I'naBa 27

PUMAHOBbLI, NTCEBROPUMAHOBbDI
U ADDHUHHO CBA3HLIE MHOITOOBPA3MA

MeTpuka, TNCeBNOMETPHKA, CBSI3BHOCTb H TOMOJOLHS; Teofle3nyecKHe (PHMAaHOBLI)
KOODJIMHATHI; reoMeTpisi B cMbicie KieliHa; NpHG/IHKEHHAss KOHIDYIHTHOCTDb; KOH-
IPY3HTHOCTb 3Be3Jl; KOBapHAHTHAsl NMPOH3BOJAHASA; aGCoNIOTHAs MPOH3BOJAHAsA; Mapal-
JelbHBI TIepeHOC; OPHEHTHPYEMOCTb, JIOpPEHIleBAa OPHEHTHPYEMOCTb; JalllacKaH;
fanam6epTuaH; TeH3op PumaHna; TeHsop PuuyuH; cKalsipHas DHMaHOBa KDHBH3HA;
NoNyYeHHEe BTOPHIX MPOM3BOZHBIX METPHYECKOro TeHaopa Mo TeH3opy PHMaHa; yeno-
BHS COIJIACOBAHHOCTH aduHHOfI CBA3HOCTH C MeTpHKOM; BHYTDeHHSIT KpPHBH3Ha
mMHOroo6pasus; MIocKue MHOroo6pasus; yclosus Irtekkens, PoGeprcona k OifaeH-
XapTa paslieseHus MepeMeHHHX B BOJHOBOM ypaBHEHHH.

Mpedsapumenvroe cgedenun: ta. 23, 24, 26.

TeMa 3Toil r1aBEL — reoMeTpHsi MHOI006pa3Hus, Ha KOTOPOM ONpejiesieHa
MeTpHKa, TNceBIOMeTpHKa MM adduHHAs cBssHOcTb. PasrpaHnueHue
JAaHHOH H Mpeiblayliell IViaB YCJAOBHO H JOBOJBHO NPOH3BOJIBHO, TO-
CKOJIbKY B KOHILE [peiblIyIieH I/1aBbl H3y4YaloTcs] reoie3HIecKHe KPUBLIe,
a B HayaJje 3TOH — reojlesHueckue KoopAuHaTel. OHAKO MeXAy HHMH
ecTb H BaxHOe pasianuue. [Ipeabiiymas riaBa HOCHJIA B OCHOBHOM
aHaJHTHYECKHH XapakTep, H €JHHCTBEHHOE reOMeTPHYecKOe MOHSTHE,
HCTIOJNb30BAHHOE B HEfl,— 3TO paccTOsiHHe MeXJ]y JABYMA TOYKaMH;
JaHHas IJiaBa HOCHT B OCHOBHOM [eOMeTDHYeCKHH XapakTep, MpHYEM B
cumbicie EBKIKAA, 33 HCKIIOYeHHEM HEKOTODbIX KOHLENTYalbHbIX 0606-
IeHH#l H aHAJIHTHYHOCTH (GOpMY/JIHDPOBOK. TakHe ¢yHAaMeHTaJbHLle
MOHSITHA, KaK MapajJeJbHOCTh, AJHHA, KPHBH3HA, YroJ, sBJISAIOTCS B
JEHCTBHTENIBHOCTH TEOMETPHYECKHMH, H HX cJejyeT HMEHHO TaK H
paccMaTpuBath. Mcmonb3oBaHHe aHAJIHTHYECKHX METOJOB HE 3aTpary-
BaeT reOMETPHYECKOH MPHPOJBI 3THX MOHATHH TOUHO TaK Xe, KaK BBeje-
nue JleKapToM KOODJHHAT B €BKJIHJ0OBY reoMeTpHio. C 3TOH TOYKH 3pe-
HHSl OJIMH M3 OCHOBHBIX DPe3y/bTaroB Mpeibliylied IJ1aBbl — Teopema
YaiiTxela — CIyKHT TOH e [eJIH, YTO H HocTyJaT EBKJIHAA O TOM, 4TO
yepes J(Be Pas/IMYHble TOUKH MOXKHO INPOBECTH OJHY H TOJbKO OJHY Mps-
MyI0, TOJIBKO B TeopeMe YafiTxela Tpebyercs, 4YToObl 3TH JBE TOUKH
GbL1M He CJHHUIKOM JaJjeKd ApYr oT Apyra.

