Tnasa 26

METPUKA M TEOHAE3WYECKUE HA MHOTOOBP A3MH

CransipHbie, BEKTOPHbIE H TEH30PHBIE 1O/IA; CKOGKH JIH; KOBapHaHTHBIE H KOHTpa-
BapHAHTHBIE BEKTOPBI; 3aKOHB IPe06pa3oBaHusl; BHYTPEHHEe M BHellHee INPOH3Be-
IeHUs; CBePTKAa; 3aKOH YaCTHOrO; IPOH3BOJAHLIE; METPHUECKHH TEH30pP; MOJOXH-
TeJbHO ONpefe/IcHHas W HeompejeseHHas (WHAeQHHHTHAs) METPHKA; PUMAHOBH H
ICeBAOPHMAHOBEL MHOT0OGpa3nsi; NMOAHATHE M ONYCKAaHHE HHAEKCOB; Neoje3nyecKHue;
BapuUaLHOHHOE ypaBHeHHe Oiisepa; ecreCTBEHHHH (HATYpa abHH), abduHHBIA HIH
NpeANOYTHTENbHBHH NapaMeTp; TPeXHHIAEKCHbIE CHMBOJIH Kpuctoddens; npocTpal-
CTBEHHONOAOGHLE, HYyJeBble H BpeMeHHONMOZOGHbIe re0le3ndeCKHe; 3aau ¢ Haganb-
HbIMH JaHHBIMH H JIByXTOYEYHBbIE 3aJaYH O TIe0le3NWYECKHX; HHTEerpasibHble ypas-
Henust Bonbreppa; urepaunu ITukapa; Teopema Yaiitxesa; NpOXO/IKEHHe TeoJe3H-
yeckuX; apPUHHO CBA3HBIE MHOrooGpasus; PpUMaHOBBI H TCEBAOPHMAHOBH HAKPbI-
BapIue MHOrooGpasus.

Hpedsapumenvrbie csedenus: 371eMeHTapHas TeOPHS MHorooGpasuil (ro. 23 u 24).

MHoroo6passe no onpeneneHuio . 23 — 3T0 06BEKT, MONHOCTHIO Xa-
pakTepH3yeMblH CBOeH JIOKaJbHOH TONOJOTHEH: OHO sIBJAETCA JIOKalb-
HO n-MepPHBIM IPOCTPAHCTBOM, yROBJETBOPSAOLHKM aKcHoMe Xaycaopda
006 OTAeNHMOCTH. B 3TOH M B ABYX C/EAYIOIHX IJlaBaX MHOrooGpasHe
OyneT HajeneHO TeOMeTPHYecKOH CTPYKTYPOH NyTeM BBelCHHS HOBBIX
MOHATHH, TaKHX, KaK reojiesnyeckHe KpPHBBIE (reofiesnyeckas — 35TO
aHAJIOT NPSAMOH B €BKJIMAOBOH IeOMETPHH), ANHHBL, YIabl WM T. 1. Han-
Gosnee BaXKHBHIM H3 HHX fBJIAETCA MNOHATHe 2e00e3uteckotl, KOTOpoe B
OCHOBHBIX HHTEPeCyIOUIHX (H3UKOB IeOMETPHAX Mojayyaerca JHGO M3
[IOHATHA METPHKH, JHOO M3 NOHATHA ad(hUHHOM CBA3HOCTH, AJs HAC
HCXORHBIM OyJleT MOHATHE METPHKH, MOCKOJNbKY OHa MOROGHA paccTos-
HHIO B OOILIEH3BECTHOH eBK/JHIOBOH reOMETpPHH.

I'py6o roeops, reomeTpHuyeckHe CBOMCTBAa €CTb HEUYTO MPOTHBOINO-
JIOXKHOE T7100a/IbHbIM TOMOJIOTHYECKHM CBOMCTBAM AAHHOrO MHOrooGpa-
3Hs, /1A KOTOPOTO MOCNENHHE BBIPAXKAIOTCA INOCPEACTBOM IeJOYHCAEH-
HBIX WM JHCKDETHBIX BeNHYHH, NMOJOGHBIX YHCIY KOMIOHEHT, (yHAa-
MEHTaJbHOH rpynIe, BHCUIHM TOMOTONHYECKHM TIpYNNaM, Toraa Kak
reOMETPHA OMHCHIBAETCS  HENPephIBHBIMH BEIECTBEHHBIMH BeJlHYHHA-
MH — JUVIHHAMH, YIVIaMH, HarTypaJbHbIM [apaMeTPOM BAOAb TeONe3H-
qecko#t (cM. § 26.6, 26.7 u 26.12).

PuMaHOBa reOMETpHA HCXOMHT H3 METPHUECKOH AudidepeHHaIb-
HO/ (OpMbl ds®== D g, dx/ dx* (B NaHHOM KOODAMHATHOH CHCTEME),
KOTOpasi H oOINpelesiieT IeOMETPHYeCKHE cBoHcTBa. [eomerpus enu-
HHYHOH IABYMEDHOH CQEpBI CJYXHT NPOCTBIM H H3BECTHBLIM IIPHMEPOM
HEIVIOCKOH 1BYMEDHOH TeOMEeTpHH; AN Hee ds®=d0%--sin?0 do?
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(B cepuueckoil cHcTeMe KoOpAMHAT). [eonesnueckas (HaHkpaTyaii-
[WHA TyTb) MEXAY ABYMS TOUKAMH Ha ctpepe-—ayra GoJblioro Kpyra;
OTCIOA CJIEAYIOT Pa3/HYHBIE TEOPEMbl C(hepHUECKOH TeOMETPHH, HaTpH-
MEP CyMMa yIJIOB TPeyro/bHHKA (CTOpPOHAMH KOTOpOrO CJyXKaT reoje-
3MUECKHE) TIPEBBHIUAET T HAa BEJHUYHHY, PaBHYIO IJIOWIAAH Tpe-
yrOJIbHHUKA.

Xors ofluee pHMaHOBO MHOTr0OGpasHe B PHHIHIIE MOXKHO BbLIO 6bl
paccMaTpHBAaThb KaK BJIOXKEHHOE B HEKOTOPOE €BKJHJOBO MpPOCTPaH-
ctBo EN jocTaTouHO Gosbliod pasvepHOCTH (TOYHO TaK XKe, Kak
JABYMEPHYIO C(pepy MOXXHO pacCMaTpHBaTb Kak IOBEPXHOCTb €JHHHY-
Horo wapa B E®), NpH H3yYCHHH BHYTPEHHHX MCOMETPUUYECKHX IOHS-
THH, NMOPOXKIAeMbIX METPHKOH, yJO0HEe MOJb30BaThCsl BHYTPEHHHMH
(cCOBCTBEHHBIMH) KOOPAHHATAMH.

Ecau merpuueckas ¢opma Ha MHoroofpasuu M MONOKHTENBHO
onpejencHa (cM. § 26.4), To M HasblBaeTCsl PUMAHOBBIM MHOroolpa-
3HEM; €CJIH OHa HE MOJOXHTeJbHAa (MHAe(UHHTHA), To M HaswBaeTcs
TICEBJIOPUMAHOBBIM MHOrOO0pa3HeM —TaKHE MHOT006pasdsi (Hrypu-
PYIOT B OOLICH TEOPHH OTHOCHTEJbHOCTH. Kak MBI YBHAHM, CYIIECT-
BYIOT IJiy6OKHE OTJIHYMS MEXAY STUMH ABYMsl THIIAMH MHOroO0pasuil.
Hanee npexanonaraercsi, uro M sABjsieTcs CBS3HBIM H C*-riajxum
MHOroo6pasueM, A€ R J[AOCTaTOYHO BEJHKO, 4ToGbl O0eCreuyuBaTh
CYLIECTBOBAHHE JIOOBIX BCTPEUAIOINXCS B JA8HHOH TEOpHM TPOH3BOJ-
HEIX,—JJI 3TOH H CJeAYIOLIHX JBYX [JIaB [JOCTATOUHO B35Th k =4.
B Teopuu OTHOCHTENLHOCTH Hesb3st TpexnoJarath, uro M npunaa-
JeXHT Kjaccy C”, moToMy 4TO METpUKa ONpeAessieTcss pachpesieJe-
HHEM MaTepHH, KOTOpoe Heo6s3aTeqIbHO OGECKOHeyHO AHdepeHiH-
pyeMo, a TakXe [OTOMY, YTO YypaBHEHHS] T'paBUTALHOHHOrO O/,
6yAyuH THIepOONHYECKHMH, AOMYCKAIOT paclpoCTpaHeHue pa3pblBOB
Pas3/MUHBIX TPOHU3BOAHBIX OT g, B BHJAE I'DaBHTALHOHHBIX BOJIH.

26.1. CKANAPHBIE ¥ BEKTOPHBIE MOJNI1 HA MHOTOOBPA3WM

B eBxJIHA0BOM NMPOCTPAHCTBE C A€KAPTOBLIMUH KOOpPAHHATAMH X%, ..., X"
BEKTOPHOE TOJIe OMHCHIBAETCS L PYHKUUSIMH U7 (XY, ..., x"),i=1, ..., n,
NpHYeM TpH Mpeo6pa3oBaHUH ACKAPTOBBIX KOOPAWHAT BpallEHHEM
ocefl KOMIMOHEHTH ¢', ..., U" BEKTOpPOB NpeofpasyloTcsa TOH e MaTt-
pullefl Bpali€HHs, YTO H KOOPAMHATBEI X', ..., X"

Ecau paccMaTpHBaOTCs KPHBOJIHHEHHBIE KOOPJHHATHI, TO CTRHOBHT-
¢ HeoOXONMMEBIM Pa3/iuuaTh ABa THIA BEKTOPOB: KOBapUaHTHBIE H KOHT-
paBapHaHTHbIe, KOTOPble HMEIOT pPa3JiHYHOoe (hH3HYeCKOoe HJIM MATEeMaTH-
YecKOe TPOMCXOXkJeHHe (HHOTAAa BBOJSTCS TaKXKe TaK HasbiBAEMHS
BeKTOPHbIE IJIOTHOCTH Pa3HOOGPa3HBIX MOPSAKOB; 3TO YACTO yAOGHO,
HO He HeoGXO0AUMO).

[Tpexxne Bcero paccMoTpuM ckaasproe nose (cKaaap) Ha MHOroO-
obpazun M, T1. e. ¢yHkuuio f(P) Ha M, BeleCTBEHHO3HAYHYIO,
ecau He ckasaHo apyroe. Koraa f(P) 3ajana Bo Bcex Toukax P € M,
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kak B § 23.5, ¢ xkaxmo#i kaproit {U, ¢, N} cBnsana ¢yHKlua
F (&, ..., x%) =[(x), onpeiensiemass ypaBHEHHAMHU

f(x)=F(P), x=¢(P) VPEU. (26.1.1)

MuoxecTBO Beex (yHKUHMH f (...), CBA3AHHBIX C KaxAOH Kaprof,
MOXHO paccMaTpuBaTh KakK onpele/eHue ckajasapHoro noas f(P).
Ecau {U’, @', N'}—1pyras koopJuHaTHas KapTa, TO CBA3b MeX.y
COOTBETCTBYIOUMMH (DYHKIHAMH f W f' Ha NEPeKphITHM ABYX Kapr
BbIpaXKaeTcs NpOCTO:

[(x)=["(x), (26.1.2)

rae
x=¢(P), x'=¢ (P). (26.1.3)
CoorHowenue (26.1.2) uutepnperupyercsa c/eLyioliMM o6pas3oM: OHO
CTAHOBHTCSI TOXIECTBOM MO X!, ..., X", ecin x'’ (B mpaBofl uacrh)
BhHIpaXawTcs uepes xf{, WM TOXAeCTBoM mo x'4, ..., x'", ecam xf

(B MieBOit yacTy) BepaxawTrcs yepes x'/; f u ' NpUHHMAIOT OXHO U
TO XKe 3HaueHue B JTaHHOH Touke P € M.

B To BpeMms xak ckanspHoe NoJie NMpelcTaBseT OGO MHOMKECTBO
yHKIME f(---), CBA3AHHBIX C Ka&X/OHl KapToil, BEKTOPHOE TOJe HJIH
TEH30PHOE NOJIe SBJSIOTCS MHOXKeCTBaMuU Habopos QYHKIHH, mpuueM
¢ KaxJIolt kaprofi cBs3aH oaud Habop. Ha nepekpweiTun IBYX Kapt
JBa COOTBETCTBYIOUIMX Habopa GyHKUUH CBA3AHBI 3aKOHOM npeobpaszo-
Banus, sBAsOMUMcS obobuieHueM ycaosus (26.1.2) nnis ckansipos.

