTcs TaK, uTO
JaI0T NpejcTaBjdeHHss rpynnst BpauleHHil. (To ke camoe NPHMEHHMO
B KJ1acCHYecKOH (H3HKe H K APYTLHM TPYNIaM CHMMETPHH, TaKHM,
KaK rpynnsl ABHXEeHHH, PPYNNbl CHMMETPHH KPHCTaJ/IOB, rpynnet Jlo-
peHna u T. m.)

C apyrofi cTOpOHBl, B KBaHTOBOH MeX4aHUKe HEKOTODhiE BeJIHYHHbI
[P BpauleHHH Oced KOOpAHHAT Npeo6pasyloTca NOA00GHO KOMIOHEH-
TaM CIHHOPOB H TeM caMbiM JHaloT npejcTasieHus rpynnbl SU (2),
a He rpynnbl BpauleHH# SO (3). 310 Gbuio NokasaHo yxe Jlupakom
(B HECKOAbKO HHOH TEPMHHOJIOTHH) B €ro CTaTbe O DeJATHBHCTCKOM
BosiHOBOM YypaBHeHHH ([lupak [1928]), a Takxke nmoapasymesasnoch B
TeopuH [laysan o6 371eKTPOHHOM CNHHe, ONYOJHKOBaHHOH rojoM paHee,
B ofiieM ciyyae KOMMNOHEHTbI COHHOpa MPH NPeoGpa3sOBaHHH T'PYMIbI
JlopeHna %, M3MEHAIOTCA TaKHM O6PasoM, YTO AAlOT NpeieTaB/IeHHSA
rpynnel SL (2 C), a ne rpynnb %,. Toraa 3To Kasajoch HeCKONbKO
HeOXHJaHHbIM, XoTA Jlupak noxasan uTO Bee HaGJl0faeMble BeTHUHHbL
npeoGpasyloTcs KaK CKajlsipbl, BEKTOPHl H TEH30phl, T, €. COMIACHO
npeacrasieHusam rpymw SO (3) v Z,. B § 19.7 4 19.8 Mbl BHaeaH, 4To
romoMopduaMel rpynn SU (2) u SL(2 C) nHa rpymnms SO3) u 2,
COOTBETCTBEHHO fABJAOTCA (2—-1)-roMmoMopdH3MaMy; cneuoaaTeano
NpeACTaBNeHHe NePBOA IPYNNbl MOXKET CTABHTb B COOTBETCTBHE JBE Pa3-
JHYHble MaTpHLUBl M 0 —M KaxxaoMy aJieMeHTY g BTOPOH Tpynnhi, T. €.
KaX/0MY H3 npeoGpa3oBaHHH MPOCTPAHCTBA-BPEMEHH. ITO COOTBETCTBHE
HHOTa Ha3bIBAIOT J8Y3HAYHOIM npedcmasaerHues BTOPOH rpynnsl. B Ha-
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CTOALLEH IJ1aBe PaccMaTpHBaeTCs, KaK BO3HHKAOT TdKHe NpeacTaBJle-
nus. Byzer nokasano, yro posb rpynn SU (2) u SL (2, C) sakJouaercs
B TOM, YTOGBl ONpeleJHTb TaK Ha3blBaeMble JyueBble MpeicTaB/eHHs
GoJsiee NOAXOAALKX ¢ (PU3HUECKOH TOUKH 3peHus rpynn SO(3) u &,

KaxaoMy BO3MOXHOMY COCTOSIHHIO KBaHTOBOMEXaHHYeCKoii CHe-
TeMBl COOTBETCTBYET He OLMH BeKTOp ¢ B I'MJb6epTOBOM NPOCTPaHCTBe
H, a uenniit ayu {o}, cocTosiiuil H3 BceX BeKTOPOB, CKaJfPHO Kpar-
Hbix BekTopy V. Ecain Bce BekTopbl HopmupoBaHH (|[Yll=1, [lap||=1),
TO o0 HMeeT eJlHHHYHBIH Moayab (|a|=1), HO ero aprymeHT, HJH ¢asa
(arg @) mpoM3BOJIeH. DTOT NPOH3BOJ, KaK OyJleT BHAHO, BJHAET Ha HH-
TepnpeTalHio TEOPUH MpeACTaBJeHHH.

22.2. BPALLUEHUR OCEH

MOXHO CYHTaTh, UTO COCTOSTHHE HEKOTOPOH CHCTEMBl B PHHIHMIE ORpe-
HessieTcsl OAHOBPEMEHHO H3MepeHHBIMH 3HaueHHsaMH {a, b, ...} non-
HOH CHCTeMbl KOMMYTHPYIOLIHX Ha0/i04aeMbiX (CaMOCONpsKeHHBIX orne-
patopoB) {4, B, ...}. CnenoBaresbHO, COBOKYNHOCTb uHcea {q,
b, ...} onmpenensier ayu {ap} B ruabbeproBoM npoctpaHcTBe H.
3rn HabalofaeMble MO CYLIECTBY COOTBETCTBYIOT HEKOTOPOH 3KChepH-
MEeHTa/IbHOH YCTaHOBKe WJH NpPHGOPY, KOTOphle npeAHa3HaueHbl AJs
HX H3MepeHHsi. JOmyCTHM, 4TO BCA 3Ta YCTAHOBKA MEPEBOAHTCS B HO-
BYIO OPHEHTALHIO BPallleHHEM OKOJIO HEKOTOPOH (HKCHPOBAHHOH TOYKH
p, @ IMEHHO BpailieHueM g [3nemenTom rpynnsl SO (3)]. 3o obcTosTens-
CTBO ompejensieT HOBYIO CHCTEMY aHaJOrH4HblX Habuiopaembix {A',
B', .. .}). Tenepb naHHOe COCTOsIHNE H3yUYaeMOH CHCTEMbI COOTBETCTBYET
HOBOH COBOKymHOCTH umcen {a', b’, ...}, KoTOpas mopoxaaeT HOBbIH
ayu {a}'} B npoctpancte H. MlHaye roBops, noa AeficTBHeM BpalleHHA
g kaxapii ayy {op} orobpaxaerca B Apyrod ayu {o«y’}. It ortobpa-
KeHus JAIOT Ayuesoe npedcmasnerue TPYNIbl, KOTopoe OYAET paccMoTpe-
HO B CJeAylollleM maparpadge.

[peanonoxuM, uTo Ha Kaxaom Jyue B H xak-To Bbi6paH HOPMH-
poBaHHBIE BekTOp . Toraa BpalleHHe g onpelessieT B3aHMHO OJHO-
3HayHoe OToGpaxKeHHe MexXx]y TaK BblOpaHHBIMH BekTopamu B H. Mel
LONYCKaeM TaKxkKe KaK HEKYI0 aKCHOMY KBAaHTOBOH MeXaHHKH, YTO 3TH
BEKTOPBI ! MOKHO BHIGpaTh Tak, YTOGHl AaHHOE OTOOpaKeHHe OblIO JIH-
HeAHBIM H, CJIEA0BATeJNbHO, MOIVIO Obl GbIThb onpeleneHo Bo BceM H
6narojapsi JHHeHHOCTH. [10CKONbKY Bce MpeACTaBJAOLIHE BEKTOPb |
6blIi HODMHPOBAHbI, AaHHOe OToOpaXKeHwe MpeacTaB/sieT coGOH yHH-
TapHoe npeo6pasoBande U unn U (g). Oanako sto npeobpasoBaHue s
JAHHOrO g He fIBJIfIeTCA eAMHCTBEHHbIM H3-3a POM3BOJBHOCTH (a3 npea-
CTaBJISIIOIHX BEKTOPOB Y. JTa CTelleHb HeOAHO3HAYHOCTH npeobpasosa-
HHst U olMcbiBaeTcs ciedyiolledl JeMMofl, A0Ka3aTeJbCTBO KOTOpOH
Mbl OCTaBJISIEM B KauecTBE YNPaxKHEHHSA.

Jlemma. llycme U, u U.— 08a yuumaprex npeobpasosanus 6 H,
makux, 4mo Gas ao6oeo P dsu npecbpasosannbix sexmopa U u Ugp
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onpedeastom odur u mom oce ayd. Hraue 2080ps, cyuecmayem Komnaexc-
HosHauHan Qyukyus B(p), maras, umo Up=PB (Y)Up 011 ecex .
Toeda B (b)) =const=p, npuven [B|=1, m. e. U;=pU.,.

Yuutapunie npeobpasobanus U u BU, rae f — xoHctanta u [B|=I,
HasbBalOTCA srgusaremubimu: Us2BU. Mbr BulesH, YTO Kaxaoe Bpa-
LIEHHEe g COOTBETCTBYeT KJjaccy 3KBHBaneHTHocTH {BU: |B|=1} ynu-
TapHHIX NpeobpasoBaHHH, HMEOIIHX DasnHuHble das3bl arg B.