B coBpeMeHHOI MaTeMaTHKe, Bce HalpaBJieHHs] KOTOPOH 10 HEKOTo-
pO¥l CTEMeHH CJAHBAIOTCA, TPYAHO MOHATb, UTO SBJISIETCA TeOMETPHeEH,
a YTO aHa/JM30M, OJHAKO, KOHEUHO Ke, Teé MOHATHs, KOTOpble BOCXOIAT
HeMocpeJcTBeHHO K EBKJIHAY, clelyeT MNPH3HaTbh TeOMeTPHYECKHMH.
Bo BpemeHa EBKJHJAa reoMeTpHIO MOHHUMAIH KaK HayKy, H3y4aloILYio
OKpyXalolllee Hac (U3HyeckKoe MPOCTPAHCTBO. Eciu ofmias Teopus
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OTHOCHTEJIBHOCTH BepHa, TO TAKOBBIMH e fABJANTCS PHMAHOBA, ICEB-
JOpUMaHOoBa U apuHHAS TeOMeTPHH; AaxKe eCJH 3Ta Teopus OyJeT Mo-
nudHIMpOBaHa, ee IyiaBHHE HAeH, pa3paboTaHHHe 3a 60 JieT, HeCOMHEH-
Ho, GYRyT NpORO/KATh OLITh OCHOBOH TEOPHH (PH3HUECKOro HpPOCTPaH-
CTBa-BPeMEHH.

MBI JOCTHIHEM HaWJy4llero NOHHMAaHHs paccMaTPHBAaeMOH TEMBI,
€CJH Ha [epelRHHH [J1aH BbIABHHEM reOMETpHUYeCKHe HjeH (NofoGHHe
napajJieibHOMY IepeHoCY BeKTopa BIOJb KPHBOH), a n0APOOGHHIE
aHaJHTHYeCKHe (GOpMYJbl HCNOJAb3YeM KaK He3HAuHTEJbHYIO [eTajiH3a-
IHIO HX oOHa,

27.1. TONONOIrMA U METPUKA

CorylacHO IJI. 23, TONOJNOTHA MHOroo6pasus omnpenensercs Habopom
€ro KOOpPAHHATHHIX KaprT.

[n1aBHOE pas/iHuHe MeXAYy PHMaHOBHIMH H NCEBROPHMAHOBLIMH (HJIH
apduHHO CBA3HBIMH) MHOTr0OOpPa3HAMH COCTOHT B TOM, 4TO Y MOCTERHHX
CBS3b MeXAY TONOJIOTHEH W MeTPHKOH fBJsIETCA He CTOJb TeCHOH,
KaKk y NepBbiX. B CcBA3HOM pHMaHOBOM MHOroo6pa3HH PacCTOSTHHEM
d(P, Q) mexny oGbIMH ABYMs ToukaMH P H Q ecTb HHGHMYM IJIHHEI
KpHBOH MEXJy HHMH, KOTOPHIH 6epeTcss OTHOCHTEJIBHO BceX myTel u3 P
B Q. MHoroo6pasue Toria sBJASETCA METPHYECKHM NPOCTPaHCTBOM,
YTO O3HAYaeT, UTO Ha HeM onpejesieHa ¢yHKuUA d (paccTOsHUE), YHOB-
JIETBOPAIOILAA CJEAYIOIHM COOTHOWIEHHSAM:

a(P, Q)=0 VP, q,
d(P, Q)=0P=0Q;
d(P, Q)<<d(P, R)+d(R, Q).

