Fnasa 23

SNEMEHTAPHAS TEOPMS MHOTOOEPA3MH

JlokaJbHO n-MepHOe NpoCTpPaHCTBO; cbepa; Top; Kpyr; JHct MéEGuyca; Gyrthuiika
KaefiHa; oToxnecTBieHue KpaeB; KOOPJHHATHLle KapThl, COTJIACOBAHHOCTb KapT,
HHAYLHPOBaHHAs TONMOJIOTHA; akcHoMma oTAeaumoctH Xaychopda; MmHoroobpasue;
KpHBble; QYHKLUHH Ha MHOrOOGpa3sHH; CBA3HOCTb; OAHOCBASHOCTh; KOMIIOHEHTA;
reMOTOMHLIE KpHBbie; FOMOTONHYECKHE KJIAaCCH KPHBHIX; QyHJaMeHTa/ IbHas rpymnna;
apycBAsHocTh rpynnnl SO (3); KOHQHTYpaLHOHHOe TPOCTPAHCTBO MEXaHHYeCKOH
CHCTEMBl; [eKapTOBO NPOH3Bejeine MHOTroobpasuit.

[ pedsapumensrvie csedenua: ta. 18 n 19.

Teopus MHOroo6pasuii JEeXKHT B OCHOBe TeOpHH rpymil JIH H reoMeTpHii
PumMana y JfiHwTefiHa. B o6iiyio TeOpHIO OTHOCHTENbHOCTH OHATHE MHO-
roo6pasusa 6blIO BBeJeHO NpHMepHo B 1960 r. (B ocHoBHOM MapTHHOM
KpyckanaoMm), H 3TO NO3BOJHJO NO-HOBOMY OLEHHTL COJep:KaHHe 3TOH
TEOPHH H MPOSICHHTL KaK JIOKaJbHble, TaK H TJo0ajbHble TOMOJOrHYE-
CKHE CBOHCTBA MPOCTPAHCTBEHHO-BpeMeHHEIX Moflesiell. CTaTHCTHYECKas
MeXaHHKa HMeeT leJo C NMOTOKaMH Ha MHoroof6pasHfax. Bpems oT Bpe-
MEHH BO3HHKAIOT JApPYyTrHe MPHJIOXEHHA TeOpHH MHOroo6pasuf, 4TO
CBSA3aHO C reOMeTpHuecKOH nmpHpoloH (GH3HuecKHX 3ajau. 3aech 6yayT
paccMOTpeHBl TOJbKO KOHEYHOMEpHble MHOroo0pasHs; TeopHIo GoJee
o0HX MHOroOoGpasHil cM. B kHHre Jlenra [1962].

23.1. NPUMEPbI MHOTIOOBPA3NA.
METO OTOXAECTBIEHMS

Ipy6o roBops, n-MepHOEe MHOTOOOpAsHe sBJSETCH NPOCTPAHCTBOM, KO-
TOpOE JIOKAJILHO TONOJIOTHYECKH HEOTJIHYHMO OT f1-MEPHOT'O eBKJIHIOBa
npocTpaHcTBa £%; HHaye roBops, Kaxias TOYKA MHOrOOODPA3HS JIEXHT
B KaKOH-TO 00/1acTH (CBSI3HOM OTKPLITOM MHOKeCTBe), KOTOpas TrOMeo-
mopdHa HekoTopoH ofsiacTH B E”. QopmanbHoe onpelefeHHe Oyaer
naHo B § 23.4.

Jlio6oe eBKAMIOBO MPOCTPAHCTBO CaMoO, OYEBHAHO, fBJAETCS MHO-
roo6pasuem. [IpoCThIM HETPHBHAJIbHBIM NPHMEPOM CJYKHT ABYMepHas
chepa, T. e. MHOxecTBO S? Toyek E®, 114 KOTOpHX xi+4y’+zi=l
(%, y, 2 — AeKapPTOBbI KOOPAMHATHI ToyekK). JIoOYIo JMOCTAaTOUHO Manyio
ofaacth {/ Ha S® MOXHO B3aHMHO OJHO3HAYHO OTOOPA3HTL HA MJOCKYIO
ofj1acTb NPH NOMOLIH JI060H H3 MPOEKIHH, HCONMb3yeMblX B KapTorpa-
¢uu. (B crepeorpaduueckoii npoekudH B kauecTBe U Gepercsa Bce S2,
3a MCKJIoYeHHeM OlHOH ToukH.) B cuay atoro S2 siBisiercs JBYMEPHHM
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muoroo6pasuem. Top (MoBEepXHOCTh KOJIbLlA) — TaKXke IBYMepHOe MHO-
roobpasHe.

JIto6oe OTKPhITOE MOAMHOKECTBO MHOrOOOpasHs (HanpHMEp, OTKPhI-
Thlll KPyr Xx*-4y*<C] Ha 1nJIOCKOCTH) sBJAsieTcs MHorooGpasueM. JIHCT
Mébuyca (Ges xpas) — 3To MHOrooOpaske. ['paHHUHBIE TOUKH C/IEdyeT
oTGpackiBaTh, 1IOTOMY YTO OHH He JIEKaT Ha TOH 4acTH MOBEPXHOCTH,
KoTopasi OToGpaxkaeTcs B OmKpbiTioe MHOXKECTBO MJocKocTH. [llap u
32M0/IHEHHbIH TOp (6e3 HX MOBEPXHOCTEH) — TpeXMepHbie MHOroodpa-

A B
D C
Puc. 23.1. Bytoiika Kaefina. Puc. 23.2.

:34s. MHorooGpasHs ¢ KpaeM 3jecb He PacCMATPHBAIOTCHA; O HHX CM.
kHury Jlenra [1962].

[loBepXHOCTb, H3BeCTHAasl MOJ Ha3BaHHeM Oymeuky Kaeiina, sB-
JseTcs ABYMEPHbIM MHoroobpasHeM. [IpeacraBbTe cefe moBepxHOCTh
B BHJle BHHHOH GYTBIIKH ¢ AJIHHHBIM FOPJIBILIKOM H BIABJEHHBIM JOHAILL-
KOM, KaK Ha puc. 23.1, a. 3arTeM npeAcTaBbTe, YTO TOPJIBILUKO GYThUIKH
H30THYTO BHH3 TaK, YTO OHO NPOXOIHT CKBO3b CTEHKY OYTHUIKH (KakK
B Q Ha pHc. 23.1, 6), a NOTOM coelHHsI€TCA BHYTPH OYTHIIKH C OTBEPCTHEM
BO BJaBJIEHHOM JIOHbIIIKE, 00pa3ys TeM caMbiM 3aMKHYTYIO OLHOCTOPOH-
HIOIO MOBEPXHOCTb. 3Ty NMOBEPXHOCTh HENb3A MPEACTABHTbL BJIOKEHHOM
B E3 Ge3 camonepeceueHHH (KaK B ), HO ee MOXKHO BJIOXKHTb 6e3 camo-
nepeceueHnii B E%. UToObl yb6eaHTbCs B 3TOM, BO3BMEM MOBEPXHOCTb
(cM. puc. 23.1, 6), BioxeHHYIO B E3; Torza Kakaas ee TOUKA HMeEeT
TPH KOOPAHHATBHI X, X2, Xs. T€Nepb HYXKHO OIPELEJHTh IS KaxIOH
TOYKH 4eTBEPTYIO KOOPIAHHATy X, TaK, YTOObl ¥, Ha [OBEPXHOCTH H3Me-
HAJach TIJIaJKO, a B OKPECTHOCTH Q NPHHHMAaJIO OLHO 3Hau€HHe (CKa-
ieM, 0) Ha cTeHKe OYTHUIKH H ApYroe 3HaueHHe (cKaxem, 1) — Ha ee
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ropJbiike. B 3TOM clyyae Ha MOBePXHOCTH y:Ke He HafileTcsi JIBYX
Pa3HbIX TOYEK C OJHHAKOBBIMH KOODIHHATAMH X, Xs, Xa, Xa.

MHorne nByMmepHble MHOTOOGDa3Hsi MOXKHO [ONYYHTb NpPH NOMOLLH
MeTOJa OTOMJECTBJEHHS! (CKNeHBaHHs) Kpaes. Jucm Mébuyca nony-
yaercst u3 npsimoyrojasHika ABCD (puc. 23.2) ¢ NOMOILLIO CKJIEHBAHHs
(OTOKAecCTBJIeHHS!) Kax ok TOUKH CTOPOHb! A B (BbIOHpAasi HX 10 nopsij-
Ky of A 10 B) ¢ COOTBeTCTBYIOUHMH TOYKAMH CTOPOHBI CD Tak, 4To6H
A oroxgectBasinacek ¢ C, a B — ¢ D. JiBe oTOxecTBeHHLIE TOUKH pac-
CMATPUBAIOTCsl KAK OJHA TOYKA MHOroo6pasHs, H BCE BBITISLAHT B TOY-
HOCTH Tak, KaK eciH Obl NPsIMOYTOJBHHK OBl y3KOH mosocol Gymard,
KOTOpasi H30THYTa B BHJE OKPYKHOCTH, a ee Kpas CKJeeHbl ApYr ¢
JpyroM, NpHYeM nepes CKAeHBAHHEM OLHH H3 KOHLOB Obll MMOBEPHYT
Ha noJyoboporT.

Ecax B nocnenHeM npHMepe aHaJIOTHYHBIM 06Pa3soM CKJIEHTDb TaK ke
u kpass AD u CB, To B pesynbrate noayuutcs 6yThiika Kiefina 1),
([Inss sToro moTpeGoBajoch OBl PACTSITHBATH GyMary, He roBOPSl YiK
0 TPYIAHOCTSIX C camorepeceyeHHeM.)

