Mnasa 24

HAKPBIBAIOLWME MHOTOOBPA3MA

JlokanbHbii roMeoMopdH3M; NPOEKUHA; p-JHCTHOE HAKPLITHE; NpaBHJbHas OKpe-
CTHOCTb, NMPHHUHIB NOAHSATHS; YHHBepCaJbHOE HAKpHBaiOllee MHOr000pasHe; ro-
CTPOEHHe MAaTeMaTHUeCKHX MOJeNiefl; MHOroo6pasns, HakphiBaeMble IAaHHEIM MHO-
rooGpasnem.

Ipedeapumenbrvwe ceederus: ria. 23 B wactnuno ra. 18 r 19,

24.1. ONPERENIEHHUE M NMPUMEPbH!

(2 — 1)-orobpaxenue P rpynne SU (2) na rpynny SO (3), onucan-
Hoe B § 19.7, He mpocTo rpynnoBofi roMeoMop¢u3aM; OHO ABJSETCSA
TaKUM OTOoOpakeHHeM MHorooGpasust SU (2) na Muoroo6pasue SO (3),
KOTOpO€ HAa3bIBAOT HAKpHITHEM. DTO OTO0paKeHue— JIOKAaNbHLIH To-
MeoMOpdu3M B TOM CMBIC]e, YTO Ajd Jwoboid Touku P MmHoroobpasus
SU (2) nahiperca Takas ee OKPECTHOCTb, KOTOpasi FOMEOMOpdHO OTO-
fpaxkaeTcs NpH MHOMOIK 1 B HEKOTOPYIO OKpecTHocTh ofpasa Q
ToukH P B MHorooOpasuu SO(3). Dosee Toro, Is npouseoibHol
TOYKH @ BTOpOro MHoOrooOpasusi BcerJa HaiilyTcsl JBe TaKHe TOYKH
P nepBoro MHoroofpasufi, YTO Ka)kAasi M3 HUX HMeeT NoAoOHYIO Xe
okpectHocTb. OrobpakeHue ¢ ABIAETCA O8YAUCIIHOIM HAKpbImMUem
mHoroo6pasus SO (3) mHorooGpasuem SU (2).

Oro6paxenue : M— N wmHoroo6pasus M B MHorooGpasue N
(3T MHOroo6pasus OyAyT Ha3HBATbCA JaJee «BEPXHHAM» H «HHKHHM»
MHOroo0pasHsfiMH COOTBETCTBEHHO) HAasbIBAe€TCA HAKpbimuem MHOTO-
obpasuss N mHorooOpasueM M, ecin OHO YyAOBJIETBOpSieT ABYM Tpe-
OoBaHHAM, M3 KOTOpBIX MepBoe yTBEpKJaeT, YTO HaKpuiBaercs éce N,
a BTOpoe OOBSICHSAET, KAK HMMEHHO OHO HaKpbiBaercs. ITH TpeboBa-
HHSl TakoBH: (a) p—oroGpaxkenne Ha N, T. e. AaA Mo6OH ToukH Q
HHXKHero MHoroo6pasus (N) Hafizercs xots Obl OfHa Touka P Bepx-
Hero MHoroo6pasusi (M), takas, uro P(P)=Q; (6) mobas Touka Q
HHXXHEr0 MHOroo0pasusi CONEPKHTCA B HeKOTopoil okpectHoctd V,
npooGpas P~* (V) KoTopoil (T. e. MHOXKECTBO BCEX TOYEK BepxHero
MHOrooGpasus, oro0pa)kaeMbiX B TOYKH V) cOCTOHT H3 OAHOH MM
6onee nenepecekawmuxca oxkpectnoctel U, U,, ... HIH KOMIOHEHT
(mo opHoOH M3 Kamjaoro «idcta» B M), KaXpaas M3 KOTOPbIX [OMEO-
mopdua V, 1. e. mna kaxjoro j otobpaxkenne P— ¢ (P), orpanu-
yenHoe Ha U;, ABNA€rcs B3aHMHO OAHO3HAYHbIM OHHeNpPepbIBHLIM
oro6paxenneM U; Ha V. OkpecTHocTs V' B HHXHeM MHOrooGpasuu,
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o6Jajaomas TAKHMH CBOHCTBAMH, HA3LIBAGTCA HAMH NpPABUAbHOL OK-
pectHocTbio '), (OToOpakeHHe HasbiBaeTcss OuUHENpPepbiBHoIM, €CJIH H
OHO €aMmo0, H O0OpaTHOe eMy OToGpakeHHe HempepniBHHL) Ecan x%, ...
.., x"—koopauHatel P B okpecthoctH U, B M, a ¢, ..., y*—
KOOpAMHATHL COOTBEeTCTByMoued ToukH (P) B okpectHoctH V B N,
TO x° ABJSIOTCS HENpEepPLIBHEMH (GYHKUHSAMH OT yf (M Hao0opoTr) Ha
BCEX COOTBETCTBYIOUIHX OKpecTHocTAX. OueBHIHO, YTO PasMepHOCTH
M u N Jo/mKHBI COBNMAAaTh. :

Ecan Takoe oroOpaxenue 1 cymecTsyer, To M HasbiBaercs
Haxposaowum MHo2000pasuem wmHoroo6pasua N, a Pp—HaKxpoimuem
MHoroo6pasus N MuorooGpasueM M wumu npoexyued M na N.

Ecnu MHOroo6pasus CBsI3HBI, TO KpamHocms HAKPBHITHA (T. e.
yucao Touek M, oroGpaxkaeMbix B ONHY TOuKy B N) MOCTOSHHA
BCIOZY, MOTOMY U4YTO 3TO YHCJO (NOJNOKHTENbHOE Leoe HIH - 0o),
OUEBHIHO, MOCTOSAHHO B JIIOGOH OKPECTHOCTH H, CJAENOBATENbLHO, NO-
cTosHHO Bcioly Ha M u N. Eciam kpaTHOCTh, paBHa p, TO oTobpa-
’KeHHe 1 HasblBaeTcs p-JHUCTHBHIM HakpoitHeM. Ecan M u N—wHoro-
ob6pasus kjaacca C®, To Tpebyercs, utoObl x{ KaK (QyHKUHH Y TaKKe
6blH 661 C*-ryIalKHMH, T. €. yToObl ' GHJIO oTOGpaXkenHeM kJjacca C*,

3ameuanue. CrenyiOlHA OLHOMEPHHIH NpPHMED MOKA3LIBAET, 4YTO
€CIH NpocTO NoTpefoBaThb, YTOObI KaJas Touka P BepxHero MHo-

M

Puc. 24.1.

roo6pasusi M HMela OKPEeCTHOCTb, OTOGpAaXKaeMyIo roMeoMop¢pHO Ha
OKPeCTHOCTb B HHXHeM MHorooGpasuu N, TO 3T0 He 6yneT SKBH-
BAJIEHTHO YKAa3aHHOMy B omnpeneseHHH TpeGoBaHHio. [lycte N— eu-
HHYHAA OKPYXHOCTb HA IJIOCKOCTH, a M-—OTKpHITHIH HHTepBan
AMHHBL GoJiee 271, HAMOTAHHBIA Ha 3Ty OKpy»XHocTb. Torza TOYKH a
H b B N, nexamue nop kouuamu M (puc. 24.1), He Y IOBJIETBOPSIOT
YCJIOBHAM ONpeleNneHHs, XOTs, MOCKOAbKY M OTKpHITO, KaXkpas ezo
TOYKA MMEET OKDPEeCTHOCTb, FOMeoMOPdHO oTo6paxcaemyio B N.

1) HHaue rosops, vy HaswBaeTcs HAKPBITHEM, €CJH CYIIECTBYeT MHOKphITHE
MHOrooGpasnss N HaGOpOM NpaBH/ABHLIX (OTHOCHTEJBHO YP) okpectnocTell (good
neighborhoods, no Tepmusonorun aBTOpa). — llpum. nepes,
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[Tyctb M—pHMaHOBa NOBEPXHOCTb MPOH3BOJNILHON ajire6panvecKoi
GYHKLHH F (2), Bce TOYKH BETBJEHHS KOTOPOH HCKJUeHbl, N-—
KOMIJIEKCHasl MJOCKOCTb C HCKJIIOYEHHBIMH COOTBETCTBYIOLIHMH TOY-
KaMH, a Y—oTo6paxeHHe, nepesoasiiee Jobylo TOUuKy 3 M B Tou-
Ky N, Jexaimyio HemocpeiCTBEHHO NOX Hell (T. €. B TOMKY, CBSi3aH-
HYIO C TEM XX€ 3Ha4yeHHeM 2); Torja y—HakpbitTHe N MHOrooGpasHeM
M. JIns npoussBosbHOH ToukH P € N Haiiercsi HeKotopasi OKpeCT-
HOCTb V, KOTOpasi ONHOCBA3HA U HE COLEPXKHT HHKAKHX TOUEK BETBJe-
HHA QyHKuUMH F(z). Eciau nocTpouTh npaMoll LHAHHAP ¢ OCHOBAHHEM
V, To 3TOT uMAHHIDP nepecedyeT KaXKAbld JIHCT
PHMaHOBOH MOBEPXHOCTH NO oOKpectHocTH U, Ko-
TOpas BBHIMSIAMT B ToyHOocTH Kak V. Cneposa-
TeJbHO, V —npaBH/JbHAs OKPECTHOCTb.