[1peanonoxum Tenepb, YTO Afist KaXAOTO 3JeMeHTa g rpynnsl SO (3)
KaKHM-TO 00pa3oM BHIOpAaHO eAWHCTBEHHOe YHHTapHoe npeobpasoBa-
Hue U (g) U3 COOTBETCTBYIOILErO KNacca SKBHBANEHTHOCTH. Ecan ' =
=U (gh}, ap”"=U (h)§’, To peayasTHPYIOLIlas MaTpHila npeobpasoBaHus
aasi orobpaxenus Pp—>y’, T.e. U(h) U(g), He obs3aTeqbHO paBHa
U (hg), HO 5KBHBaNeHTHA (&%) 5Tof MaTpHle. Cle10BaTeNbHO, A9 Jo6oH
napsl BpalileHHil k, g cylilecTsyeT Tako# (asosmiii MHOXHTENL Y (A, £),
YTO

UmyU(g =y, g)Uh, g), (22.2.1)

rie [y(h, g)!=1. [losaxxe MBI pPaccMOTPHM BO3MOMHOCTH BBIOOpa (yHK-
uuk ¥ (h, g).

22.3. NYMEBLIE NPEACTABNEHUA

MHOXecTBO S BceX Jyuell Ha3bIBAaeTCsA AYHeSbM NDOCHDAHCIMBOM. DTO
He 00f3aTeNbHO JIHHeHHOE NPOCTPAHCTBO, MOTOMY UYTO €C]H 7 — Jyu
H ¢ — YHCJ0, TO C¢r, BooOlle TrOBOpsSi, HE ONPENeNEeHO, a eC/IH fq U ry—
IB2 Jy4a, TO MOXeT ObIThb He OnpejesneHa cCymMMa ry-r,. Ecau onycTuth
TpeOOBaHHe HOPMHPOBKH, TO KaxAbll Jyu OyIeT npeiacTaBasTh CoBoil
OJIHOMepHoe noanpocTpaHcTBo B H. C TaKo#l TOUKH 3peHHs eAWHCTBEHHO
pPa3yMHBIMH onpejaeseHHAMH OYAYT CJepylollsie: CYUHTATh Cr TeM XKe Jy-
4OM, YTO H r, Ja¥e B cayyae ¢==1, a ry-Fr, cuHTaTh 08YMEPHHLM NOANDPO-
cTpaHcTBOM B H H no3TOMy yxke He 3jileMeHTOM MHOXecTBa S. OpHAaKO
KamJpli 3J1eMeHT MHOXKeCTBa S COOTBETCTBYeT HEKOTOPOMY COCTOSIHHIO
LaHHOH (PH3HUECKOH CHCTEMBI, H 3TO COOTBETCTBHE B3aHMHO ONHC3HAUYHO.,
Hau6onee ecrecTBeHHO MPHHAThL, YTO S — TONOJOrHYecKoe ((haKTHye-
CKH MeTpHuYecKoe) npocTpaHcTBo. Ecanv ry u r,— nBa ayua, To paccrosi-
HHe MeXIy HHMH MOXHO ONpeleNHTb Kak

d(ry, fz)=i“f{ﬂ¢1—1bzll? U1 €740 P €7y [y =] ¢, =1}

®usuvyeckHe CBOHCTBa ABYX COOTBETCTBYIOIIHX COCTOSIHHHA (onuchiBae-
MBIX DPH MOMOLIH MaTeMaTHYeCKHX OXHIaHHH Habmonaembix) OJNH3KH,
KOrja paccTosiHHe MeXAy ayuamu d(rq, ry) Mmano.

Kaxaoe BpailieHHe B NPOCTPAHCTBE (Kakloe H3MeHEHHe OpHEeHTa-
UHH YCTAHOBKH) HHAYUHpYyeT npeobpa3oBaHHe B S, KaK ONHCAHO Bhilile,
OHo He sBAfeTca NHHe#HBIM NpeofpasoBalneM, NOCKOJALKY S He mpen-
crapisieT co6of JIHHefiHOe NMPOCTPAHCTBO, HO OHO HeNpephIBHO MO OT-
HOIIeHHI0 K MeTpHKe B S. OTob6paxenue snemenToB rpynnsl SO (3) Ha
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COOTBETCTBYIOUIHe Npeofpa3oBaHHs B NPOCTPaHCTBe S ecTb H30MOp-
(GU3M: OHO B3aHMHO OJHO3HAuHO, H NPOHW3BEJCHHE ABYX JIOGBIX 3Je-
menToB H3 SO (3) oTo6paxaeTcsd Ha KOMMNO3HIIMIO (MPOH3BEJEHHE) COOT-
BETCTBYIOUIMX npeobpaszoBanuii B S u T. 1. Kaxaoe Takoe npeo6pasoBa-
HHe B S COOTBETCTBYET Kjaccy 3KBHBaJEHTHOCTH YHHTapHbIX npeobpa-
3oBanHil B npoctpadctBe M. B ofeM ciayuyae romomoppHsM rpynnb G
Ha Tpynny KJaccoB 3KBHBaJEHTHOCTH YHHTapHBIX npeobpa3oBaHHH B
BEXKTOPHOM MPOCTpaHcTBe |/ HA3bIBaeTC ay4edbim  NpeGmasieruem
rpynnbt G Ha V. Kak W Bbille, ABa YHHTapHbIX npeoGpasoBanus U; u
U, B V asasworcs sxsusarenmnbimu, e U,=pU,, rae f — HeKoTopas
KOHCTaHTa.

C (u3HyecKOH TOYKH 3PeHHA JyuyeBble NPEICTABJEHHA TPYMNbl
S0 (3) Ha H saBnsioTca BROJHe NOAXOASIIHMU BbLIPa)KEHHAMH c(hepH-
yecKoll cHMMeTpHH. Ho Ana BBIUHC/AHTENBHBIX Ueselt xoTenoch Obl OMH-
cbiBaTb npeo6pa3soBaHusi B NpPOCTPaHcTBe S npH nomollH Gosee oce-
3aemMblX OOBEKTOB, MOAOGHBIX MaTpHilaMm. CreloBaTesibHO, BOSHHKaeT
3ajaua 0TOOpa HEKOTOPHIM MOAXOASIIHM 00pa3soM 00H020 YHHTAPHOrO
npeo6pasoBanus U (g) U3 KaxAoro Kjacca 3KBHBAJIEHTHOCTH.

Ecau 6b1 ¢asbl npeobpasoBaHuil U (g) MoxHO 6bl1o BhIOpaTh Tak,
yToOb MHOXKHTENb Y (A, g) B (22.2.1) 6b1 paBeH enHHHIlEe AJA Bcex h
H g, To orobpaxeHue g—U (g) Obuio OGbl OOLIUHBIM MPEACTaBIEHHEM
rpynnel SO (3) va H. Ho, Boo6uie roBops, 3TOro cuenaTbh Hesb3s;
ceHuac Mbl BBIICHHM, YTO K€ MOXCHO CHEJATb, HO NpEeXje Bcero orpa-
HHYHUM 33]1ayy KOHEUHOMEPHBIM CJYYaeM.

22.4. KOHEYHOMEPHbLIA CIIYYAH

MNpennosoxum, yto pH3MUeckasn cHcTeMa ofjajaeT chepHUECKOR Cum-
METpHEH H 4YTO CYWIECTBYET NHCKPETHOE SHEPreTHUECKOE COCTONHHME
KOHEUYHON KpaTHOCTH n ¢ 3Heprueit E. B 3ToM cayuyae cooTBercTBY-
toniee cOBCTBEHHOE MOANMPOCTPAHCTBO ONepaTopa 3HEPrHH ABJSETCHA
HHBapHaHTHBIM NoanpoctpaHcTBoM Hp npocrpancrBa H. Torana nyuu
B Hy npeoGpasyloTcsi NpH BPallleHHAX B Apyrue Jyud H3 Hy; ciae-
AoBaTenbHo, Hp HWHBADHAHTHO OTHOCHTENBHO KaXXAOTMO H3 ONeparo-
poB U (g) u cyxenne onepatopa U (g) Ha Hg moxeT ObITb NpeACTaB:
JIHO [1JIi Ka){IOro g yHHTapHOH MaTpHLEl pasmepa n X1, KOTOPYIo
MH Takxe OyneM ofosHauaTh npocto uyepes U (g). Hauunaa c sroro
MecTa Hamle ofcyxaeHHe OyAeT OrpaHHYHBATbCA KOHEUHOMEPHBIM
cayuaem.

22.5. NOKAJIbHBIE NPEACTABJIEHUA

Tenepp npumeM BMosHE oOlpaBlaHHOE ¢ (H3HYECKOH TOYKH 3peHHs!
JONyLeHHe, COCTOAIEE B TOM, YTO (pasbl YHHTapHbIX NpeoGpa3oBaHHil
MOXHO BHIOPAaTb BO BCAKOM c¢JIyyae TaK, YTO MaTPHUYHLIE 5/€MEHTHI
U;;(g) GyayT HenpepbiBHbIMH (yHKuHamH oT g. [lanee nyctb O,
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6, 0,—BHyTpeHHue kKoopauHaTel B SO (3), onpenesenHeie B § 19.6,
a N H N —MHO)KECTBA SMEMEHTOB IPYMNbl, A4S KOTOPBIX 0] <
u 8] < /2 cooTBETCTBEHHO. XOTf MHOroOOpasHe Ipynnbl B LEJIOM
JIBYCBAI3HO, 06JacTH o M oN', NpeaAcTaBasioT COOOH ONHOCBA3HBIE
OKPECTHOCTH €AMHMYHOrO 3JemeHTa. Ecau g u h npuHaanexart o,
to gh npunaanexut N. Ilycto Tenepb g, A U gh—MaTpHubl Bpa-
[IeHHA; TOrja MaTPHYHBIE 3SAEMEHTH gh ABAAIOTCH Henpe pEIBHBIMH
(DYyHKLMAAMH MaTpPHYHBIX SJEMEHTOB g M h; CJI€J0BATENbHO, KOrAa g
W h HelNpepblBHO MEHAWTCA B o, TO gh HenpepuIBHO MEHAETCH B o .