B § 19.5 6bl11 paccMoTpeHbl MHOrooGpasus rpynmn. MHorooGpasue
rpynmnel SO (3) 6blI0 NpencTaBaeHO B BHIe onpeneseHHOH TpeXMepHOH
anrebpaHyecKoH NOBEPXHOCTH B JeBATHMepHoM IpocTpaHcTBe. Heko-
TOpasi OKPEecTHOCTb KasJOH TOYKH 3TOH MOBEpXHOCTH ToMeoMopghHa
HeKOTOpoH o6sacTH E?, 0fHaKo B 11eJIOM NMOBEPXHOCTh He roMeoMopdHa
HHKakKo# obnactd B E?; B § 23.7 OyJeT NoKa3aHo, 4TO 3Ta NOBEPXHOCTh
HMeeT TaKHe CBOMCTBA CBsI3HOCTH, KaKHMH ofjacTe B E®obnagath He
MOXKeT,

Muoroo6pasne rpynnel SO (3) MOXKHO pacCMAaTPHBATh TaKkKe H
KaK pesyJIbTaT TPeXMepHofi OnepalHH CKJeHBaHHS, HCHOJb30BaHHOM
Bullle 1/ NoJyueHHs jaucta Mébmyca. Ecau 0, 0, 0,—snyTpen-
HHE KOOpAHMHATHI, BBeleHHole B § 19.6, To kaxpmas Touka wapa
18| <{m npenctaBnsieT eNMHCTBEHHbI 3aemeHT rpynnbl SO (3), u
0o6paTHO, 32 HCKJIIOYEHHEM TOTo, 4TO JoGple JHaMeTPaJbHO MpPOTH-
BOIOJIOKHBIE TOYUKH Ha MOBePXHOCTH, ® H —O, [0|=mxn, npencras-
JISIOT OJHH H TOT Ke 3jeMeHT rpynnsl SO (3) 4 NO3TOMY AOJNMKHEI
OTOXKJECTBASATECS., DTO OTOXKIECTBJEHHE HeJb3sl OCYILeCTBHTH (IO
aHaJordd ¢ jJucroM MéGHyca) nyteM pedopManhH cdepel B Tpex-

1) TouHee rosops, fesno o6cTOMT TakK. CkJ/eHBaHHE CTOPOH HPSMOYIOJIbHHKA
laeT CJefyIoulHe TpOCTeiilHe MHOrOOGPA3HA: €CJH CKJEHTb TOJLKO BepPTHKAJbHO
(M1 TOJIBKO TOPU3OHTAMIBHO) TPOTHBOMOJIOKHEIE TOYKH, TO TOJYHHTCS LHJHHAD;
@CJIH CKJICHTb JHAMeTPaJsbHO [POTHBONOJIOXKHbIe (OTHOCHTEJBHO LEHTPa HpsiMo-
YroJbHHKa) TOYKH JBYX CTOPOH, TO MOJNYYHTCA JIHCT MéEGuyca; ecyH CKJEHTb
JHAMEeTPAJIbli0 NPOTHBOMOJOXHEIE TOUKH CTOPOH AB H CD H FOPH3OHTAJILHO TIPOTH-
BOMOJIOXKHBe Toukd AD u BC, 1o mosnyuutcs OyTeika Ku€dHa; eclH CKJeHTDb
AHAMETPaJIbHO MPOTHBOMOJNOXKHBE TOYKH BCeX CTOPOH, TO MOMYYHTCH NPOEKTHBHAES
miockocTh RP2; ec/i CK/IGHTh BePTHKAJILHO INPOTHBOIOJOXHBIE H TOPH3OHTAJbHO
IPOTHBOMO/MIOXKHEE TOURKH, TO MOJNYYHTCS TOP, H, HAKOHeL, €C/H CKJEHTb BepTH-
KaJIbHEe H FOPH30HTAJIBHO TMPOTHBOMOJIOXKHHE TOYKH BCe BMeCTe€ B OAHY TOUKY,
To nosyuntcs edepa S2.—ITpum. nepes.
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MEpPHOM TMpPOCTPAHCTBE H CKJEHBAHHS MOBEPXHOCTeH, ONHAKO 3TO
CKJ€HBAHHE MOXHO OUEBHAHLIM 06pPa3oM BHIMOJHHTL MPH TMOMOILH
noaxonaswed jaedopmauuu ceprl B AEBATHMEPHOM NPOCTPaHCTBe.

CornacHo ynpaxHenuio 1 u3 § 20.6, mHoroo6pasue rpynnel SU (2)
MOXXHO peanu30BaThb B BHje TpeXMepHOH cdepbl, T. e. eIHHHUHOH cdepbl
B E%. 310 MHOroo6pasue OZHOCBSI3HO, OJHAKO TaKxke He rOMeOMOP¢HO
HuKakoil obmactu B E3,

23.2. KOOPAMUHATHLIE CHMCTEMbI UIIM KAPTHI.
COrNACOBAHHOCTL. FMAAKOCTbL

Ilycte M,—HekoTopoe [pPOCTPAHCTBO, T. €. MHOXECTBO OOLEKTOB,
HasblBaeMblX TOYKaMH. (M, MOXeT GbITb rpynnofl WiIH eine uyem-aH60
nopoOHBIM, OJHAKO IOKa He Mpejnojaraercs, u4To oHo ofJalaer Ka-
KOH-1HO0 TOMOMOrHYECKOH CTPYKTypoil; cM. 3ameuanue B § 23.4.)
BBenenne n-MepHOH KOOPAHHATHOH KapThl B M, O3HauaeT npucBoe-

HHe KaxJoH Touke P onpejpeneHHoro noaMHoxectsa U MHorooGpa-
del

3us M, n BelleCTBeHHHX KOOPAHHAT {x!, ..., X"}=X TakuM oOpa-
30M, UTO COOTBETCTBHE P — X ABJASETCA B3aWMHO OJHO3HAYHBIM OTO-
GpaxkeHHeM @ MHOXecTBa {/ Ha CBA3HOE OTKPBITOE MOAMHOXECTBO
N koopauHaTHoro mpoctpancTBa R”; B 3roM cayuae nyyt x= @ (P),
a tpoiiky (U, @, N) HasbiBaioT Koopdunamnoii kapmoi Ha M,. Takoe
oGo3HaueHHe KapTel YAOOHO, XOTA M H3OBITOYHO, NOCKOABKY U U ¢
onpegensiior N {(cM. 3ameuanne B § 23.4). Bexkrtop x=¢(P) uHoraa
Ha3bIBAIOT KoopOuHamoti TOYKH P.

Ecnu, HanpuMep, 6 H ¢—cdepHueckHe KOOPAHHATH Ha cdepe
(0=xt, ¢ =x%), TO yKazaHHOe OTOOpa)KeHHE MNEPEBOAHT ONpeae/eH-
Hule TOUKH cdepbl B TOYKH OTKPBITOrO npsmoyrodbHHka (0 < 0 < m,
—n < @ < @) HA (B, @)-nyockoctH R2. YToOwl crenaTth 310 oTOGpa-
JKeHHe B3aHMHO OJHO3HAUHBIM, HYXHO OTOPOCHTH CEBEPHBIl H 10XK-
Helit nomockl (0=0 H 0= COOTBETCTBEHHO), a TaKXe MexiyHa-
POAHYIO JIHHHIO CMEHBl jaT ¢ == 7. YUTo6H onHcaTb Bcio cgepy,
MOXHO ObL10 Obl MCNOJMB30BaTb METOA CKJEHBaHHS, T. €, PaClUHPHTDb
310 OoTOOpa)eHHe Ha TIpaHHIy NPAMOYrONbHHKA, a 3aTeM MPHHATh
corsaiieHde o ToM, 4to Bce ToukH 0=0, —a < ¢ < & ckaeuBaores
B OAHYy TOYKY (CeBepHhmIi mnomoc), Bce TOUKH O=n, —a <o <o
TOXKE CKJCHBAIOTCA B OAHY TOUKY (IOXKHBIH MOMOC) H AJaA Kaxjaoro 0O
u3 uHTepBana (0, m) TOUKH ¢ KOOpAHHATAMH ¢ = -+ 7T H @ = -7 O3Ha-
YaloT OHY H Ty ke Touky. OnHaKO, AJsi TOTO UTOGBI HMETH BO3MOX-
HOCTb YYeCTb TpeOOBaHHsl TMIAAKOCTH H FapaHTHPOBATL, YTO MOBEPX-
HOCTb, TMOJYyY€HHas Moc/lde CKJAEHBaHHA, ACHCTBHTENBHO [10XOXKa Ha
cdepy, a He Ha Kakue-HHOYAb YEMUHK HJH [HJIOTKY, HeoGXOLHM
ADYro#l MOAXOX.