Tonosorusi B 3TOM NPOCTPaHCTBE ONpeAensiercs yKasaHHOH METPHKON,
NIOTOMY 4YTO MHOXECTBa

S(e, P)={Q: d(P, Q)< e}

(OTKpBITHIE 1UAphl) ABJSAIOTCH OTKPHITHIMH MHOXeCTBaMH, a BCe JApYyTHe
OTKPHITbIE MHOXECTBA MNpPEACTaBJAT cO60H OObeAHHEHHS OTKPBITHX
wapoB. B pUMaHOBOM MHOroOGpa3HH 3Ta TONOJOTHSA COBNAfaeT ¢ TOIO-
Joruefl, onpejesieHHOH paHee NpPH [OMOLUIH KOOPAHHATHHIX KapT.

B nceBropuMaHoBOM MHOTOOOpa3uH, TAe MaTpHLa (g ;) He sBAseTCs
IIOJIOXKUTEJBHO ONpPEJETEHHOH, TOJNBKO YTO ONpefiesieHHOE PacCTOsIHHE
d (P, Q) Bcerna paBHO HYJIIO H [103TOMY He sBJseTca MeTPHKOH. Tem
He MeHee 3TO MHOrooGpasue obyiafiaeT KOPPPEKTHO ONpesesieHHof Tolio-
JIOTHeH, TopoxaaeMoH KapTamH, KakK yKasblBajoch B § 23.3, H To ke
caMoe BepHO A1 adupHHHO CBA3HBIX MHOToOOpa3sHi, JJisi KOTOPHIX HET
JaKe TOHATHA PacCTOSIHHA BROJb KDHBOH.
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27.2. TEORE3UYECKHUE [PUMAHOBbLI}] KOOPAUHATHI

Karouom x Hec/leOBaHHIO JIOKAJBHBIX M€OMETPHUYECKHX CBOHCTB pHMa-
HOBA MHOroo0pa3usi B OKPECTHOCTH TOYKH P, rie MeTpHuecKHil TeH-
30D g, 3a/laH B CHCTEME KOOPAMHAT X', ..., X%, cojepxawei Touky P,
ABJsieTCs BbIOOp HOBOA CHCTEMBl KOOpAMHAT x'%, ..., x'", Koropas
CTaHOBHTCA BCe OoJiee MOXOxeHd Ha JNeKapTOBY OpH NpPUOIHKEHHH
K P, DBbuio 6b xenatesbHo, 4TOGH MpeoOpa3sOBaHHBIH METPHUECKHIl
TEH30D gj Obl1 paBeH O;, B P, (3T0 Bcerja MOXHO C/e/1aTb), 8 BOIH3H
P, 6bu1 6bl 64M20K K 8,,. Mbl yBHIHMM, 4TO MOXHO OGPaTHTb B HY/Ib
BCE MN€pBbi€ NMPOH3BOAHLIE OT g B P,, a HEKOTOphle JIHHEHHBIE KOM-
OHHALMH 3THX NPOH3BOJHHIX Jaxke B LeEJOH oKpecTHoctH P, B 3rom
CMBIC/IE HOBBI€ KOODJHHATHL GyAyT HACTONLKO GJIM3KH K J€KapTOBHIM,
HACKOJIbKO 3TO B03MOXHO. OCTaBuieecsi OTKJIOHEHHE gj, oT O;, Gyner
OTpaXKaTb TOIJAa HEEBK/HAOB XapakKTEP NeOMETpPHH.

Cnyyall nCeBIOpPHMAHOBBHIX MHOrooGpasuii aHaJoTHuYeH, TOJbKO
3llechb Mbl CTPEMHMCSl CAeNaTb g paBHbIM +0. B P,, mpuuem sHaku
=+ H — ONpejpesfioTCs B COOTBETCTBHH C CHTHATY POH TEH30DA gy