B kauecTBe mepeoro npuMepa BEKTOPHOrO NOJIsi pacCMOTPUM Ipa-
IHeHT ckanaspa f(P) (oTHocHTeNbHO cKaJjsipa MNpeAnoJaraercs, uto
oH npuHamnexur kjaaccy C'). Ha kapre {U, ¢, N} rpaiuent cocrour
H3 uYacTHLIX npou3ponHelx dyHkuuu (26.1.1), a nmendo

v (X ., x®) =0f (x}, ..., X")/0xF, (26.1.4)
Wiy, Kopoue,
v (x)=0f (x)/0x* (i=1, ..., n). (26.1.5)

Eciu Ha nepekprHITHH ABYX KapT CBfi3H, YCTaHaBJHBaeMmble ypABHe-
uusiMu (26.1.3), onucwiBaiores (Kak U B § 23.2) dyHKuusmu

X =x (" ..., X', (26.1.6)
=X, ., X7 (26.1.7)
B e€CJIH Ha BTOpOﬁ KapTe TAK¥Xe 3alnucad COOTBETCTBYIOI_U.Hf;I rpaguelT
vi (x) =0f" (x)/0x"", (26.1.8)

TO CBfA3b MeXAy AByMA Habopamu ¢yHkumil {v;} U {v;} Ha nmepekpul-
THH JIBYX KOODAMHATHbIX CHCTEM BHIpaXKAaeTCA PABEHCTBOM

v} (x") = (0x* (X")/0x"7) v, (x). (26.1.9)
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(3lech HCMOMB3YETCA cO2AQUIEHUE O CYMMUPOBAHWUU, COTJIACHO KOTO-
poMy mnpaBas YaCTb pPaBeHCTBA O3HauaeT cymmy mo £ ot | go n
k HaswiBaOT Hemoim undexcom.) Kak u (26.1.1), paseHcTtso (26 1.9)
HHTePIPCTHPYETCA KaK TOXKIECTBO, €C/IH X' BEIpaXKEHDI uepes X'/ uau
X BbhIpaXKEHBl uyepes X

B naapHefiiiem ykasaHue Ha apryMeHTHl GyJeT OmyCKaTbCHi; TOTAa
paBeHcTBO (26.1.9) 3anuchiBaeTcs Kopoue:

v, = (0x*¥/0x'") vy; (26.1.10)

3TO PaBEHCTBO BBIPA)KAET 3aKOH Mpeo6pasoBaHus [/ KOBaPHAHTHHIX
BEKTOPOB.

O6o3HaueHHe rF MOMHO HCHOMB30BAaTb KaK [/ [epPeMeHHOH, Tak
u Aast pyHkuuu, B (26.1.10) oHo wucmonb3oBaHO A8 YHKUMH, M
HYKHO CMOTPETD Ha «3HaMEHATe/Iby YaCTHOH [POM3BOAHOM, yTOGH Y3HATD,
KaKHe MepeMeHHble ABJAIOTCH HE3aBUCHMBIMH: €CJIH TaM eCTh IUTPHX,
TO HE3aBHCHMBIMH NePeMeHHBIMH fBIAIOTCA X!, ..., x'?, a eC/lH TaMm
JBa ILUTPHXa, TO HE3aBHCHMbIE NepeMeHHble—x™, ..., X", U T. [.
ST0 cornalleHue ABAAETCA CTaHAAPTHBIM.

Kosapuanmnoe') sexmoproe nose Ha M onpelensercs Kak MHO-
xectBo HabopoB {v;} A QyHKUHi, mpHYeM c Kaxao#t kaprtoit Ha M
CBA3aH ONMH Takoi Haop, a COOTHOLICHHE MEXAY JIBYMS TaKHMH
HaGopaMH Ha MepEeKPHITUH COOTBETCTBYIOULHX KAPT BBIPAXKAETCH 3aKO-
HOM npeoGpasoBanus (26.1.10).

3ameuanns. (1) BektopHoe none He o0f3aTe/bHO ABASETCA TPaju-
€HTOM KaKOTo-TO CKaJIipHOTO Mojf, Kak 3TO OblJIO B MpeJblAylIeM
npumepe. (2) JIBe KapThl MOTYT NE€PEKPHIBATbCA B TOYHOCTH MO HX
obuieil obsactu onpefilencHus U < M; B 5TOM cJiyyae O 3aKOHe Impe-
obpasoBaHus (26.1.10) roBopsiT Kak O 3aMeHe HE3aBHCHMHIX IlepeMeH-
HHIX B OOBIYHOM CMEICJIE.

3akon npeoGpasoBaHns mpaxsumusen: ecau Bcaed 3a (26.1.10)
Aenaetca Apyroe npeoGpasoBaHue KOOPAMHAT x'/ B KOOpAMHATH x"/,
TO U] M U, CBA3aHBI JO/KHBIM COpasoM, MOTOMY 4YTO Ha MEPEKPBITHH
Tpex KapT

, 0x”‘ . 0x'k oxt oxt
Vs = ———— U, =——10,. (26.1.11)
ox'/ Ox"/ dx'k ox"/

Yrto6bl MOYYHTh TeNeph HpPHMEpP TaK HA3bIBAEMOTO KOHMpasa-
PUGHMHO0 8eKMOPHO20 ROAA, PACCMOTPHM TeueHHe KMAKOCTH Ha M.
Ec/iM B MOMEHT BpeMeHH f{ yYacTHLA XHAKOCTH H300paxaercs TOYKOH

1) Ipedbukc «KO» 03HAUaeT «TaK XKe, KAaK», «OAMHAKOBBIH» H T, H.; a npeduxe
¢KOHTpa» (CM. HHIKe) YKAa3EIBaeT Ha NPOTHBONOJOKHOCTD. 3nech TepMHH «KOBa-
pUAHTHHHY (BEKTOpP, TEH30p) NOSACHAET, UTO JAHHBIA OOBEKT H3MEHSeTCHS NpH mnpe-
06pa3oBaHHH KOOPAMHAT TAaK e, KaK rpalueHT (T. e. Npu NOMOIIM TPAHCMOHHPO-
BaHHOH o6paTHOM MaTpHuBl KOG npeoGpa3oBaHHsl X -— X'); KOHTpaBapHaHTHble
O06BeKThl NPeoBpasyroTes «NpPOTHBONOJIOXKHBIMY 06pasoM, T. €. NPH NOMOLIH MaT-
puus SIKoOM, HanpuMep TaK XKe, KaK CKOpocTb (cM. najee).— [Ipum. nepee.
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P (¢), To B Hekotopoil kKapte {U, ¢, N} ee KoopAHHaTaMH SIBJASIOTCH
xk(t), roe x(t)=eq (P (f)); BeJHYUHH
vk () =dx* (t)/dt, k=1, ..., n,

Ha3BIBAIOTCS Komnonenmamu obobujentoii ckopocmu. [OHH ABAAIOTCS
JeKapTOBEIMH KOMIIOHEHTaMH CKOPOCTH COOTBETCTBYIOLIEH TOYKH X (f)
B KoOpAHHATHOM npocTpanctBe R”.] Ecau x'#(f) u v'*(#)—cootser-
CTBYIOIHe KOOPAMHATHI MU KOMIOHEHTHl CKODOCTH OTHOCHTEJBbHO Apy-
rofi kapta {U’, @', N'}, 10

v’k () = (0x'#/0x7) v/ (t).

Ecan ana onucaHusi TeueHHs1 Bcell KHMAKOCTH (a He OJHOM YACTHIIHI)
pacCMaTPHBAIOTCS KOMIIOHEHTBI ¢ (X) CKOPOCTH YacCTHUBI KHAKOCTH,
KOTopasi B MOMEHT BpeMeHH ! HAXOAMTCA B TOYKE X, TO 3aKOH Mpe-
0o6pasoBaHHsl BHIIVIAAHT TaK:

"R(x")= (0x"* (x)/0x7) v/ (x).

ITono6Ho (26.1.1) u (26.1.9), 3T0 paBeHCTBO SIBAAETCSH TOXJAECTBOM
Ha MepPeKpHITHH KapT, ecqd ofe ero 4acTH BeIpaXKeHH JuGO B mepe-
MeHHHIX X', qu6o B mnepeMeHHHX x'{, Mbl cHoBa 6yleM OMyCKaTh
H3JIHIIHHE HOAPOOHOCTH O0O3HAUEHHId.

Konmpasapuanmuoe eexmoproe nose Ha M onpejensercs Kak
MHOXeCTBO HaGopoB {v/} n ¢&yHKuHil; ¢ Kaxaoll KapTofi cBA3aH ONHMH
Habop, MpHUYeM 3aKOH I1peolpasoBaHHUs

v'k = (0x"*/0x7) v/ (26.1.12)

BLIMOMHAETCS AN MOOLIX JABYX TaKHX HaOOPOB Ha MepeKPLITHH COOTBeT-
ctBytomux Kapt. OTaMune 3Toro npeo6pasoBanHa ot (26.1.10) moxuep-
KMBaeTcsl MECTOMOJIOKEeHHeM LITPUXa B IMPOH3BOAHOH.

ITOT 3aKOH MnpeobpasoBaHUsl TaKKe TPaH3HTUBEH.

3amevanne. B pHMaHOBRIX U MCEBIOPUMAHOBEIX MPOCTPAHCTBAX
(BKJ/toyass eBKJAUJOBEI NPOCTPAHCTBA) /1000 BeKTOpP MOXeT OHIThb Mpef-
CTaBJieH KaK B KOBapHAHTHOH, TaK H B KOHTpaBapHaHTHOH ¢opme; dop-
MYJIE 151 OAHATHH H ONYyCKaHHA HHAEKCOB MPH MOMOIIH METPHYeCcKOoro
TeH3opa gj, 6yayT npueeleHH Hike (cM. § 26.5). OnHako B HEKOTOPHIX
cayyasix, HanpuMep B BapHaHTe Beiinsa efHHOH TeOpHH Monsa, paccTod-
HHA U AHHBI BEKTOPOB TOABKO OTHOCHTENbHBI, METPHYECKOro TeH3opa
Booflle HeT, a ecTb TOJAbKO TakK HasbiBaemas ajpdHHHAA CBS3HOCTB
(M. § 26.12). B Takux cnyyasx KoBapHaHTHEHIE H KOHTpaBapHaHTHELIE
BEKTOPH HUMEIOT CYLIeCTBEHHO pasHylo npupoay. OTMeTHM TakKe, 4TO
KOOPIUHATHI X!, . . ., X" He A6AAI0MCA KOMIIOHEHTAMH BEKTOpa, MOTOMY
YTO OHH He npeoépasy}oTc;l o 3aKoHy (26.1.12), 3a HCK/TIOYEHHEM Cy-
yasg OJHOPOAHBIX JHHeHHBIX NpeoOpasoBaHUil.

Korzna Ha MHOroo6pasuy 106aB/sIIOT UM UCKJIOYAIOT COrJlacoBaHHBIE
KapThl, KaK 3TO OMUMCAaHO B IJ. 23, mpeanoJaraercs, YTO U COOTBeT-
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CTBYIOLILHE HAaboOPbl KOMIOHEHT BeKTopoB {v;} uaM {v/} Tak:ke nobaBisi-
I0TCSi WJIM HCKJIIOYAIOTCS COMMIacHO 3aKoHaMm npeobpasoBaHus (26.1.10)
unu (26.1.12). CBolicTBa BEKTOPHBIX NOJEH, HHBAPHAHTHLIE NPH TAKHX
100aBJeHHAX M MCKJIOUEHHAX, PACCMATPHBAIOTCA KaK MX BHYTPEHHHe
cBoficTBa. B 3TOM cMbic/ie MOHATHE KOBapHAHTHOrO (HJH KOHTpaBapH-
&HTHOr0) BEKTOPDHOrO MNoJsi He 3aBHCHT OT KOODAMHAT.

YOprPAXHEHHS

1. Mycts w/ B v/ —rnajkHe KOHTPaBapHaHTHbE BEKTCPHEE NOJA, H MYCTh
w/ = wk dv/ [oxk —uvkdu/ joxk. (26.1.13)

TlokaxXHTe, YTO BEJHYHHBI {wf}'l' npeo6pasyloTcsl COTIacHO paBeHCTBY (26.1.12) n
IOSTOMY 06pasyloT BeKTOpPHOe IMoJje.

BBesieM 0603HaueHHe w=[u, V] H HasoBeM W cxobrod JIu BeKTOPOB u M v1),
flcno, uro [u, v]=—{v, u]. Tlokaxnte, uto ecan u/, v/, w/ —npon3BoabHHE
IVIaAKHe BeKTOpHbIe Mo, TO

({u, v1, wl+{[v, wl, u]4([[w, u], v]=0 (toxnecTtBo fIK06m).

Orciopa ciaepyeT, 4TO ecjiH, HCXOAS H3 ABYX Huu Gosee C*-BeKTOpPHBIX NoJel Ha
C>~-MHOro0o6pasui, MOJYYHTh BCe BO3MOXKHLIC BeKTOPHHIE MMOJS NMPH ITOMOLIH JHHeli-
HHX KOMGHHAUHA (C HOCTOSIHHBIMH Ko3(pHuHeHTaMu) H cKOGOK JIH, TO B pe3yab-
TaTe BO3HHKHeT aare6pa JIn (BO3MOXHO, GecKOHeYHOMepHas).

2. Mycte u/ n v/ —raaikdHe KOHTpPaBapHaHTHBIE BeKTOPHBIe NMOJSI, CKOOKA
Jln KOTOpHIX paBHa HYyJIO, T. €.

uk v/ 9xk =vk dult joxk.