Tenepb 6yjeT MmokasaHo, uTo (a3bl ONHCAHHBIX BhHIE YHUTAPHBIX
maTpul, U (g) MOXHO BbIOpPAaTh B OKPECTHOCTH o' Tak, YTO QyHKLHA
v(g, h) B (22.2.1) paBHa 1 ans Bcex g W h, npuHajeRaWUX of,.
Korga sTO BBHINOJAHEHO, oToOpaxKeHne g —» U (g) HasbiBaeTca aoKaab-
Hoim npedcmasnenuem rpynnet SO (3) (eM. ra. 25). Tlockoasky U (g)
HeNpepuiBHA B of’, TO B CHY ONHOCBA3HOCTH of" MHOrO3Ha4HAf (YHK-
uus (det U (g))}/* pacmennsercs Ha 7 He3aBUCHMHIX Her pepbIBHBIX
BetBell B of. OueBuaHo, U (¢) KpaTHa eAMHMYHOI MaTpHue /, U MOXHO
sanmucatb U (e)=P0"/, rne |B|==1. Toraa (det U (¢))/* ecTb KOpeHb
n-il CTeneHH M3 eMHUIB, YMHOXKEHHHEI Ha B, H QYHKIHUIO o () MOXKHO
onpefenuth Kak Ty BerBb (det U (g))/", xoTopass paBHa f§ ans g=e.
Teneps Mbl yTBepIK/JaeM, UTO €C/IH B of° ONpPEAENUTb HOBBHIE YHHTAp-
Hue MaTpHuel V (g) kak

Ve =[l/a(@]U (g), (22.5.1)
V@V )=V (gh) nna Bcex g,h B Jf,. (22.5.2)

Yto6bl 3TO JOKa3aTh, 3aMETHM, YTO B JIOOOM caydae
Vig)Vh=>5(g, nV(gh),

rie O(g, h)—mHenpepniBHas ¢yHkuua [cp. ¢ (22.2.1)]. U3 (22.5.1)
BHAHO, uTo detV (g)==1 ana Bcex g, otkyaa 8(g, h)* == 1, u, 3Hauur,
8 (g, h) siBAfETCA KOpHEM An-f CTENEHH M3 eIHHMUH AJf BCEX g UK
Ho 8(e, e)=1, otkyna no HenpepniBHocTH O(g, h)==1, ut0 mnoka-
3bIBAET CNPaBeMIMBOCTb (22.5.2).

TO

22,6, NPOUCXOXXOAEHME ABY3HAYHDIX NPELCTABJIEHMH

Ocraerca craeayoldii BONpoc: B KAKOM c/y4ae JIOKaJbHOe [1pefcTaBiie-
Hue g—V (g) MOXKET ObITh pacllMpeHo J0 MpeACTaBJeHHs Bced IPybl
SO(3)? Ecnn H — rpynna maTpui, NOpOXJAeHHas Martpuuamd V (g),
Korja g € Jf°, To oro6paxenue g—»V (g) ecTb NOKaNbHBIA FOMOMOPGU3M
rpynnbl SO (3) B rpynny A. CorsnacHo TeopeMe 3 § 25.13, sokanbHbI#A
romomopgusm rpynnsl JIu G B rpynny JIu /1 MOXHO paciliMpHTbL A0
rovomopgusma Beeit rpynnel G B H, ecnid G OAHOCBA3HA, HO B APYFHX
cayyasix TaKOTO paciiupeHHst Moxer He O6bTh. I'pynna G=S0(3), ko-
HeyHo, He $BJAETCA OAHOCBA3HOM; OfHAKO H3 OToOpaxkeHHs g—V (g)
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MOXKHO TIOCTPOHTL TOXKeE JOKaJbHbHA romomopdusm rpymnel SU (2) B
H, u yxe 3TOT roMoMophH3M moscem ObITb pacliHPeH, TOCKOJbKY
SU (2) onHocBsi3Ha.

O6o3HaukM yepe3 u—g(u), rae u €SU(2), a g(u) € SO(3), ro-
momopdusm rpynnet SU (2) Ha rpynnyd§0(3), KOTOpbilf GbL1 ONHCaH B

§19.7. Torna orobpaxenue u—W (u)=V (g (1)) ecTb JOKaJabHHH ro-
momopdusm rpynnst SU(2) B rpynny H, onpefieJieHHbl /15 TaKHX
3HaueHUH u, A8 KoTopuiX g (u) € f°. Ero pacinpenne [Kotopoe Takxke
6yner oGosHauaTbes Kak u—W (u)] siBJsieTcs npeicTaBjeHHeM TPYNMNbl
SU (2). Hanee u—>g(u) ectb (2—»1)-roMoMOpdH3M; B CaMOM JeJie,
g (—u)=g (u); cnenoBaTesbHO, ABa ypaBHeHHs g=g (u), W=W (u)
natot uau (1) npencrasnenne g—W rpynne SO(3) [B 3Tom cayuae
W (u)=W (—u)l, uau (2) cooTBeTcTBHE ABYX YHHTapHBIX MaTPHL pas-
mepa nXn, ckaxeM V,(g) H V,(g) (npuuem V,(g)=—V(g)), Kaxno#
MaTpHIIe BpAlIeHHsl g TAKHM 0GpasoM, YTO KaXJoe H3 YeThipex NpOH3-
BejleHHH

Vi@V, (j=11, 12, 21, 22)

paBHo V;(gh) uau V(gh). 310 cOOTBETCTBHEe HA3LIBAETCH OBY3HAMMLIM
npedcmagaenues rpynnsl SO (3). OueBHAHO, Kaxkjoe INpejcTaB/eHHe
SU(2) onpepensieT ABy3HayHOe TNpeAcTaBJeHHe H, 3HAYHT, JydyeBOe
npeacraegaenre rpynnst SO (3).

Pesiome. Tak Kak KBaHTOBOMEXaHHYECKHe COCTOSIHHS COOTBETCTBY-
IOT JIy4aM B FHALGEPTOBOM NPOCTPAHCTBeE, @ He BEKTOPaM, BPALIeHHIO g
du3HUECKOH CHCTEMbI COOTBETCTBYET He elMHCTBEHHOe npeofpa3oBaHHe
BEKTOPOB JaHHOTO HHBAapHAHTHOIO TNOANPOCTPAHCTBA C MAaTPHLEH
U=U (g), a MHOXecTBO YHHTapHHIX TpeobpasoBanuii {aU : Bce a €C,
Takue, 4To jo|{=1}. Bbo nokasaHo, 0lHaKO, YTO 3TH MHOXKECTBa CTOMb
B3aHMOCBSI3aHbl, UTO TOAXOASLIHM BbIGOPOM MAaTPHIl H3 HHX MOXKHO MO-
JAYYHTHL npejcraBaeHde rpynnbl SU (2). 2T0 MOXeT oCYILECTBHTLCS
OJIHHM H3 JBYX INyTeH.

1. OkasbiBaeTcsi BO3MOXKHBIM BHIOpaTh ofHy MaTpuuy U=U (g) u3
KaJ0ro MHOXeCTBa Tak, YToObl 1aTh mnpeicTasdaenne SO (3), a 3HAUHT,
H npenactasjeHne SU (2) npu nomolwH romMoMopdusMoB

SU (2) — SO (3) — {U (g)}:
(2%X2) (3X3) (nXn)