B adduHHO CBA3HEIX MHOrooGpasHsix Mbl CTPEMHMCH K TOMY, YTOGBI

o6paTHTb B HyJb B P, Bce KO3ppULHEHTb CBsA3HOCTH I';; M ocTaBHTH
HX MaJbiMH BOJMH3H P,
B nanHoM naparpadge Mbl pacCMOTPHM ad(dHHHO CBfi3HBIE MHOTO-

obpasus, msn koropblix I j,=T1";;, a mosiHee yTOUHHM MOJyueHHblE
pesyJbTaThl Aas Apyrux caydaes. [lycts {U, @, N}—kaprta, coaep-
Kawmaa Touky P, a x!', ..., x® 00603HaYalOT KOOPJHHATH B 3TOH
Kapre. PaccMoTpUM cemeHicTBO BceX Treole3HYecKHX, MPOXOIsAmHX
yepes P, HaTypa/bHBIA NmapamMeTp A IS Ka)JOH M3 KOTOpPbIX BLIOPaH
TaK, 4to A=0 B P,. KoopAuHaTh Ha Takoll reoje3nyeckoll 3a1al0TCA
pelieHHAMH x*(A) 3ajaun ¢ Havya/JbHbIMH JaHHLIMH

d2xk/dh: Tk, (dxt/dh) dxm/dh =0, (27.2.1)

xR (0) = (P,), (27.2.2)

dxk/dM [p—o = y*, (27.2.3)

rjae 4, ..., J*—BelecTBeHHbIE YHCJA, HE BCe paBHbIE HYJIIO H OMNpe-

JleJISIoIHEe HaMpaBJeHHe, 10 KOTOPOMY reole3Hyeckas BhIXONUT H3 P,
CornacHo Teopeme 2 § 26.8, ata 3ajnaua umeer peuenue xk(A; g, ...
Ly, k=1, ..., n, ana 0<CA<C 1 u ana Bcex BEKTOPOB ¥, ..., y”
B HEKOTOPOH OKPECTHOCTH HauaJja KOOpJAHHAT. Ec/H pasfoXutb 3TO
pelleHHe MO CTENEeHsM A, a KO(pUUHEHTb NEPBLIX TPEX WIEHOB pas-
JIOXKEHHS MOJNYYHTb U3 3TOH 3alaud, TO OGHAPYKHTCA, UYTO

X Y e g ) =xFO) Ay, | gty O (R Y ),
rie |y| ob6osnauaetr max | y*|. Munekc O osnavaer, uto Ko3ddHUHEHT
*

cBsisHoctH I'%, BhIuHCeH B Touke P,. BrlpaxK€HHe B IPABOH 4acTH pa-
BEHCTBA MOMKHO GbIO 6B pacCMaTpUBAaTb H KAK CTENEHHOH PAJl 10 MAbIM
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BeJIHYHHAM Ay', ..., Ay"; cnenoBaTenbHO, 63 NoTepH OOLLHOCTH MOXKHO
noMoXHuTh A==1, ecau y* caMu nmo ceGe NOCTaTOYHO Majwl. Toraa

5L gt o Y =xFO)+yE =1 TF L L yym 0 (Y P). (27.2.4)
M3 sroro paBeHcTBa ClefyeT, 4To MaTpHua SIKoGH
oxk(l; ¢, ..., y")/oyt

paBua &8¢ B P, (rie He BCce y* paBHBI HyJIO), a OTCIOAA CJEAyeT, YTo
ypaBHEHHSA

xE=xk(1, 4, ..., y") (k=]I, ..., n)

MOXHO OGPAaTHThb B HEKOTOPOH OKPECTHOCTH TOYKH P, 1Jisl MOJy4EeHHA
{y/} kak dyukuuii or {x/}. Heckompko MmepBHIX YJIEHOB COOTBETCTBY-
IOLIEr0 PasiokeHHsl y* BRILIAAAT TaK:

k= xk—xk (0) +1/,T%, |, (xt—x!(0)) (x"—x7 (0)) + ... . (27.2.5)

Uucna y', ..., y" HaswiBalOT eeodesuuecKumu (WU DUMAHOBbIML)
KOOpAHHaTaMH BO6JH3H P,