Ecan {U,, ¢,, Ny} n {U,, ¢, N,}—nBe nepexpelBatounecs Kap-
Thi Ha M,, TO OHH YCTAHaB/JIHBAIOT HEKOTOPYIO CBSI3b MEXAY JBYMs
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MHOXECTBaMH KOOpJHHAT Touek P u3 nepeceuenuss U, NU, u 3ta
CBA3b ABJAETCS B3aHMHO OJHO3HAYHOH, MOCKOJBKY KaxJoe otobpa-
xkeHHe P— @, (P) 0 P— ¢, (P) sBisercs B3aHMHO OJHO3HAUHLIM.
Ecan Mbl nosoxuM x=¢, (P) u y=¢,(P), To nonyuawmascs cBasb
MEXIY X H y H ee obpauieHHe ONpenensiioT GYHKUHH (QyHkyuu ne-
pexoda), KOTopble Mbl GyleM 0603HaYaTh CJAENYIOUWIHM 06pasoM:

xXi=x (g, ...y, i=1, ..., n, (23.2.1)
=g ..., %, i=1, ..., n (23.2.2)

[Ipexnonaraercsi, 4TO 3TH (PYHKUHH HENpPEPLIBHBL H OMNpPENENEHHOE
upcsao pas AuddepeHunpyemsl;, ecan U, N U, He nycrto, TO mnpexno-
naraercsl, uto npeo6GpasoBanus (23.2.1) u (23.2.2) samannl Ha om-
kpoumot obnacth B R”. Tounee, nBe KapThl HaswiBaioTcs C*-cozaaco-
BaHHBIMU, €CTH

1) mMHOxectBa {x=¢,(P): PEU,NU,}u{y=¢q,(P): PeU,n U,}
SIBJISIOTCSl OTKPBLITHIMH MNOAMHOXKecTBamH B R7;

2) ¢oynkumnu (23.2.1) u (23.2.2) npunagmexart kaaccy Ck.
Ecau U,NU, nycro, KapThl aBTOMaTHYECKH COTJ1aCOBAHBI.

3ameuanne. M3 nyHkTa 2 onmpele/ieHHA clefyeT, 4TO €CJAH OfHO
M3 MHOXECTB, YKa3aHHBIX B nyHkre 1, otkpeiro B R”, To H xpyroe
T4KKE€ OKa3blBAaeTCH OTKPHITBHIM.

MHoroobpasue

Pric. 23.3. CxeMmaTnuyecKoe H3aobpaxenne ABYX KapT Ha MHOFOOGpasuH.

WMHTYHTHBHO sICHO, UTO JtOOble ABE PasyMHO BLIGpaHHbIE KapThl JHo-
Goro pasymHO BHIGPAHHOro NpocTpaHcTBa BeerZa OynyT cOMJIacoBaH-
HeiMH, CBf3H MeXIy HHMH MOKa3aHbl Ha pHc. 23.3. OrobpaxeHHs,
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yKasaHHble Ha 3TOM PHCYHKe, O3HaualT cjeayouiee:
410 P— @ (P), @ P—q,(P),
by — Xt oy, Y X —y (X L, xn),

Ecan yram 8, ¢ Ha cdepe ecTb KOOPAMHATH MepBOH CHCTEMH,
TO BTOPYIO CHCTeMy KOOPAHHAT MOXHO BHIOpaTb Tak, YTOOB KOOPAH-
HaTe! 0" u @’ ABAAMMCH YIJIaMH OTHOCHTENbHO ApYrHX ocedi. Hampu-
Mep, ceBepHblfi nomwc N! B HoBo# cucreMe (8'=0) MOXKHO B3.Thb

Puc. 23.4.

B Touke (0=m/2, ¢=rm/2) cTapofi CHCTeMBI, a yroa ', OTCUHTLIBaE-
MbIl BOKPYI HOBOIO CEBEPHOro MoJIKCa, BHIGpaTh TaK, 4TOObl HOBas
JHHHA CMEHbl AaT OKasajaCh uacTbio CTaporo 3kBartopa (0=m/2,
— /2 < <2, cMm. pue. 23.4). SicHO, YTO 3TH IBE CHCTEMbl B
COBOKYMHOCTH TOJIHOCTbIO TOKPBLIBAIOT cEpy.

YHPAKHEHUS

cesizsb MexX1y 0, ¢ u 0/, ¢

2. OnHmMTe CHCTeMbl KOOPAMHAT Ha MOBepPXHOCTH Topa. [lokaxure, yTo TOP
MOXeT OBITb [OKPHT ABYMS KapTaMH, OJHAKO eC/H TpefyIOTCA OJHOCBA3NbIE KapTHl,
TO A5 TOKPHLITHSI TOpa HeOGXOJHMBl TPH KapThl.

I. Ha#inute pns sToro npumepa npeoOpasoBasust (23.2.1) u (23.2.2), T. e,
1

23.3. MHAYUUPOBAHHAS TONOJMIOrHNg

Ecmi {U, ¢, N}—xoopaunaTtHas Kapra B npoctpaHctse M,, a U,—
Jao6oe noaMHoxkectBo U, o6pas KoOTOPOro

(P(Uo)‘:{x:q’(P): PEUD}

SIBJISIETCA OTKPBITHIM MHOXECTBOM B KOOPAHHATHOM MNpocTpaHctse R”,
to U, HaspBaeTcs omgpoimeim MHOXecTBom B M, B uacTHocTH,
camo MHOXKecTBO U siBisieTcs OTKpHITHIM. B R” nepeceueHne KoHeu-
HOTO 4YHMCJIa OTKPLITHIX MHOXKECTB OTKPBITO, PAaBHO KaK W oGbeaHHe
HHe NPOHU3BOJBHOrO Habopa OTKPLITHIX MHOXeCTB. [loaToMy OTKpHITHIE
MHOXecTBa B M,, onpemeseHHHe KakoH-1H60 KapTofi, 00/1a1a0T
TEMU K€ CBOHACTBaMH.
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Yeaoedss | H 2 cornacoBaHHOCTH [BYX KapT TIapaHTHDPYIOT, UTO
3TH KapThl ONpefeNsloT OAHY H Ty Je€ TONOJOTHIO B O6JacTH HX
nepekpuTHSl. B uacTHocTH, ycnoBHe 1 efecrneuHBaeT OTKpBLITOCTb
nepeceueHHss OTKDPHITHIX MHOXecTB {/; W U, [lpuBeneM npumep ABYX
NepeK PLIBAIOMXCS KapT, OUEBHAHO YIOBJETBOPSIOWHX YCIOBHIO 2,
HO He COIMaCOBaHHBIX H3-3a HapylleHHs YcJOBHs 1, a uMeHHo 6ynem
CUHTaThb, uTo M, COCTOMT H3 ToueKk (¥, y) B R?, Jexawux Ha ocax
X W Y, H ONpelesuM [Be OJHOMEepHble KapThl B M, no oaHoOH Ha
K2XKIOH OCH, ClefyIouHM o6pasoM:

U={x y: x=0} @(x, y)=y, N =R,

U2=<(x’ y): y:O}, P, ((x, ) =x, Ny=R.
B stom cayuae U;NU, cOCTOMT H3 €NMHCTBEHHOH TOuKH (x==0,
y==0), KoTOpasi He SBASETCH OTKPHITHIM MHOXECTBOM HH B OAHOI
H3 kapT. B ofueM ciayuae 1Be n-MepHbI€ KapThl MOTYT NepeceKkaThbCs
N0 NMOBEPXHOCTH MEHbleH Da3sMEPHOCTH ueM 7, NPHYeM Jaxe Tak,
uTo yeJIoBHe 2 yROBJNETBOpSETCH, OJHAKO B 3TOM CJydae HX mnepe-
ceueHHe He GyAeT OTKDMITHIM B R” MHOXecTBOM. YcnoBHe | HCKo-
yaeT MoJoGHBI® CHTyaLHH, TpeGys, uToObl nepeceueHHe ObLIO 7-Mep-
HBIM.

Korpa npoctpanctso M, NokpeiTo HaBOpOM COIMIACOBAHHBIX KapT,
€r0 TOMOJOTHSA MOJHOCTBIO ONpEeNeJISeTCH TeM, UTO OTKPBITHIE MHO-
JKEeCTBAa JOJKHBI ObITb OTKDBITHIMH MHOXECTBAMH, IOPOXAAeMbIMH
OTAENMBHBIMH KapTaMH (KaK YyKas3aHO Bhillle), JH60 NpOH3BOJBHBIMH
0o6beIHHEHHAMH TAKHX MHOXecTB. TOrAa, B4acTHOCTH, BCE€ [POCTpaH-
cTBO0 M, SAIBNAETCH OTKPBITBIM MHOXECTBOM.