HyXHo mokasaThb, 4TO eI TOYKa Q Ha MHOrooGpasHm sBJAsSleTCS KOHLOM HYTH,

HauMHalowerocss B Touke P W ciefyiowero BAONb HHTerpajJbHOA KPHBOH BeKTOp-
Horo moms u/, T. e. BAOJb pelleHHs] CHCTEMH!

dx/jdt=ul (j=1, ..., n),
JO MOMeHTa BpeMeHH f;, a saTeM BJOJb HHTEIpPajbHON KpHBOH mnois v/ 1o mo-
MeHTa Iy, TO TOM 3Ke TOYKH Q MOKHO AOCTHYL, cjaeAys OF TOYKH P chavaza mo
HHTerpasbHON KpHBOH Mo v/ A0 HEKOTOPOTO MOMEHTa [y, a8 3aTeM—IIO HHTer-
panbHOH KpHBOW mnoss 4/ 10 HEKOTOpOro MoMeHta BpemeHH f4. C 3Tol LeJblo

BO3bMeM MOBepXHOCTb x/ (s, f) Ha MHOroOGpasuH, ONpefesieMylo CjelyOLHMH
3a/lauaMi C HayaJAbHBIMH NAHHBIMH:

OxJ (s, 0)/ds=u’ (x (s, 0)),
x/ (0, 0) sapano (touka P),

oxJ (s, /ot=v/ (x (s, 1)),
x/ (s, 0) 3apano (13 mpeiblAyuwedl 3afaun)

(cM. pnc. 26.1). Tlokaxure, uto TOrAa X (S, {) YNOBIETBOPSET W YpPABHEHHUIO
Ax/ (s, §))0s=ul (x (s, 1))

npn (=0, 415 4ero AOKaxnTe, YTO BeJHYHHB B OGEHX 4acTAX 3TOTO YPaBHEHNA
ABIAIOTCA DEWeHHSIMH YKA3aHHBLIX 33434 C HAYalbHLIMH NaHHBLIMH (OTHOCHTEIBHO f),
8 HMEHHO TeX e CaMblX «OOLIKHOBEHHBIX» An(depeHUnanbHbIX ypaBHeHHH (s PrK-

1y Wan ux RomMmyratopoM.— Ilpum. nepes.
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CHPOBAHO)

%(gs_xf(s, t))=ﬂ%c%’—”(%x“(s. t)) ,

a7 @/ s, N="LL D kx5, gy

C TeMH XK€ CaMbIMH HaydaJbHbIMH YCJOBHfAIMH, [OTOMY 4TO
0x/ (s, 0)/0s==u’(x (s, 0)).

[ToBepxHoCTh x/ (s, {) COCTOHT H3 TOYeK, KOTOPHIX MOXKHO LOCTHUb, caefiys uz P
no 3ur3aroo6pa3HbIM NYTAM, KaXAbIH OTPE30K KOTOPHIX #BJAETCA OTPE3KOM

4

Puc. 26.1.

HuTerpanpHON KpuBOH JH60 ans noas u/, au6o nas noas o/.

26.2. TEH3OPHbBIE NONg

Kontpasapnauthsle Tenszopst 77/%, T/ y T. 1. npOM3BONLHOrO paHra
(pane—>TO 4YHCJIO MHAEKCOB) NpeoOpasyloTcss COrNacHO 3aKOHY

T'7ke.. = (3x'10x7) (OX"H10x5) ... TS (26.2.1)

CorJsaliieHHe 0 CYMMHPOBAHHMH NDHMEHsIeTCs! 311eCh KO BCEM NOBTOPSIO-
LIHMCSl MHJEKcaM r, S,... B NpaBod 4YaCTH DaBeHCTBA; B pe3yJbTaTe
no/yyaercss KpaTHas cymma. KoBapHaHTHble TeH30pHbie noasi Tjg,
Tie1 ¥ T. 1. npeoOpasyloTcd COTJIAaCHO 3aKOHY

T = (0x710x"7) (Ox510x"®). .. Ty, (26.2.2)

a CMelluaHHbIe TEH30pbl—COr'J1aCHO INpaBuay, yKasaHHomy B C.Helly}O'
meM npHMepe:
Tikm—=—. — . Trsyx (26.2.3)
Oxr Oxs Ox’'t Oxu
Bce st 3akoHb npeoGpasosaHus TpaH3UTHBHHL. O nocsenHem TeH-

3ope TOBOPHT, YTO OH HMEET KOHMpasapuanmroii panz 3 H Kosa-
puanmuoili pane 1.
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3akoHBl npeo6pa3oBaHHs MOKA3LIBAIOT, 4TO eclH u/, v/—KOHTpa-
BapHAHTHbIE BEKTOPLI, & W, Z;— KOBAPHAHTHBIE BEKTOPbI, TO BEJIHUHHBI

Trh=ultk, T =wgz, T,=uw, Tk =utw,
H T. 1. ONpelensioT TeH30pH 06o3HaueHHoro THna. Boobwe ecsn
Tili’".klkg.-.l‘l’.“' . " Srlrgms,s,...tltz". .
— mobple B2 TeH3opa, TO NpPOH3BEIEHHSA
(Ti‘i”mk,k,... Ll,... . ) (Sr,r,...s‘szmt,t,... .. )
SIBJISIOTCSH KOMMOHEHTAMH TEH30pa

Ri,/;... Lils... rirs... tilge..
kiks... . e $153..- ]

KOHTpaBapHAHTHbIE H KOBAapHAHTHBIE PaHTH KOTOPOrO CYTb CYMMHI
COOTBETCTBYIOIIHX paHroB TeH3opoB T n S. OnHcaHHBI nporecc
[IOCTPOEHHS] TEH30POB HA3LIBACTCSH GHEUIHUM YMHOXCCHUEM ') BEKTOPOB
H TEH30pOB.

Ecin y HekoTOporo TeH3opa OAMH U TOT ke CHMBOJ BCTpeyaeTcs
KaK B BEPXHHX, TaK W B HHXHHX HHJAEKcax, TO BCTYMAaeT B CHJY
COrJlauieHHe O CYMMHPOBAHHH (OTHOCHTEJBbHO MOBTOPRIOWHKXCSA HH-
JIEKCOB) H B pe3yJibTaTe MOJyyaeTCs TEH30p MEHbLIETO paHra; HampH-
Mep, €CJH 3ajlaH TeH30p R/,;,, TO MOXHO ONPEIEJHTb TEH30p
Ry, = R/y,;, HIH, HanpuMep, U3 TeHsopa S/F,, MOXKHO MOJIYYHTb CKa-
aspul S/%;, u Sk, ;. Takas npouelypa HasbiBaeTcs céepmxoi. Bueunee
YMHOKEHHE C MOCJEAYIoeH CBEPTKOH Ha3blBaETCS! SHYMPEHHUM Um-
HOMCeHueMm, HATIPHMED €CAH v/ M W;—BEKTOpbl, TO 0/w;—CKaasp ?).

Jlerko npoBepseMbIM 0GpalleHHeM NOC/eJHEro pe3ysbTaTa CJIYXKUT
3aKOH 4acmr020 ®), KOTOPLIH YTBEPXKJAeT, UTO €CJH 3alaHO MHOXECTBO
HaGopoB BeJHUHH {v/} M ¢ KaXKIoH KapToi, conepxareli HeKOTopylo
TOUKy P,, CBfi3aH OJHH TaKol Habop M eclH IS Kaoxdoeo KOBa-
PHAHTHOTO BEKTOpa {w;}, ONpENENEHHOro B TOuke P, Be/luHHA
v/w; ABASETC CKaJAPOM (MHBADHAHTOM MPH H3MEHEHHH KOOpAMHAT-
HHX CHCTEM), TO HaGophl {v/} ONpeie]sloT KOHTPaBapHAHTHBLIH Bek-
Top (B Touke P,). KoBapHaHTHble M KOHTPaBapHaHTHHIE BEKTOPH
3/1€Cb MOXHO NOMeHSITb poJsvH. Booble ecau, HanpuMmep, 3afaHbl
na6opnl n® eauuun {7 '}, Takue, yTO BEJHYHHBI

— T, kg
S;=T;lv*w,

1y Yame 370 YMHOMKEHHE HAa3bIBAGTCH MEH30PHbLM, a BHEUIHM YMHOMXeHHeM
(KOCOCHMMETPHYECKHX) TEH30DOB HA3LIBAlOT albTePHHPOBAHHE TEH30PHOrO TpOH3Be-
nenua (cM., HanpuMmep, Mumenko u Pomenko {1980]). —[Ipum. nepes.

2) To ecTb OGHINHOE CKaAspHOS npOH3BeAeHHe BeKTOpoB.— [lpum, nepes.

3) HauGosee o6mylo GopMyaHpOBKY 370 Teopemul cm. Bekya [1978, c. 73],—
Ilpum. nepes.
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npeobpa3yloTcsl COTVIACHO 3aKOHYy Ipeo6pasoBaHHst KOBAPMAHTHBLIX
BekTopoB (26.1.10) nua mobuix BekTOpOB {v*} M {w,}, onpexesen-
ubix B Touke P,, 10 {T '} npeoGpasyercs cOracHO 3aKOHY INpeod-
pa3soBaHHs TEH30POB COOTBETCTBYIOUIErO THIA-—KOBAPUAHTHHIX DaHra
2 u KoHurpaBapHaHTHhX paura 1. Kopoue rosops, T ,' sBasercs
TEH30 POM.

3aMeuaHHe O TePMHMHOJOTHH, BCTPEYAIOIEHCH B HEKOTOPBIX KHH-
rax no aupgepeHuHaILHOR reomeTpuH. YacTo ucmoab3yercs HHOe
onpefieJIeHHE BEKTODHOTO MOJs, KOTOpoe GyIeT NPUBEIECHO HUKE:

eCJIH U/—KOHTpaBapHaHTHOe BEKTOPDHO€ IoJIe, TO JIMHENHbI onepartop
def

L=1/0/0x/, npuMeHeHHBI!l K AuddepenuupyeMomy ckaaapy f, Aaer
ckanap Lf=uv/(0f/0x/). Ecau MuorooGpasue u ¢yHkuuu f u v/
npuHajaexat kJaaccy C®, 1o L orob6paxaer kjaacc C® (yHKUHI
B ce6s. Bonee Toro, ecam f u g—obble 1B Takue (yHKUMH, TO

Lfg=FLg+gLf; (26.2.4)

quHeliHbl oneparop, o6Jajalomuil 3THM CBOMCTBOM, Ha3LIBAETCH, KaK
H B M. 25, dugepenyuposaruem. ObpatHo, ecin L-—moboe aug-
depennupoBanue Ha ajnrebpe C*-QyHKUHH, TO MOXKET GHITH MOCTPOEHO
Takoe BeKTOpHoe noje v/, uto L=v/(9/0x’/), eciu onepatop L
UMEeT JOCTATOYHO JIOKAJbHHIH Xapakrep. Jnsi toro uto6m L 6wl
NpeJCTaBUM B TAaKOM BHJE, HEOOXOAMMO, OUEBHMIHO, YTOGH B Cjyuae
COIVIACOBAHHOCTH CKaJApoB [ M g B HeKoTopo#l okpectHoctH Uc M
ckanspel Lf u Lg TakXke O6ulin Gnl corsiacoBann B U. Bepno aaxe
6oJibliee: eCii L MOXXHO NMPeACTaBUTh TaKUM 06Pa3soM, P-—IpousBonb-
Has TOYKA, a PABEHCTBO

of10x/ p = dglox’ |p  (j=1, ..., n) (26.2.5)

BHITOJIHSIETCA Ha J00Oi KapTe (C/eloBaTelbHO, HA /OGO Kapre,
conepxameit P), to Lf u Lg nomxHb GbiTb coryiacoBanu B P. (Oka-
3pIBaeTCsl, 4TOo J0GOH JMHEHHEI onepatop L, yaoB/eTBOpsiomHil
3TOMY YCJIOBHIO, 06si3aTe/IbHO siBJsieTCsl AudhepeHH poBaHHeM. ) UToGk
NOCTPOUTL ToJsie v/ B /060N Touke P NaHHOM KapTel, ONpelesuM
dynkuuu fU(x), j=1, ..., n, paBencTsamu
f9 (x)=x/,
BBLINOJIHAOIMHUMUCA B OKPECTHOCTH TOUYKH P, a 3aTeM MOOXKUM
v/ (x) = LfY (x).
210 onpenenser ¢yHKUMH v/ (X) Ha Bceil Kapre. Beenem o6o3HaueHue
g (x) =/ (0f/0x/ | )
Ana gwoboro C=-ckanspa f(X) u ans Jo6oil ToukH P Ha KapTe.
SicHo, uTo f M g ynoBeTBOpsloT paBencTBaM (26.2.5); c/en0BaTeBHO,
Lflp=Lg|p=v/0f/0x/ |p. (26.2.6)
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[locKkonbKy B JIEBOH YacTH CTOMT CKaJsip, H3 3aKOHA YACTHOIO CJejyer,
yto v/ nmpeofpasyioTcs NMPH 3aMeHe KOOPJAHHAT KAK KOMIIOHEHTHl KOHT-
paBapHAHTHOrO BEKTOPHOro noss H 4To L sBJseTcs AuddepeHLHpo-
BaHueM. [losToMy Mexay JOKaAbHBIMH JudpepeHIHPOBAHHAMH H
BEKTOPHBIMH MOJAMH CYIIECTBYeT B3aHMHO OJIHO3HAYHOE COOTBETCTBHE,
H Ha OCHOBAHHH 3TOrO HEKOTODPHIE ABTOPHI ONpeJesoT BeKTOpHOe Iofle
KaK A0KaabHoe Ougpepenyuposanue na arcebpe CT-pynryuti Ha mH02000-
pasuu. Mu1 6y1eM HCIIOIB30BATh IEPBOE ONpPeie/ieHHe, KOTOpOoe ABJACTCA
TPaZHUMOHHEIM /sl GONbIIMHCTBA 06jacTell (DH3UKH.

26.3. METPMKA B EBK/IMQOBOM NPOCTPAHCTBE

Ecnu X!, ..., X"—[ekapToBbl KOOpAHHAThl B €BKJHIOBOM IIpO-

cTpaHcTBe, a X', ..., X"-—KpDHUBOJHHEHHLIE KOOPDAHHATHI, Yepes KO-

TOpEIe 1eKapTOBL KOOPAHHATH Bhipaxatotcs B BuIe X = X! (x, ..., x"),

i=1, ..., n, T0o MH NOJyYaeM UTPAIOIHHA BaXKHYIO POJb MEMpPUUECKUL
Men3op &y

0X1 ox2 oxn oxn

r=gip (Y, ..., xP)= —. (26.3.1

g/k g/k( ’ ’ ) ox]  oxk + + x/  Oxk ( )

OueBHJIHO, YTO JJA JaHHOH KOOpDAMHATHOR cHCTeMbl X!, ..., x”

MBIl TIONTYYHM Te XKe camue (QYHKUHH g (...), ecan X/ 3aMeHHTD

HA JpYyTHe JeKapTOBbl KOOPJAWHATHI, cKaxeM X/, moayyeHHne H3 X/
BpallleHHeM Ocell KOOpAWHAT (MJAH BOOOIIE IyTeM Jo6oro ABHKEHHS).