B stux dopmynax kospdHuMeHTH! cBAsHocTH I'%,, 3aBHCAT OT He-
XONHBIX KOOpAHHAT. COOTBETCTBYIOlIHE KOSPPHIHEHTE! B re0/Ie3HIECKOH
CHCTEME KOOPAHHAT GYyAyT oGo3Hauatbcsi uyepes ['%, : ux suaueHus
MOXHO BBIYHCJHTb CclelyloliuM ofpasoM. ['eoneswueckasn safaercs
B TeOole3H4YeCKOd CHCTEME KOOpAHHAT ypaBHeHHeM yk == y* (L) = ALk,
rae &, ..., " — KOHCTaHTHI; 3HAUHT, d*y*/dA? =0, a cpaBHeHue C 06LLHM
ypaBHeHueM (27.2.1) (c 3ameHOH x* Ha y*, a T*, na fk,m) NOKas3bl-
BaeT, 4TO Ha reojfesuueckoli I'*, EXE” =0 pns Bcex A u Bcex £, ...
..., £". B cuny storo B touke P,

I'(,, =0 naa Bcex k, [, m (27.2.6)
H BOOGLIE

P, (4 ..., y") yly"=0 nas Beex k (27.2.7)

BO BCeH OKPECTHOCTH TOUKH P,, B KOTOpPOH ONpejie/ieHbl reofie3HYeCKHe
KOODJIHHATHI.

3ameuanHe. 3a HCKJIOUEHHEM IVIOCKHX MPOCTPAHCTB, F€OJE3HUECKHE
KOOPIAMHATHI B OKPECTHOCTH P,, BooGlie roBops, He ABJAIOTCA Teo-
Ne3HYeCKHMH KOOPAHHATAMH B OKPECTHOCTH cocelHell Touku Q,. Muaye
ropops, npamas y*=AE&*+a* B mpocrpanctee R” KoopauHaT 4, ..
.., Y" B OOLIEM C/lydae He fABJISETCH TeQQE3HYECKOH, €CAH XOTA Obl
OlHA W3 KOHCTAaHT @', ..., a" ONIMYHA OT HyJf, T.e. ecJH npaMas
He MPOXOAHT Yepe3 Hayajo KOOPAHHAT R”.

HoBbie KoopauHATHi B OKPECTHOCTH P, MOKA HE eJHHCTBEHHEHL
3Ty HEEJAHHCTBEHHOCTb ONMMCHIBAET CJENyloWas Teopema.
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Teopema. B oxpecmrocmu 3adanmot mouxu P, npousgorstoe npe-
obpasosanue Koopouram x' ceodumcs K 00HOPOOHOMY  AUHeELiHOMY
npeobpasosaruio coomeemcmeyrouux ee00e3uUtecKix Koopounam y.

JIOKABATEJBCTBO. Iyere xt, ..., x'"—=xoopAuHaThl B JI06OH Apyroi
Kapte, cofiepxamedi Py, a y'l, ..., y’P—cCOOTBeTCTBYyIOIME TeONe3HYECKHE KOOp-
AUHATH B OKpecTHocTH P,. JlGas reosesuueckas P (A), npoxoasmas uyepes Py,
a1 kotopoii P (0) = Py, BHpa)aeTc B Te0Je3HUYECKHX CHCTEMAX KOOPAMHAT B BHJE

P@): y/=AE/ n y/=nY,

rie &/ u §/—koncrauter. C, TOYHOCTBIO [0 HAMMEHbINEro NOpAAKa MaJ/blX BEeJHYHH
(A = 0) x/ cornacoanm ¢ y/, a x'/ ¢ y'/. Tlostomy

Elj —_ axrj/axk IPO E,k;

cIefloBaTeNbHO, JVIS JI060H jAaHHOH ToukM P (A) Ha reofesuueckoil, npoxomsmed
uepes Py,

yrj — axlj/axk lpo yk, (27.28)
8 5T0 M eCTb yKa3aHHOe B TeopeMe JHHelHoe npeoGpasoBaHHe.

YnrPaAXHEHUE

TMokaxure, 4To caefytomuil wieH pafa (27.2.4) MoXHO 3amucaTbh B BHAE

— (1/3) Ty o, 'y, 27.2.9)
rjie
1
o, -3 (ork,/oxt —ortTs,), (27.2.10)

NpHIEM CYMMHpOBAHHE OCYIIECTB/JACTCA NO LHK/JIHYECKHM NepecTaHOBKAM HHJIEKCOB

{, m u r. Uneus BHCINEro MHopsafka ¢ KoshhullUeHTaMH I"fm,‘.u 06Cy K AAK0TCH
y Oiisenxapra [1926].