2. OkasbiBaeTcs HeoOXoAuMbIM BhIOpaTh aBe Matpuinl U W —U
H3 KaKJOro MHOXeCTBa H NOCTaBHTb HX B COOTBETCTBHE JBYM 3JIE€MEH-
Tam u ¥ —u rpynnsl SU(2), HO JHIIL OLHOMY 3J€MEHTy g TpYMibl
SO (3) Takum obpasoM, YTO 3TH MaTpHibl 06pa3yoT oOHIYHOE NpeCcTaB-
geHne rpynnsl SU(2) W ABy3HauHOe, HJH CnuHo8oe, TPEICTaBJEHHE
rpynnel SO(3). B rai. 25 GyaeT nokasaHo, YTO ApPYrHX TPy, cBf3aH-
HeIX ¢ SO (3) nonoGuo rpynne SU (2), He CyliecTBYeT; cJjeloBaTelbHO,
He CYLecTBYeT MHOrO3HauHbIX TpeACTaBJeHHlH, KPOMe JBY3HAuHBIX.
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AHaJNIOTHYHO 1719 (DH3HUeCKOH CHCTeMbl, KOTOpass HHBapHaHTHa He
TOJIBKO OTHOCHTEJbHO Tpynnm BpatieHH# SO (3), HO Takke H OTHOCH-
TeJbHO BCei cOOCTBEHHOH rpynnbl JlopeHua &£ ,, npeo6pasoBanye BOJ-
HOBBIX (DYHKUHMH, COOTBETCTBYIOUIEE JAHHOMY 3JIEMEHTY g IPYNnbl %),
He fABJAAETCA €NHWHCTBEHHbIM. B 3TOM caydae CyIIecTBYeT MHOXECTBO
npeobpasoBannit  {aU: ja|=1}, COOTBETCTBYIOWHX KaXIOMy g, H
3TH MHOXeCTBA CTOJb B3aHMOCBA3aHbl, YTO MOXHO BHIGpPAaTh W3 HHX
npeoGpasoBaHHsa Tak, uTOObl 1aTh npefcrasieHne rpynnsl SL (2, C)
[koTopas cBasaHa ¢ £, Takhm xe 06pasoM, Kak SU(2) cBasaHa ¢
SO (3)l; aTo moxeT ObITb KakK NpeACTaBJeHHeM caMoH TIPynnbl %,
BKJIIOYAIOIIHM CKaJADbl, BEKTODHl HJIH TEeH30DH OOIerc BHA4, TakK H
JBY3HaUHbIM NIPEACTABJIEHHEM (CMHHOBbIM NPEACTAB/IEHHEM) TPYINH & .
B Teopun anekTpoHa [lMpaka 3aKOHH npeo6pa3soBaHHH YeThlpex KoM-
TOHEHT BOJNHOBOH (PYHKIHH 3JeKTPpOHa AT ABY3HayHOe NpejcTaBJe-
HHe rpynnu %, (cM. kHury Jupaka [1958]).

Jlerko BHAeThb, YTO IBY3HAYHOe HeNPHBOLHMOe NIpe/CTaBaeHHe HeBO3-
MOXHO clesaTb OAHO3HAYHbIM, BbIOHpPAas KAaKHM-JHO0 CNocobOM OfHY
u3 aByX marpui U u —U, KoTopble NpeicTdBaAOT KaxKIAblH AaHHBIH
aniemenT g u3 SO(3) (wm Z,); B camom fene, ecnin U, — Matphua,
NpeACTaBaAKNaA BpAalleRHe HA Yroa 7 B JBY3HAYHOM HeNPHBOIHMOM
NPeLCTaBJAEHHH, TO MOXHO MOKasarh, 4To Ui=—1, Ho U? npexacraBiaser
enpHHLy rpynnel SO (3), a noToMy JA0MKHA ObiThb paBHa -/ B JM060OM
OXHO3HAYHOM MpeNCTaBIeHHH.

22.7. NPEACTABJIEHMS TPYNN SU(2) U SL (2, C)

OG6cyxIeHHe HOCHT THIIOTeTHUYeCKHH XapakTep Ao TeX Mop, MOKa He
NOKAa3aHO, YTO JeHCTBHTEJNBHO CYIIECTBYIOT NPeACTaBJAEHHs TI'PYIIbE
SU(2), koropble AalOT [By3HauHble npejcTaBieHHs rpynnbt SO (3).
Camo coboft pasymeeTcsi, YTO eIHHHYHOe npexcraBneHne SU (2) Ta-
KOBO, HO CYIIECTBYIOT H MHOrHe apyrHe. HecKosbKoO Ciefyomux na-
parpadoB NOCBAIIEHO HENPHBOAMMBIM NpefcTaBieHnaM rpynnet SU (2).
Bce OHH KOHeYHOMEDHB! B CHJY KOMNakTHOCTH SU (2), Toria Kak rpyn-
net SL(2, C) n Z,, KoTophie He ABJIAIOTCA KOMNAKTHLIMH, HMEIT
TaK:Ke H GeCKOHeYHOMepHble HeMPHBOINMBlE NPEJACTaBJeH s, N0 OBOLY
KOTOpPHIX YHTaTeJb OTChIaeTcsl K KHHram Busmenkuna [1965), Halimapka
[1976] u Cyrnypsi [1975]). OkasbiBaeTcs, YTO HEKOTOPLIE KOHEYHOMEPHbIE
npexactaBaennsa rpymnbl SL (2, C) ocraiotcs HenpHBOJAHMBIMH, KOTAa
cyxaiotea 10 SU (2); oHM BelyT K OOBIYHBIM H CNHHOBLIM NpejcTaBJe-
HusiM rpynnbl JlopeHiia H rpynnsl BpauleHHH.

Snewent rpynnsl SL (2, C) ectb yHuMopynsapHoe npeobpasoBaHie
npoctpaHctBa C? Ha cebs, 3afaBaeMoe B BHIE

=8 () -Coits) e
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rae ad—yP==1. Marpuua ofpaTHOro Npeo6Pa30BaHHA HMEET BH]

(27

Hanee, peiicteue rpynnbl Ha C? sidexTHBHO (MoGoe npeolpasoBaHue
u # e nepememiaer xora Obl OAHY Touky B C?) M TpaH3HTHBHO (A5
JBYX 3a/laHHBIX [POH3BOJNIbHBIX TOUEK X H Yy BCErAa Hafilercs Tako#
SJIEMEHT & Tpynnbl, 4To y = uXx), T. e. C* ABnseTcs ONHOPOMHBIM M1pO-
crpanctBom ans SL (2, C). [losromy momyctuM, yro X*-—mnpocTpaH-
CTBO BCEX I(EJIbIX aHAJHTHUECKHX QYHKUHA [ (X1, X,) ABYX KOMIJIEKCHBIX
nepemennbix. Toraa, cornmacuo (20.6.1), GeckoHeyHOMepHOE NpEACTAEB-
aenne rpynnsl SL (2, C) nonyuaercs myTeM yCTAHOBJIEHHS COOTBET-
CTBHA MEX/Y 3JIEMEHTOM 4 H npeobpasoBaHHeM p (1) B X™ npH nomouu
paBeHcTBa

(p(u) f) (xgy x)=TF (5x,—PBx,, —px; +ax,). (22.7.9)

PaccmoTpHM Teénepb HeKoTopble sieMeHThl noarpynnst SU (2). [ycts
0, ©,, ®;—BHYTPeHHHE KoopAnHaThl B SO (3), onpeznenentsie B § 19.6,
8o, o5 0,— COOTBETCTBYIOWlas MaTpHLUa BpameHus [aiement SO (3)],
a =+ Uy, o, o,—3eMeHTH SU (2), KOTOpbE OTOBPAKAIOTCH HA Go,, o\,
TIPH NOMOLLH roMomopduama, onucaktoro B § 19.7. B yacTHocTH, MOXHO

NpHHATb
" ____< cos®w/2 —isin co/2)
@00\ —isinw/2 cosw/2 /’
_<cos ®/2 — sinw/2
“o. 0. 0=\ sin /2 cosm/Q)’ (22.7.3)

e—iﬁ)/! 0 )
Uy, 0, 0= 0 pio/z 11

’

NOTOMY UYTO HENOCPEACTBEHHbIE BLIYHCJIEHHS C HCTIONBL3OBAHHEM (GOPMY.JT
§ 19.7 nokaswbiBatoT, 4To, corsacHo (19.6.1), cooTBeTcTBywOHIHE mnpe-
00pa3oBaHHus OT X, ¥, 2 K x', y', 2’ 3aja0Tcs MaTpHLaMH

00 0
8o, 0,0= 00 —o y
0 o 0
00 o
8o, v, 0= 000 (22.7.4)
—» 00
0 —0 O
8o, 0 0=| ® 00
0 00
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MHpHHEHTe3UMaNblble 3seMenT! rpynnet SU (2) monyualoTes caepyio-
M obpasom:

] 1 0 —i

T,=%um‘ 0'0’m=u=-2-(—i 0)’

T — g 1 (0 —1

9_"507”0. m’“’m:u—Tj 1 0/’ (2275)
9 1/—i O

To= ”"°Im=o=7( 0 i)'

CooTBeTCTBYIOIIHE AH(ppepeHIHaNbHblE ONepaTopbl NPeACTaBAEHHS p

CyThb
i d
= (x2 Oxy +% 6x3>

7
1 0 0
L,= t?m P Uy, o, o)l =7< 2 Ox, ! 0—x2>’ (22.7.6)

0 { a a9
LS:%F’(”‘* 0. 0) lm:u =7 (xl T e 072)‘

MHapuHHTe3HMANbHBIE JIEMEHTHl H Oleparopbl yA0BJETBOPSIOT COOTHO-
IIEHHAM KOMMYTaIHH

[T T)=Tw [Lolj)=L, (jk=123, 231, 312). (22.7.7)

L= p(um.

OTMeTHM NONYyTHO, 4TO MaTpuubl B (22.7.5) MOXHO paccMaTpHBAaThb
TaK)e KaK MH(pHHHTe3UManbHble 3jJeMeHTh G0gbliel (oXBaTbiBaiolleH)
rpynnet SL (2, C) no caenyrouweli npuynHe: npexnie Bcero, JerKo npo-
BEPHTH, YTO MaTpHupl (22.7.3) BbIpakaloTcs Yepe3 MaTpHLbl T, @ HMeH-
HO

Uy, o, =exp(0Ty),
Uy o =expl(oT,), u,.,.=expT,).