23.4. ONMPEQENEHUE MHOTOOBPA3MA.
AKCHOMA OTAENMMOCTHU XAYCJOP®DA

3ameuanne. JlaHHOe H3JIOXKeHHe TeOPHH MHOroo6pasuil oTiHuaeTcs
OT OGBIUHOTO TOJBKO B OHOM OTHOIIEeHHH. OGBIUHO HCXOAAT U3 IPOCTPaH-
CTBa, KOTOpPOe YyXKe GBLIO HafleleHO HEKOTOPOH TOMNOJNOrH4ecKOH CTPYK-
TypoH, npHueM (aKTHUeCKH MpeAnonaraeTcs, 4TO OHO JOMKHO ObiTb
xaycaopoBBHIM NPOCTPaHCTBOM (cM., OfHaKo, KHury Jlenra [1962]).
3arem TpebyloT, uTOGB CHCTEMbl KOOPAHHAT GBUIH HenpepbIBHBIMH OT-
HOCHTEeNbHO 3TOH Tonojoruu. C Apyroit cTOPOHEL, CYLIECTBOBAHHE CHCTEM
KOODAMHAT 3HAUHTEJbHO OTpaHHUHBAeT TOMOJOTHIO, NPHUeM TakK, HTO
NPOCTPEHCTBO OKAa3blBaeTCsi JIOKAJAbHO €BKJIHMIOBBIM (TOMOJOTHUECKH;
MeTPHUECKHX CBOICTB Mbl He KacaeMcs). Jlns HamMX ueiefl Kaxercs
6onee npueMaeMbIM MOJHOCTBIO ONPENENATb TOMOJOTHUECKHEe CBOHCTBA
cucTemaMd KoopAHHaT. Torpa okasbiBaloTcsi HEO6XOAMMBIMH TOJbKO
XOPOLIO M3BeCTHhIEe TONOJOTHUECKHe CBOHCTBA €BKJHIOBbIX NPOCTPAHCTB
32 OJHHM HCKJIOUEHHeM: KOrJAa MHOroo6pasue CTPOHTCH NyTeM c6OpKH
OTAE/IbHBIX KYCKOB ABYX MJIH HECKOJNbKHX KapT, HYXHO 1103a60THTbCA
0 ToM, uToGbl BRINOJHAJMACH aKcHoMma oTAeauMocTH Xaycaopda,— of
3TOM MbI ellle GyleM FOBOPHTD HIKe.
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3ameuanne. McxonHblM MOMEHTOM H3JIOXKEHHS SABJAAETCA MpPOCT-
paHctBo M,, KOTOpoe fBJAETCS MPOCTO HaGopoM (HECYETHBIM) HHKAK
He ONpeJie/IeHHBIX 3JeMEHTOB, Ha3blBaeMBIX moukamu. B HeKoTopbix
NPHJIOKEHHAX MNpPOCTPaHCTBO M, 3anaHo 3apaHee, HampHMep, OHO
MoXeT ObiThb rpynnoii. C Apyro CTOPOHBEI, B TeoMeTpHH PHMaHa HaH
B OOllefl TEOPHH OTHOCHTENBHOCTH MCXOHBIM MAaTEpHAJIOM CJYXKHT
MHOXecTBO (GYHKUHHA guy(x', ..., x"), ONpeleJeHHBIX Ha KOOPIH-
HaTax x!, ..., X", JleXalluX B HeKOoTopoi ofjactH N KOOpIHHAT-
Horo mpoctpaHcTsa R”; Toria npeanoJaraercs, 4YTO KaK/las TOYKa
B N onpeneasier Touky P MHoroo6pasus PumaHa HJH ONHCHIBaeMOro
(H3HUECKOro MpocTpaHcTBa. 3aTeM 3Ta o6JacTb MHOroo6pasusa (HJH
(PH3HYECKOro MpPOCTPaHCTBA) MOXKET PaCWIHPATLCA NPH MOMOLLH [pe-
o6pasoBaHHs KoopauHAaT, mopobueix (23.2.1), (23.2.2), mo Tex mop,
MOKa Ha OCHOBaHHH KaKOro-JHOO KDHTEpHS Mbl He YOEOHMCS B TOM,
YTO MOJYYHJOCh MOJHOE MHoroobpasue (CM., HampHMep, KpHTepHH
Kpyckana reonesHuecKod MOJHOTHI, oMHCaHHBIT B ra. 28). B stom
METOJlE MOCTPOCHHA MHOr0OOpasHH 3apaHee HHYEro He TOBOPHTCHA 00
abCcTpakTHOM mnpocTpaHcTBe M, HAH O ero noaMHoxkectBax U, U’ H
T. O., ITIOKa OITHCaHHe HE CTaJjo moJHeIM. Kaxpmasi kKapra onpepens-
ercsi onHcanHeM N, H SIBHO HHYero He rosopurtcd o6 U H ¢, no-
3TOMy Mbl NpennoyHTaeM coxpaHatTb N B obosHauenun {U, ¢, N}
KapThl.

MHoroofpasHe RoJKHO YIOBJAETBOPATDH CAENYIOUIEH aKCHOME, KOTO-
pas BbIpa)KaeT OYEBHIAHOE CBOHCTBO €BKJHIOBLIX NPOCTP aHCTB.

Axkcuoma orpenumoctd Xayciopba. Ecau P u Q—awboie pasiuy-
Hble mouKu, mo qyuecmsyrom maxue oxpecmuocmu U u V. mouex P
u Q coomsemcmsenno, umo UNV = .

Korna fnpe cHcTeMbl KOOpIAHHAT NPH MOCTPOEHHH MHOrooGpasHs
COCTaBJAITCA BMECTE, BO3MOKHO HapylLIeHHE 3TOH aKCHOMBHI, 4YTO H
MOATBepKIaeT caelylolMi onHoMepHbulit npumep. [lpoctpanctso M,
COCTOHT H3 TpeX 3K3eMIapoB npsaMol R, ero ToukH ofo3HavaroTCH
KaK {x, @}, Ile X-—BelIECTBEHHOE YHCJO, a — OfHA H3 OykB a, b
uau ¢. Ha M, onpenensiloTca crefyioliHe [B€ KapThi:

U ={{x, a}: x=01Uy{{x, b}: x <O},
gp=(x al)=x, N, =R;
U,={{x, ¢} x =0} U {{x, b}: x <0},
G.({x, a})=x, N,=R.

Kaxnaa kKapta cama nmo cefe mopoxnaer romeoMopdusM R, omHako
touku P={0, a} u Q={0, ¢} He oTmeneHb, NOTOMY 4TO JIOOble ABa
OTKPHITBIX HHTepBana, conep:aiive P u @ COOTBETCTBEHHO, BKJ/IOYAIOT
ofiiiHe ToukH BHAa {x, b}, x<<0. FcHO, UTO TaKOe sIBJIEHHE MOXHO JIETKO
HCKJIOUHTL MPH NPAaKTHYECKOM MOCTPOEHHH MHOroo6pasHH.
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Onpenenenne. n-meproe muoecobpasue M ecTb mpoctpanctBo M,
BMecTe ¢ (KOHEYHBLIM HJIH CYETHBLIM) MHOXECTBOM COIJIACOBAHHHIX
n-MepHHIX KapT, KOTOpHE BMecTe MoKphiBawT Bce M, Tak, yro moay-
yalouiasicsi TOMOJOTHsl YIOBJETBOPsieT aKCHOME OTIeJHMOCTH Xayc-
nopda. SIcHO, 4TO COrIaCOBaHHBIE CHCTEMBl KOODIHHAT MOTYT OHITh
noGaBMeHBl HJIH OTOPOLIEHBI, KOTAa 3TO JKeNaTeNbHO, €CJAH TOMbKO
nokpuiTHe Bcero M, coxpansiercsi. Brympennue csolicmea M — 310
Te CBONHCTB3, KOTOpLIE HE H3MEHSAIOTCA OT TaKHX J06aBjieHHH H
HCKJIIOUEHHH.

Muoroo6pasue M HasbiBaercsi C*-mHozoo6pasuem, ecnu mpeobpa-
sopanus (23.2.1), (23.2.2) mo6blx ABYX CHCTeM KOOpAHHAT TNpHHAA-

aexat kaaccy Ck, 1. e. ecau QyHKUMH X“(...) H y'(...) HMewOT
HENpEepHIBHEE YACTHbIE TPOM3BOJHLIE (UHCTHIE H CMeLlaHHble) BCeX
NopsiIKOB BIJIOTb 1O nopsixa k. B Takom cayuae no6asrenne HOBBIX
CHCTEM KOODAMHAT OrpaHHYMBaeTCsl 3THM k€ TpeGoBaHHeM. Awualo-
ruuHo M HaspiBaetcs C™-mHoeoobpasuem, €CIH 3TH IpeobpasoBaHHs
npuHajnexar kaaccy C™, HIH GeueCmBeHHbIM QHANUMUYECKUM MHO-
20006pa3uem, €CH OHH 3aJlAIOTCA aHAJHTHYECKHMH ¢yHKLHAMH. Mro-
roo6pa3nsl HeNpepbBHLIX Tpynn (rpynn JiH)—BellecTBEHHbE aHAMH-
THYecKre MHoroo6pasusi. C japyrofi cTOpoHb, B OGUIEH TEOPHH OTHO-
CHTEJILHOCTH 11€/1eC006pa3Ho jonyckaTb C*-MHOroo6paznsi ¢ KoHeu-
HbIM R, TOTOMY UYTO MOJEBbie ypaBHeHHs OIHHITEHAa SIBASAIOTCSA
runepOOMHYeCKHMH H, B TPHHIIHIE, TDAaBHTAUHOHHbLIE BOJHBl MOTYT
MEPEHOCHTb PAa3phLIBEI PA3JIHYHBIX NPOH3BOJHBIX KOMIIOHEHT g,y METPH-
YeCKOro TeH30pa.

YIPAXHEHUE
B § 19.6 6outu_onpepesieHsr BHyTpeHHHe KOOpAMEaTH 6O, Oy, 0, B rpynne
ppamweruit SO (3). Jlns Toro 4To6H OHH ynoanemopmm naHHomy BHIIIE Onpeje-

JIEHHIO, HMX HYXKHO OTDAHHUHTDL OMKPbIMbIM 11apOM 0x+6y+92<n. Beepute
JIOTIOTHUTEJbHBIE CHCTEMB KOOPAMHAT TaK, YTOGbI BCE BMECTE OHH TMOKPHIBAIH
muoroo6pasde SO (3). (OGwHH MeTe] MNOCTPOEHHS TAKHX CHCTeM IS Tpynn
onucan B ra. 27.)