3ananHoe MHOrooGpasHe N MOXET HMETb MHO-
ro pasjHYHHX HAKDBIBAIOMKHX MHOroo6pasuii M u
MHOTO Da3JHYHbIX HaKpbITHH 3afaHHbIM M. Ecian
N—euHnYHas OKPYXHOCTb |2z |=1 Ha z-maockoc-
TH, TO N MOXHO HaKpHITb JHOO BelleCTBEHHOR
npsamMoi M =R npu nomomH oro6paKeHHA x—»
& — z=¢/* (MOXHO NpeACTaBHTb cele, uTo M Hamo-

U

TaHa OeCKOHEYHOe YHCJIO pPa3 Ha OKPYXKHOCTb N),

JH60 okpyxkHOCThIO M: |w|=1 Ha wW-MIOCKOCTH
= J I D~
4 /4 A
Pruc. 24.2. Puc. 24.3.

OpPH NOMOWM Jioforo oro0paxieHus BHMAA ©-— Zz=W", Tle n —
NPOH3BOJIbHOE 11€JI0€ YHCIO0, OTJIMYHOE OT HyJsA (MOXHO NpeICTaBHTb
ceGe, yuto M pacTsinyTa ¥ HaMoTaHa 7 pa3 Ha OKDyXHocTb N).
PaccmorpuM oToGpaXkeHHe P IJIOCKOCTH Ha UMJHHApP, 3afaBaeMoe
paBeHCTBaMH 2Z=2X H 0=y, rae X, y— AeKapTOBbl KOOPAHHATH Ha
NJIOCKOCTH, @ 2, 0—IHJHHIPHYECKHE KOOPAHHATHI HA LHJHHIpE.
910 oTOOpaXieHHe MEPEBOIHT MHOMO TOUYEK B OJHY TOUKY, HOCKOJBKY
Bce TOUKH (x, Y), (%, y==2m), (x, y +=4n) ¥ T. 1. oTobparkaroTcs
B OJHY H Ty e To4Ky uuaHuipa. Ilpoo6pa3 okpecTHOCTH, KoTopas,
nogo6Ho U wHa puc. 24.2, He omosichiBaeT LHJHHIpPA, COCTOHT H3
GeckOHeUHOH mocJeloBaTeNbHOCTH OKpecTHocTed U Ha MJOCKOCTH,
NONy4YeHHBIX CMEIleHHeM KaXJoH H3 HHX [0 TFOpPH30HTaJH Ha pac-
CTOSHHS A 2m, 4=4n u T. 4., Kak Ha puc. 24.3. Kaxnas U ro-
MeomopdHa U; chaenoBatenbHo, {/—mnpaBuibHas OKpecTHOCTb. C
JApYroil CTOpPOHBbI, OKpecTHOCTb THHA V Ha puc. 24.2, npejcTaBasomas
co0OH NoJOCYy, OMOSICHIBAIOULYIO UHJIHHAP, HE MOXET GbiThb MpaBHJIb-
HOH, NOTOMY 4YTO €€ mpooOpa3 sB/AETCs1 GECKOHEYHOH MOJOCOH Ha
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MJIOCKOCTH, OToGpaxkaemofi mpu momowH P Ha V He B3aHMHO OIHO-
3HAYHO.

YnPAXHEHUE

PaCCMOTpHTe pas3J/IHuUHble BO3MOXHbIE HAKPBHITHA TOpA TJIOCKOCTHIO, UHUJAHHAPOM,
ApYTHM TOpOM.

Ecin M u N cyts C*-mHOroo6pasusi, TO OTOGpaKeHHe 1 JONKHO
6uTh Ck-riiafikuMm, T. €. eciu p oro6paxaer P Ha Q= (P), V—
mpaBHJIbHasE OKpecTHocTh Q, U-—komnoHeHTa $~'(V), comepxawas
P, x*, ..., x"—xoopauHatet P B U, ¢, ..., y"—KoopAuHatel Q B
V, 10 x' asastorcs QyHKuusaMH knacca C* or 4, u Hao6opor. (IToutu
BO BCEX MpeACTaBJsIOWMX HHTepec cayuasx M u N-—aHanutuueckue
MHOroo6pasus, ¥ 3TH (QYHKUUH SIBJASIOTCS aHAJHTHYECKHMH.)

Ecian HakphiTHE { OKa3biBaeTCsi B3aHMHO OZHO3HAUHLIM COOTBET-
cTBueM, Tak yto M W N HakphBawT JApyr Apyra, TO 1\ HasbiBaeTcs
(C*-) ecomeomopghusmom, a MHOroo6pa3Hsl Ha3bIBAIOTCSA 20MEOMOPPHOIMUL,
TOMOJIOTHYECKH OHH HepasnuuuMel. B ciaydae %=o00 romeomopdusm
WHOTAA HasuBalOT Oughpeomopussor.

24.2. NPHUHLMNLI NOAHATHUA

Ecnu HakpoiBatomee MHorooGpasue M cBssHo, To H N o6s3aTelbHO
Takxe cBA3HO. O6paTHOE, KOHEYHO, HEBEPHO, OJHAKO 3lech GyAyT
paccMaTpHBaThCAl TOJBKO CBfI3HBle MHOroo6pasusa. Ecan M odwocss-
310 (MOAOGHO MPAMOA HMJH MJIOCKOCTH ‘B MNPEJBIAYIIHX MOpHMepax),
TO, COTJIACHO CJelylomel HHXKe TeopeMe, OHO OKa3hLiBAeTCA HaHGOMb-
IUHM H3 BCEX CBA3HBIX MHOroo6pasmii, KOTOPHe HAaKpHIBAIOT JAaHHOE
muoroo6pasue N. Ham norpebyiorcs ase nemMbl,

Jlemma 1 (nepBuii npuHuMn noxgHATua). ITpednosoxmcum, umo
mrozo00pasue M; nakpoigaem muozoobpasue M, npoexyueis b. ITycmeo
B,—npoussorvtias otmeueHHas Touka M,. H3 ecex mouex P € M;,
makux, umo Y (P)=B,, evibepem 00HYy u Ha306eM ee OMMedEHHOL
mouxod B; ¢ M,. (Cm. puc. 24.5 B cieaylomem naparpade, Iie,
OIHAKO, A006aBJEHO TPETbE MHOroo6pasHe B CBSI3H C TEOPEMOH, KO-
Topas Gyner AokasaHa HuXKe.) [Tyemb €,—nyme 6 M,, onuceeaemeouli
nenpepbisroll gynkyued Py(t) (0Lt <) « Hawunarowuiics e om-
meuennod mouke B,. Toeda umeemcs moavko odun nyme €y: Ps () € My,
makod, umo P; (0)=B; -u ¢ (P;(t))=P,(f). F'osopam, wmo nyme
B, noonsm ¢ M uz M,.