B ciyuae PHMaHOBBIX H TICEBJOPHMAHOBLIX MHOroo6pasuii, KOraa

KO3(QHIHEHT! CBA3HOCTH TNONYYalOTC TIPH TIOMOIMH METPHYECKOro
k k

TEH30pa Kak’ Ffm={, m} , TIe {z m} 3anannl popmyaamu (26.6.10),

(26.6.11), wn3 (27.2.6) caexyer, uTO mepBble YacTHbIE [POM3BOIHbLIE
MeTPHYECKOTO TeH30pa paBHH HYJI0 B Hauaje reolesduyeckHX Koop-
IHHAT, [OTOMY 4TO

08 hm/Oxt =[kl, m]+[ml, E].

27.3. HOPMANbHLIE KOOPAMHATHI B PUMAHOBLIX
M NCEBAOPMMAHOBbLIX MHOIOOBPA3HAX

[Ip¥ HanIWYHH MeTPHUYECKOro TeH30pa MOXHO elle 60Jblle YNPOCTHTDb
paboTy ¢ reoe3nyecKMMH KOODAUHATAMH, eclid NofoGpaTh Takoe JHHEH-
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Hoe npeo6pa3oBaHHe KOODAHHAT Y, UTO B TOUKe P,

r+ 1
+1
(©)

(&) = +1 (27.3.1)

(0) .

(B ciyuae pHUMaHOBBIX MHOroo6pasuifl y BCEX HeHYJIEBbIX uleHOB Gyaer
3HaK 4.

9T0 MOXKHO ChenaTbh CleAyowHM obpasom. CHauala MOXKHO Tmpe-
o0pa3oBaTb 4 NpPH MOMOWH OPTOTOHAJBLHOH MATPHUB TaK, 4YTOOH
MaTpuua (g;,) crana B Touke P, aHaroHasbHOH. IlycTb AMaroHasp-
HBIMH 3JIEMEHTAMH ABAAIOTCA uucna dy, ..., d,, [Ae NEPBLIMH HAYT
TNOJIOKHTE/IbHBIE UYHCJa (H Bce d,-;&g}). 3areM cpenaeM elle OAHO

npeoGpasosanne y'' =) [d;]| y' (3nechb corfamenHe O CyMMHpOBAHHH
He HCHOoMb3yeTcs), Mocjae KOTOPOro Matpuua (g;,) NPHMET yKasaHHYo
BhilI€ CTaHAAPTHYIO dopMmy.

Takue y' eNMHCTBEHHBI C TOYHOCTBIO 1O OPTOTOHAJBHOrO Mpe-
06pa3oBaHus (BPALUEHHs, BOMOXKHO, C HHBEpCHEeH) B Cllyqae pHMAaHO-
BHX MHOroOGpasuii U ¢ TOYHOCTBIO A0 MpeobGpasoBanus Jlopenua
B Clyuae MCEBAOPMMAHOBBHIX MHOroo6pasui. ITH uucaa y' Hasbl-
BAlOTCA HOPMAAbHOIMU, UK HOPMAAGHBIMY 200e3UHECKUMIL, UIH HOp-
MANBHBIMU  PUMAHOBLIMI KOOPOUHAMAMU.

Eciu pnmaHoBO MHOrooGpasue MOrpy3HTb Kak r-MepHYIO noBepx-
HOCTb S B €BKJIHJ0BO NPOCTPAHCTBO £V Gonblueli pasMepHOCTH, KAK 3T0
OnHcaHo B § 26.4, TO HOpMaNbHble KOOPAHHATHL COBMAAAIOT C AeKApTO-
BLIMH KOODAMHATaMH 7-MEPHOH THIEpPHJOCKOCTH, KacaTeJbHOH K S B
TOUKe Po; NOBEPXHOCTb NPOEKTHPYETCsl Ha 3Ty THAEPMJIOCKOCTb TaK,
UTO reofesnvecKue, MpoxoAsllve 4depe3 P,, NepexOAsiT B KacaTelbHble
JIHHAH, a AJHMHBL BJOJIb TEOJ€3MYeCKHX MNepPexoAsT B JJIHHBI BAOMb
KacaTeJIbHbIX.