23.5. KPMBbLIE M ®YHKLUMKM HA MHOTOOBPA3UM

[peanoaoxum, 4uro f(P)-—BelleCTBEHHO- HJH KOMILJIEKCHO3HAYHAs
(pyHKIHS, ONpeieNeHHas Ha BceXx TouKax P MHoroobpasus M. IHas
moGoii kaptel {U, ¢, N} MoxHO onpeiesuTb OyHKLUHIO [(X) =
= f(xt, ..., x) OyTeMm 3allaHUsl PaBeHCTB F(x)=F(P), x=¢ (P) 115
BCEX TOUYEK X OTKPHITOro MHOXecTBa N, B KOTOpoe OTOOpaxKeHHeM
P — x=¢(P) nepeBoanutca {J; NOCKOMBLKY 3TH COOTHOIUEHHS B3aHMHO

OIHO3HAYHHI, [(...) ompeleneHa KOppeKTHo. Ecan mnosyuyatomascs

Tak QyHKUMA f(...) HempepwiBHAa npH Jio6oM BuiGope Kapthl (U,
¢, N} na M, 1o f(P) Ha3bIBAETCH  HENpPepbIBHOLL ¢yHryueii na M,

ecii M ectb C*-mHoroo6pasne, a f— pyHkuuH knaacca C7 (r k),
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10 f(P) HasbiBaercst ¢hyukyuel xaacca C* Ha M. Slcno, uro Ha M
He MoXeT ObiTb (yHKHME Kkaacca C7 ¢ r >k (KpoMe KOHCTaHTHI),
MIOTOMY 4YTO JONYCTHMHIE Mpeobpa3oBaHHA KOOPAHHAT MOTYT HCKJIO-
YUThH CYILECTBOBAHHE MPOH3BOLHBLIX NMopsiAka r > k. HenpepblBHOCTD,
nian C7-raankocTb, (YHKOUHA MOXeT ObIThb ofpejesieHa TaK Ke H Ha
yacti M.

Ecan P (¢), rme ¢ — BelllecTBeHHas MepeMeHHas, — OAHoOMNapa-
METpHUeCKOe MHOXecTBo Touek Ha M M ecau asna J060d KapThl

{U, ¢, N} dyuxuun X (1), onpefeseHHble paBeHCTBOM

X () =q (P (1)),

OKas3blBAlOTCS HENpephIBHBIMH JUIst BCeX !, Ha KOTOPHIX OHH OMpeje-
JeHbl, TOo P (!) HasuBaerca kpusoi uinu nymem Ha M. Ecan dyHk-
uuu xi (1) npuHamtexar kaaccy C7, To H NMpo Kpusylo P (1) roBopaT,
yro oHa C7-rmagkasi. Ecam ¢ usvensiercs Ha wuHTepBale [f;, {,],
TOo pyHKUHMA P ({) onucbiBaeT NyTb ¥, UAYWHHA U3 HaA4aAbHOL mMOuKU
P (t;) no xoneunoti mouxu P (t,). Ilpennonaraercsi, uto BCe KpHBHE
Jr60 KycouHo auddepeHnHpyemsl, JH60 HMeOT He GoJjiee YeM H3AOMBI
(T. e. TaK BHINIAAAT HX o6pasbl B JioSoH KapTe), ecau ocofo He
yKa3aHo Heuto MHHoe. [l ofecmeueHHss 3TOro MNpeanosaraercs
TakXKe, 4TO BCe paccMaTpHBaeMble MHOTOOGpas3Hs ABJIAOTCA XOTs Ohl
C-rnagkumMH.

HenpepoiBHoct u C7-nuddeperuupyeMoctb GyHKUHA ABYX HIH
6osee nmepemeHHblX P (¢, §, ...) onpejenasiercsd aHAJOrH4YHO.

23.6. CBA3HOCTb. KOMNOHEHTH) MHOTOOEPA3MS

MHoroo6pasiie M Ha3bIBAeTCSt AUHELHO C8A3HLIM, €CH IJIA  JIOOH X
aByX Touek P, u P, us M mainercs nytb, coenuHsionui P, u P,

Ecan M He TONbKO JIMHEHHO CBfI3HO, HO H, KpoMe Toro, Jio6ylo
M3 JBYX MPOH3BOJIbHBIX KPHUBbIX 6, M %,, COEAHHSIOUWHX JOOLe [BE
TOYKH P; U P,, M0XXHO HenpepuBHO AedopMHpoBATH HA M B Apyryio
(1. e. ecin HalifeTcs Takas HempepbiBHas (yHkuus P (f, s), uTo aas
Ka}Ioro s, cKkaxem M3 uHrepsana [0, 1], P (¢, s) omucbiBaer mnpu
H3MEHEHHH ! myTb U3 P; B P, U 3TOT NyTh coBnajaer npu s=70
c €, anpu s=1c¢ €,), To M HasuBaercsi 0JHOCEAIHbIM

Touxka P mHoroofpasusi M HaswiBaercst npederbHot moukoli MHO-
mectBa SC M, ecan Jiobasi ee CKOJb YrOAHO Majast OKpecTHOCTb
(OTKpLITOE MHOXECTBO, COJepKalllee P) BKJIOYAET TOUKH H3 MHO-
wectBa S. Ecan S collepXXHT Bce CBOM MpefesbHble TOUKH, TO OHO
HaswiBaercst aamkHymotm. JlomonHeHHe 3aMKHYTOTO M HOXKECTBa fABJs-
eTcsi, OYeBHAHO, OTKPLITHIM, H OGpaTHO.

Tonosorn obbIYHO AAIOT APYrOE onpejeseHie CBA3HOCTH, 8 HMEHHO
FOBOPSIT, YTO TOMOJOTHYECKOE MPOCTPAHCTBO CBA3HO, €CJIM €ro HeJb3s
npencraBuTh B BHIe S;US,, rae S, u S,—HenycThle Hemepecexaro.
mueca (S;NS;= &) OTKPBLITbIE MHOXKECTBA (MJIH, UYTO 3KBHBAJEHTHO,
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HenycThle HenepeceKarolliMecs 3aMKHYTHIE MHOXKeCTBa). J1io6oe nnHeHHo
CBSI3HOE NPOCTPAHCTBO CBfI3HO (HOKaxKuTe 3T0). [Hns MHoroobpasuil
BepHO H obpaTHoe, TaK YTO AJIf HHX STH JBa INOHATHS COBHAAAIOT.

Komnonenmoti MHorooGpasns M HasblBaloT MaKCHMaJbHOE CBSI3HOE
noaMHoxectso M, T. e. a1s jgaHHOM TOoukn P, U3 M MHOXeCTBO

S={P: P MOXHO COELMHHTb C P, HEKOTOPLIM NyTeM}

apiasieTcs Komnonentod M. B § 19.3 6bino mokasaso, yTo MHOro-
obpasue rpynnel O (3) HMMeeT JBe KOMIIOHEHTHI.

Kak noamHoxectBo M KOMNOHEHTa S SBJSETCS OAHOBPEMEHHO
M OTKPLITHIM, M 3aMKHYTbIM MHOXecTBOM. C OIHOH CTOpOHH, S
OTKpHITO, notoMy uro (1) nwbas Touka P u3 S ecTb BHYTPEHHAA
touka M (Bce ToukM M BHYTpeHHHEe) M (2) OKpecTHoCTb P, sBAfIO-
masics obpazom HeKoToporo wapa B R” (B HekoTopoll KapTe, conep-
kane# P), COCTOMT, OYEBHIHO, H3 TeX TOoueK M, KOTOpbieé MOXHO
COEIMHHTL C P, NO3TOMy BCS 5Ta OKPECTHOCTb COLEPXKHTCH B S.
C npyro#l cTopoHH, S 3aMKHYTO, HOTOMY YTO €cjlH P -—npelefbHas
TOYKa MOCJEeN0BATENIbHOCTH TOYEK M3 S, TO P MOXHO COeIHHHTb
(nytem) c moboit TOYKOH, Jexauleli B aHaJOTHYHOH OKPECTHOCTH P,
M TN03TOMY €e MOXHO COEIMHHTb C TOYKAMH INOCJIEeNOBATENbHOCTH,
O6paTHO, eCc/lM MHOXKECTBO S CBSISHO M OJNHOBPEMEHHO H OTKPbITO,
W 3aMKHYTO, TO OHO SIBJIAE€TCS MAaKCHMaJbHBIM CBSISHHIM MHOXKECTBOM,
T. e. KomnoueHToit M; 3ToT ¢akT OyJeT HCHONb30BAH B TEOpPHH
rpynn Jlu.

Mpenocrepexenne. IloHsiTHe oTKpbiTOoro B M MHOXECTBa He
MMeeT HHKAKOIO OTHOMIEHHS K BO3MOXHOMY BJOXeHHIO M B mpocT-
paHcTBo Gonbinel pasmepHocTH. Hanpumep, ecin enHHHuYHas chepa
x24 y*+ 22 =1 paccmaTpuBaeTcs Kak JAByMepHoe MHoroobpasue M,
TO HOJISIpHAs lanKa, T. €. MHOXECTBO TOYEK, HAXOAALIHXCSH CeBEpHee
33/laHHOH nHapaJjijiesid, SBJSETC OTKPBITHIM MHOXECTBOM B M, HO
He 4BJISIETCH] TAKOBLIM B R3.

3ameuanue. Jlio6as KomnoneHta M, oueBHIAHO, cama SIBJASIETCH
MHOr000 pasHeM.

23.7. TROBANBHAS TONONOTIHUA. TOMOTOMHLIE NYTH.
®OYHAAMEHTANBLHAS TPYNNA

B ocTaBiefica yacTu 3TOi IMaBbl PacCMaTpPHBAIOTCH TOJMbKO CBA3HBIE
MHorooGpasusi. [Ba nyta €, u €; Ha MHoroo6pasuup M, wnMemwlne
OZHY M Ty K€ HauaJbHyl0 P, M OIHY M Ty XK€ KOHEYHy10 P, TOUKH,
Ha3bIBAIOTCS 20MOMONHbIMI, €CIH OLMH M3 HHX MOXHO HENpepbIBHO
ledopmupoBath B Apyroft (ocraBascb B M), T. e. ecau Habfizercs
Takasi HenpepuiBHas QyHKuMa P (¢, s) (0<Cf,s<C1), uro ans Kax-
noro @ukcupoBanHoro s €[0, 1] P (¢, s) NpOXOAMT HEKOTOPLIH NYThb
or P, no P;, xoraa { npoGeraet pce 3Hauenus or 0 no 1, npuuem
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3T0T nyTh npu s==0 copnajaer ¢ €,, a npu s=1 c §,. Kak yxe
ropopusiock B § 19.5, mHorooGpasue odunocesswo, ecnu mobble MyTH
HAa HEM, UMEIOIIHe ONHH M Te K€ HauaJbHble M KOHEUHBIE TOUKH,
TOMOTOIHBI.