ﬂOKABATEJIbCTBO. B ompenesienns HakpHITHA OTMEUAIOCH, YTO OKpeCTHOCTH
U M, nasmiBaeTcs npasusbrod, eclid oTOGpaXieHHe P OKa3LBAETCH TOMEOMOp-
¢usMom xaxpod komnoHeHTsl Y~!(U) Ha U. A TNPOH3BOMBHOTO MOAKIHTEpBaJa
1< [0, 1] o6o3anauum uepes Pg (/) oTpesox nytH @o:

Po()={Py(t): L€ I}
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Pas6uenne [0, 1] na samknyTole momwHTepBaam [0, 4], [f1, t3], «.., [{n—1, 1]
Ha3HBAETCH 71pasuibHbim pasGHeHHEeM, eclM KaMAni otpesok Po ([f;, f;41]) mym
©o NeXHT B KaKOW-TO NpaBHJbHOH OKpecTHOCTH, IlpaBH/bHOe pa3buenue cyue-
CTByeT NOTOMY, YTO KaxAas TOYKa %, JIeXHT B HeKOTOPOH [paBHJbHON OKpecT-
HOCTH; CJIef0BaTe/IbHO, Kaxfoe { 3 [0, 1] eKHT B HEKOTOPOM OTKPBITOM MOLHIH-
Tepeaje /, TAKOM, 4TO OTpe3ok OyTH Py (/) HAXOXUTCA B MPaBHUJABHOH OKPECTHOCTH.
3TH OTKpbIThie HHTepBajbl mokphBatoT [0, 1], a mo Tteopeme [I'efine— Bopes
Cpel¥ HHX MMeeTcs KOHEYHOE YHCJO HHTepBaJsoB, nmokpwpalomux [0, 1]. Ymopsa-
JOYHM HX B MOpsiiXe BO3pacTaHHusl f, a 3aTeM BHGepeM Kakoe-HuOYIb [1 H3 Iie-

A AN
0

t t, 1

A\
Ll

Puc. 24.4.

pecedeHusl NMEpPBOrO M BTOPOTO MNOALIHTEPBAJNOB, f, M3 IlepeceyeHHsl BTOPOro H
TPeTbero NOAbIHTEPBANOB H T. A. (cM. pHc. 24.4). DTH TOYKM H JAIOT NpaBHJb-
Hoe pasbueHHe.

OGoanauum uyepes U; mpaBHJAbHYI) OKPeCTHOCTb, COAEPMKAILYI0 OTPe3OK NyTH
Py ([t;, t741]). Ham gaxporo j==0, 1,..., N—I onpegeanm (MHLYKTHBHO)
OTpe30K Pll (7, ty41) mytn €1={Py (£): 0<<{<<1} B BepxHeM MHOrooGpasuu M.
Buavase Bo3bMeM Vy— komnoreHTy P~ (U,), comepiKaulyld OTMEYEHHYI0 TOYKY
B, w3 Mj, u onpegesuM P; ([0, 4]) kak ¢—* (P, ({0, £4])), rae ;p——orpaﬂuqemle
P Ha Vi; P ectb romeomopdusm V, Ha Up; caefoBaTesbHO, TaK ONpele/ieHHOE
Py ([0, £1]) npencraBasieT coGoi oTpe3ok myTH B Mj.

Tenepb npeanonoxum, uto Py ([£;, £;41]) yxe onpereseno; toraa Py (f741)
neKuT KaK B Ujyq, Tak ¥ B U;. B KauecTse V;4; MOXKHO B3fITb Ty KOMIIOHEHTY
P! (U/.,.l), KOTOpasi COLEpPXKHT KOHUEBYIO TOUYKY Pl(tj-_,.l) paHee OIpeneJeHHOTO
oTpeska @y; Toria otpesok Py ([fj4i, ty4.]) onperensietes kak Y1 (P ([{/41,
{742])), Tme Tenepb Y—orpanuienne Y Ha V.. Takum oGpasom H Gylrer mo-
CTpoeH Bech NyTb %1 Ha M;. On oaHO3HauHO OnpefensieTcsi KpuBo# @, B HHX-
HeM MHOrooGpasuH M BHGOPOM OTMedeHHOH TOYKH B; B BepXHeM MHOTOOGpasHH;
B YACTHOCTH, OH He S3aBHCHT OT BHGOpa mpaBuJbuioro pastuenus [0, 1], noromy
yT0 JI06ble IBa pasGHeHHsi HMelOT obllee H3MesbieHHe, a %y, OueBHIHO, He
MeHsleTCsl [PH H3MeJbYyeHHH HCIOJAb3yeMOro pas6GueHus (T. e. OpH JLoGaBlieHUHH
JOTIONIHHTENbHHX ToYeK moppas6uenns [0, 1]). Kaxawi u3 nyteit €, u $y onHo-
3HAYHO OINpeje/sieT APYIoH.

JlemmMa 2 (BTOpOH NpPHUHUMN NOLHATUSA). Ecau 66inoAHeHbL YCA0BUS
nemmor 1w ecan Py(t, s)—Henpepustan pynkyus 08Yyx nepemenHoix,
onpedesenrans na xeadpame 0<t,s<1 u omobpaxcarouwas ezo 6
M, a P,(t,, S,) 042 Hexomopeix t, u s, cosnadaem ¢ OMMeHEHHOL
mouxoil B,, mo cyuwecmeyem eOUHCMBEHHA HENpepoleHans QYHKYUA
P (t,s) 6 My, maxas, umo (1) ¥ (Py (, 5) =P, (t, 5) u (2) Py (ty, 85) —
ommedennas mouxa B; € M;.

JIOKASATEJILCTBO aHaJOTHYHO JoKazateqabetBy JeMMu 1. Teopema Tefine—
Bopensi ofecneynBaeT CyINeCTBOBAHHE KOHEYHOTO HAGOpa OTKPBITBIX MHOXeCTB
Ha (f, 5)-ILIOCKOCTH, NMOKpuBalomux Kkeappat O0<C/f, s<<| M ompeiensilOIHX IpH
STOM IpaBHJbHbBIE OKPECTHOCTH. 3aTeM 3TH MHOXECTBA YNOPsAJZOYHBAIOTCS TakK,
4TOGbl KaMKAOe MOCJeNYIoUiee COAEpIKalo TOYKH NepeceyeHHs XOTs 6bl C OJHHM H3
npeablAyuX MHOXecTB. Ilocse 9TOro cJeayloT Te e PaccyXjeHus, YTo M IpH
JIOKa3aTeqabCTBE JIeMMH I,
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Caencteue Y). Ecau dsa nymu €, u €, Ha HusxHem MHoeoobpasuu,
udywue u3 B, 6 Hexomopyro mouky A, eomomonHbi, m. e. ecau
00un u3 Hux moxem Obime Henpepoiso Oedopmuposan 6 My 6 Opy-
206l ¢ COXpaHeHueMm HenoOBUNCHOCMIU KOHYEsbIX modeK, mo nymu,
noaywarowuecs npu ux nodnamuu 6 M;, maxoce umerom obuyyro
Konyesyto mouky A; u somomonrel 8 M,.

HABPOCOK NOKASATEJBCTBA. [lycth Qpyukuus Py (£, 5)H3 JeMMB 2 TakoBa,
yto aas kaxaoro s u3s [0, 1] Py (2, s) onucHBaeT myTth oT By g0 Ay, npu H3Me-
HenuH ¢ or 0 no 1, npuyeM aas $=0 aToT nytb coBnmagaer ¢ $o, a Ana s=1—

¢ ©€o. Us coobpakeHHii HeMpepHIBHOCTH, CBSI3aHHHIX C NPaBHJbHOH OKPECTHOCTbIO

TOYKH Ay, ClAelyeT MOKasaThb, YTO KOHEUHash TOYKa MOAHATOro nyTtd Pj (¢, s) He
MOXET NpPH H3MeHeHHH 5 NepecKakHBATb C OAHOro Jucra M; Ha japyrof.

24.3. YHMBEPCANBHOE HAKPbIBAIOWEE MHOTOOGPA3ME

B § 24.5 Gymer nokasaHo, uro A Jmo6oro MHoroobpasus M, cy-
IecTByeT OXHOCBA3HOE MHOTOOOpasue, HAKpbIBAIOIIEE €ro. JTO MHO-
roofpasyie Ha3blBAIOT YHUBEPCAALHbIM HOKPHIBAIOWUM MH02000pasuem
MHorooGpasusi M,, IOCKOAbKY, 110 ROKa3aHHOH HuXKe Teopeme, (1)
yHHBepCcafbHOE HAKpbIBAOIIEEe MHOrooGpasue sajanHoro M, enuH-
CTBEHHO (C TOYHOCTbIO [0 romMeomopdusma) u (2) OHO HaKpbiBaer
goboe Apyroe MHoroobpaswe, HakpoiBamomee M, Jlokasatenbctso
CYIIeCTBOBAHUA OTKJajpiBaeTcs 10 § 24.5, Tak Kak OHO HECKOJIbKO
TpyAHee AJA IOHHWMAaHWA, HEXKeJW AOKA3aTesNbCTBO CJENyIOHIeH Teo-
peMbl.