Ilycts Temepb x! u x4+ Ax! (i=1, ..., n)—KoopauHATBhl [JBYyX TO-
yek Py u Py, a X u X!+ AX/—ux J1ekapToBbl KOODIHMHATH, T. €.
Xi=X(x%, ..., x"), (26.3.2)

X4 AX =X (0t Ax, ..., x4 Axm).
KBazpat paccrosnus mexay P; u P, onpelensercs paBeHCTBOM
(d (P, P))r=(AX) 4 ...+ (AX")2, (26.3.3)

ecd Axf—MaJbleé BeNHYHHBEI, TO mocJje pasnoxeHus (26.3.2) B pajbl
Tefinopa nosyuaercs

(d(Pg, Py =g, (xY ..., x") Ax/Ax* 40 (| Ax[?), (26.3.4)

rae JAx|=max[Ax/|. Dt0 paBeHCTBO OGLIYHO S3aNHCHBAIOT B BHJE
()

ds* = g, dx/ dx*, (26.3.5)

BeJIHUMHA dS HasblBaetcs aunelinbim sremenmon. Vs (26.3.1) caenyer,
YTo NpH npeo0pasoBaHHH KOOPAMHAT X!, ..., X" B JIpyrue KOOpHH-
Hatel x'!, ..., x'* QyHKuMH g, (...) npeobpasyioTcs KaK KOMIO-
HEHTbl KOBAapDHAHTHOTO TEH30pa BTOPOTO paHra, uTo COIMIACYETCs
¢ ofosHaueHHeM g . Bonee Toro, 3T0T TEH30p CHMMETpHUYEH: g\ = g
PapeHctBo (26.3.4) noxasmiBaeT, YTo uMCaA gy, 0OpAa3ylT [OJOKH-
TEeILHO ONpene/eHHylo maTpully. [lanee 6yner npeamosaratbes, yTto
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aHAJIOTHUHBIH METPHUYECKHH TEH30p CYLIECTBYET B J1060M PHMaHOBOM
NPOCTPAHCTBE, XOTA H HeoOsizaTesbHO B BHAe (26.3.1), nockosbky
IeKapToBa CHCTeMa KOOPIAHHAT MOXeT He CyIecTBOBaTb, ec/H Ipo-
CTPaHCTBO He SBJIAETCS €BKJHAOBLIM.

26.4. PMMAHOBbI M NCEBAOPUMAHOBbBI MHOTOOBPA3MA

Pumarnoso mnozoobpasue—310 n-vepHoe MHoroobpasue M, Ha Ko-
TOpOM OTpefle/ieH TEH30p BTOPOTO paHIa g; 3TOT TEH3Op Ha BCeM
M (1) cummempuuern (g;,=g;) w (2) noaoxumenrsno onpedeser
(g;xv/v* >0 nas moboro Henyneporo BekTopa {v/}). Bce coGcTBen-
Hble 3HAYeHHS MaTpULbl (g;,) TOJOXKHTENbHbl. 3aMeTHM, YTO eCJsH
TEH30p g;, CHMMETDHUEH, TO H TeH30p

g’ j5=(0x7/0x"7) (0x*/0x"®) g, (26.4.1)

CUMMETpPHYeH. 3aMeTHM TaKKe, uTO MOJOMHTe/bHasl ONpele/eHHOCThb
NMpH 3TOM 3aKOHe [peofpa3oBaHHs COXpaHsAercsi, IOTOMY 4TO
g0/ vF—CKansp.

JeTepMHHaHT MaTpHIBI (8/1) obo3HauaeTcss uepes g HJH
g(x*, ..., x*); oH He ofpasyeT CKaJsipHOr0 IO0Jf, MOCKOJBKY €ero
3HaueHHe B NaHHOM TOYKEe MHOroofpasHs 3aBHCHT OT CHCTeMBl KOOp-
IHHAT.

3akon mnpeo6GpasoBaHusa (26.4.1) B wmaTpuuHbIX 0003HauUEHHAX
BRITJIIAHT TaK:

G'=JGJT, (26.4.2)

rae G—wmatpuua (g;), a J—wmarpuua SkoGw.

s ncesdopumanosa muoecobpasus He TpeGyercs, uToObl MaTpHIA
(g;,) Obl7a TOJIOMHUTENBHO ONpelesieHHOH; HEOO0X0AHUMO JIHilb, YTOGH
oHa Oblna HesvipoxcOenHoti W cummempuuroti, Kaxnoe cobcTBeHHOe
snauenne G quGo >0, aubo < 0; cuenamypod s matpuusl G Hasbl-
BaeTCs YHCJIO TOJIOXKHTE/bHBIX COGCTBEHHBIX 3HAY€HHH MHHYC YHC/IO
OTPHUATEJbHBIX COOCTBEHHBIX 3HaueHHH. COTJIACHO 3aKOHY uHepyuu
CunbBecTpa A/ KBaApaTHuHBIX GOpM, cHrHaTypa Matpulbl G’ = JGJT
COBNajfaeT ¢ CHTHaTypoH MaTpuilbl (; NOKa3aTeJbCTBO MOMHO HaHTH
B kHure DBoxepa [1922]. CrnepoBaresbHO, CHTHATypa § B KaMIoH
TOUKe He 3aBHCHT OT Bblfopa cHcTembl KoopAHHAT. CoGCTBeHHbIE
3HaueHHs MaTpHlbl G fBJSIOTCA HelpepLIBHBIMH (QYHKLUAMH ee 3Jje-
MEHTOB g,,, a 3HauHT, H KOODAMHAT x, ..., X" 1 HHKOTZa He
ofpamaroTcsi B HyJlb; CJ€J0BaTe/bHO, HHKaKoe COGCTBEHHOE 3HaueHHe
He MOXET H3MEeHsATb CBOEro 3Haka NpH H3MeHeHuH {x’}. Tak Kak
M—cBsi3HO® MHOTOOGpasue, CHTHaTypa s MaTpHubl G nocTosiHHa Ha M.
B ofweii Teopun oTHOocHTesibHOCTH M HMeeT pasuepHocTb 4 M CHr-
Hatypy 2, tak uro G Ha BceM M MMeeT TpH MOJIOXKHTEJILHBIX H OLHO
OTpHLIaTe/bHOe COGCTBEHHBIE 3HAUeHHsl.
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[Tockonbky det G0, matpuua G o6paTHMma; 31€MeHTsl ofpaTHOMH

MaTpHubl 0603HayaloTCsl yepe3d g/k=g/k(x!, ..., x"); 3TH GyHKUHH
npeobpasylotca no dopmy.e
g/t = (0x"710xT) (Ox"*/0x5) gT5. (26.4.3)

2To paBeHCTBO MOMKHO MOJYYHTb NPH IOMOLIM BLIYHCJAEHHS MaTpPHIHI,
obpatHoH Mmarpuue (26.4.2), yduTbiBas [pH 3TOM, YTO MaTpHIlbl $1KO6H
o6paTHbIX Mpeobpa3oBaHHil ABAAIOTCA OOpaTHLIMH Matpuuamu, OTciona
CleIyeT, 4To g/ ABNfETCA KOHTPaBapHAaHTHLIM TEH30POM paHra 2,

Ecan & ecTb n-mMepHas THIEPHNOBEPXHOCTb B €BKJIMIOBOM IIPO-
ctpadctBe EN, rpe N >n, To & MOXKHO paccMaTpyUBaTb Kak pHMa-
HOBO MHOroofpaszue ¢ ToH MeTpHKoH, Kotopyio & nacaedyem us EV,
Ecam x', ..., x"—BHYTPeHHHE KOODAMHaTH Ha wactd {/ rumepno-
BepxHoctH & wuw X', ..., X¥-—jexkaproBbl KOOpJAMHATH B E¥,
npuueMm Ha U

Xi=Xi(x', ..., x", i=1,..., N,

TO, Kak 4 B § 26,2, paccrosnne d (B EN) Mmexay AByMs TOYKamu
x/ v x/4Ax/ Ha & monyuaercs no gopmy.ie

N

di= X [Xi(x ..., x)—X (X" +Axt, ..., x4 Axn) =
i=1
=g A/ Ax* 40 (| Ax? ),
e
N

g = 2 (0X!/0x7) (XI/0x).

i=1

losopsAt, uto o noepyxeno B EM m uto g,,—mnacredcmeen bl
(MHIy UM POBaHHBIA) METPHUECKHH TEH30p.

[TPUMEP
Ecan x1=6 n xP=@-—chepuyeckrne KOOpAHHATE HA efHHHYHOM c(epe, rie
0<B<a, —n<¢p<m,alX, Y, Z—jaekapToBu KoopauHats B E3, 10
X=sinx'cosx? Y=sinr'sinx?, Z=cosx!

gii=1, giz=g21=0, gy =sin®x1,

3To o6puHO sanHchBAIOT B BHAe ds’=d02}-sin?Bdp% To Ke camoe MOXKHO TO-
JAYYHTb H3 BBIPAMeHHs] AJS JIHHeHHOro wiementa ds®=dr2-|-r?2d062--r%sin?0de?
B cepHUeCKO# cHcTeMe Koopiuuat B E3, nonoxus r=1, dr=0.

3ameTHM (A0Ka3aTeJbCTBO CM. B KHHre 2iisenxapra [1926]), uro
n-MEPHOE pPHMaHOBO MHOrooGpasHe MOXKHO BCerja norpyauts B EV,
e N=1'/,n(n+1), xota aaa Toro, yto6bl MOrPy3nUThL MHOrOOGpa-
3HE KaK THIEPNOBEPXHOCTb 0€3 CaMONIEPECEUeHHs (T. €. 8A0KUMS),
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TpeGyeTcs TNpOCTpaHCTBO OoJbliefi pasMepHOCTH (cM. OGCY2KAeHHe
6yteiikn Kuefina B § 23.1)1).

[1ceBROpHMAHOBO MHOr0OGpa3He TaK:Ke MOXHO NOTPY3HUTh B MJIOCKOE
NpocTpaHcTBO (0606LIEHHOE NPOCTPAHCTBO MHHKOBCKOro) MOAXOAAlEl
pPasMepHOCTH H CHTHaTypsl. OfHaKO 3TO YTBepKIEHHe HMEET OTPaHH-
yeHHOe oOpalleHHe: I1ajKas NOBepXHOCTb B TAKOTO Pojia NJIOCKOM INpo-
CTPaHCTBE fIBJAETCS NCEBJOPHMaHOBBIM MHOroOGpasHeM TOMbKO B TOM
caydae, KOTAA OHA HHTJe He napajnenbHa CBeTOBOMY KOHYCY.

YTPAKHEHH S

1. Ilyetb f —pumMaBoBO MHOrooGpasie ¢ OXHMOM KOOPIMHATHOR CHCTEMON
a=§, x¥=1 u c MeTpPHUECKHM TEH30POM, 3alaBaeMHM MaTpuLeil

@) =TT e 1)

WETFEFE —tn 148/

KOOpAMHATH § ¥ 1 MOryT usMeHsTbea Ha Beelt (§, m)-naockocth, [Tokaxute, yro
& MoxeT 6biTb norpyxeno B E3 Kak noaycdepa.
2. AHanoruyHO HalifuTe norpyxeHue B E3 MHOroo6pasus ¢ MeTPHUECKHM

TEH30pOM
1 2
@ =" Fe)

26.5. NOAHATUE M ONYCKAHME MHAOEKCOB

Ecan v/—no60i KOHTpaBapHaHTHBIH BEKTOpP Ha pPHMAHOBOM HJH
TCEB/I0 PHMAHOBOM MHOTOOGDA3HH, TO KOBAPHAHTHBIA BEKTOD U, == g%,
NOJyYeHHbIl Kak BHYTPEHHee MpOH3BeleHHe 1/ Ha MeTpPHUECKHH
TEH30p, paccMaTpHBaeTCs KaK IIpOCTO Apyroe INpejcTaBieHHe v/
TOBOPAT, 4TO U; NOJYYeHO M3 U/ onyckanuem unOexca, W KOTHa OJHH
H TOT XK€ CHMBOJ MCHOJb3YETCs AN KOHTPAaBapUAHTHOTO H KOBa-
PHAHTHOTO BEKTODPOB, NPEANOJATAOT, YTO OHH CBA3aHEl HMEHHO TaKHM
00pa3oM. AHa/IOTHYHO, €CJIH W;— I POH3BObHLIH KOBapHAHTHBIA BEKTOD,
rOBOPAT, YTO KOHTPABapHAHTHLIH BeKTOp W/ = g/*w, nonyuyeH nodHs-
muem undexca. Ecau WHHAGKC CHadana MNOZHUMAaeTcd, a 3aTeM ONy-
cKaeTcs (UMM HaoCOpOT), NMOJYHAETC HCXOZHLIH BEKTOp, NOTOMY 4TO
(gjx) M (g’%)—B3auMHO OOpaTHbIE MAaTPHUBL, TaK 4TO g;,8%w,=w;.
TouyHO Tak XKe MOXKHO ONYCTHTb HJIH NOZHATH JIOGOH HHAEKC JOOGOr0o
TEH30pa, HanmpuMep

Sl-”,—-:g””‘Sjm,:gimS,"”‘ H T. HL;

3aMeTHM, YTO TOPH30HTAJbHOE YMOPSAAOYMBAHHE HHAEKCOB JIO/KHO
COXPaHATbCH, €CJH TEH30p He SB/seTcs CHUMMETpHUYeCKHM. SICcHO, 4To
g/F—3T0 npocTo pesy/bTaT NMOAHATHA OGOHX MHIEKCOB g,; CMEINaH-

1) OroGpaxenne { MuorooSpasus M B EN uasuBaeTcs noepyocenuem (um-
mepcued), ecnn ero Martpuua Sko6n B gofoil TOUKe HEBLIDOMK/AEHAa; OHO HasHBa-
eTCH 8A0JCeHIeM, €CJIH ABJAETCS BSAHMHO OfHO3HAYHHM OTOSpa)KeHHeM MHOroo6-
pasus M Ha ero o6pas B EN.— [Ipum. nepes.
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Has (bopMa METpHUYECKOro T€H30pa UMeeT BH]J

; ) | npu j=¢%k i
g;2=g]lglk= {0 HII?)H :’i;l_-_k} = ley

B 3TOM 4YaCTHOM CJlyyae NPHUBHIYHO NHCATb HHAEKCHI 6e3 FOpHU3OHTAaJb-

HOTO pasiesienns (gh BMeCTO g/, WJH g,’), YTO JOMYCTHMO BCJeJCTBHE
CHMMETPHH.