(B HeKOTOpBIX cTapbiX KHHUraXx Jo6ble KOOPAHHATHI, B KOTOPBIX nep-
BEIE HaCTHbIE NMPOHM3BOAHBIE OT gj; B Touke P, ofpamiaircs B HyJb,
HaabIBAIOTCA TEO0/IE3HYECKHMH KOODAMHATAMH B OKPECTHOCTH P,.)
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27.4. TEOMETPHYECKME NOHATHUA. NPUHLMN SKBUBAJNIEHTHOCTH

TeoMeTpHsa WMeeT fesN0 ¢ TOYKaMH H JHHHAMH, a TakXe ¢ OGBEKTaMH,
IIOCTPOEHHBIMH U3 HHX; B YaCTHOCTH, OHa HMeeT JeJI0 ¢ NPOCTPAHCTBAMH
TOYEeK, B KOTOPBIX BbiAeJeHbl onpeie/eHHble MHOXEeCTBAa TOYEK, Has3bl-
BaeMble NPSAAMBIMH HJH reoje3uuyeckKWMH. B paccMaTpHBaeMbix 34ech
reoMeTpHsX NpearnosaraeTcs Takxe, YTO TAKOE NPOCTPAHCTBO sIBJSAETCA
n-MepPHBIM KOHTHHYYMOM B TOM CMBIC/Je, YTO OH 0o6/afiaeT TOMOJOrHYe:
CKHMH CBOHCTBAMH n-MepHOro MHOrooGpasusi.

OCHOBHBIM TeOMETPHUECKHM IIOHATHEM SIBJSETCS KOHZPYIHIMHOCME
(cpaBHUMOCTB) ). O6BIYHO HMeeTcA HeKOTopas rpymnma npeo6pasoBaHHi
POCTPAHCTBA, HAa3biBaeMas epynnod KoMepysxnmHocmu, npeobpasoBa-
HHs, BXOASALIHE B 3Ty TPYINy, COXPaHSIOT reoMeTpHYECKHEe COOTHOLe-
HHs. B KauecTBe mpUMepOB MOXHO yKa3aTb IPYNNY ABHKEeHHH B €BKJIH-
JI0BOM mpocTpaHcTBe W rpynny [lyaHkape (HeoaHopoaHyio rpynny Jlo-
peHua) B mpocTpaHcTBe MHHKOBcKoro. O AByX (Hrypax (MHOXecTBax
TOYEK) FOBOPAT KaK O KOHEPYIHMHMbIX, €CH OAHY GHIYPY MOXHO mpe-
ofpasoBaTh B APYIYIO NIPH NOMOLIM HEKOTOpPOro mpeoGpa3oBaHusi TOH
rpynnel. (B «dpaaHrenckodl nmporpamme» ®emukca Kurefina (1872 r.)
rOCHOACTBYET MPOTHBOMOMOXKHAsi TOYKA 3pEHHsi: Korja Ha mpocTpaH-
CTBE 3ajaeTcs rpynna npeobpas3oBaHHil, OHA CAYXKHUT AJs1 ONpeae/eHHs
reOMeTpHH, COCTOAlleHd H3 TeX OTHOIIEHHH, KOTOpBle COXpaHAIoTCA
pH 3THX npeo6pa3oBaHHUsX.)