Teopema. Ecau M; u M,—cea3nbie Hakpbsarowue mHo2000pasus
or My, u M, odnocsasno, mo M, narxpvsaem M,. Ecau u M;
00Hoces3Ho, mo M; u M, eomeomoppre, m. e. monoroeuuecku He-
PaA3AULL MBL.

JIOKA3ATENBLCTBO. [TycTb Pyp H Pgo—npoekun M; H My COOTBETCTBEH-
Ho Ha M. [locTpoum npoekuHIO Py MHOTOOGpasus M, Ha My Tak, YTO ProlPa; = Pao.
Bu6epeM HekoTOphie OTMeueHHble TOYKH By, By, By, B 3THX MHOroo6pasusix TaK,
Y4TGB Pap (B2) =10 (B1) =By (cm. puc. 24.5). UTo6n onucaTh gy, HyNKHO Aas
Kaxaolt ToukH Qg €M, yKasaTb TOUKY gy (Qy) B My, uTo GyleT ciesaHo cie-
Iyomum obpasoM. Ilycte @s—nyts Ps (f) B M,, uaymuii us B, B Q, (. e.
Py (0)=B,, P, (1)=Q,). Torna npoekuned @, Ha M, cay®uT nytb P, (f) =,
=1Pgo (P2 (£)) u3 By B Qo. (Samenanue. €, MOKET HMETb CaMONiepeceYeHHs, NaxkKe
ecaH HX He HMeeT @y, Hanpumep, ma puc. 24.6 $,—nyTh Ha mnockoctH, a &,
nonyyaeTcsi NPH HAaMarbIBAHHH IVIOCKOCTH Ha UMAHHAP.) OTo6paxenue Phiy, Boobme
rOBOpsl, MHOTOSHAYHO, HO B CHJY MepBOr0 NPHHUHNA NOAHSATHS CYILECTBYET efHH-
crBeHHHl nyTh §y: P=P, () B M, naunHaomuiica B OTMeYeHHOH Touke B, u
Takolt, 4To P19 (61) = Go. Tenepb yTBepxpmaercs, uto Kowen Q;=P; (1) nytn
€, OAHOBHAUHO ONpele/seTcs KOHUOM Qp MyTH %, Ha BepXHeM MHOTooGpasuu M,.
Uro6bl A0Ka3aTh 3TO, BO3LMEM KakKoH-HHOYAb Apyrolt myTh €, B M,, HAyIWHE H3

1) YTBepxieHHe TaKOro pojla HOCHT Ha3BaHHe «TeopeMa O HaKpHBaloIe

TOMOTONHHY (CM., HanpkMep, Poxaun, ®yke [1977], a Takxe BopuceBny u gp.
[1980)). —Tpun. nepes.
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Puc. 24.6.
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B; B Qq. Ilockonbky M, onHOCBA3HO, €, U €2 TOMOTONMHH H MOFYT 6biThb Xedop-
MHDOBaHBl HelpepuiBHO ofHH B xpyrof. Ilostomy u nx oGpasn G, v €v B M,
TaKke FOMOTONHB, H, IO CHAEACTBHIO JemMbl 2, nyTh $y u §,, noxyuaiowuecs

nogHaTHEM €o W %o B My, HMeloT OGWIHE KOHEU Q,, KOTOPHfl H eCTh MO OI-
penenieHHIO g1 (Qa). [TockonbKy Touka Q, 6blIa NMPOH3BOJbLHOM, OTOOpaxeHHe YPiy
onpenesieHo Ha BceM My, mpHUeM

VY10 (Pe1 (Q2)) = P10 (1) = Qo =120 (Q2).

YTPAXHEHHE

3aBepillHTe A0KA3aTeNbCTBO, [IOKA3aB, 4TO (@) YPpi— 0TOOpaKeHHe Ha; (6) Moboe

-1
Q1 €M, umeeT Takylo OKpecTHOCTb V, uTO Kaxjaas KommoHenTa YPg1 (V) romeo-
MoppHa V npn orobpaxkeHHH g, H (B) ecan M; Takke ORHOCBA3HO, To Q)
OfHO3HAUHO omlpefesisieT Q,, TaK 4TO Yoy B3aHMHO OAHO3HAUHO,

3ameqanue. YTBepxKIeHHe O TroMeOMOPGHOCTH ABYX MHOroobGpa-
3HH HHYEro He rOBOPHT O TOM, KaK OHH MOTYT BHITVISLIETh [IPH BJIOXKEHHH
HX B HEKOTOpOe eBKJHAOBO MNPOCTPAHCTBO OOJBIUEH pasMEpPHOCTH.
OKpyKHOCTb Ha IVIOCKOCTH KaK 00HOMEPHOE MHO02000pa3ue roMeoMopd-
Ha MpPOCTOMY Y3Jy B NpPOCTPAaHCTBe; NpocTas OyMaxHas IeTas He
romeoMopdHa JHCTYy Mé6Hyca, HO romeomoppHa GymaxKHOA nerse, y
KOTOpOH nepel cK/eHBaHHeM KOHLOB CHEeJNIaHO 1Ba Moayobopora (T. e.
OIHH MNOJHHLIA 060pOT OZHOrO KOHIA) HJH Aaxke J060e YETHOE YHCIO
nosryo6opoToB, Torja Kak JHcT MEGHyca roMeoMopdeH IeT/e ¢ Heuer-
HBIM YHCJIOM 110/1y0OOPOTOB (OLZHOTO H3 CKJIeHBaeMhiX KOHIIOB GYMaxKHOH
nosiockl). Bo BceM 3TOM MOXHO YOEIMThCS [PH IIOCTPOEHHH STHX MHO-
roo6pasHii MeTOAOM CKJIEHBaHHsi KpaeB, paccMOTpeHHHM B § 23.1.

Ha ocHoBaHHH 1aHHOH TeopeMbl OJHOCBSI3HOE HaKphIBAaollee MHO-
roo6pasHe HasbIBAETCH YHUBEPCAAbHBIM HAKDLIBAIOUUM MHO2006pA3UEM.
B § 24.5 Gyxner nokasano, uyTo Jo6oe MHOroobpasne N HMeeT YHHBEp-
caZbHOE HaKpHBaloUlee MHOroobpasHe. 10 OOCTOSTENbCTBO HIPaET
BaXKHYIO POJIb B TEOPHH Ipynn JIH, a TakKe NpH KOCMOJNIOTHYECKOH HH-
TepHpeTalHH MHOrooGpasuii DiHmTeliHa. [1ocKONbLKY NOCTPOEHHE YHH-
BEPCaJbHOrO HaKPhIBAIOIIEI0 MHOTOOOpPa3Hsi MPEACTaBJsET HEKOTOPYIO
TPYIHOCTb, HHXK€ NPHBOAHTCA HECKO/bKO 3aMeYaHHi O MaTeMaTHUECKHX
HOCTPOEHHAX BOOOLIE.

24.4, 3AMEYAHMSE O NOCTPOEHUM MATEMATHMUECKUX MOJLENEH

Hlnpokoe Hcnonb3oBaHHe MOCTPOEHHH MaTeMaTHKAMH MPEACTaBJseTCs
HHOTJla Ha NepBbld B3I HEecTeCTBEHHBIM H HCKYCCTBeHHBIM. UTo Ka-
caeTcsi PH3HKOB, AJ15i KOTOPLIX BEIECTBEHHOE YHCJIO — 3TO, HamnpHMep,
MIHOBEHHAsi KOOpJAHHATa X=x () ABHXKyuleHcs TOYKH, TO B ILIEIOM AJIsi
HHX KaXeTCs HelNpPHEMJIEMBbIM PacCMaTpHBATh 3TO YHCJIO KaK GecKOHeu-
HBEIl KJlacC 3KBHBAJIEHTHOCTH MOc/eoBaTenbHOcTell Kown panuonans-
HBIX YHCe/J (OCOOEHHO KOrJa HaNOMHHAETCs, YTO KaXJ0e PallHOHaIbHOe
YHC/I0 eCTh GECKOHEUHHH KJlace 3KBHBAJEHTHOCTH YINOPsILOYEHHHX nap
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HeNbIX YHceNM H T, 1.). OfHaKo nocse 3aBeplieHHst 3TOro MOCTPOEHHS H
BbISICHEHHsl CBOMCTB MoJydaiolledcss CHCTEeMbl MOXKHO MOJIHOCTBIO 3a-
ObITb JeTajlH MOCTPOEHHS H PAacCMATPHBATh BelIeCTBEHHOE YHCJIO Kak
OOBEKT, CTOJMb XKe H3HAUaJbHBIH H HENEeJHMBIH, CKOJIb H TOUKa B €B-
knugoBoH reomerpuH. [MocTpoeHHe MaTeMaTHUeCKHX Mojesell HauHHaeT
cefilyac Hrpatb 3aMeTHYIO POJib B KBAHTOBOH TEOPHH H TEOPHH OTHO-
CHTEJILHOCTH, MPHYEM B OCHOBHOM 10 TeM e MPHYHHAM, UTO H B MarTe-
MaTHKe; KOrJa CTPYKTypa oOmNpeneieHa HaGopOM aKCHOM, OcCTaercs
TOJBKO JOKa3aTb HX B3aHMHYI0 HeMPOTHBOPEUHBOCTb, a HAMJYUINHH
crnoco caenaTh 3TO — NPeACTABHTH MOJE]b CTPYKTYPHI, OCHOBaHHYIO
Ha GoJiee MPOCTBIX aKCHOMAaX, KOTOphble YyKe OblIH MPHHSATHI paHee,