26.6 TEOQE3UYECKME HA PHMAHOBOM MHOTOOLEPA3MUHU

OcraBiiasicsi 4acTb IVIaBhl, 32 HCKJIOYEHHEM IOCJeJHero mnaparpadga,
nocBsiieHa reofesnueckuM. OfHaKO 3TO e€lle He COBCeM TeoMeTpHs,
MOTOMY YTO Mbl GyJeM HMeTb JeJO B OCHOBHOM C aHAJHTHYECKHMH
MeTOZaMH H CBf3AMH. ['eoMeTpnyeckue CBOMCTBAa MOSIBATCS B CJelylo-
med rsiaBe ¢ BBeJeHHeM TaKHX MOHATHH, KaK napaJsJesbHell mepeHoc
BIOJIb KpHBOH.

[lycts €-—ryagkan KpuBasi Ha pHMaHOBOM MHorooGpasun M
¢ HavasoM P; n koHuoM P,. IlpeanosnoxuM cHadaja, 4To 6 JeXut
Ha OLHOH KOOPJAHHATHOH KapTe W B 3TOH KapTe ONHUCHIBaeTCH QYHK-
M ¥/ (@), a << w < b, kotopele mpuHaaexar kjaaccy C2. IlpeoG-
pasoBaHHsl OJHOH KapThl B Jpyryw OydyT pacCMOTpEHB MO3JHee,
Bennunna

b b
L= S ]/gk,x"x‘ dw= Sds (26.6.1)

a a

HaswiBaetcs Oaunoll kpupoli B. (Ecam M norpyxeHo B eBKJWJ0BO
npocTpactBo EV Gosee BBLICOKOH pPasMEPHOCTH, KakK 3TO OMNHCAHO
B § 26.4, To L—B TOUHOCTH AJuHA B, Kak kKpuBodl B EV.) Iloako-
peHHOe BhHpaxeHue B (26.6.1) mosoxkHTENBHO, NMOTOMY YTO METpH-
yecKHil TeH30p B PHUMaHOBOM NPOCTPAHCTBE MOJIOXKHTEJBLHO ONpejeJeH
(0 mceBLOpMMAHOBHIX mpocTpaHcTBax cM. § 26.7). Dro moakopeHHoe
BHIp&KEHHE CJelyeT pPaccMaTpuBaTh Kak (YHKIHIO OT w:
def
gr (¥} (@), ..., X" (w)) (dx* (w)/dw) (dx* (w)/dw) =
def . .
=D, ..., x7, X, ..., x"), (26.6.2)

rie Touka o6o3Havaer d/dw, a KaxAbili aprymeHT ¢yHkuuu D(...)
MOHHMAaeTCsl KaK COOTBETCTBYIOMIAs (YyHKLHA OT w.

3aMeTHM, MeXAy TpPOYMM, YTO €CJH KpuBas % JeXHT Ha mepe-
CeueHHH IBYX KapT, TO B J0GOH M3 HUX AJHHA L OKa3blBaeTCH OLHHM
¥ TeM XKe UHCJOM, NOCKOJbKY BhIpaxeHHe (26.6.2) spasercs ckaJjs-
poM u Aas Jioboro @ 3uHaueHne @ He 3aBUCHT OT BbIOOpa CHCTEMH
KOOPAHHAT; CJel0oBaTe/bHO, 3HAaueHHe L, nosyueHHoe H3 (26.6.1),
OKa3plBaeTCsl UHBapuaHTOM. Ecan € -—Kycouno riaikas KpHBas, TO
Noj ee JJHHOA MOHHMaeTcs CyMMa JJHH ee IJIaJKHX KyCKOB.
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Ecan MoxHO HallTH Takylo raaakyio Kpueyw €, ot P; 1no P,,
onpelensemyio GyHKUHAMH y*:

B, xh=yt(w) (@aLw=<b), (26.6.3a)

yro uHTerpaJ L paa €, okasbiBaeTcA MeHblue, yeM AJsi JIOOBIX JApy-
r'MX KPHMBBIX, COoellMHAlWUX P; H P,, To oueBHIHO, 4TO &, fBJAETCA
caMoli KOpPOTKOH CpellH TakWX KpHBbiX. UToOul cpaBHMTb €, ¢ cocen-
HHMH KDHBLIMH, pPacCMOTPHM KpuBbie € Buia

6. xk=yk(w) -+ e2k (w), (26.6.36)
rie e—mMaJplii napameTp, a z¥—npoussosibHeie C?-QyHKIHH, Takue,
yro 2k (@)=2*(b)=0 (k=1, ..., n); Torna

b

1 oo oo
L=L0+7SS(D‘1/2 <W2k+ dik Zk>dw+0(82), (26.6.4)

rae L,—anauba €,. ¥ ¢yHkuud @ M ee NpoH3BOAHBIX apryMeHTBI
x* W x* caelyer paccmaTpuBaTh Kak (yHKOMH Ha €,, T. e, Kak
y*(w) u y* (w). Urobbi 3HaueHue L ObIO MHHHMYMOM, HHTErpaj B
(26.6.4) nomkeH ofpawlaTbC B HyJb npd Jo0om Bbibope (yHKUHIH
zk (w), a 3TO ycJOBHE NPHBOIAHT K AHGp({EpPEeHIHANbHEIM YypPaBHEHHAM
OTHOCHTeJbHO GYHKUHMA y* (w), onMchiBawuMX KpHByio €, Ecau
3TOT MHTerpas ofpaiaeTcs B HyJb HpH Bcex 2%, T. e. ecan yk
yIOBJETBOPAIOT 3THM JAH(pepeHlHaNbHbIM yPaBHEHHAM, TO KpHBas
6, HasblBaeTC eeode3udeckol (MIU e2eolesudeckol xpusoi) Ha M;
KpuBaa %, MOXET ObiTb Haukpamuadwium nytem or P; 1o P,, a
MOXKET W He ObITb WM (CM. PHMEpBI HHIKE), OHAaKO B JitoOOM cJiyuae
sHaueHue L cmayuonapro Ha €,.

B uacTHocTH, ecan M-—eBKJHIOBO A-MEPHOE NPOCTPAHCTBO
H x', ..., x"—KDHBOJHHEHHbIE KOOPIHHATbl, TAK YTO METpHYECKUH
TeH30p 3ajaercsi ¢opmyJdoi (26.3.1), To kpuBas €, npencrasaser
coboii OTpe30oK NpsAMOH, ONMCAHHBIA B KPHBOJIMHEHHBIX KOOpJWHAarax.

Has ynpouleHHs NOCJENYIOUHX BBIYHCJEHHH YyI06HO BHIOpaTh
napamerp w Ha KpHBOH €, TakhiM oOpasom, uytofn @ oxasajoch
KOHCTaHTOA Ha ¢, (HO He 00A34TE€JbHO Ha COCEJHHX KPHBHX @
B CcaMOM JeJe, w Heab3sl BHOpaTb TakuM, 4ToObi @ ObLIO OIHOK
H TOf e KoHcTaHTofl Ha €, 1 Ha COCEJHHX KPHBHIX, IIOTOMY UTO
151 STHX KPHBBIX W==a U w=0>b B P, 0 P, COOTBETCTBEHHO; 3HAUHT,
€CcJH w MOXKHO Obl1o Obl BbIOpaThb yKa3aHHbIM 00pasoM, TO BCE 3TH
KPHUBBIE HMeJH Obl OAHY H TY XK€ JJHHY). 3TO MOXHO clesaTh BBe-
JeHHeM Ha 6, HOBOro napamerpa A=A\ (w) PaBeHCTBOM

A(w1)=S ]/gk,y"‘y" dw, asw,<b (26.6.5)
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(A—0auna Oyeu BROAL €,); HCNOAB3Yys A B KayecTBe NepeMeHHOH
HHTEPHPOBAHUS BMECTO W, NoJyuuM BMmecTo (26.6.5)

Al — e
xi=08 V @ty db;

nostomy nocje AuddEePEeHUHPOBAHHSA 10 A; MOJyyaeM

V grtyt =V D=1 na %,

MHuoxutenp O-1/8 MOXKHO Tellepb BLIHECTH 33 3HAK HHTerpana (26.6.4).
Huaue rosops, ecau 6 Kauecrnge napamempa h @3ama dauna Oyzu 8,
mo eapuayuorHeie 3adadu

b b
8{V®ah=0 u s{oan=0 (26.6.6)

a

umerom 00HO u mo sce peuerue. Xorsa O@=1 Ha %, vacTHHe nOpo-
usBogunie @ B (26.6.4) He ofpamaiTcA B HYJb, NOTOMY YTO OHH
BKJIOYaloT AH(pepeHUHPOBaHHS MO APYTHM HanpaBJeHHsM, a He
TOJBKO BAOMbL 6,

Huterpuposanue no 4acTaM BTOpOro cjaraemoro B (26.6.4) nocJe
yaanennss ®-1Y2 (MpOHHTErpHPOBAHHbIE YJEHBI OOPAUlAOTCSl B HYJIb,
nockoasky z#F=0 8 P, u P,) U npupaBHUBaHHe HHTErPaja HYJIO AAKOT

b
o0 d 00
B cuay npousBoJBHOCTH zF (A) OTCl0fla CJlefyeT, uTo
oD d o0
W—ﬁ m—,k=0 Ha g‘) (k= 1, « ooy tl). (26.6.7)
Cnosa «Ha %,» 03HayaioT, YTO B KauecTBe (YHKuHH x%(A), Bxona-
uux B @ (cM. § 26.6.2), Hy:xkHO Gpathb QyHKUHM y* (A), KoTOpHIE
ONUCLIBAIOT KPHBYIO €,. YpaBHeHHsa (26.6.7) aABAAIOTCA 6apuayuoH-

HolmU ypasHenuamu Jisepa 3afadu
b

s { @dr=0. (26.6.8)

a
U3 onpenenenusn (26.6.2) dynxkuun @ sacHo, uto ypaBHeHHs Jiirepa
BBIMJIAAAT, B YaCTHOCTH, TaK [B (26.6.7) k sameHsiercss Ha m}:
ag . .
ax’;)ﬁ xkxl (gml"cl+gkmxk)=0
(1Ba ujeHa B CKOOKax, KOHEYHO, PaBHbI APYr APYTy), HJH

Ogu _ Ogmi _ O8n
(5%—%;— B ) il — g, 5 =0, {26.5.9)
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HMEHHO 3THM YpaBHEHHUAM (m =1, ..., n) LONKHBl yAOBJETBOPATh
byHKUHH xF(w)=y* (w) Ans Toro, utoObl KpuBas €, Gblia reojesu-
yecKOol.

OTH ypaBHEHHs YAOOHO 3aNHCaTh C HCIIOJb30BaHHEM mpexuHdexc-
Hoix cumsoaos Kpucmoghheas nepBoro u BTOpPOro poja, MMEIOUMKEX BHJL
COOTBETCTBEHHO

1 a 0gm . O2km
[k, m]=?(—- R ) (26.6.10)

X

{1} =g'™[kl, m]  (npocymmupoBao mo m). (26.6.11)

Toraa nocae yMmHokenus (26.6.9) Ha g7™ u cyMMHpOBaHHA 1O m no-
JYYalOTCAl ypaBHEHHS (1] Teole3HuecKoi)

£, =0 (r=1, ..., n) (26.6.12)

(3necb, KaK H Besle, HCNOJb3YeTCA COrJAMIEHHE O CYyMMHDOBaHHH).