SIcHO, u4TO TOMOTOMUS SIBJSETCH OTHOIIEHHEM 3SKBHBAJEHTHOCTH
(oHa pedvyiecKCHBHA, CHUMMETPHYHA M TPAH3UTHUBHA), TMO3TOMY JUis
33JaHHBIX HayaJbHOH M KOHEUHOH Touek P, W P; MHOXKECTBO BCex

Q

/

P P
Puc. 23.5. ToMoTonHEE H HErOMOTONHBIE TYTH.

myTel, TOMOTONMHBIX 3aJaHHON KpHBOH, coepnnsiomedt P, u P;, ofpa-
ayeT KAQCC IKBUBANCHMHOCMU, WM 2omomonudeckutl xaacc, B M.
Ha wmuoroo6pasuu

{(e, y): x*+y* > 1,

06pasoBaHHOM 00/1aCTbIO (X, 4)-MJIOCKOCTH, BHEIUHeH K eIUHHYHOMY
Kpyry, Tpu nyTH u3 P B (, usoGpaxkeHHble Ha puc. 23.5 ciesa,
MpUHAAMEHKAT OJHOMY TFOMOTOMHYECKOMY KJaccy, TOrda Kak Ha TOM
’Ke pHUCYHKE cnpaBa yKa3aHpl TAKHE TPH NMyTH, UYTO HUKaKHe 1Ba M3
HHX He romoTonHbl. BooGuwe, ecnu € o0603HauaeT HEKOTOPBIH MyThb
B M, 10 [€] 0o603HayaeT KJacC 3KBHBAJCHTHOCTH BCeX IyTel, TrOMO-
TOMHBIX €.

OnpenenuM Tenepb 3aKOH KOMMO3HIMH TOMOTOMHUECKHX KJACCOB
nyteit. [lyctp 6,—nyte or P 1o Q, a €,—nyTb oT Q 1o R. Uepes
$,0%, 0603HaUUM NyTh, NMpoXoiswuid oT P 10 R uepes Touky Q u
uaymuit ot P k Q no nytu %;, a or Q g0 R—no nym %, Ana-
JUTHYECKH 3TO MOXHO MpPEACTaBHTb Tak. Ecanm d¢yuknuu P, (f)
O<t<l) u P,(¢) (0Lt < 1) onuceiBaroT KpuBble €, U €, cooT-
BETCTBEHHO, TO (YHKIHUS

de‘{ P; (21), 0 <Y,

P, (¢) = 23.7.1
2 () P, (2t—1), Y, <t<!] ( )

ONHCHIBAET NYyTb $,0%,. 3aKOH KOMMO3HIIMY FOMOTOMUUYECKHX KJACCOB
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onpegenneTca Tenepb (GOpMyJIOH
[6,]0[8,]=[6.,08,]
Jra ¢opmysia npuUMeHuMa TOrja, KOrja KOHEYHas TOYKa MNyTefi nep-

BOro KJacca COBMajaeT ¢ HayaJabHOHM TOukOff MyTefi BTOPOro KJjacca;
B NPOTHBHOM Clyyae BbipaxeHue [%,]o[€,] we ompeneneno. Jlerko

2

7 Q

Puc. 23.6.

JaThb CTPOroe AOKasaTeJNbCTBO TOro, YTO Pe3yJbTaT KOMIO3HIHH He
3aBUCHUT OT BbiGopa nyTedl €, M €, H3 COOTBETCTBYIOLIUX KJIaCCOB,
«[Tpouspenenrer [6,]o[€,] comepXKHT BCE NyTH, TOMOTONMHbIE MYTH
#,0%,, Takue, KaK KpuBas %, Ha puc. 23.6.

[auHbIfl 2aKOH KOMNO3HIMH acCOLMATHBEH, OAHAKO OH He Ipe-
BpaillaeéT MHOKEeCTBO BCceX TOMOTONMHYECKHX KJAcCOB B rpymny, fio-
TOMY 4YTO 5Ta KOMIIO3MLHSA HE OnpejesieHa AN JoOblX Nap KJaccoB

Puc. 23.7.

M HHYEro HeNMb3s cKasaTb 00 OOpaTHBIX 37AeMeHTaX. MoxHO, OAHaKo,
NOyYuTh TPyHny chaedytouiyM obpasom. [lyers BniGpana Hekoropas
(PHKCHPOBaHHAsl OCHOBHAA TOUKA (OmmesenHas mouxka) B,; orpannunmcs
paccMOTpeHHeM TOJMBbKO TeX MyTeH, KOTOpble HauMHAITCA M KOHYAloTCH
B B, (B onpeienenvH TrOMOTONMH He HCKJI0Yasncsi cJaydadl coBna-
JEHHs HauaJbHOH M KOHeyHOH Toyek.) MHOXKECTBO TOMOTOMNHYECKHX
KJAaCCOB TaKHMX NyTell ofpasyeT TIpynny, HasbiBaemylo @yHOamen-
maapHol epynnod MHoroobpasua W obo3nadaemyo m; (M). Ecan € ,—
NyTb, KOTOPHIl MOXET ObITb CTAHYT B OTMEYEeHHYI0 TOuky B, npu
MOMOILH HenpepreiBHOA JAeopmauyy B M (Takofi nyTb HasbBAeTCHA
Hyae-2osmomonnein), T0 €,06, MOXKHO AedopmHpoBaTh B %,, T. e.
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[B,]o[#,] = [6,]; suauur, [€,] — enunnua rpynnel. J[as moGero
nyTd %, ofosHauuMm uepes €;! TOT XK€ camblli OyTb, HO HPOXOAHMBIH
B 00paTHOM HanpaBieHHH, T. e. ecad Gynkuua P () (0t <)
ondcelBaeTr 6,, 10 ¢yHkuua P (1-—t) onuceiBaer B;'. HcHo, uTO
nyTe $,0%67' CTATHBAETCA B OTMEYEHHVIO TOUKY B,, T. €. OH HyJb-
romotoneH (cM. puc. 23.7); nostomy

[€.]0[€7']|=[€,] (enuHuua), (23.7.2)

(8,7 =[] (23.7.3)

Hnsa cBasHoro muorooGpasusa M ¢yHnaMeHTanbHas rpynna n, (M)
He 3aBUCHT OT BBIOOpPa oTmeueHHod Touku. [lycts B, —mwbaa Apy-

‘/g

Puc. 23.8.

ras touka M, a €, —mo6Gol ¢uKCHpoBaHHBIl nyTs oT B, 10 B;.
Ecnu  $§ — npousBosibHBI AyThb, HAYHHAKOHIMECH ¥  KOHYAIOLIHHCA
B B, 10
8y08 08y

— KpHBaf, HAYHHAIOWAACA W KOHYaromasaca B B, (cm. puc. 23.8).
Oto6paskeHue

[€] —[€y06085] (23.7.4)
ABJAETCS U3OMOPPHU3MOM (DYyHAAMEHTaNbHOH rpynnsl ¢ B, B Kayectse
OTMEUYEHHOI TOYKH Ha (YHAAMEHTAXbHY!O I'pyndy C OTMEUEHHOH Tou-
Kol By, Tak Kak 3T0 oTo0pa)keHue, OYeBUAHO, SBAAETCH B3AHMHO
ONHO3HAYHBIM W Ha BCIO rpynny, a npouspenerue [Glo[8’']=[%8']
npu (23.7.4) nepexoaut Ha

[6o0Bo8 085! |=[By08]0[6 05| =

—_ < 1-1 ’ -

=[8008]o([6,1] " 0[E,])0[E 0 65| =

=[8,,06085']0[6 08 085].
TTPUMEPBI

1. Ecin M—opxocsnsnoe MuorooGpasie, To ero (yuiameHTasbHas rpynna
7y (M) — TpHBHAMIbHASL Tpynna, COCTOAMIAX TOIbKO H3 ONHOTO eAHHHUHOPO 9Je-
metiTa,
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2. Tlyctb M —noBepXHOCTb LWIHHAPA (KOHEYHOIO WIH GECKOHEUHOro, XOTS
H H306PaXKEHHOro KOHeYHHIM Ha pHc. 23.9). Ilycth O, z—nwiHHApPHUECKHe KOOp-
OUHATH, H NYCTb HX 3HAYEHHS NPEACTaB/IAIOT TOYKH MOIOCH Ha IVIOCKOCTH, Kak
3T0 nokasaHo Ha pHc. 23.9. Kaxkjas Touka H3 M MHOrOKpaTHO MOBTOpSieTC Ha

. ’
nostoce; B 4acTHOCTH, OTMeyeHHOH Touke B, Ha M COOTBETCTBYIOT TO4YRH By,

,
Byt, B2 u 1. 1. KpHBas Ha nomoce, Takas, kak §, mpoxogsiuas or B, go ao-
Goro apyroro oGpasa By, ckaxeMm g0 Be, ecTb o6pa3 3aMkHyTo#i KpuBo# Ha M.
v 06paTHO, JI00as 3aMKHyTas KpHBas, HayuHalowasicsa H KOHYawomasics B B, Ha M,
HMeeT HUMEHHO TakOH o6pa3; Goslee Toro, § MomeT GHITb HellpepHBHO AedopMu-