OnuuM H3 Haubosiee CTapbIX NMPHUMEPOB TAKOrO pPOAa CIAYIKHT OT-
HOILIIeHHe MATeMaTHKOB K KOMILJIEKCHBIM uYHcaaM. HekoropeiM Marema-
THKaM Ka3aloch HeeCTeCTBEHHBIM H OMAcHRIM YTBEpXKIEHHe O CyIecT-
BOBAaHHH TaKOro 4Hcnaa i, yTo f?=—1, U GbLIO HEMaJio CMOPOB OTHO-
CHTEJBbHO BO3MOXKHOCTH CYLIECTBOBAHUS TAKHX YHCEJ. ITOT BOMPOC GblLa
pewed (Fayccom B 1831 r. u He3saBucuMo ['aMunbToHOM B 1837 r1.)
MyTeM PacCMOTPeHHs YNOPsiAOUeHHBIX nap (a, b) BelllecTBeHHBIX YHCE
CO CJeAYIOIIHMH ONpeleIeHHBIMH I HHX apHPMeTHUECKHMH ore-
paLHUsiMH:;

(a, b)+(c, dy=(a+c, b+4d),
(a, b)(c, d)=(ac—bd, bc+ ad),

BCJE[CTBHE 4Yero CcHcTeMa BceX YHOpsioYeHHBIX nap npHoGpena
B TOUHOCTH Te 3Ke caMble CBOACTBA, UTO H cHcTeMa uHced a-+bi, ecau 6ol
umcsIo { cyltecTBoBaso. Ho Torna nonyckath (HJIH He AOMYCKAaTh) CYIlecT-
BOBaHHe KOMIJIEKCHBIX YHceN — JeJl0 BKyca, a MucaTh JH (a, b) unu
a~+bi — 3TO HeCyILECTBEHHO.

Hcenenys pensiTHBUCTCKOE BOJHOBOR YpaBHEHHe /51 3JEKTPOHa,
Jupaxk cToNKHYJICA ¢ HEOGXOHMOCTBIO BBECTH YeThIpe BeJHUHHEL &y, &g,
Og, &4, MPOH3BENEHHE KOTOPBIX YAOBJETBOPANO Obl NMpaBHIY

o, Fae =28, (j, k=1,..., 4). (24.4.1)

BMecTo TOro 4ToGBI MPOCTO MOCTYJMHPOBATh CYLIECTBOBAHHE 3THX .,
a paBeHCTBO (24.4.1) nMpuHATH 3a akcHOoMYy, JHpaK ykasan yeTmpe Ma-
TPHLUK pa3mepa 4 X4, npousBeeHHe KOTOPbIX B TOYHOCTH yHOBJIETBOPS -
eT (24.4.1) (ecaH mpaBas 4acTb PABeHCTBA HHTEPNpPETHPYeTCS KakK elH-
HHYHAs MaTpHIa, YMHOXKeHHas Ha 28;;).

Teopus anre6p JIu HauHHaeTcsl ¢ AOCTPAKTHHIX ONpejesieHHH H aK-
cHoMm. [locne uype3BbIYAHHO IJIHTENbHBIX H CJAOKHBIX paccyKIeHHH,
COEPKALIMX MHOIO TPYAHBIX JIeMM H TeopeM, [oJiydaeTcs KiaaccHH-
KalUsi TaK Ha3bIBaeMbIX MPOCTBIX KOMMJIEKCHHX anre6p JIH, no Koro-
poii TakMe ajnre6pbl cBOAATCS K OeBATH THUMaM, HAH Kiaccam. [locne
3TOro BO3HHKAIOT ABa Bompoca: (1) B kKako#t Mepe HcxoqHble aKCHOMb!
HEMpOTHBOPeUHBLI? (2) MoxeT /iy GhITh TaK, UTO MOcJelyiolHe paboThl
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elle GoJiee YNPOCTAT TEOPHIO H MCKAIOUAT HEKOTOPhIE M3 3TUX JAEBSTH
tunoB? Ha ob6a Bonpoca oTBerbl GbLIM MONYYEHH NYTeM MOCTPOEHHUS
MaTeMAaTHYECKOH MOJeNH KaxAo# (M3 3THX JeBATH THIOB) anreOpul 6e3
HCMONb30BAHUA KaKHUX Obl TO HH OBJIO aKCHOM (KpoMe OOBIYHBIX apHud-
MeTHYecKuX). HeKoTopble U3 3THX KOHCTPYKUMH JOBOJBHO CJOXKHH H
HCKYCTBEHHH, OHAKO CBOEMY Ha3Ha4YeHHIO0 OHH BIIOJNIHE COOTBETCTBYIOT
(cm. Xaysuep u IlBapu [1968]).

JpyruM npuMepoM cayKHT BONPOC O BO3MOKHOCTH CYILECTBOBAHHUS
TeX WJIH WHBIX HEeeBKJHJOBHIX IeOMeTpHUI (OCHOBAHHHIX HA aKCHOMaX,
OTIHYAIOIIUXCA OT aKCHOM €BKJHAOBOH reOMeTpHH); 3Ta 3ajaua Ohlia
pelueHa rnocTpoeHHeM Mofesell 6e3 HCIONb30BAHUS KaKHX-THOO HOBHIX
aKcioM. B 3Tux Mogennx OblIM BBeleHHI onpelleNeHHble OOBEKTHI, KO-
TOpPEIE JOBOABHO MPOM3BONBLHO OLLTH HA3BAHBI ¢TOUKAMH», YKA3aHO, 4TO
03HaYaeT «PacCTOsHHE» BROJb KDHBOH MEXAY ABYMsi TOUKaMH, onpefe-
JieHa «npsfMas» K&K KpHBas MHUHMMAJbHOH JUHH MeXAy ABYMS TOY-
KamH H T. A. H, HaKOHell, OO0 J0Ka3aHO, YTO 3TH «O0BEKTHY yHOBJET-
BOPSIIOT BceM aKcHoMaM EBKJMAA, 3a HCKJAIOUEHHEM TOrO, UTO uepes
TOuKy Q, He Jexawyio Ha npsAMoii L, MPoXoAsT MHOTO pa3jIMUHBIX Mps-
meix L', L", ... W T A, napannensHbix L (uam — naasa apyro# mose-
J1 —TaKUX NPAMBEIX HeT BooGle). TakuM o6pasoM GbIO 10KA3aHO, YTO
akcuoMy EBKaHaa o mapanjesbHBIX MOXHO H3MEHSiTh, He [OPOXKAas
3THM NpOTHBOpeunii }) (cM. ra. 26—28).

Pacnpenenenus camu no cebe sBASIOTCA KOHCTPYKuusmu. Jlupak
NOCTYIMpPOBAN CYIUECTBOBAHHE HEKOero o0BbeKTa, O0O3HAYEHHOTO ye-
pes 8 (x—x,), KOTOpHI BO MHOTHX OTHOINEHHSX NOMKEH OHJ BECTH
ce6s kak oObiuHas (YHKIUS U, KpoMe TOI‘;O{ 06/1aJaTh HEKOTOPLIMH

€.

ocoSuiMu cBoficTBaMH. PyHKIHOHAN <8, @> =@ (x,), ecnru ero unTep-
npeTupoBaTh AOMKHLIM 06pa3oM, yAOBJETBODPAET BCEM 3STHM Tpe6o-
BaHUAM.