CumBoa {1} siBaseTcss DyHKuHeH oT X!, ..., X", IPHYEM CUHMTaeTCs,
yro B3aThl x*(A), ..., x"(A). Jlobas kpuBas %: x*=x*(}A), yuoB-
JetBopsiouas (26.6.12), naspiBaeTca eeodesuueckod; napamerp A Ha-
3BIBAETCS HAMYPAAbHOIM napamempor (ANH apourHbeiM, WAR nped-
noumumensHolM, WA ecmecmeennbim) Ha 6. OueBHAHO, YTO YpaBHe-
uia (26.6.12) He u3MeHsoTCs NpH mNoOACTaHOBKe A— ah-+b, rre
a0 u b-—KOHCTaHThI;, CJIEJOBaTeNbHO, HATypaJbHbIl NapameTp
onpefesieH ¢ TOUHOCTBIO JO TaKHX JHHeHHHX mpeobpasoBanuil. Ha
pPHMaHOBOM MHOroo6pasHH A MOXKHO B3fiTh KaK AJHHY ILYTH,

Puc, 26.2. Teopeauueckue, ! — cdepa; 2 — reofieanyeckasn H3 A B B MHHHMaJAbHOM
JJHHB, 8 — reofieandeckas H3 A B B MakcHMaibHOR JJHHbBI} 4 — LHJIHHED;
5 — nBe reonesnveckne M3 A B B MHHHMaJbHOH JUIHHBI,

Hocturaer nn Ha € uHTerpand L AeACTBHTEIbHO MHHMMyMa (2 He
MaKCHMyMa HJIH Jla’ke MPOCTO CTAMOHADHOTO 3HAYCHHUS) U ABJISETCS
JIH 3TOT MHHHUMYM €JHMHCTBEHHbIM, HEBO3MOXKHO BBIACHHTL Ge3 Jomod-
HHTEJIbHBIX HCC/IeJ0BaHMH (cM. npuMepsl Ha puc. 26.2; samerbre
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TaK»e, 4TO Ha cdepe uMeeTcs:i GECKOHEYHO MHOTO TeoNe3UdYecKuX
MeXJy NaHHOH TOYKOH H AHaMETpAJILHO €i NPOTHBOMOJOXKHOMN, NpHYEM
BCE 3TH Teofle3HYECKHe HMEIOT OQHY H TY XKe Aauny). OnHako Huxe
MH yO€IHMMCS B TOM, 4TO JJd J060H 3afaHHod TOYKH A MHOroofpa-
3y HafijeTcss Takas ee OKDecTHOCTb N, UTO MJidA JIOGOH TOYKH
B€ N, uveerca TONbKO ONHO pemenue €, ypaBHeHuil (26.6.12),
uiywee u3 A B B u snexaumiee B N,, npuueM Ha 3TOH KpPUBOH %,
uHTErpas L JOCTHraeT MHHHMyMa.

3ameuatunn, Besnuunsl [kl, 7] He ABMAIOTCS KOMIOHEHTAMH KaKOro-

JH60 TeH30pa paHra 3, PaBHO KaK H BEJMYHHBl {x »}, MOCKOJBKY
JUISl HUX HE BBITMOJHAIOTCS COOTBETCTBYIOUIME 3aKOHBI P00 pa3oBaHust;
HalpEMep, B €BKJHIOBOM MDOCTPAHCTBE BCE 3TH BEJHYHMHBI TOXKJE-
CTBEHHO PaBHbl HYJIO B J€KAPTOBHIX KOOPAHHATAaX, HO HE B KPHUBO-

JIMHEHHBIX KOoOopAHHaTax. Benuuunsl x* ecTb KOMIOHEHTHI KOHTpaBa-

DHAHTHOI'O BEKTOpa, HO x* TaKOBBIMH He fABJAOTCA. TeM He MeHee
ypasHeHusi (26.6.12) B HEKOTOPOM CMbIC/I€ MHBAPHAHTHBLI: €CJIH B He-
KOTOpPOH CHCTEME KOODAHHAT UM YJOBJETBOPHET JaHHAst Kpusas
P (A), To 3Ta KpHBas yNOBJETBOPAET UM U B JIOGOH Apyroii cucreme
KOODAHHAT, TMOTOMY 4YTO 3TH YPaBHEHHS BbIBeJEHBl H3 WHBADUAHTHOrO
ypaBHeHHs (26.6.8). I'eonmesnueckass W HATypaJbHbIl mapamerp ss-
JISIIOTCS] HHBAPHAHTHLIME O0BEKTaMH. JIeBLIe yacTH ypaBHeHuil (26.6.12),
BLIYHCJEHHBIE HE 00s3aTe/bHO HAa Teofe3Hyeckofl, o6pasyioT B JoGof
TOYKE KPHBOH ¥ KOHTpaBapHaHTHBIl BEKTOp (HOJYYEHHbIH MOpH 1[0-
MOIlY TaK Ha3blBaeMoro abCco/MoTHOro audgepeHNNPOBaHHS BEKTOpA

xt—cum. § 27.6), xoTa oTAe/bHbIE useHb B (26.6.12) camu ro cebe
HE $BJISIOTCS KOMIIOHEHTaMH KaKoro-1u6o BeKTopa. Eciu kpuBasi 6
MPOXOMUT Yepe3 HECKONbKO KapT H B KaX[Oi M3 HUX YIOBJETBOPSET
(26.6.12), To € Takxke Ha3bIBaeTCA eeo0e3u4eckoli HA MHOrOOOPAasHH.

26.7. FTEOAE3UYECKME HA NMCEBJOPUMAHOBOM MHOTIOOBPA3MH

B stom ciyyae @ MOxeT GLITh OTpHLATE/bHBIM, [103TOMY BeJHYHHA L,
b

ompejeJieHHas Kak SCDI/2 dw, He uMeeT CMbIcja AJHHBEL. Jlaxe ecau

@
b

nepeonpeieauTh L Kak SICDII-’?dw, To L eme He Oyler IJIHHO B
a

OGBIYHOM CMbIC/IE, TaK Kak A4 J6blX JaHHBHIX TodeK P u { Bcerza
MOXHO HaliTM Takylo (KyCOYHO IjajKylo) KpuBylo oT P jo @, uto
aia nee L=0. Tem He MeHee KpuBas §: x*=x*(A), ynoBJeTBOpSIO-
was (26.6.12), no-mpexHeMmy HasblBaeTCsi eecodedudeckotl, a A Hasbl-
BaeTCs Hamyparsuoln napamempon. Bemvunna @ = g,,x/x* nocrosinxa
Ha %, ¥ BO3MOXHBI TpH CJydasi
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ecau @© >0, To € HaswBaeTcs
RPOCM PAHCMBEHHONO006HOL  reoNe3HYecKoi;

ecad @ =0, To ¥ HasbiBaeTcs

) ) 27.7.1)
HYynesou reode3HYECKOH,

ectd © < 0, To € HasniBaetcs
8peMeHHON0006HOI Teo1e3HYecKOoH.

Taxk kak D-—kBazpaTHUHas MO x* QYHKUHA, 3Ta KAACCHPUKAUUA
HE 3aBHCHT OT BbIOOpa HaTypasbHoro napamerpa. Ilapametp A MoxKHO
BuUOpaTh Tak, 4ro0bl B TepBoM cayyae Geio P =1, a B Tperbem
®=-—1; B 3TOoM cayyae 2 Ha3wBaeTcs COOTBETCTBEHHO paccmos-
Huem U cobcmeenHbim Gpemenem BROMb KpuBoil #. Ieomesnueckue
WrPaloT BaXKHYIO POJb B OOWIell TEOPHH OTHOCHTENbHOCTH.

26.8. TEOARE3NYECKME. 3ARAYA € HAYANLHLIMM B AHHLIMMU.
YCNOBHE NMNWMUA

[ycts a', ..., a"—KOOpAHHATH (HAa NAHHOH KapTe) MPOH3BOJbLHOI
TOYKH P, PHMaHOBa HJIH MCEBAOpHMMaHoBa MHorooGpasus M. 3anaua
C HaYa/bHBHIMH JIAHHBLIMH JJIi HaXOXIEHHS TeONe3HUecKOH, HAyIeH
U3 TOYKH P, 10 HampaBJeHHIO KacaTeJbHOro Bektopa &', ..., E®
B Py, ¢ HaTypa/bHO/ MapaMeTpH3alHell COCTOUT B CACLYIOIEM: HYXKHO
pelunTh AHdpepeHiHaMbHEE YPaBHEHHA

dx/ . dp/ R
=r, 7’;;-=—{k’¢}p"p’ (=1, ..., n) (26.8.1)

C Haua/bHbIMH YCJOBHSAMH
Y (0)y=a/, pO)=E8 (j=1, ..., n). (26.8.2)

B caenyiowem naparpape OyneT NOKazaHO, YTO 3Ta 3aj4aua BCeria
HMeeT EJHHCTBEHHOE pelueHHe /a8 A U3 HEeKOTOpPOro HHTepBa/da
[_ 7‘0’ 7‘0]' R
Y 100HO BBeCTH O0O3HAYEHHSA
yk=xk—ak (k=1, ..., n),
yn+k=pk (k:‘l’ seey n)

¥ nepemicath IH((EpeHUHalbHbE YPaBHEHHR B BHIE
dyk/dh=Ffr(yt, ..., y*®, k=1, ..., 2n, (26.8.3)

rie yepes f* o0osHaueHHl QYHKMMM B NpaBoOil YaCTH k-ro ypaBHeHHS
(26.8.1) nna k=1, ..., 21, a cumBosisl KpHcTodpdens renepsb pac-
CMaTDHBAIOTCA Kak (YHKUHH oT 4%, ..., y*". OyHKuuu f* nns Bcex
y', ..., y*TonpenesifioTcA Tak, YTO COOTBETCTBYIOIAR TouKa X!, .., x"
JeXHT Ha 3alaHHOA kapre. IIpexmonaraercs, uto Bee {/,} u ux nep-
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Bele NMPOM3BOJHLIE HEMpepbIBHEL HAa 3TOH KapTe; OKAa3bIBAeTCs, YTO
B 5TOM CJayuyae (yHKUHH f* yZOBIETBOPSIOT YCAOBHIO Jluminuua Ha
Jaobofi KomnakTHo# obnactu (4, ..., y*")-NpOCTpaHCTBA, Ha KOTO-
poil oHU ompejesieHbl. DTO O3HAUaeT, YTO AJs JOOOH NOCTOAHHOH 6,
Takoil, uTo f* ompeneneHsl Ans Bcex yb, ..., y*" B kybe W =y
|y’ | <9, i=1, ..., 2n} naiinetcs Takas nocrosHHas L =L (§), uro
Ana mobblXx ABYX Touek {4} u {y'} us W
TR o =P - P max (=)
=1, ..y én

k=1, ..., 2n.  (26.8.4)

Jlora3aTenbCTBO 5TOro CBOHCTBA {f*} npeanaraeTcsi B KauecTBe yIpax-
nenusi. OHO OCHOBAHO HA HUCNONAb30BaHUH BHAA f%, 3anaHHOro B (26.8.1),
M NpeANONOXKEeHU A, UTO cuMBOALl KpHcToddens ABaaoTca QyHKUUAMU
knacca C!' no mepemenHslM y', ..., y®. B HoBEHIX 0603HAUEHHAX
33/laya C HavyaJbHbIMH- JAHHBEIMH TPHHUMAET BHIL

dytdh=Ff* (4, ..., yV), y*(0)=yf zanano
k=1, ..., N=2n). (26.8.5)

B cneayiomem naparpade OyldeT 10KasaHO, YTO 5Ta 3ajauya HMeEET
elHHCTBeHHOe peilepue BOMuM3u A=0; cnenoBaTeNbHO, BHIIOMNSETCS
U cjejylomas TeopeMa.

Teopema 1. 3adawa ¢ HawareHumu Oauneimu (26.8.1), (26.8.2)
0 e2eodeauueckux, ulyuux u3 mouku P, 8 HanpagieHuu Ha4asbHO20
Kacameavnozo sexmopa {&%}, umeem eOuncmeennoe pewerue x*(\) Ha
Hekomopom unmepease — hy XA Ay (A, > 0).

Cnencteue 1, Ecau kpusasn € ecme eeofesuweckas P (A) Ha M
¢ HamypaaeHoli napamempusayuel u yooBACMEOPAem HAYAALHOIM YCAO-
suam (26.8.2), mo P (A) eQuncmeenHHa Ha 6cem ee npomsasceHuu ).

JIOKA3ATEABCTBO. [peanonoxum, uto Py (A) H Py (A)—jxBe Takue KpPHBble
H UTO A;— TOUYKa, B KOTOpOH OHH pacxoisitcs, T. €.

Ai=sup (A PL (M) =P, (M), O=<A << A}

[Monoxum Py=P; (A) =P, (A;) H NpHMenHM TeopeMmy | Kk 3ajaue ¢ Haya/JbUBIMH
JAaHHBIMM B Ay} TOTZa oKasmBaeTcs, 4To ecaH P; (A) u P, (M) onpesenens 3a Tou-
Kot A=Ay, TO OHH COBMNAJAlOT Ha HeKOTOpoM HHTepBale (Ai—Ag, AT hg), a
C/e0BaTeJbHO, OHH He PacXoAsTcsl B Ay BONDEKH NpPeANONOKEHHIO,

Ec/aH HauyalbHEHi KacaTeJbHbIfi BekTop {5%} 3aMeHHTb na BEKTOp TOIC XKe
HamnpaB/JeHHst, HO APYyToft ANHHEL, TO B KauyecTBe MHOXKeCTBa Touek B M Nonyyaercs
Ta JKe caMas reofie3HyecKas, HO ¢ APyTHM BHGOPOM HATYpPaibHOTO MapameTpa A,
T, €. H3 CTPyKTypH ypaBReunit (26.8.1) caeayer, uTo ecan {x* (A), p* (A)} —
Kakoe-To pellende aast A € [0, Agl, To npu a > O {x%(a}), apk (ah)}— peuenye
m1st A € [0, Ay/al. B kauecTBe HauaAbHOTO KacaTeJILHOTO BEKTOpa BMecTo {&F} Ge-
petca BekTop {aff}. Ecau monoxuts a=1Jx,, To OTCIOAa cJexyeT, 4TO AJS /IO
6oro 3aJaliHOTO HaNpaBJeHHsl BCerja CyllecTByeT pellleHHe, oNpeje/eHHOe Aid

1) To ectb § He MoxKeT pasBeTBaAsiTbed,— {Ipum. nepes,
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scex A € [0, 1}, mepponavanbHo Hayluee B TOM HANpABAENHH W TaKoe, YTO BCe
KOMINOHEHTBI €ro Ha4aJbHOro KacaTe€JbHOTO BEKTOpa MeHblle HeKOTopOﬁ MOJIOKH-
TenbHOH KOBCTaHTH., MoxHO Takxe J0Ka3aThb, YTO 3Ta KOHCTaHTa HeNpepEIBHO
3aBMCHT OT HanpaeJenns {E%}, a 3HAYHT, HMeeT HHXKWIO TpaHb HIM MHHHMYM.
[TosTomy BepHa cieapyiomas Teopema.