4 — ’
6 v B, KoHeynaa
TOYKaA
2n -\B;
4
—_—
0 | B Hauan
B o bHast
[ TO4KA

-2m ——B

~4n o —T——B!,

Pue. 23.9.

pOBaHa BHYTPH IIOJIOCH @ COXPaHCHHeM Hayala H KOHua B Jio6yl0 ApyTyio KpH-
Byto, HAymylo o1 By go B, nanpumep 8 §’, CreposaTteqbHo, 415 Ka)kiod H3
BO3MOXHHEIX KOHEYHHX TOoueK Bp HMeeTcs B TOUNOCTH OJAHH FOMOTONHYECKHA KJace
nyTe#, HayHHAIOWHXCA H 3aKaHuHBawowuxcs B By wa M. Yucno k—sT0 «uncroe»
YHCJO O060pPOTOB MYTH H3 AaHHOTO KJacca BOKPYT LHIHHApa. Kommosuuus JByx
TakHX OyTed, ckaxKeM @ KOHEYHbLIMH TOUKamH By H B, ecTb KpHBas ¢ KOHeulofi
Toykod Bg,; clefoBaTesqbHO, 1y (M) H3oMophHa agguTUBHOA rpynme ueslHx
yHcesl, T. €. GeckoHeuHofi uukauyeckodi rpymme C,. Koabuo a < ¥2+4-42 < b,
IIOCKOCTb C BHKOJOTOH Touko#f x¥2-44% > 0 n JHeT MéEGHyca HMeloT ¢yHpaMeH-
TaJbHYI0 TpyNmy, Takxke H3oMOphnylo C,,.
3. ITyctb M —noBepXHOCTb TOpa, KOTOpas 3ajjaHa ypaBHEHHAMH

2=asina, x=(A4-acosa; cosf, g=(A-acosa)sinf,

rie x; §, 2—JeKapToBh KOQOpAMHAaTbi, @ ¥ A —kKoHcTauTh (A >a >0), a a
H fp—nBa yria, sABAfIOWHeCs BHYTPEeHHHMH KOOpDAHHaTaMH Ha M (oM. pHc, 23.10).
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Ecan koopnuHaTaM o H fi pa3pellieHO H3MEHTbCS HeOTpaHHYEHHO, TO NapH YHCEN
(@, B) n (a+2nk, p+2nl) npeacraBasiior ofHY H TY Xe Touky Ha M. Ilycrs
oTMeuennasi TOYKa By 3ajaeTcs paBeHcTBaMH x= A--a, y=2z=0; oHa npeacrasns-
eTcs Jw0GoA Toukoh (o, P)=(2nk, 2nl) pewerkn na (a, P)-nrockoctu. JloGoi
nyTs ot (0, 0) go (2nk, 2nl) Ha sTofi WIOCKOCTH NpeicTaBAsieT COGOM 3aMKHYTYIO
KpHBYIO Ha M, HAUHHAIOMYIOCS H KOHuamoumylocs B By; OH MOXeT GHITb Henpe-
gbIBHO nepopMHpoBan B Jlo6oH Apyrofi nyTh, maymuit or (0, 0) no (2nk, 2nl).

CHy 3TOTO KaXXjJasl mapa UeabX uyHcen (k, [) onpefensier sneMeHT (yHAameH-
TanbHOH rpynnu 7ty (M). SlcHO, 4TO KOMNO3HIHEH 3J1€MEHTOB, OMNpeAe/eHHEIX
napamu (k, [) u (k’, I'), sBAsieTcss sneMeHT, onpefejleHHbIA napoit (k-+ &, [+1'),
T. e. (hyHAaMeHTa/lbHas Tpynna Topa H3oMopdHa npsMoMy npousBefenHio C o, X C o,
KoTopoe aBasieTcss cBOGOAHOM aGesieBof rpynnofi ¢ aByMs 06pas’ylOUlHMH.

|

!

a—~| |—
a— |-

Pue. 23.10. IIByMepubiil TOp.

4. PaccmoTpuM MHOroot6pasne M, cocTosiiee M3 INIOCKOCTH € JABYMS BRHIKO-
JIOTHIMH TOYKaMH a H b. B Teopun byHKUMA KOMNJEKcHON NepeMeHHOH KOHTYp
HHTETpHPOBaHHsl ONpefeNsieTcs 3alHChI0 paBeHCTBA THIA

@+, a+,b~-)

J= S f (2) dz.

3zech BhipaxkeHHe (@, a-+, b—) yKasnBaeT Ha TO, YTO KOHTYp HauHHaeTCs
B HeKOTOPOH oTMeueHHOH Touke B (He coBmafatomedi ¢ a HIH b), JenaeT jBa
060poTa BOKPYT TOUKH @ B NOJIOKHTEJ bHOM Han paBJetiHH (IpOTHB YacoBol CTpeskh),

B
Puc. 23.11. KOHTYp Ha KOMNJIEKCHOH NJOCKOCTH.

ZenaeT OfHH 0GOPOT BOKDYT TOYKH b B OTpHUATEJbHOM HamnpaBJeHHH H BO3Bpa-
maetcs B B, kak noka3aHo Ha puc. 23.11. B Teopun GyHKUHH npHHHMaeTcs Kak
reOMeTPHYECKH OYEBHAHOE, YTO TaKas Tpolelypa aJeKBATHO ONpejlesieT KOHTYp,
ecaH f (2) aHANTHTMYHA BCIOAY, KpOMe TOYeK BeTBJEHHS @ H b, T. e. Jwolble [Ba
KOHTYpa, KOTOpHE YAOBJIETBOPSIOT JAHHOMY Bbillle ONHCAHHIO, MOXHO HENpephIBHO
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neOpMHPOBATL OAHH B JApyroéi Ge3 NPOXOXKACHHS Yepe3 Ty HJIH HHYIO TOUKY
perB/IeHHss. Mnave roBops, BHpaxeHHe (@4, a--, b—) onpejenseT roMoTomH-
yecKHH KJace KpHBLIX B M, T. e. 3jaeMeHT iy (M). Mul npHMeM HMeHHO 3Ty
TouKy 3peHHsi. [IpocTefiiHe HeTpHBHa/MbHBIE 3jaeMeHTH rpymnbl 7ty (M) cyTs (@),
(b-+) u ux ob6paTHbie (a—) u (b—); 6ysem o6osHavatb HX o, f, a~l u P-1.
B ofueM cayyae ageMeHT rpynnb BHIVISAHT TakK:

€. € e
Vit vt VERs
rje Kaxjoe y;—Jn60 &, qu6o B, a kaxabii nmokasareiab &;—Jau6o -1, mu6o —1.

Takum o6pasom, m; (M) usoMopdHa cBoGOAHOH rpynne ¢ AByMsi 06pasyIOLUlHMH.
B oTaHYHe OT rpynm H3 mnepBHIX TpeX INpHMEpPOB 3Ta IpyNma HEKOMMYTaTHBHa.

Puc. 23.12.

Ta ke ¢yHAaMeHTaJlbHasi [PYNNA MOJYYaeTcsl NI OGIACTH THIA BOCbMEPKH,
3alTpHXoBaHHO# Ha puc. 23.12. EcnH M3 muocKocTH yRansieTcsi n pasiHYHBIX
TOYEK, TO MosyyaeTcs QyHAaMeHTaJbHas Ipynna, H3oMopdHas cBoGOAHOH rpynme
¢ n 06pasyouuMH. :

5. [Tycte M—mMHoroo6passe rpymnbl Bpaumenuit SO (3). B § 19.6 B M Gbun
BBEJEHB BHYTpPEHHHE KOODAHHATH KAaK TDH KOMIIOHEHTH BekTopa @, KoTopbiit
Jexur B wape K={0: |6 < n} koopaunatHoro npoctpauctsa. Ecin oToxpgect-
BHTb NpPOTHBOTOJOMHbIE KOHIB Kaxjaoro auametpa K (T. €. paccMaTpHBaTh HX
KaK OJHY H Ty e TOYKY), TO YCTAaHaBJHBaeTCsl B3aHMHO OJHO3HAYHOE COOTBET-
CTBHE MeXJAY TOuKaMH M H ToukamH K. UToGbl fIOJYYHTb HETPHBHANLHBIH TEMEHT
rpynns m; (M), HyXHo B3fiTb B KayecTBe OTMEYEEHOA TOUKH B leHTp mapa K, a
3aTeM paccMOTpeTb MyTb %, KoTopblh mpoxoAHT OT B BAoab pagnyca K Todke A
Ha MOBepxHOCTH K, «llepeCKaKHBaeT» B JJHAMETPa/bHO NPOTHBOTIOIOKHYIO TOUKY A”,
a saTeMm BO3BpalldeTcs BAOAb PajHyca B B, Kak Mokasano Ha pHc. 23.13.

I10T nyTh € HeJb3sl CTAHYT B B IpH NOMOMM HempepbiBHOH JedOpMalliH,
MOTOMY 4TO a) JI0GOH NMyTb, HAYHHAIWHACA H KOHYAKIHHCA B B HcoBepluaomHh
T4KOro pojla CKAauyKH, HMeeT obumyio AIHHY (B K) He meHbme 2m; 6) H3 coofpa-
KeHHH HenpephIBHOCTH HHTYHTHBHO SICHO, YTO HeNmpephiBHasl AepOpMallHs HE MOXKET
YHHUTOXKATb 3TH cKaykH. (TouyHee 3To GyAeT 0GOCHOBAaHO B CJaAeRyiomeH Iiage.)