MaremaTiHueckas MoJleflb YHHBEPCANLHOIO HAKPHIBAKOUIETO MHOro-
obpasus M A AaHHOrO MHOrooOpasuss N CTPOUTCS B CJelyioLleM
naparpaje METOAOM, 3aMMCTBOBAHHHIM H3 OOLIEH TEOPUH OTHOCHUTENL-
HoctH (cM. 3ameyanue B § 23.4). IlpocrpanctBo M He mnpeanona-
raercsi M3BECTHHIM 3apPaHEE€ HH KAaK TOMOJOTHYECKOe MPOCTPAHCTBO,
HH Jaxe Kak Ha6op ToyeK. Bmecto sroro mmeercs HaGop KapT u
yKa3aHo, KaK HX CJeJyeT cBA3aTh APYT C APYroM, YToOH noayuuts M.
CornacHo TeopeMe YHUTHH O BJIOXKEHHH (KOTOpas 3lech NOKa3HBaTh-
csi He GyJeT), n-MepHoe MHorooOpa3ue, nogao6Hoe M (aGcTpakTHoe
UM Kakoe-TH60 Ipyroe), roMeoMophHO rn-MEpHOH MOBEPXHOCTH He-
KOTOPOrO €BKJIMA0Ba NpocTpaHcTBa EV Gonee BEICOKOH pasMepHOCTH;
3Ta MOBEPXHOCTb JaeT APYrylo MaTEeMaTHYeCKYyl0O MOAeNb MHOrooGpa-
3us M, ecnu nepeas Molenb OBLIA YXKe [OCTPOEHA.

Y) Huaue ropopsi, akcHOMa O Napa/VieJbHBIX ABJASETCA He3aBUCHMOH. — 1T pun,
nepes.
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24.5. NOCTPOEHUE YHUBEPCANLHOIO HAKPbITHS

[lycty 3anaHo cmBssHoe MHoroobpaswe N kiaacca C*, U MBl XOTHM
MOCTPOHTL ONHOCBSI3HOe MHorooOpasue M, HakprmBaomee N. Ilpen-
NONOXKHUM, 4To Kaptel K, L,... Ha N onHocBsisubl '). BriGepem B
N orveueHHylo Touky B, u mna mmobGolt kKapTel K 0003HauuM uepes
a, P, ... romMoronuueckue KJjaccel nytefl u3 B, B K (KOHLOM 3THX
nyTed MOXKET OHITh J00as TouKa M3 K, MOCKONbKY K OJHOCBSI3HA).
Hanee mbpl 6epeM AyOIuKaTel KapTel K, oGo3Hauaembie uyepe3 K,

..., IO ONHOMY JIJIi KaXIOro TOMOTONHYECKOro KJjacca (CM.
puc. 24.7), a 3aTeM [1J5 moJyuyeHHs MHorooGpasus M coelHHHM Bce

B

Puc. 24.7. TlocTpoeHde YHHBepCaJbHOTO HAKPHIBAIOWETO MHOro0Gpasus.

Kaptel Ko, Kg, ..., Ly Ly, ..., ..., YTOUHHB, KaK OHH JOJIKHDI
nepekpeBaThca. Ecau 3afanbl mofble IBe H3 HHX, CKaxeM K, H
Ly, To nosoXuM, 4TO OHH He INEPEKPLIBAIOTCH, €CJAH HE NepeKphl-
BaoTcs B N kaptel K u L. Eciu K ¥ L nepekphBamoTCsi, TO MOXKHO
npeanonaarath, 4ro NyTH H3 & H 1) HMEIOT OOIHA KOHEl Ha nepe-
kpeitid K u L. Torna mm GyaeMm cuutate, uto K, ¥ Ly He me-
PEKPHIBAIOTCSH, €CJH NYTH H3 & HE TOMOTOMHH NYTAM H3 1); B CIy-
yae e TOMOTONHH YKasaHHBIX NyTe#d (B 3TOM cJjydyae Mbl GyneMm
mhcatb & ~ 1)) Mbl nHoJaraeM, uro K, ¥ L, HMEIT TO Xe caMmoe
nepekpeitie, uto 1 K u L. Tounee, nyctb

K={U, ¢, N}, L={U, ¢, N'}. (24.5.1)

Torza nas xaxknoro o kapta K, npeiacraeiaser coGofd kKomHio K,
ornuyammylocs oT K W oOT Apyrux Komu#i TOJNbKO YKasaHHEM pas-

1) TouHee, ONHOCBSI3HEI MHOXKecTBa U, Ha KOTODHIX ONpelejeHbl KOOpPAHMHATHEIE
oyHkunn @ (cm. § 23.1).— I pun. nepes,
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Juyaromero Hupekca a. Ilycrs
Ko=1{U,, @, N}, L,={U,, ¢', N'}, (24.5.2)

rie U, u U;—oGaactu MHoroo6pasus M, koropble omnpefe/siorcs
ClelyIoiHM o6pa3oM: Kaxjaas Touyka X obsaacti N KOOPAHHATHOro
npoctpanctea R” onpeneanser Touky pé€U, ¢ KoopauHaTamu
de!

¢/ (p)=x/, rie x/—KoopAHHATH X. MuorooGpasue M cocToHT u3
BCEX TaKHX TOYEK, ONpeleseHHbIX A/ Bcex KapT Ko, Kg, ..., Ly,
Loy ooy vt . 311 Toukn M Pas/JMUYHBL ¢ TOYHOCTBIO 1O OTOXKIe-
CTBJIEHH 5l Toqex, KOTOpOe HeOoGXONHMO JleJiaTh, KOTAa olpelensercs
nepeKkphITHE KapT.

lepexpeiTne kaptT K n L B N omuchiBaercs, corjacHo (24.5.1),
(pyHKIIHAMH

xT=x (12 ..., xM), (24.5.3)

KOTOpBbi€ ONpEAE/ISIOT B3aHMHO OJHO3HAYHOE OTOGpaXeHue 06JacTH
N Ha obnacte N’ W mo3TOMYy 3ajaloT JBe KOODAHHATHHIE CHCTEMBHI
Ha obaacti UNU’ w3 N. Ecin o ~ 1, To MBl noJsiaraeM no orpe-
IeneHHio, yto nepekpbitHe K, u K, 3anaercsi TeMH Ke CaMbIMH
paBeHcTBaMH (24.5.3), a Touky H3 U,, WMelomy0 JaHHBIE KOOpIH-

HaThl X', ..., X", OTOMIECTBJIAeM C TOYKOH H3 Uy C COOTBETCTBYIO-
MM KOOpAHMHATaMu x', ..., x'/, onpejpejsieMbiMH 3THMH paBeH-
CTBAMH.

SlcHO, 4TO 3Ta mpolelypa NOPOXKAAET HEKOTOpOE MHOroo6pasue
M Toro xke camoro kjacca raagkoctH Ck uto u N. Ilpoekuus v M
Ha N Jerko ompenensercsi NpoeKTHpOBaHHeM Kaxaod K, Ha co-
OTBETCTBYIOILYIO KapTy K: kKaxnas Touka us U,c M I‘lpOe}(TpreTCﬂ
B Touky U3 Uc N, HUMelollylo Te e caMble KOOPAMHATH X%, ..., x”
drta npoeKuus P NPHHALJIEKHT KJaaccy C* noToMy 4TO B 3THX KO-
OpPAHHATAX OHA COBNAJaeT C TOXJECTBEHHHIM OTOOPaXKEHHEM.

Hakonen, mas JHoKasaTeNbCTBA OAHOCBA3HOCTH M Bo3bMeM B
KauecTBe OTMeueHHOH TOukKH A, € M oIHYy M3 TOUEK, Jexalux Haj
otvedeHHOH ToukoH B, & N. Tounee, nyctb B, JEXHT B HEKOTOpPOH
kapre L Ha N. PaccMoTpum roMoTtonduyeckue Kjaccw &, 1, ...
3aMKHYTHIX NyTe€H, HauWHaIOWIMXCA H 3aKaHuuBaiowuxcs B B, Cpeau
HHX €CTb KJlacC HyJIb-TOMOTONHBIX NyTeH (ckaxkeM, m), T. €. myTef,
crariBaeMblx B N HenpepeiBHO B Touky B, Toraa A,—3T0 Touka
us Ly, nexawmas Haln B,, T. e. uMellas Te XKe CaMbleé KOOPAHWHATH
x4 ...,x"B Ly, uto u B, B L.