MeTonpl, H3JOXKEHHKE B I, 25 (3KCIOHEeHUHanbHOe 0To6paKeHue), no-
KasbIBAlOT, 4TO B ofmeM ciayvae

Lo, oz 0. =XP (0,7 + 0,7, +0,T,). (22.7.8)

M3 (22.7.5) BHAHO, YTO NpaBas 4acTb MOCJEAHEr0 BbIPaXeHUA HMEeT
Bul exp (iA), rae A — obuwas 3pMHTOBAa MaTpHLla pasmepa 2X2 ¢ Hy-
JAeBbIM caejoM. Ecau Tenepb AOAYCTHTb, YTO ®,, ®, 5 NPHHHMAIOT
KOMIIJIEKCHbIE 3HA4YeHHs, TO npaeas uyacThb (22.7.8) umeer BHA exp B,
rae B — cosepluenHo ofllas maTpHLa pasmepa 2X2 ¢ HYJEBHM cie-
40M, HO Toraa exp B ecTb ofiias MaTpuua pasMepa 2 X2 ¢ feTepMHHaH-
TOM, paBHEM 1, T. e, obwui snement rpynns SL (2, C).
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22.8. HEMPUBOAMMBIE MPEACTABNEHMSA TPYMIbI SU (2)

Ilns kaxporo sHauenwus O, ¥, 1, 3/, 2, ... uHiekca [ MoAmpocT-
paHcTBo X2!*! mpoctpaHcTBa X onpejessiercsl Kak MpOCTPaHCTBO
BCEX OJHODOAHBIX MHOTOUJEHOB cTeneHu 2!/ ot x, u x, W3 (22.7.2)
caelyer, 4To Kax el omepatop p (#) npeoGpasyer no6oil OTHOPOAHBINA
MHOrOUNEH B JPYrod ONHOPOAHBIH MHOTOYJEH TOH ke CTeleHH; cie-
JIOBATEJbHO, KaxcI0e NOANPOCTPaHCTBO X*/*! HHBADHAHTHO OTHOCH-
TENBHO P (&) He TOAbKO Jas Bcex u u3 SU(2), HO M Ana BCex u
us SL (2, C).

Ilanee GyjeT mokasaHo, yTo npeactaBiexue rpynms SU (2), 3a-
JaHHoe B (22.7.2), HempUBOAMMO HAa KaxkJOM NOANPOCTpaHCcTBe X2/ t!
(Takoe mpejcTaBieHHe 0GO3HauUM uepe3 D¢); cjefoBaTENbHO, NpEJ-
craaenue rpynnel SL (2, C) Ha X2*1 TeM Gonee nenpusoAuMo. Byaer
MOKAa3aHO, uyTO JN1000e MOANPOCTPAHCTBO B X% *! (OTnAHuHOE OT mof-
MPOCTPAHCTBA, COCTOAIErO JMiUb M3 OAHOTO HYJNEBOrO BEKTOpa),
KOTOpOE HHBaPHAHTHO oTHocuTenbHO SU (2), coBnajaer co écem mpo-
crpaHcTBOoM X2 *!. J10 Henaercs NMpH NOMOIM y)Ke 3HAKOMOrO Ham
METOJAa, HMCIOJB3YIOWEro ONepaTopbl MOAHATHS M ONYCKaHUA: Joboe
Takoe TMOANPOCTPAHCTBO HHBADHAHTHO OTHOCHTENBHO OmNepaTopoB L,
L,, L, u3 (22.7.6); a 3HauyuT, W OTHOCHTENbHO omepaTopoB L, =4 ilL,.

OnuouneHsl

[ (X, X)=x{"Mgitm (m=—1, —Il4+1, ..., ) (22.8.1)

obpasyloT 6asuc B X*¥*%; f ecTb coOcTBeHHas (PYHKIHA oOmepatopa
Lg, cooTBeTcTByION[as COOCTBEHHOMY 3HAYEHHIO im. 3aMeTHM, UYTO B
KayecTBe 3HAYEHHH M JONYCKAIOTCA liesible 4YHCAa M [IONIOBHHBI He-
YeTHBIX ILIEJBX YHCeN B 3aBUCHMOCTH OT TOroO, siBAfeTcA [ 1ennM
HIH nonyueneiM. Jlio6asa ¢GyHKUHS g u3 X2+ moxer OuiTh BHIpa-

Al o
JeHa B BUIE X c,f,. C TNOMOLbIO paccyxXAeHHH, TOXOOGHLIX NpoBe-

m
nenupiM B § 20.5, ycraHaBnMBaeTcs, yTO eciM HHBapHAaHTHOE TOI-
NPOCTPAHCTBO B X% *1 CONEPKHT TaKyl0 (QYHKUHIO g, TO OHO COAep-
XKHT B OTAENbHOCTH H BC€ OJHOYNEHH [,, NPH KOTOPHIX c, 5=0.
B camom nene, ecniu gaHHoe MNOANPOCTPAHCTBO BKJIOYAET (YHKUHIO
g, TO OHO BKJIOYaeT H QYHKUHUIO L;g (MOTOMy 4YTO 9TO NMOANPOCTpaH-
CTBO HHBADHAHTHO OTHOCHTeNBHO L), a Takxke oyukuuwo P (L,)g,
rie P—nio6oit MHOrouneH, Ho P MOXHO BHIGPATh Tak, YTOOHI HCKJIIO-

YUTb M3 CyMMBl ,C,f, BCE WIEHH, KPOME OIHOrO (B KauyecTBe P
m

MOXHO B3SITb HHTEDPNOJALUOHHLIE MHOrouneH Jlarpamxa, KOTOpHIH
ofpamiaetcss B HyJb A BCeX COGCTBEHHBIX 3HAYEHHMH [m oneparopa
L;, kpome opHoro). TakuMm o6pasoM, HHBapHaHTHOE MOANPOCTPAHCTBO
COLEPKHUT X0TA Obl OfHy M3 ¢ynkumit f,. Ho L,4iL, ecTs onepatop
ONyCKaHusd, T. €, OH npeoGpasyeT f, B QyHKUHIO, KpaTHyW f,_,, 32
MCKJIIOUEeHHeM f_,, KoTopasi mpeoGpa3yeTcsl B HyJb; onepatop L,—iL,
€CTb OmnepaTop MOAHATHA, T. €. OH mnpeobpasyer f, B (yHKUHIO,
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KPaTHYIO [,,,, 38 HCKJ/IOYEHHeM f,, KoTopas npeoGpasyercs B HYJb.
CnenoBaTe/bHO, HHBaPHAHTHOE NMOANPOCTPAHCTBO COBMALAeT CO BCEM
X%+ yto M Tpe6OBa/sOCh N0KA3aTh

B cnenyiomem naparpage 6yner nokasamo, uro D (I =0, /,, 1,
g +.-) ABJIAIOTCA €IMHCTBEHHBLIMH HEMPUBOAMMLIMH [1P€JICTABJICHH -
vy rpynns SU (2).

IlBy3Haunble npexacraBjaeHds rpynnsl SO (3) BO3HHKAIOT CJERyIo-
wHM obpasoM. Ecau u€SU (2), TO nocpexctsoM romomopgusma
SU (2) na SO (3) (cm. § 19.7) oba snemeHTa u U —u OTOGpaKalOTCA
Ha snemeHT g rpynnsl SO (3). Ecnu D! —opHO M3 HAHAEHHBIX BhHIIE
npeacTaBaeHuil rpynnel SU (2), To orobpaxenue g — D! (4 u) ecTpb
ollHO3HAauyHoe mnpeAcrtaBneHue SO(3) ua X**!' B cayyae, Koraa
Dt (—u)=D'(u), v sBAAeTCH [BY3HAUHLIM TMpeICTABJIEHHEM, KOrAa
D' (—u) == D*(u). HeobxonuMo sumb HcCenoBaTh caydail, Koraa
w==1[,; Torna D*(u)=1,,.,. (3necb nox [, moHuMaeTcs eJUHHYHAs
MaTpHua pasmepa £xk.) Ilpu orofpaxkeHHH, ONpelesseMOM MaTpH-
uelf —/,, KOOpIHHATH X; U X, IEPEXONAT B —X; H —X,; €ci 2/ YeTHo,
OLHOWIEH [, mepexomuT caM B cefs; orciona Di(—[,)=/,, ., u
otobpaxkeHHe g— D!(4 u) daBaserca OObIYHBIM I[PeACTaBJIEHHEM
HeueTHOH pasmepHocTH 2/ -1, koropoe onucano B § 20.9. Ecau xe
21 weuyeTHo, TO f, mepexomHT B —f,; orcioga D!(—I,)= —1,;,, u
orobpaxenue g— D! (4 u) =+ D*(u) cTaHOBHTCA JABY3HAUHBLIM, HITH
CNHHOBLIM, TNPEACTABJAEHHEM UYETHOH Pa3sMEPHOCTH.