Teopema 2. [lycme, Kaxk u evuue, a*, ..., a*—koopdunamo:
(6 nexomopoi rapme) mouku P, Cywecmsyem maxkas nOAOHCUMEb-
Haa koncmanma K=K(P,), umo 3a0aua ¢ Ha4arbHoMU OarH6IMU
(26.8.1), (26.8.2) o0 eco0edudeckoli umeem pewienue Ha uHmepsare
0<CA<C 1 044 6cex sexmopos {E#}, maxux, umo |E¥| < K (k=1, ..., n).

Dra Teopema GyAeT HCNONL30OBaHA B CJIEAYIOWIEH IyiaBe AJs I0Ka3a-
TeIbCTBA CYILECTBOBAHUS B OKPECTHOCTH TOYKH T4K HA3LIBAEMBIX PHMA-
HOBBIX KOOPAHHAT.

26.9. MHTErPANLHOE YPABHEHUE, UTEPALIUU NUKAPA

Hanubit naparpad comep:kMT MaTepHall, He OTHOCSUIHHCS HENOCPeacT-
BEHHO K TEOPHH MHOroo0pasuil; OH NOCBSIEH A0Ka3aTeqbCTBY byHAa-
MEHTaJbHOrO CBOHCTBA OGLIKHOBEHHHBIX Au((bepeHIHaIbHEIX YPaBHEHHH,
a UMEeHHO CYLIECTBOBAHHSI DPeIleHHsl 3a/a¥él ¢ HayalbHLIMH JaHHBIMH
(26.8.5) B cs1yuae BEINOJHeHHs ycaoBus Jlunmuna (26.8.4). Y Teopema
CYLIECTBOBAHHS, H caM MeTOJ ee A0Ka3aTesbcTBa LIMPOKO NPHMEHseTcs
BO MHOTHX o0jacTsaX GU3HKM M MaTeMaTHKH,

[lepenuiiem 3agayy ¢ HayaJbHHIMH AaHHBIME (26.8.5) B BHge HHTer-
panbHOro ypaBHeHHs1 BoabTeppa (B KOTOPOM He3aBUCHMAs NePeMeHHas
A OKasbIBaeTcs BEPXHUM IIPEAEJIOM HHTErpaJa):

3
PO = O+ Fyomar, k=1 ..., N, (269.1)
0
rie y—BEKTOP C KOMNOHEHTaMHu 4, ..., y¥. Jlanee yno6HO HCNOMbL-
30BaTh HOpMY [ X |==max|x/|, KoTOpasi Mo3BOJSIET 3anuCaTb YCJOBHE
N

Jlunmwuna B BUAE
|FFW—rFW | <Ll|y—yl, k=1, ..., N (26.9.2)

Pemenne unrerpanbHoro ypaeHenHs (26.9.1) mosmyuaercs spech
umepayuosnbim  memooom ITuxapa, B Kotopom y* (A, g) obosHauaer
g-1o urepanuio, y* (A, 0) ecte y* (0) (He s3aBHCHT OT A), a mocjeno-
BaTeJIbHble NPHUOJHKEHHs 3afaloTcs (opmyJioi

A

P, g+ D=y + iy, v, g=1,2, ... (26.9.9)
0
YT0GE! OLEHHTb CKOPOCTb CXOAHMOCTH, BBEeNEM 0G03HaueHHs (4Js
g=1, 2, .. o) :
Ay (A, @=y* (A, g)—y* (A, g—1),
AfE (N, g)=F*(y A, @) —F*(y A, g—=1)).
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BriunTas nocienosatenbHele ypaBHeHHs (26.9.3) oaHo wm3 gpyroro
(ana g+ 1 u g), monyuaem
A
Ay, g+ D= A, gan, (26.9.4)

0

3T0 ypaBHeHHE BHIIOJHAETCS He TOJMBKO JuiA g=1, 2, ..., HOo W Aad
g=0, ecan nomnoxutb y*(A, —1)=0 u samernts, uro f*(0)=0.
CKOpOCTb CXOAUMOCTH OLEHHBAETCSl B CJEAVIOIIEH JeMMe.

Jlemma. [1pednoaoscun, amo
Iy 0)] < 6/2 (26.9.5)

[m. e. umo y(0) aescum ne npocmo e xybe W, a 8 e2o yenmpaneroil
wacmu] u amo |A|<{In2/L, e0e L—«koncmanma Junwuya 6 (26.9.2),
Toz0a Ora g=1, 2, ...

1Ay (A, 9))<<(8/2) (1/g%) (LA () (26.9.6)

ly A, @) <8. (26.9.7)

Lok A3ATENBCTBO.  Cayuaht g=1 creayet u3 (26.9.4) u (26.9.5), a naree
J0Ka3aTeJbCTBO MOMKHO UPOAOJKHTb HHAYKUHEH MO ¢, NOCKONbKY

A
(M ar=nra+igq+1
0

q
Iy &, ql=| X Ay (4, r)"<
r=0

q
<0/2) Y e @WIA) < (872 "2 =0. (26.9.8)
r =0

Ouenga (26.9.8) ofecrneurBaeT IOMyCTHMOCTb HCNOJb30BaHHA yCA0BHA JIkmmuua
naa Jabdoro q.

SIcHo, uT0o HMeHHO comHoxHTe b /gl B (26.9.6) obecrmeunBaert
sppexkTHBHOCT MeTofia. Tak kak cymma B (26.9.8) maxkopupyercs
CTeNMEHHBIM PsioM ¢yHKUHH el1* cooTBeTCTBYIOmMMUE €l psjl CXOAHTCS
alCoMOTHO ¥ PABHOMEPHO 1O A Ha JIOOOM KOHEYHOM HHTepBase.
ITosroMy 3Ty CcymMMy MOXKHO MOYJEHHO NPOHHTErpHPOBaTh, a MOCJe
3TOro okaxercs, uto ¢yHkuust y (A)= lim y(A, g) ynoBaerBopser

g—> o

HHTErpaJbHOMy ypaBHeHHIO (26.9.1) u, ciepoBaTesibHO, SBJSETCS pe-
[IeHHeM 3aJayd ¢ HayaJbHBLIMH LaHHbIMH (26.8.5).
Tem caMueM JoKasana M TeopeMa | W3 npeablAyliero naparpaga.
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26.10. TEOAQE3MYECKME. ABYXTOYEYHAS KPAEBAS 3AANA

B eBkJHI0BOH reomeTpuH JoGble ABe TOYKH P U Q MoryTt GHITH CBsi-
3aHbl €IMHCTBEHHHIM oOTpe3koM Ipsmoil PQ. To ke camoe JOKanbHO
BEPHO H AJA pPHMaHOBa H NCeBAOPHMaHOBa MHorooOpasusi M c 3ame-
HOH npsMoH Ha reofesuueckylo. PaccMoTpuM 3afauy HaxoxjJeHus

Takux QyHKuuit x/ (A) (j=1, ..., n), uro
' M=kt 0<AL], j=1, ..., n),
# (0) u x/(1) zapanm (j=1, ..., n). (26.10.)

Yafitxen B 1932 r. nokasan creayomwyo Teopemy.

Teopema. Jlwbas mouka P, € M umeem maxyrwo oxpecmuocme V,
4mo 0as mobbix 08yx mouek Qg u Q; us V ¢ xoopounamamu x/ (0)
ux’(ly j=1, ..., n) coomeemcmeenro cyujecmeyem edurncmeenHas
eeo0esuueckas, coeOunsowan Q, u Q; u yeauxom aexcauyan 6 V.

TpeGoBaHnHe NpHHAMJIEKHOCTH BCeH reolle3HYeCKON OKpecTHoCTH V
4acTo HeoOXOAUMO JJIsl OOecleueHHs ee eAMHCTBEHHOCTH: CM. pHC. 26.2,
Tlle Teolle3Hyeckas Ha UMJHHAPE HAET 1O AJHHHOMY NYTH BOKPYT
LUMJIHHAPA, a He MO KpaTyaiiileMy NyTH OT HauaJbHOH [0 KOHEUYHOH
TOYKH,

DTy TeopeMy JIeTKO A0Ka3aTb B HeCKOJbKO GoJsee ciaabolt ¢opme:
CYUIeCTBYIOT Takue okpectHoctd V, u V, P, eV,cV, uro ecau
Qo Qi € V;, TO UMeeTcs TONBKO OfiHa reojie3uuecKas, coeiuHsomas Q,
H Q; ¥ nexamas B V,, 10Ka3aTeNbCTBO ¥ allTXela BO3MOXKHOCTH COB-
nagenus V; u V, CcolNepXKHT HEKOTOpHIE TOMNOJOrHYECKHE COOGpa-
JKeHus.

Crepyoliue JBa pe3yJ/bTaTa, [OJyYalomuecs MNPH JOKa3aTesabCTBe
TeopeMbl Y alTXefa, NPHBOAATCS TaKkKe 0e3 J0KasaTesLCTBa.

Caeacteue 1. Ecau xpusas x'(h) Henpepowsra npu a<A<bu
ydosremgopsem Yypasrenuro eeolesudeckoli npu a << A< b, mo ona
ydogaemeopsaem 3momy YpasHeruro u npu A=a u A=>.

Cnencrsue 2. Ecau (ompascas sasucumocms 200e3UHecKol om KoH-
yeeblx movex ) peierue 08YXmoedHol 3a0a4u, NOAYLAIOU4EECS 8 meopeme
Yaidmxeda, sanucams Kax x/ (A, Qy Q,), mo 0aa wobozo € [0, ]
pynxyuu x/ (A, Q,, Q,) Henpepowgro sasucam om xoopdunam x/(0) u
x/ (1) nauarvHol u Koneurod movex Q, u Q.

Joka3areabcTBO CyIIECTBOBAHHS pellleHHs [BYXTOUeUHOH 3afauH
aHaJNIOTHYHO JOKa3aTeNbCTBY CYILeCTBOBAHHS pellleHHs 3ajaud ¢ Ha-
YaJbHBLIMH JAHHBIMH: cHCTeMa ypaBHeHuH (26.10.1) cBoauTcs K uHTer-
panbHOMY ypaBHEHHIO, KOTOpOe peluaeTcss MeToAoM utepaunit TTukapa,
[Tpouenypa AokasaTenbcTBa HECKOJBKO CJIOKHee, MOTOMY 4TO 3JeCh
noJjyyaercd HHTerpaibHOe ypaBHeHHe PpearoseMa (BepXHHH mpefen
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HHTErpasoB paBeH I, a He A), H MOSTOMY 37ecCb HeT HH MHOXuTeNns 1/g!,
HU AIBHO 3aBUCHMOCTH OT A, Kak 3To Gelo B (26.9.6). IToapoGHocTH cm.
B pabGore VYaiitxena [1932].

26.11. NPOAOMKEHME FTEORQE3UUYECKHX

Jlna puMaHOBBIX MHOrooGpasuii MOXKHO J0KasaTb, YTO €CJIM KpHBas
%/ (A) yROB/IETBOPAET y paBHEHHIO re0Zle3UYECKOl NpH @ < A < b H JeXHT
B KOMIIaKTHOH 06/1aCTH MHOroo6pasus, TO CyIeCTBYIOT npenesst x/ (A)
npH A —a ¥ A— b H NosTOMy, B YaCTHOCTH, IPHMEHHUMO CJeAcTBHe |
Teopembl YafiTxena. Jla1a NCeBIOPHMAHOBBIX MHOTo0OGpasWil 3TO He-
BEPHO, 4TO NMOKa3biBaer cjedyiowuid npumep. Ilycts M —moBepxHOCTE
NUIMHApPE, X'=2 U x?=0—UWJIMHIDHYECKHE KOOPJHHATHI, a MeT-
puka Ha M sajaercs Marpuuei

11 1 1 )
b ) = —_—— 2 — }.
(g/k) <l 222> < V-2 < < V-—Q/
an TakKHX OrpaHHYeHHsX Ha 2 M okasbiBaeTcs NceBJOpHMaHOBLIM
MHOF006p33HEM. UnTareab JErKo MoKeT NIPOBEPUTb, YTO KpHBas

z=X B=1/A O<A<ZY,

ABjsieTcs reofiesudeckoél. Ilpm A — O reozesuueckans 6GecKoHEYHOE
YHCJIO pa3 oruaeT UMJIMHAD M NPUOIHIKAETCA K OKpyKHocTH z=0.

Onnako ecau kpuBas x/=x/(A) (j=1, ..., n) ynoBieTBOpseT
ypaBHEeHHIO reofie3nueckoil npu a <A < b u HempepbiBHA NIpH a < A<(b,
TO NPUMEHHUMO yKas3aHHoe cJeAcTBHe | U Benuuunsl x/ (b), x/ (b) MoxHO
HCIIOJIb30BaTh KAaK Haua/lbHblE JAaHHBIE AJI TEOpEMEl CYLIECTBOBAHHS
B § 26.8, yTOOE NpPOAO/MKHUTE reole3HyeCKyio Ha HEKOTOphe 3HAUYeHHS
A > b; aHaNOTHYHO T€OAE3HYECKYIO MOXKHO MNPOAOJIKHTD H Ha HEKO-
Topble 3HaueHus A < a.