Has npouseosbHOH KapThl K, Ha M BO3bMEM OIHH H3 nyTeH
kJnacca & B N H nmoaHHMEM ero B M COIJIaCHO NEPBOMY IPHHIMIY
NOAHATHsI M3 § 24.2 W TeM caMbIM OJHO3HAYHO oNpefe/uM MyThb (060-
3HaYMM €ro uepes a'), HAYWHH W3 HOBOH OTMEYEHHOH TOuKH A, B
Kakyio-T0 Touky B K,. Torma B ciyyae nepekpuiTHsi KapT K, u L;
noJiyyaeM, 4To & ~ {; C/J€LOBaTe€JbHO, MO BTOPOMY INPHHLHUIY N0A-
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HaTHe Nyt of W {’ romoronHs B M /M, ToYHee, CTAHOBATCS ro-
MOTOMHLIMH, €CJH HX BbLIOpaTh Tak, 4TOObI OHH HMEJH OOLIHHA KOHerl
Ha NEPEKpPHITHH Ko H L,.

[lycte Tenepp 6: Pf?»), 0<<{A<1,— npoussosibhbiii Nyt B M;
MOK&KEM, 4TO OH TOMOTONEH JI0OOMy JpyroMy [OyTH, HAYIUEMY H3
P(0) B P(l), 7. e. uro M—onHocBs3HOe MHOroo6pasue. Kaxnaas
Toyka P (@) Ha € OTHOCHTCA K HEKOTOpPOH Kapre, a 3HauutT, H P (M)

Ao

Puc. 24.8.

OTHOCHTCS K TOH € KapTe AJs A M3 HEKOTOpOro HHTepBasa (a—e¢,
a+te). Ilo Teopeme I'efine— Bopenss MoXKHO BbIOpaTh KOHEYHOE MOA-
pasbuenne [0, 1] Bupa
O=h, <M <...<h,=1,
Takoe, 4To P (A) JIeXXHT B HEKOTOpOH KapTte, ckaxeMm L, , A/ Bcex
i=0, 1, ..., k—1, u sto Bepro aas moboro AE[A; A, ,,]. OGo-
3HauuM_d4epes @ uvactb & Aaa A, <TACA, 45 9Ta 4eCTb JIGXKHT
B L, . [lycts masa kaxgoro j oj—nyTb B M (Takofi e, Kak H B 1pe-
J

L

Puc. 24.9,

AbIyiieM ab3aue), HAyLLUH H3 OTMeYeHHOH Toukn A, B P (h;). Tak Kak
obe ToukH P(A;) u P();,,) nexar B La/, nyTh ;o §, rOMOTONEH

aj; (cM. puc. 24.8). Ilostomy
dgoB,08,0...08,, ~0,
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a NnocKoMbKy €=%,0%,0...06,_;, TO
~ () ooy
(cm. puc. 24.9). IlpaBast yacTb 31ecb 3aBHCHT TOJIBKO OT HayaslbHOR

u koHeunofi Touek P(0) u P(l) nytu ¥; cnenosarenbHo, J0GOR
nyts u3 P (0) B P(l) romoroner €, uro u TpeGoBanoCh NOKa3aTb.

Pe3lome (oCHOBHas TeopeMa). Jlwboe (C813H0e) N-MEPHOE MHO20-
o6pasue N umeem yHusepcanvroe HaKpbieatouee MH02000pasue
M (maxace n-mepuoe), m. e. umeem OOHOCEAIHOE HAKPbIBAIOL4EE MHO-
eoobpasue. M unakpoeaem awboe mHoeoobpasue, Haxpesarouee N, u
ace 00HOC8A3HbIE MHO2000pasus, Hakpewsawuwue N, comeomopipror M.
Modesrs M cmpoumes npu nomowu onucanHol esiie npoyedypeol.

24.6. MHOTOOBPA3MSA, HAKPLIBAEMbBIE 3AQAHHLIM MHOTOOEPA3MEM

PaccmoTpum Teneppb 3ajady, 0OGpaTHyl0 HAaXOXKJAEHHIO YHHBEPCAJbHOTO
HaK pbIBaIOLIEro MHoroo6pasus M AJsg3afaHHOrO MHOroobpasus N:
NycTb 3alado M, H Hy>XHO NOCTPOMTb MHoroo6pasHe N, Kovopoe
MoxeT GbiTb HakpelTo MHoroobpasuem M. [lpouenypa nocrpoenus
HCIOJIb3yeT CKJICHBaHHE (OTOXKAECTBJEHHE) MHOXECTB Toyek B M.
[IpuBeneM cHayasa HECKOJNBKO IPHMEpOB.

[lycte M npeacraBasier cobolt (X, y)-IJOCKOCTb, NJIOTHO HAaMOTaH-
HYI0 Ha €IHHHYHBbIl LHUJIHHApP Z, OCb KOTOPOTrO JIEKHT B HanpaBJ/IeHHH
ocH y. Mbl 3HaeM, KOHEYHO, 4TO TOrJa IJIOCKOCTb HAaKpbIBACT IH-
JMHIP, OAHAaKO Mbl cefiuac MNOKaXKeM, KaK YCTaHOBUTb 35TOT (haKT
anpuopH. Mbl 3HaeM, 4YTO AJ8 3alaHHOH TOYKH (X, y) BCE TOYKH
(x+2nl,y), 1=0, £1, £2, ..., NJOCKOCTH COBNafalOT C OAHOM
Touykol LHAuHApa. [JosTomy MHorooGpaswe N, romeoMopdHoe IH-
JHHAPY Z, MOXHO NOCTPOMTb TakK: ONpPENeJHM «TOYKH» MHOTrooGpasusi
N Kak MHOXeCTBa

def
{(x+2nl,y): 1=0, £1, ... }=9((x, y)),

H COOTBETCTBEHHO 3TOMy omnpefenum H kaptel B N. Torma oroGpaxe-
HHe (¥, y) — P ((x, y)) ectb npoekuna M Ha N. Tosopar, u9rto Bce
TOYKH (¥ + 27/, y) KaxAoro MHOXKecTBa omoxcOecrneenst (T. €. cle-
JlaHbl HJEHTHYHbIMH). OTMETHM, YTO MHOXHTE/Ib 27 HeCyIUECTBeH,
NOTOMY 4TO 3[€Cb MIPAOT POJib TOJIBKO TONQJIOTHYeCKHE cBoicTBa N.
OroxnecTBnenHe (CKJEHBaHHE) TOYeK (¥x--#, y) HAM BOOGLIE TOYEK
(x4+an, y) ana moGoro HeHy/EBOTO BEIIECTBEHHOrO YHCAA @ MPHBO-
JHJO 6bl K TOMY K€ CaMOMy pe3yJ/ibTaTy.

Ananoruuto, eciu Aas Kaxjaof TOYkHM (x, y) € M oToxAecTBAA-
loTcs BCe TOYkH BuAA (x-+[, y-+m), rae | ¥ m He3aBHCHMO mnpobe-
raior 3Havenus 0, 41, +2, ..., To nonyyvawomeeca MHoroo6pasue N
OKasbIBAa€TCsl TOPOM (TO4YHEE, roMEOMOp(HO TOpY).

Iycte M —6Geckoreynaa monoca —1 <x <1, —o0 < y < oo.
[lyete ans navHON Touku (x, y) € M OTO)KIleCTBJlﬂlOTCﬂ TOYKH BHJA
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(—1)x, y+1), =0, &1, ...; nonyualomeecss nocje 3TOr0 MHOIO-
obpasne N oKaspiBaeTcs JHcToM MéEGHyca.

O6ofwan 5TH. npHMepHl, BO3bMEM [POH3BOJIbHOE (CBA3HOE) MHOrO-
obpasne M. Ilpeanonoxum, uto o—romeoMopdHam (knaacca C*, ecan
M saBnserca Ck-vnorooGpasuem) M nHa ce6s. O6osnaunm uyepe3 of
[-10 CynepnosHuHio G, T. €.

o' (P)=0(o(...0(P)...)),
N e’
{ pas

a yepes 0~!—[-j0 cynepno3unuio obpaTHoro orobpaxeHus o~!, s
Jo60f ToukH P € M paccCMOTpPHM MHOMKECTBO TOYEK

P(PY= ot (P): 1=0, 1, ...}. (24.6.1)

[B nepBoM mpHMepe 0—CABHT (X, y) — (x+ 27, y) B NNOCKOCTH. |
Jlanee npeanosoKHM, YTO G TAaKOBO, YTO MHOMKECTBO Touek 1 (P)
B M AHCKpeTHO AJA KaxkAOro P, T. e, NpPeANoONOXKHM, uTO Hafjercs
TaKas OKPECTHOCTb TOYKH P, KOTOpas He COREPXKHT APYyTHX TOYeK
o' (P) ¢ {+0. Toraa, NoCKONbKY G SIBASIETCS1 TOMEOMOP(PHIMOM, Kax-
Jasi TouKa o*(P) HMeeT OKpEecTHOCTb, HE COAepKaulyi ToueK o (P)
c ik

B paMKax 3THX DpeANONoOXeHHH monyyaercss MHorooGpasue N,
«TOYKH» KOTOPOro CyTb MHOXecTBa 1 (P):

={yp(P): Pe M}.