AHanoruyHbiM 00pa3oM YKa3aHHble Bbillle HENPHBOAHMMEBIE NpelcTaB-
neHus rpynnsl SL (2, C) (3 KOTOpEIX nyTeMm cyxeHHs NOMyvaroTcsi
HenpuBOAHMLIe mnpexactaBaeHus SU (2)] NpUBOAAT K KOHEUHOMEPHHM
OOBLIYHEIM H CIMHOBBIM MpEeACTaB/eHHsM rpynnsl JlopeHua % ,. OaHako
B 3TOM CJYy4Yae MMeEoTcsl ellle H APYrue HelpPHBOAHMbIE KOHEUHOMeDHBIS
npeacrasaeHus rpynns SL (2, C), Kotopeie 6yayT onHcaHel B § 22.11;
OHH TaKXe ONpele/AloT OObIYHbLIE H CIIHHOBLIE TIPeJCTaBJeHHS IPyNnsl
&, TPHYEM HH OJHO H3 HHX He ABJAETCA YHHTAPHbLIM.

22.9. XAPAKTEPb NPEACTABNEHMMA rpynnbl SU (2)

Knaccel conpsxxeHHocTH rpynnsl SU (2) nerko onpepenutb. [Ipexne
BCEro, MATPHUBI 4y H Uy B SU (2) UMEIOT 0lMHAKOBBIE COGCTBEHHLIE 3Ha-
YeHHs] TOFAA U TOJNBKO TOrja, KOrja CYIUIeCTBYeT TakKasd YHUTapHas Ma-
tTpuua u [saement SU (2)], uto u*uu=u,. ITocKonbKy # MOXHO yM-
HOXHTb Ha J060e KOMILUIEKCHOE YHCJIO C MOXYyJeM, PaBHbiM 1, TO Mbl
MOXKeM 0e3 MOTepH OOMHOCTH cuuTath, 4To det u=1, u, 3Hauur, u
npuHagnexkuT SU (2). OTciofa cinepyer, 4To u; H 4, BXOIAT B OIHH
KJacc COTpPAXKEHHOCTH rpynnsl SU (2) Torxa H TOMLKO TOTAd, KOTAa OHH
HMEIOT OJMHAKOBblE cOGCTBeHHble 3HAueHus. [1o3ToMy KamIbll Kiacc
COMPSAXKEHHOCTH MOXHO TPeACTaBHTb MaTpHled BHIA

fe-ialz ()
B0 e
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st wekoroporo o € [0, 2xn]. lna Takoro u omepatop D!(u) mpocto
yMHOXkaeT GasHcHbl BexTop (22.8.1) Ha e/m*; cnepoBaTenbho, D! (4) —
JHaroHa/JbHaA MAaTpHIA, CJIEfOM KOTOpOA fABJAAETCA

¥ (a)=sin [({ 4+ 1/2) a]/sin (at/2), (22.9.1

TOYHO T4K K€, KaK H B CJyuyae UeJoro /, COracHoO yNpa)KHeHHIo 3
B konie § 21.13. B Tom naparpade Gbl10 nokasaHo, 4TO (DYHKLHH
(22.9.1) mpu (=0, */,, 1, 3/,, ... o6pa3yloT NOJHYIO CHCTEMY /A
pasnoxeHus (YHKUMHA, 3aBHCAUMX TOMNBKO OT KJAaCCOB CONpSMKEH-
HOCTH, Ha MHoroo6pasuu rpynnsi SU (2); crenoBaTenbHO, NpeACTaB-
JeHHst D! cuepnpiBaloT HENPHBOAUMBIE MpeacTaBaenus rpynns SU (2).

22.10. YHKUMM OT z U z

BreneHHbie B 3TOM naparpade o6o3HaueHHs yAOOHBI HPH PAaCCMOTPEHHH
npencraBiaeduii rpynnsl SL (2, C) U HcHOMB3YIOTCS BO MHOTHX pasje-
Jgax mateMaTHkH. IlycTb u(x, y) ¥ v(x, y) — IBe BellecTBeHHbE QYHK-
MM KJaacca C™ OT IBYX BelleCTBEHHBIX NMEpeMeHHHIX X H y. Mbl 3amu-
weM z=x-+iy. f(2)=u(x, y)-+ivix, y), Tak uTo f(2) ecTb KOMIJIEKCHO-
3HayHas QYHKIHSA KOMRJEKCHO[l NlepeMeHHOH 2z, BooOUle TOBOpsSl He-
aHanuTHueckass. B cayuae koraa f(z) — aHanuTHYecKas (QyHKUHSA,
te NPOH3BOAHAs MOXeT ObiThb 3alUCaHA B Da3JHUYHBIX BHJAX NPH HC-
NOb30BaHHH ypaBHeHHH Kolun — PuMaHa, a HMEHHO

F'(2) =0(u+1iv)/0x =—id (u + iv)/dy =0, (u+ iv),
rze oneparop d, ONpefe/sieTcsi C/IeLyHUHM 05pa3oM:
3, =1/, (8/0x — i9/0y). (22.10.1)

Onepartop 0; onpenensieTcs aHaJOrHYHO:
07 =1/, (0/dx + i0/0y), (22.10.2)

ClELyeT OTMETHTb, uTO 07 f(2)==0 pnnaaHanmuTHuecKol GyHKUHH f(2)
B cHay ypaBHeHHH Komn—Pumana. C ppyroit ctoponsl, eciu f(z) —
MHOrOu/IeH (HJH CXONSIMIACA CTENeHHOH psx) oT z, To 0,f(2) =0,
Kpome Ttoro, onepatopusl (22.10.1) u (22.10.2) apastorcs JHHEHHBIMH
IMddepEeHIHANbHBIMH  ONEPAaTOPaMH; CJENOBATENbHO, CIIPABELIHBO
06biYHOE MPaBHJIO NH(QEpeHUHPOBAHHA NpoH3BeAeHHA. [lostomy eciun
f—MHOrouleH (WM CXOASIMIACA CTENEHHOH PSiI) KaK OT Z, TaK M
OT z [B 3TOM cJayuae OOBIUHO NHWYT f(z, 2), 4TOOB YKa3aTb, 4TO
3Ta_(GYHKUHA MOXKET GblThb HeAHAJHTHUHOH JHGO Mo 2z, JHGO mo ;],
TO Z MOXKHO NOJArath NOCTOAHHOH NPH BBIYKHCJAEHHH 0, M z noJa-

FaTh NMOCTOSIHHOH NpPH BbUMCAEHHH Oy. WHaue roBops, z W z npu

IupdepeHUHPOBAHHH MOKHO DAaCCMATPUBATh KAK HE3ABHCHMBIE Iepe-
MEHHBIE,
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22.11. KOHEYHOMEPHBIE MPEACTABJEHMWS
reynnbl SL (2, C)

MeTo 0OAHOPOAHBIX MHOrOY/IEHOB, HCMONB30BAHHBI B § 22.8 113 rpynmnsl
SU (2), moxuo npumeHuTh H K rpynne SL (2, C), HO B TakoM cayuae
BOBHHKAeT HOBBIA acnekT. IIpH 3agaHHOM npeicTaBjJeHHH P rpynnbl G
HMEeTCs] MHOTO ¢noco00B, MPH MOMOLLH KOTOPBIX MOXHO MOJMYYHTDb APY-
rHe npefctaBieHuss p’. Hanpumep,

p' (W)=p(u) Vueq (22.11.1)
[3To o3HauaeT, YTO KaxAbIH MATPHYHBIH 3JIEMEHT (g, (4) 3aMeHsieTcs

KOMIJIEKCHO conpsikeHHbIM], HO60 Toraa p’ (i u,)=p’ (u1)p’ (us) ¥ T. A.
JIpyruM BO3MOXKHBIM MpeACTABJIEHHEM sABJAETCH

p' (u)=(p (w)")™%; (22.11.2)

B cJyyae YHHTAapHOCTH npeicTaBleHuss p (22.11.2) coBmagaer c

(22.11.1). Ecnn G npenctapasieT coboii rpynny MaTpHIl, TO HOABAAIOTCS
JlBe HOBblE BO3MOXHOCTH:

o’ (u)=op (u), (22.11.3)

p' (w)=p (u’)~1). (22.11.4)

Ecnu G — yuurtapuas rpynina, Hanpumep U (n) uan SU (n), To
(22.11.3) n (22.11.4) coBnajaioT, B NPOTHBHOM CJyyae 3TH [Ba Npel-
CTaBJieHHs, BoofLie TOBOPS, PAa3JIHYHBL

Celiuac Mbl moKaxkeM, uTo eciid G ectb SU (2), TO mpeAcTaBieHHe
p’, 3amanHoe B (22.11.3), 3KBHBAJIEHTHO Q; CJEJOBATEJILHO, B 3TOM
c/lyyae npuBeeHHble cnocoObl He AAOT HOBBIX NPEACTABJEHHH; HMEHHO
MO3TOMY 3TH citoco6bl He Henosb3oBaHeh B § 22.8. B camom Aene, nycth

/0
Y=‘\—l 0/’