PaccmoTpum Tenepb myTbh $, KOTOpHH HauHHaeTcss B B H Bo3Bpamaercs

B B mocie KOHEUHOrO UHC/IA TAKHX CKAYuKOB, CKaXeM H3 A; B Ay, us Ay B Ag

H T. 1., [A€ B KaxJOM cCJayyae WITPpHX 06O3HAYaeT AHAMETPANbHO NPOTHBONOJIO K-

Hyio Touky. ITocpeAcTBoM HempepHIBHOH ZReopMallHH IOC/AE€AOBaTe/NbHbIE CKAYKH

MOT'YT GBITb YHHUTOXEHHI MO ABa 3a pa3. PaccMoTpHM HekoTophih yyacTok §,

cojiepKalHil ABa MoCjiefOBaTeNbHBIX cKauka (cM, pHc. 23.14, rge sTOT yuacTok
p

, .

cocTOMT H3 uyactelt PA;, AjA; u A»Q). Cpsuras nyts A;A; K nosepxHocTh K H
s .

OLHOBpEeMeHHO pHCysl TOukH Ay H A; (a TakKe A; W Az) Kak OfHy, YYacTOK

AjA, TyTH MOXHO YHHYTOMHTB, a OCTATOK GYAET NOXOX HA IITPHXOBYIO KPHBYIO,
mpoxoasiuyio H3 P B @ Ge3 ckauka.

[Mpoponkast 3Ty NPOLEAYPY, NyTb B MOXKHO JHGO CTSIHYTb B OTMEYEHHYIO
TOYKY B, ec/iH mepBOHaYaJbHO GLLIO YeTHOE YHC/IO CKAaUKOB, JIHGO CBeCTH K NyTH
C eHHCTBEHHBIM CKaYKOM, €CJH NMEepPBOHAYalbHO ObLIO HEYETHOE YHCIO CKAYKOB.
CrnegoBaTesbHo, rpymna sy (SO (3)) H3oMOpdHa LHK/IHYECKOR rpymme mopsigka 2,
cocrosimefi TOJIbKO H3 ABYX 3JeMeHToB. EciH mepBoHauaqbHo myTb $ copepikan
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6ecKOHewHOe YHCI0 CKayKOB, TO MHOTHE H3 3THX CKauKoB OblIH OH OueHb GJAH3KH
ApYTr K ApPYry, TaK 4TO MeXAy HHMH 3HaueHne ||O] octaBajoch 6n GIH3KHM K I,
a HenpepbiBHas AedopMauns NPHBOAMWIA OH K NYTH C KOHEUHHIM YKCJIOM CKAUKOB,
STH pe3yJbTaTH Npolle W cTpoxe OYAYT MNOJYUeHH B clefylouwleli Iiiase Nocpei-
cTBoM HakphTHi SO (3) mHorooGpasuem SU (2).

A
AI
Puc. 23.13. He nyab-romotonumit Puc. 23.14. I'oMoTtonubie nyTH Hs P
nyTb Ha MHOroo6pasns rpynnei S0(3). B Q Ha MHOroo6pasuy rpynnu SO(3).

Ciienyer OTMETHTb, YTO 3HaHHe (QYHAAMEHTAJBHOH TPYNMbl eille He
M03BOJIsIET MOJHOCTBIO ONPEAE/IHTh IJ106aIbHYI0 TONOJOTHIO MHOT006pa-
3usi. Hanpumep, chepa x*+4-y*+2*=1 u kpyr x2-+y’><<l sBJasiorcs
OZHOCBSISHBIMH JBYMEPHBIMH MHOTOOGPasHsIMH, HO TOMOJIOTHYECKH OHH
PasJIMYHBL: €CJH YAAJHTb OJAHY TOYKY, TO cepa OCTAHETCS OFHOCBS3-
HbIM MHOrooGpasuem (B OTJHYHe OT Kpyra). ITo 3TOH npHuHHe Moxer
BO3HHKHYTb HCKYIiieHHe BBECTH TaK:Ke BbICIHE FOMOTONHYECKHe IPY NNk
(cM. Xokuur u SIur [1961, ra. 4]) nan apyrue TonosnoruyeckHe xapak-
TepHCTHKH. OJHAKO OKasblBaeTcsl, YTO NePBasi TOMOTONHYECKas FpyNna,
T. €. (yHAaMeHTaNbHAsl TPyNna,— 3TO HMEHHO TO, YTO HYXKHO A
MHOTHX leJIeH, CKaXKeM B TEOPHH HAKPHITHS OAHOIO MHOroo0pasHs Apy-
THM, KOTOpasi fIBJISIETCSl NMpPeAMeTOM CJIEAYIOLieH IJ1aBbl.

B rn. 27 Oygmer mokasaHo, yTo (yHAaMeHTasbHAst TPylNa MHOIoO-
ofpasus rpynnm JIu Bcerna abesieBa (KOMMYTaTHBHA),

23.8. MEXAHWYECKHE CBA3M.
AEKAPTOBbI NMPOW3BEQEHUA

JIio0yio KOH(UTypanuio ABOAHOrO MasiTHHKa, cXeMa KOTOPOro npuBeje-
Ha Ha pHc. 23.15, MOXHO Onpene/HTb 3HAYEHHSMH ABYX YIJIOB o H P.
Ras mobbix nenbix 4Hcesa k u | mapa uncea (o-+2nk, B+2nl) npen-
CTaBJIsSieT Ty e KoHpurypamuioo, 4to H (o, f). Ilostomy, corsacHo
npumepy 3 M3 NpefblAymero naparpaga, Mexay KOHQHIYpaumusMH Ma-
AITHHKA H TOYKAMH TOpa CYLIECTBYeT TaKoe B3aHMHO OJHO3HAYHOE COOT-
BETCTBHE, YTO NPH KOJeGaHHH MAsTHHKA COOTBETCTBYIOLIASl TOYKA ABH-
JKeTcs Mo TOPY HeNpepbiBHO.
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Ecnn BTOpast och BpalleHHs NepneHAHKYJspHa OCHOBHOH OCH Bpa-
IIeHHs, KaK Ha pHC. 23.16, To KOHel BTOPOro MasTHHKa ABHXKETCH IO
OOGBIYHOMY TOPY B HpPOCTpaHETBE.

B so6oM ciyyae kaxaas TOYKa MasTHHKA JBHXKETCS NO OKPYXK-
HOCTH BOKPYI COOTBETCTBYIOIIEH OCH Bpali€HHsi, a B OOLIEM JBHXKe-
HHH OOBEIHHAIOTCSH 00a 3THX KPYIOBBIX JABHXEHHS. B COOTBETCTBHH
C 3THM TOp pAacCMATPHBaeTCs KaK [eKapTOBO NpPOH3BeleHHE JBYX
okpyxHocTed. B ofweM ciyuae, korma M u M’ —Jmo6ule JBa MHO-

OcHoBHAA
ocb OCHOBHas
ocCb
Bropas
a ocb
Bropas
‘5 oCh
Puc, 23.15. IBofiHO# MasiTHHK C Tia- Puc. 23.16. [BOiiHOH MasiTHHK ¢
paJlJIEIbHEIME  OCSIMH. NepUeHAUKYISPHEIME OCSIMH.

roofpasusi pasMepHocTei n W n', HX Jexapmoso npoussederue Mx M’
ectb (n+n')-mMepHoe MHorooGpasHe, OnpeleNeHHoe CJeYIOHM ofpa-
som. (1) Kaxnas touka Mx M’ —ynopsanouensnas mnapa (P, P’),
rie P u P’'—npoussoabhbie ToukH M u M’ coorseTcTBenHO. MHaue
ropops, Mx M’ Kak MHOXeCTBO $BJS€TCS JEKapTOBLIM [1pOH3Beje-
HieM M u M’ B cMmbiciie Teopun MHoxecTB. (2) Econ {U, ¢, N} u
{U', @', N'}—npoussonpupie kapTel Ha M u M’ cooTBeTCTBeHHO,
10 Kapta {U’, @", N"} na Mx M’ onpenenserca Ttak: U’ — wmHo-
XecTBo Bcex Toyek (P, P’), rne PeU, P'e€U’, a ¢"((P, P')) ectp
(n+n')-MepHbill BeKTOp, KOMNOHEHTAMH KOTODOro SBJISIOTCS KOMMO-
HeHTbl BeKTOpoB ¢ (P) u ¢’ (P’), T. €.

" ’ (Pi(P)r i=17 ey n1
(Pl((Py P ))={(P:_H(P’), i=n+11 “"'n+nl.

OueBHIHO, YTO TakKoe onpejejeHHe npespaiaer MX M’ B mHoro-
obpazHue.

Ecin ocH BpaweHHs ABOHHOro MasTHHKA 3aMEHHTb HJEAJH3HPO-
BaHHBIMH II4POBBLIMH 1lUADHHPaMH, TO NPOCTPAHCTBO KOHQHIYpaLHi
OKa3sbiBaeTCsi NEKAPTOBHIM NPOH3BEJEHHeM IBYX JBYMepHBIX ctep H
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MOSTOMY YeThlpeXMepHbiM MHoroo6pasueM. (Mbi mpeHeGperaeM Bpa-
UleHHEM 3BEHbEeB BOKPYT COOCTBEHHBIX NPONOJLHHIX oOcef.)

Haxkonen, ecAH MajeHbKHH LIapHK KaTaeTcst BHYTPH NoJoH cdepH,
He BBIXOJASl H3 IOCTOSTHHOIO KOHTAaKTa C Helf, TO B KauecTBe MPOCTPaH-
cTBa KOH(GHIypauHMH mojy4daeTcs NeKapTOBO NpOH3BeleHHe cdepbl H
mHoroo6pasus SO (3), T. e. NATHMEpPHOEe MHOTrOOGpasHe.

SIcHO, 4YTO TaKoro poja NPHMEPOB MOMKHO HOCTPOHTH CKOJbK®
yrogHo.