YUrobbl onpelennts Kapthl Ha N, BosbmeM kapty {U, @, N} Ha M.
[peanonoxum, uto U HacTonbkO Mana, uTo B U/ He Haijetcs TakoH
ToykH P, uto6bl H 6 (P) nexano B U. (B npoTHBHOM CJyyae 3aMeHHM
3Ty KapTy Ha KaKyio-HHOY b NOAXoAswWYyo noakapty.) Kapra {U, ¢, N}
MHorooGpasus N omnpejensiercs Torna cneny}oumM obpasom:

O={w(P): PCU) d@(P)=q(P). PEU, N=N.

B kauecrse COBEpIIEHHO OYEBHAHOIO YyIpaxKHEHHS OCTaBJSAETCA

IOKa3aTeNbCTBO TOTO, YTO (4) ¢ B3aHMHO OHO3HAYHO, (6) ONpejeNeH-
HHe TaK KapTbl NMOMAapHO COrJIaCOBaHBI W MOKpHIBaOT Bce N, (B) oTo-
Gpaxenne P -— {(P) asnaercs oroGpaxenueM Ha N, (r) mobas ok-

pecTHOCTb {/ YKA3aHHOrO BhLILIE BHAA SBJSAETCS NPaBHJIbHOH OKpecT-

HOCTbIO KaXkJOH CBOEH TOUYKH, NMOTOMYy 4TO KOMNoHeHThl ¢~ (U) cyTb
mHoxkectBa o' (U), /=0, 41, ... . CneaoBarenbHo, { €CTb HAKpHi-
tHe N MHOroofpasHem M.

Tlokaxem Temepb, YTO KaAOe HAKpBITHE MHOI‘OO6pa3Hﬂ N wmHoO-
roo6pasneM M cBf3aHO ¢ rpynnoi romeomopdusmMor M omHcaHHOro
BBLILIE THIIA.

Ilycte M u N—cBs3Hble n-MepHbe MHOrooGpasus, npuHueM M
HakpbeiBa€T N noCpeAcTBOM NpPOEKUHH 1 (npeanonaraercs, 4YTO OHA
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He B3aHMHO OJHO3HAYHA, TaK YTO HAKPbITHE HE TPUBHaJbHO). [lycTh
B, u B,—ormeuenssle Toukn B M u N, npuuem B, nexut Haj B,
(t. e. Y (B,)=B,). [lokaxem, yro Aas Jao6oit Apyroii Toukd B; € M,
nexamed Haz B,, cymecTByeT romMeoMopduaMm ¢ MHoroo6pasHs M Ha
cefsi, KOTOpbIH nepeBofHT B; B Bj.

JlokasaTejbCTBO STOrO OKashlBaeTCs AOBOJbLHO NPOCTBIM, ecan M
OJHOCBSI3HO, H MBI PacCMOTPHM CHauajJa 3ToT cayuail. Eciau €; —
nyts B M u3 B; B B;, a §,—ero o6paz B N, T0 %,—3aMKHYTH#
NyTb, HAYHHAIOMHACA H KOHuUalumuidcs B B,; Aajee Mbl (PHKCHpYyeM
€, H €, 1 C HX MNOMOWbIO NOCTpouM romeoMoppusMm ¢ M Ha cebs,
npu gotopom B, nepexomut B B Ilyctsb

P1: Pl(t) (0<t<1)a Pi(0)=Bl'

—nyte B M u3 B, B npousBosbHylo Toury P, (l)= A;. TlocTpoum
o6pas A; npu orobpaxenud o. Ilycts P,—o6pas nytdu P, B N ¢
KoHeuHoHl TOuKOH A,=1v(4;), a P;—pesyibTaT NOLHATHS NyTH
€,0P, B M. Torna P;(l)—rouka, nexawasi, kKak U A,, Han A,.
OroGpaxenne o: M — M onpenensiercsi CoOTBETCTBHEM

o A;— A, =Pi(1).

D10 onpefeneHHe KOPPEKTHO, NOTOMY YTO NpPH TAKOM K€ NMOCTPOEHHH
¢ mobbiM ApyruM nyTtem Q; B M u3 B; B A; okasbiBaetcs, uTo Q
romoToneH P, (Tak Kak M OZHOCBS3HO); CJleoBaTeNbHO, NYyTh 6,0 Q,
romotoneH €, o P, a 3HayuT, MO CJAEACTBHIO BTOPOr0 NPHHUHMNA MOA-
HATHA, P; roMoroneH Qj, H B pesy/bTaTe NOJydyaeTcsl Ta Ke CaMmas
Touka A; Kak o6pa3 A; npu oroGpaxeHHH 6. Bosee TOro, ¢ B3aHMHO
OLHO3HA4HO, NOTOMYy uTO $;' cyluecTByeT. SICHO, YTO G HenpephBHO,
NOCKOJIBKY Masloe CMeuleHHe TOUKH A; MOXHO NOJYYHTb NPH 110MOIIM
MaJioro H3MeHeHHsl UyTH P; H, 3HAUHT, MaJoro H3MeHeHUs NyTH Pj,
yTo faeT Mmasoe cmeueHHe Toukd A;. TakuMm obpasom, ¢—romeomop-
¢usm M Ha ce6s.

Ecan M He ONHOCBSI3HO, TO YyXKe Hellb3s yTBEPXKAATb, YTO NYTH
P; u Q; B M u3 B; B A; romoronuul. [lyctb Aj—KoHeuHasi Touka
Q,; (1) nytn Qq; nokaxem, uro A= Aj, T.e. uyT0 OTOGpa)keHHe ©
onpefeseH0 Bce-TaKH KoppekTHo. [lyth Prlo P; u Q1o Q, B M,
upywre w3 A; B A v u3 A; B A] COOTBETCTBEHHO, OTOGpAXKAOTCH
NpH NOMOWH P HA NYTH

Piro€,0P, u Qp'o®,0Q,

Opmuako B N 3TO 3aMKHyThle NYTH, HAYHHAIOUIHECS H KOHYAIOILHECS
B A, u 06a OHH TOMOTONMHH &, H3 CJEACTBHA BTOPOrO MNPHHIIHNA
NOAHSITHS BbITEKAeT, uTo P;'o P; W Q;! o (J; TOMOTONHEI, H, CJel0-
BaTeJbHO, G ONpefesieHO KOPpeKTHO. OcTa/lbHBIE pAacCyXIEHHsl OKa-
3BIBAIOTCA TEMH XK€ CaMbIMH, YTO H B CJyyae ORHOCBSI3HOCTH M.
Ecnn TourH B; GepyTcs B NOpsiiKE pacnojioeHuss Ttouek M,
Jexalux Hajg B, (Bkmouas H caMy TOUKy B;), TO nosyyaercsi rpynna
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roMeomopgH3MoB MHoroo6pasuss M. [eiicteue sToit rpynnel Ha M
TaKoBO, YTO AN JoGoH ToukH A, MHOXecTBO o6pasoB {0(A,): Bce o}
JIUCKpeTHo. YTo6bl yGeiHTbCH B 3TOM, BO3bMEM [PaBHJBHYIO OKpecCT-
Hoctb U ToukuH A,=y(A,). Bce Touku o(A,) nexar nax A,, onHako,
MOCKOJIbKY 1 B3aHMHO ONHO3HAYHO HA KaxaoH Kommoueure U’ npo-
obpasa VP~ (U), B Kaxa0# TaKOH KOMIOHEHTE MOXeT GbITb He GoJee
OIHOH TOuKH, Jexailell Hax A,.

3ajaua HAXOXKJEHHS BCEX MHOroobpasuil, HAKpHBAeMBIX 3aJaHHBIM
MHOroOGpa3sHeM, TeM CaMblM CBOJHTCH K 3aJaye HaxoXAeHHSI BCeX
roMeoMOp¢H3MOB O OMHCAHHOIO BhIe BHAA. JTa Hies HCIOAb3yeTcs
B OGileH TEOpPHH OTHOCHTENBHOCTH (CM. I 28).