TaK uYTO AJs obuiefi MaTpuipl pasmepa 22

_1<a b < d —c 99 11
v o\e d> L G a)' (22.11.9

B uactHocTH, Aasi Joforo anemenra u u3 SU (2) u=y~tuy, uro0
ab

MOMKHO YCTAHOBHTB, 3allMCBIBasl U B BHJE ( 3;). Toraa, nockoin-

Ky y Takxe npuHamiexur SU (2),

o' (W=py tuy)=p (W) oW o (y)

M1 BCEX U; OTCIOAA BHITEKAeT, 4TO p H P’ — SKBHBAJEHTHble Npef-
CTaBJICHHS.
Koraa xe unpexcraBnenssi (22.11.3) u (22.11.4) pacumpsiores
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or SU (2) po SU (2, C) npu nomoiu onpereneHui

o’ (my=p(m) (22.11.6)
p' (m)y=p((m')™) (22.11.7)

ana m uz SU (2, C), To onu nepecraoT 6biTh HE TOJbKO HIEHTHU-
HHIMH, HO jaxk€ 3KBHBaJeHTHhIMH. Bropoe u3 npeacrasienuii p’
S5KBHUBaJEHTHO ©, noroMy uro (mT)~'=y~lmy B cuay (22.11.5) ¢
yuetoM TOoro, uro detm=1. B To ke Bpems npeacrasieHue p’,
saganHoe B (22.11.6), ue sAgasemca SKBHBAJEHTHBIM P, TaK Kak €CJH
6bl paBeHCTBa

p(m)=V=tp(m)V (22.11.8)

HMeJH MeCTO 1Js BCeX m, To B caydae mé& SU (2) maa storo mar-
puna V pomxna Gbina 66l coBnagare ¢ p(p), HO Toraa (22.11.8)
Tepano 6bl cMbica aan m¢ SU (2), nockoarpky, BooOwEe roBops, AJs
TAKOTO m Yy~ 'my HE paBHO m.

Takum obpasom, sicuo, uto rpynna SL(2, C) umeer B HekorTopom
cMpicsie GoJsibile npeAcTaBiaeHult, dyeMm rpymna SU(2). Hdas roro
yTo6H HUX HalTH, AOMYCTHM, YTO X” —MHOXECTBO BCEX KOMIJIEKCHO-
3HAUHBIX (PYHKUHMH [ABYX KOMILIEKCHBIX MEDEMEHHBIX Xy M X,, NpHUeM
oTH (YHKUHH MpUHapdexaT Kaaccy C™ B BEIECTBEHHOM CMbICJE, HO
He FBJAIOTCA LeJbIMH aHAJHTHYECKHMH B OTJIHYHE OT PaccMaTpHBAB-
wuxea B § 22.10; Mpl 0603HAYHM 5TH (QYHKLHH [OAOGHO TOMY, KaK
st0 fenanoch B § 22.10, uwepes f(x;, x,, X;, x,). Bmecto (22.7.2) mnl
HMeeM

E@H s %o 5 ¥)=
= f (Bxy —Pxy, —yx,+ax,, bx,—Px, —yx, +ax,), (22.11.9)

rae ¢ eCTb MaTpHuUa

a p \
u=<y 6), ad—Py=1, (22.11.10)

T. e, npousBosbHas Mmarpuua u3 SL (2, C). Tenepp ponoanurenbuo x
TpeM Martpuuam (22.7.3), npuHapexamum SU (2), COOTBETCTBYHOUIUM
BPALlIeHHAM B MPOCTPAHCTBE M OMNpeleNAIOHM HHOUHUTE3UMAJ bHble
oneparopel Ly, L, Ls mocpeactBoM (22.7.6), Mbl HMeeM TPH HOBBIE .

MaTpHIUbL
{ch ®/2 sh (0/2)
w=q,),

\sh ®/2 chw/2
chw/2 —ish m/?\
isho/2  chog, @=®) (22.11.11)

evz 0
<0 e"u)/s> (@ =4q.),
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COOTBETCTBYIOUIHE  rnpeo6pazoBaHuaM Jlopenua U onpeaensiollHe
HOBBle HHOHHHTE3WMaNbHBIE onepatophl K, K,, K, CienosartenbHo,
HHbHHHTE3HMaNbHBIe onepatopsl rpynne SL (2, C) nonyuatorcs cae-
aylowum obpasom: marpuusl (22.7.3) u (22.11.11) noacrasnsawoTcs B

(22.11.3), xaxamit onepatop p(u) AuddepeHUHpyeTCs TO © H,
HAKOHEll, ® NojaraeTcs PaBHbIM HYJIO. EC/AH BCNOMHHTB, YTO NpH

AUpGepeHUHPOBAHHH Xy, X,, X;, X, PacCMaTPHUBAIOTCA KaK HE3aBHCH-
Mbie nepeMeHHele (CM. cJeAylonHi naparpad), To MB Haigem, 4To

Ly =—(i/2) (x,0,, + %0, )+ (i/2) (x,0z, + X:0%),
Ly =(1/2) (2,0, —x,0,) + (1/2) (x,07, — %,0z ),
Ly=—(i/2) (x,0,,—x,0,) + (i/2) (x,03, — X,0%,),
K, =—(1/2) (x 0, +x,0,)—(1/2) (x,05, + x,03,),
Ky =(i/2) (2,0, —x,0,,) —(i/2) (1,05, —x,05,),
Ky = —(1/2) (x,0,,— %,0,,)—(1/2) (x,0,— X,0%,).
[Tonuasn CHCTEMAa COOTHOLUEHHH KOMMyTauHH HMeeT BHI

[Li' L/]=Lk» [Ki' K/]=le [Kz" L,.]=—K,,, [Kis Li]=0

(22.11.12)

(22.11.13)
(ijk=123, 231, 312).
Beenem, kpome Toro, oneparophl
Lr=L;*il, K#=K;=%iK, (22.11.14)

22.12. HENPUBO ANMBLIE MHBAPUAHTHLIE NOANPOCTPAHCTBA
NPOCTPAHCTBA X> ANA rpynnel SL(2, C)

B kayectBe Ga3ucCHBIX BEKTOPOB /A TpocTpaHcTBa X~ WIH 1O
KpafiHeli Mepe [ MHOXECTBa BCeX MHOrouieHoB B X™ BBeleM
OIHOUJIEHB

= Prmtrm = (1/C) x,=m x{¥m xd'-mixl+m (22.12.1)
rie
C?=(l—m){{ 4+ m)(" —m" WA+ m'),
[ u I”"—mobue nBa unciaa w3 0, 1/, 1, 3/, ..., a

m=I, I—1, ..., —Il, m'=l', I'—1, ..., —I.

Ins paunweix [ u !’ npocrpanctso X (I, '), npeacrasnsiouee coGoi
JIUHEHHYI0O OGOJOYKY BEKTOPOB imi’m’, SBJISETCA NPOCTPAHCTBOM
BCeX OJHOPOIHBIX MHOTOWIEHOB CTeneHH 2/ OT NepeMeHHBIX X; H X,

W cTeneHH 2!’ OT MEPEMEHHBIX X; W X, 3TO NPOCTPAHCTBO HMeEET
(xomnuiexcHywo) pasmepHocTb (20 1)(20°+1). H3 (22.11.9) sacuo,
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4TO Ka)kaoe noanpocTpaHcTBo X (I, !’) orobpaxkaerca camo Ha ceba
npH Jo60M p(4) W, 3HAYHT, ABJAETCA HHBAPHAHTHBIM MOANPOCTPAH-
ctBoM. M3 (22.11.12) Mbl BHAMM, YTO

Lop=i(m—m')p, Kyp=(m+m')y;

HHaye roBops, m-——COGCTBEHHOE 3HaueHWe omepaTtopa —Y/,iL, 4+ '/,K,,
a m’ —co6cTBeHHOe 3HaueHHe omeparopa */,iLg -+ 1/,K;. Orciona npu
NOMOIIH COOOpaXKeHHH, HCNOJAb30BABILUXCS BO BCEX MPEAbIAYLIMX
clyyanx, CJAeNyeT, YTO €CJH HeKOTOpOe HHBAaPHUAHTHOE IIOAIPOCTPAH-
c¢TBo B noampocrpancrBe X ({, {) comepuHT KaKyo-JHO0 (yHKIIHIO
(MHOrOUJIEH), TO OHO COINEPXKHT H JIO6OH ONHOUNEH Ymi m:, BXOLA-
1M B 3TOT MHOTOWIEH C HeHyJeBbiM koabduuuentoM. Jlamee bl
HAaXOAUM, 4TO

L+ 4+iK~=—2ix,0,, L~4iK*=—2ix,0,,
L~ —iK*=2ixdz,  L+*—iK~ =2ix,0,.
CaenoBaTenbuo,

L+ + (K~ onyckaer m, L~ +iK+* noauumaer m,
L~ —iK* onyckaer m’, L*-—i(K~ noguumaer m’

B TOM cMbiciie, 4YTO GbyHKIMA (L* 4 iK™) Yimirm: DponopuHoHasibHa
(GVYHKUHH i ey 'ms U T. L. DTO 3HAYUT, YTO ANA NaHHHX [ u [’ Bee
Yiml'm CLEIVIEHH NPH NOMOIM HHQHHHTE3UMAJbHHIX ONepaToOpOB.
TakuM 06pa3oM, Mbl 3aKJ/IOYaeM, YTO €CJIH HEKOTOPOe WHBAPHAHTHOE
NOANPOCTPAHCTBO COAEPHKHUT J0OYIO GyHKIMIO (MHOrOWIeH) B X (¢, ('),
TO OHO COXEPXHT M Bce moanpocrpaHctBo X (I, !’). VuHaue rosops,
npejacTaBjgeHue o, cyxeHHoe 10 X (I, !’), HENPHBOAMMO; Takue upen-
cTaBJeHHn ofO3HauyaioTcs uyepes pY I M ABJAAIOTCA €QMHCTBEHHO
BO3MOXKHBIMH KOMEMHOMEPHOIMU  HENPHBOAMMBIMM  [PEACTAaBJIEHUAMH
rpynnet SL (2, C).