Ecnu nopg eeode3uueckod (B OTIMYHMU OT OTpe3ka Teofe3HyYecKOoil)
NOHHMAaThb peliieHHe YPaBHEHHs reoie3H4eckol, NPOROIKEeHHOe HAaCTOMb-
KO, HaCKOJbKO 3TO BO3MOXKHO (BIIOJIHE BEPOATHO Yepe3 HeCKOJbKO
KapT), TO yKa3aHHbIH Bhllie pe3yJbTaT MOXHO c(OPMYJHPOBATh TaK:
I/ PHMAHOBBIX HJIH ICEBAOPUMAHOBLHIX MHOrooOpasuit eeodesudeckas
HE MOXCEM UMemb HA MH02000pa3UL HU HAYGAQ, HU KOHYA.

3ameuanne. DTo He O3HAyaeT, YTO JAJIA TEOAE3HUECKOH A —s -+ oo,
H He O3HauyaeT, YTO reofie3HyecKas HE MOXKET MMeTh Hayaja HJIH KOHIla
B HEKOTOPOM HPOCTPaHCTBE, B KOTOpOE MOIPyXEHO JaHHOe MHOTO-
ofpasue.

26.12. AODUHHO CBA3HbLIE MHOFOOBPA3MA

[TockonbKy 3aK OHBI IPEOGPa3OBaHHs TEH30POB H3BECTHBI, a g ;, ABJAAETCS
TEH30POM, JIETKO HaliTH 3aKOH NpecOpasoBaHUA [/ TPEXHHIEKCHOro

cumBosia Kpucropdens {,ik} u3 ypasHeHu# (26.6.10), (26.6.11). Ecau
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{,-‘k}’ OTHOCHTCSi K KOOpJAHHaraM x'!, ..., x'", a {/‘k}—x KOOPJIH-
Hata™m x', ..., X", TO OHH CBSI3aHBl PaBEHCTBOM

Qs [y 0x5 04 x| ox't 26.12.1

e _[{s 4 ox') ox'k | ox'i ox'k | ox’ (26.12.1)

Tak kak B ypaBHeHHe reofesnyeckoll (26.6.12) BxoauT TOJBKO

{is}, a He HemoCpeACTBEHHO 85> MOXHO TIOJyYHTb FeOMeTpHio Gosee
ofliero Buja, HasblBaeMylo adpunHol eeomempueri, €ClH COBCEM He
TmpernosaraTh CylleCTBOBaHHE METPHYECKOro TeH30pa g,,, a8 Npeano-
JaraThb CylieCTBOBaHHE TOJIbKO Habopa BeJIMYMH, Npeodpasylolluxcs

noaoGHo {;'s} M TOMeliaeMbIx Ha MECTO {;';} B ypaBHEHHH reojesnye-
ckoil. Torna cymecTBoBaHue (MJIH OTCYTCTBHE) TE€H30pa g, NPH MO-
MOLIM KOTOpPOro 3TH BEJHYHHHE MOr'yT ObIThb HalJeHbl U3 YypaBHEHHH
(26.6.10), (26.6.11), He urpaer ocoGoil poJIH.

Adpunnas ceasnocme Muoroobpasus M onpelensercs (no aHano-
[HH_C TeH30pOM) KaK MHOKecTBo Habopos n° ¢yukuuid I, =
= I"'jk(x‘, ..., X"), IpuYeM C KaxJa0H kKapTrod Ha M cBsizaH OIMH
TakoH Habop, a Ha NepeKPLITHH JABYyX KapT JBa COOTBETCTBYIOMHX
Habopa (QyHKUHH CBfAi3aHbl 3aKOHOM mNpeoOpasoBaHHs

O0x® Ox? 02" ox'i

e, =M, =4 —_ | = 26.12,
1k [ *ox'] ox'k ax’fax’k} ox" (26.12.2)
(coBnafaomum ¢ (26.12.1)). Tak kak yxe He mnpeanonaraercs, 4To
I%;, BLIYMCAAIOTCA NO 3HAYEHHSM METPHYECKOTO TEH30pa g, Kak

{1'2}, TO HEOBXONMMO MpPOBEPUTL HEMOCPEACTBEHHO, UTO 3TOT 3aKOH
npeo6pa3oBaHusl TpaH3HTHBeH (cM. § 26.1), Ansi Toro 4yro6ul rapau-
THPOBATb CaMOCOIJIaCOBAHHOCTL olpejeneHusd apQHHHOH CBsI3HOCTH;
3TO MpeJocTaB/aseTc cleJaTbh YMTaTeNI0 B KadeCTBE YNpaxKHeHHS.

B agdunno ceasnom mruoecobpasuu M (T. e. B MHOrooGpasuH, Ha
KOTOpOM ompeleneHa apuHHasA CBA3HOCTb) IVajKas KpuBaa $:

¥=x'(A) (i=1, ..., n)HasbiBaeTCs 2eo0e3uueckoil, a h— Hamypaib-
Hom napamempom Ha €, ecid € yJOBJNETBOPSET YpaBHEHHAM
4T xkxt=0 (r=1, ..., n) (25.12.3)

(ToukM O3HayaoT AuddepeHunposaHde mo A). CpaBHHTe 5TH ypaBHe-
HHst ¢ (26.6.12).

Kak 1 B paMaHOBO# reOMeTpHH, ypaBHeHHA reofieandeckux (26.12.3)
HHBapHaHTHbI OTHOCHTELHO 3aMeHbl CHCTEM KOOPAHHAT B TOM CMbICJe,
YTO €cAH KpHBas € JIeKHMT Ha MEPEKPBLITHH ABYX KapT, TO OHa YJOB-
JeTBOPsET ypaBHeHHsM (26.12.3) B OAHOH H3 KOOpAMHATHBIX CHCTEM
TOrJla H TOJBKO TOrAa, KOrja OHA YJOBJIETBOPSET 3THM YpPaBHEHHAM
" B Apyrodl cHCTeMe KOOpPAHHAT. DTH ypPaBHEHHS HHBAPHAHTHH TaKkKe
OTHOCHTEJIbBHO npeoGpa3oBanHad A —ah+b (a550) HaTypasbHOrO
napameTpa AaHHOH reole3uvecKOil.
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Teopemu § 26.8, oTHocsllMecs K 3ajaue ¢ HavyaldbHEIMH JaHHBIMH
0 Treo/ie3HYeCKOH, OCTAaIOTCSl CNpaBeNJIHBBIMH, €CJIH KOID(PHIIHEHTbI
IV, apdunHOl cBsAsHOCTH fABAAIOTCA C'-QyHKUHAMH, A5 yero, Co-
raacHo (26.12.2), tpeGyerca C3-rmajkocTb MHOrooGpasusl.

BuimonHsiercs M TeopeMa Yaiitxela (Ha camMoM jene YaiiTxen
chopMyHpOBa H JOKa3asl ee MepPBOHAYANbHO MMEHHO AJs ahdHHHO
CBAI3HBIX MHoOrooGpasuil): 0aa xascdod rmouku P waddemes makas
okpecmuocms V., umo aobole 0ge mouku 8 V moxcHo coeOunume eoun-
cmgennoll eeolesuqeckold, yeauxkom aexcawied 6 V.

Bonpoc o ToM, MOXKHO /i HaHTH (MO 3aJaHHBIM HAa MHOroo6pa-
3uH KosdhduuuentaM I, abbHHHOA CBASHOCTH) TAKOH MeETPHUECKHH
TEH30P g, UTOOB OH OBl COIVIACOBAH CO CBABHOCTBIO, T. €. YTOGHI
IV, ={;’%}, obcyxnaerca Bkpatue B Konue § 27.10.

TFeoMeTpHueckass CTPYKTypa, 06yC/IOBJeHHas TreOJe3HUeCKUMH Ha
aphHHHO CBSI3HOM MHOrooODa3sHH, HasblBAeTCs 2eomempued nymet,
HEKOTOpbIE €€ aCleKThl 06CYyKAaloTCs B caelyioued riase. M3 (26.12.3)
SICHO, YTO MpPH 3ITOM CJelyeT MNpeAnonaraTb CHMMETPHUHOCTb KO3(-
(MIMEHTOB CBABHOCTH 110 HHXXHHM HHIEKCaM:

T =T (26.12.4)

B Gosee oflieM cJayuyae WHOrJa BBOAMTCS JAONONHHTEIbHOE TEOMETpH-
YeCKOe [MOHATHE —Kpy4eHue, KOTOPOE OCHOBAHO HAa aHTHCHMMETDH-
ueckoli uwactH '/, (I';,—IY, ) ceasiocty; cm. @uangepc [1963]. Tak
KaK KpyueHue He JeliCTByeT Ha reoje3HueCKHe, ero CjelyeT paccmar-
pHBATb KaK HEeUTO BHelllHee [0 OTHOIIEHHIO K HHM W HakKJ/ajblBaTh
Ha TeOMETPHIO MHOroo0pasHsi, OmpelessieMylo reOJe3HUYECKHMH.,

26.13. PMMAHOBbI U NCEBAOPUMAHOBbI
HAKPbLIBAKOLWWHME MHOT OOBPA3HSA

[Tycte M —mnakpbiBatolllee MHOroob6pasve m1s N, a p—MnpoeKuus
M na N. dna mo6oit dyukunn f(P) Ha N (ckaxeM, kjacca C¥) o
def

dyukmuy f(Q) =f((Q)), onpeienenHodi Ha M, ropopaT, uTO OHA
noonama u3 N va M (1o aHasnordu ¢ NOAHATHEM KDHBBIX H TOBEpX-
HocTel, omHCaHHLIM B § 24.2).

[lpeanonoxkum Tenepb, uto N—pHMaHOBO MHorooGpasue. [lycrb
¢' (P)—KoopiuHaTH B HEKOTOPOH mpaBH/IbHOH OkpecTHOCTH V < N,
a g;,—KOMIIOHEHTbl METPHYECKOro TEH30pa B 3THX KOOpAHHaTax. Bee
@ W gy ABAAOTCA QyHKUMsMH Ha N, M HX MOXHO MOAHATb Ha M
Kak QyHKIHH @f H & Toraa kaxjas cBssHas KoMmonenta U; u3
=1 (V) CTaHOBUTCS KapTOH C KOOPAHHATAMH ¢ H METPHUECKHM TEH-
30pOM g, M HETPyNHO NOKa3aTb, YTo TeM cameiM M npespainaercs

B DPHMaHOBO MHOroofpasne, KOTOPOE HA3bIBAIOT pUMAHOBbLLM HAK pbisa-
roujum  mroeoobpasuen Ana N. Eciu M—yHHBEpcasbHOE HakpbiBa-
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oiee MHOrooGpasne MHoroo6pasua N, To M HasbiBaeTcs ero yHu-
8EPCAADHBIM PUMAHOBbIM HAK POIBQIOUUM MH02000pa3iiem.

AHaNoruyHO ONpejeNATCA H NCEBIOPHMAHOBLI HAK PHIBAIOLIHE
MHOroobpasus.

PaccMoTpHM Tenmepb 3ajayy mocTpoeHus mHoroo6pasmit N, HaKphl-
BaeMbIX JaHHbBIM PHMaHOBBIM MHOrooGpasweM M. Jlns ofuiero MHoro-
o6pasun M Takoe N 6blio nosyueHo B § 24.6 nmocpeicTBOM TakKoro
romeomoppuama ¢ M Ha cebsa, yto ecan P—umwobaa Touka M, To
mHokecTBO Touek P, o(P), o(o(P)), ..., 67 (P), ... HIHCKpETHO
(He pMeeT mpelesbHOH TOYKH B M); MOCTpOEHHE HAKPHIBAEMOTO MHO-
rooGpasus N OCYLIECTBJIAETCA OTOXAECTBJIEHHEM BCEX TOYEK 3TOro
MHOXKECTBA J1J1si KaKAOH TOYKH P, T. e. MHOXECTBO BCEX TOYEK, MONY-
YaloKXCA U3 P MocpeicTBOM roMeoMoppHaMa O, pacCMaTpHBAETCH Kak
OlHA TOYKa HCKOMOro MHorooGpasus N. JIns TOro yToGbl B pe3ynbTaTe
TAKOr0 MOCTPOEHHS MOJYYHJIOCh pPUMAHO60 MHOTOOGpasHe, HeOGXOAHMO
norpe6oBaTbh TOJMbKO, YTOObl OTOOpaxK€HHE G OBbIJIO UI0MEMPUYECKUM
romeoMopusMoM, T, €. UTOOH OHO COXpaHsalo MeTpHKy. Ilycrts
{U, ¢, N} —npounsBonbHan Kapra Ha M, a U’ —MHOXeCTBO BCeX Te-
yek Q=0(P) ma P& U. Tonoxkum ¢ (Q)=¢ (671 (Q)). Hcno, uro
{U', @', N}—nonyctnman kapra Ha M (T. e. cornacoBaHHas C paHee
onpeleseHHLIMH KapTaMH) B CHJy onpeieieHus roMeomoppusma. Toraa
gr TIONArarTCA TeMH K€ CaMbIMH (YHKIHAMH KOOpAHHAT x'/ = @'’
BTOPOH KapThbl, YTO M g;,, 3aBHCsillHe OT KOOPAHHAT x'==q’ mepBol
kapTel. Ho Torna Bce kapTwl, nonyuennesle u3 {U, ¢, N} nocpeacteom
romeoMoppu3Ma O M €ro Cynepnosuiui, HMEOT COBNAAAIOILHE METPH-
YECKHE TEH30pbl, H MOTryT GbITb OTOXJIECTBJIEHbI ISl MOJYUYEHHA OZHORK
KapThl Ha N.

DTH HIeH HCNOMb3YIOTCA B 1. 28 NpH H3YYEHHM rNOGaNbHBIX
CBOMCTB MHOroo0pasuil DfiHLITeliHa.