22.13. CNMHOPLI

CnuHOpBl NpeacTaBAfOT cO60H COBOKYMHOCTH BEJHYHH, KOTOPLIE CBA-
saHpt ¢ rpynnamu SU (2) u SL(2,C) nomob6HO TOMY, KaK TEH30pHI
(BKJI04a® BEKTOPbI M CKAaJAPH) NOKBAHTOBOH (M3HKH CBsi3aHbl ¢ (H-
spueckumu rpynnaMi SO(3) u &, 3akoHol npeo6pasoBaHHil CiH-
HOPOB JalOT HEKOTOpbie (BOOGULE TOBOPS, NPUBOAMMBIE) [IDEACTaBJIE-
uua rpynn SU (2) n SL(2,C) u, cienoBaTenbHO, HEKOTOpPbiE OIHO-
SHAYHble - WJIH JABY3HAuyHble TNpEICTaBIeHHs YKa3aHHHX (PH3HYeCKHX
rpynn. Te U3 COHHOPOB, 3aKOHBI 1PeoGpa3oBaHHil KOTOPLIX AT O6bIY-
Hbl€ HJIM OJHO3HAYHBIE MPEACTABIEHHA (PH3HUECKHX TPYNMN, ABAAKTCA
Ha CaMOM /eJle TEH30paMH B HECKOJbKO W3MEHEHHOM BHIE (CM. HIMXKe
ynpaxksenue l); B 3TOM CMbIC/Ie T¢H30PB $BJSIOTCS YACTHBIM CJy-
yaeMm CIIHHOPOB.
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a1 Toro uroObl onucaTb HEKHH TEH30P, COBOKYIHOCTb BeJHUYHH
(ckaxeM, Ty, T, . . ., Tay) CBA3BIBAIOT ¢ KAXKJOR CHCTEMOlN KOOpAMHAT,
i TOIJ@ COOTHOLUEHHS! MEXAY STUMH COBOKYNHOCTSMH IJ/Il PA3JHUHbLIX
clicTeM KOOpJMHAaT o0pa3yloT 3aKOHbl npeobpasoBaHuit. Koab ckopo
nepBOHayajJbHas CUcTeMa KOOpAMHAT 3a1aHa, 3TO 3KBUBAJIEHTHO COOT-
BETCTBHIO TAKOH COBOKYIIHOCTH BEJHUMH KaXKJIOMY 3JIEMEHTY TPyl
Bpalleduil niau rpynnel JIopeHua; Toraa COBOKYIIHOCTH, COOTBETCTBYIO-
uHe APYTUM cHCTeMaM KOODAMHAT, ONpelessloTcs 3aKOoHaMM Ipeodpa-
30BaHHH. B cayuae cClIMHOPOB COBOKYIIHOCTb BeTHYUH /I8 IepBOHaYasIb-
HOR CHCTeMbl KOOPJAHHAT CONOCTaBJAAeTCA € KaX/bIM 3J1eMEeHTOM IpYyIbl
SU(2) nan SL (2, C), u 3T0 NIpUBOIUT K COOTBETCTBHIO KamJof ¢usu-
yecKOR cHCTeMe KOOPAHHAT ABYX COBOKYNHOCTe, OTJIMYAIOUIMXCS, OJHA-
KO, JIMIIb (Ha30il (hakTUYecKH TOJNbKO 3HAakoM). Ho, nmockosbKy ¢asbl
(B 4acTHOCTH, 3HAKM) HecYLLeCTBeHHbl ¢ ()M3uuecKoli TOUKH 3peHHH,
Mbl CBOOOJIHO MOXeM MOBOPUTb O COOTBETCTBUH COBOKYIITHOCTH (CUCTEMbI)
BeJHUYUH KaxJOH cucTeMe KOOPJIUHAT.

B taxom ciiyuae cnuuop panea 1 ecTb COOTBETCTBUE KAXKIOH CHCTeMe
KOOpAUHAT napbl Yucena §; u §,, mpuueM Takoe, 4To npu npeobpasosa-
Hnu JlopeHua, KoTopoe onpenensercs 3JemeHroM rpynibl SL (2, C)

{1y, My
m= '
m21 m22

yucaa &, u §, 1peo6pasyloTCA COMIACHO 3aKOHY
Ei—E=myE + M358,
gz — E; = mﬂgl + mzzgz‘

CnuHopbl 6o/€e BbICOKOIO PaHTa ONPejeasioTcst COBEPIUeHHO aHaJso-
THYHO TEH30paM: CAUHOP paHea r €CTb TAaKOE COOTBETCTBHE KaXJOH
CHCTEME KOODAHHAT CHCTEMbl 27 KOMIIJIEKCHBIX YHCeN §, e, (kax ani

MHIeKC NpUHHMaeT 3HaueHus 1 W 2), NIpH KOTOPOM 3TH YHCJAA 11Peod-
PasylTCH COIVIACHO 3aKOHY
2
gz’z‘ “a, = Z Ma.g, «o» mar Ry gﬁ, e By (22 132)
B Bee oo B =1
[Toka Mbl orpaHnuMBaeMCs JIMLIb BpalleHHAMH ocefl x, y, z, a He
npeobpasosanuamu Jlopenua, t. e. juwb rpynnoid SU (2), sro sce,
YTO MOXHO cKasaTb. ONHAaKO U3 NpPeIblAyUIHX Naparpagos sCHO, Y4To

npy paccMoTpeHuu npeictasiaenudt rpymnn SL(2,C) marpuuna m
HrpaeT caMOCTOATEAbHYIO POJb 110 CpaBHeHHio ¢ Marpuuell m. [1ynx-
mupHbli CNUHOp panea | ecTb COOTBETCTBHE KaMJOH CHCTEME KOop-
JAHHAT napbl KOMILIEKCHBHIX 4nces &; &; NpPH KOTOPOM 3TH uucJa
npeobpasyoTess COIVIACHO 3aKOHY

El=my ki + mEs

E; = myki + myk; .

(22.13.1)

-

(22.13.3)
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Haxonei, cMellaHHBIA CIHHOp, HMeIOWMH r WHIEKCOB 6e3 TOUeK H §
HHIEKCOB C TOYKAMH, €CTb COOTBETCTBHE KaxXAOH CHCTEME KOOpJIH-
HaT COBOKYIHOCTH 27+$ KOMINVIEKCHBIX YHCEJ, NPH KOTOPOM 3TH YHCJIA
npeoGpasyloTcs COMNIACHO 3aKOHY

8oy o 0 it g =
2

= 2 mav-~-mocvm6"'m‘bgv...vé..6
Vs ves ’Vr.bh e 63=1 i e B, Bds =1 rt s*
(22.13.4)
YPAKHEHUA

1. [yctb gaé CMelIaHHBIl CIHHOP paHra 2 H BeJuuHHw U; (j=1, ..., 4)

ompeseseHEl KK
t=8;+3%a v=E8;—t;
vg=Ep8y, va=1(§—Ey).

[MokaxuTe; 4TO NpH BPALIEHHAX W NPeoGpaloBaHUAX JIOpeHUa BeJHUHHH Uy, ...
., Uy TpeoBpasyioTcsl Mojo6HO KOMIOHEHTAM BeKTOopa., AHAJIOTHYHO MOKAXHTe,
YTO CMeWAaHHHl CIHHOP paHra 2r, HMeIOIHH 7 HHJEKCOB C TOYKAMH H /' HHAEKCOB
Ges Touek, ONpejessieT TEH3Op paHra r.
2. CMHOp HA3bIBAGTCS CUMMEMPUYHbIM, €CJIH OH CHMMETPHYEH 10 HHJACKCAM
C TOYKAaMH (T, €. He MeHSieTCH MPH JI060H MNepeCcTaHOBKE TAKHX HHIEKCOB), a
TAaKXe CHMMETpHUYEH N0 HHJEKCaM Ge3 ToueK. [loKaxHTe, 4TO 3aKOH mpeoGpaso-
BA4HA TAKOro CNHHOpa aaeT npefcTtaienne rpynnel SL (2, C), KoTopoe skpuBa-
JICHTHO mpejcTaBJjieHHio pls /'), olpesesienHoMy B TpeAmjylieM naparpade, npH-
yom 2/ u 2!’ ABJAAIOTCA UYHCJIOM HHJAEKCOB C TOYKAMH H YHCJIOM HHJAEKCOB 6e3 To-
yeK COOTBETCTBEHHO,