[1o aHamoruu ¢ reoMerpusiMH EBK/IHAa © MHHKOBCKOIO MOXHO Npef-
nojsaratb, 4TO B MPOCTPAHCTBE ¢ METPHUYECKHM TeH3OpOM gj, rpylmna
KOHTPY3HTHOCTH JOJIKHA COCTOATb U3 TeX NMpeobpa3oBaHHM, IPH KOTO-
PHIX TEH30p gj; COXPaHseT cBOH 3HadeHHs. OfHaKO B GOJbILHHCTBE CJIy-
yaeB TaKUX Npeobpa3oBaHHi BooOllle HeT (3a HCKJ/IOUEHHEM TOXJecT-
BEHHOro Mpeofpa3oBaHHs), €CJH TOJbKO NPOCTPAHCTBO He sBJAETCS
NJOCKHM HJIH He HMeeT NOCTOsIHHYIO KPHBU3HY. CJle0BaTeNbHO, B GOMb-
IIMHCTBE CJAYyYaeB HeT H OOBIYHOIO NMOHSATHS KOHIPYIHTHOCTH.

Ins oueHb MasbiXx GHTYP MOXHO ONpCAENHTb NPHOJHXKEHHOE no-
HATHE KOHTDYSHTHOCTH. PaccMOTpHM CHauaja puMaHOBO MHOroo6pa-
sue, [lycts 4%, ..., y"—HOpMAJbHBIE KOOPAHHATBI B OKPECTHOCTH
ToukH P, a @', ..., W*—HOPMA/JbHLEIE KOOPAHHATHI B OKPECTHOCTH
Apyroél ToukH Q,. [lycts —oTOGpaxeHHe OKpecTHOCTH P, B OKpecT-
HocTh Q,, 3ajaBaeMoe NpHpPaBHUBAHHEM COOTBETCTBYIOLUIHX HOPMAJb-

HBIX KOOpAHHAT (T. e, Touka P ¢ KoopAHHaTaMmHu 4, ..., y* orobpa-
’KaeTcsi B TOYKY (@ C KOOpAMHaTaMH w?, ..., w", ecaH y =uw',
i=1, ..., n). ToBopar, uto Manass ¢urypa BGaH3H P, NpPUGTHNKEHHO

KOH[Py3HTHAa Manoii d¢urype B6aU3H Q,, ecau mepBasi purypa oro-
6paxaeTca npeobpa3oBaHHEM | BO BTOPYIO,

Taxk Kak cucTeMa HOpMAa/bHLIX KOOPAHHAT €AHHCTBEHHA C TOYHOCTBIO
A0 OPTOroHa/bHBIX Npeobpa3oBaHHi, B pe3yJbTaTe NOJy4YaeTcs npHoJIu-

1) Oruoulenne 3KBHBAJEHTHOCTH FeOMeTpHuecKuX GOHryp, — flpum. nepes.
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KEHHO €BKJIHAOBa reoMeTpHs. [eolleanueckHe, Npoxofslye yepes P,
nepeXxofsT NpH Y B reole3HYecKHe, Mpoxojslite dyepe3 Qo; Jerko ybe-
IHTHCS B TOM, YTO YToJ MeXAy ABYMS TAaKHMH reoJe3HYecKHMH (cM.
¢opMyJsy HHKe) NIPH 3TOM OToOpaxkeHHH coxpaHserca. (I'eonesnyeckue,
He npoxojsiHe yepe3 Py, 0ObIYHO He MepeXoisT B reofie3HYecKHe, eciu
NPOCTPAHCTBO He SBJsETCA MJIOCKHM.)

Ecan B Touke P, mnepeceKamwTcs TPH HJIH HECKOJNBKO [JIAAKHX
KPHEBIX, TO 3Be3lla, o0pa3oBaHHast B P, HX KacaTeJbHBIMH BEKTOpaMH,
oTofpaxkaercss B aHAJIOTHYHYIO 3Be3ly B Q, C COXpaHeHHeM BceX YIJIOB.
Ecnu Py,AB — ManeHbKHI TPeYroNbHHK C BePLIHHON Py, T. €. ecsd Po4,
PoB u AB—KOpOTKHe reojie3HyecKne, TO ero 06pas npH 0ToOpakeHHH P
ecTb purypa Q,CD, rae Q,C u Q,D — reonesnyeckne ¢ TeMH e JJH-
Hami, uto U PyA u P,B, a CD — 1nouTH reofiesanyecKas, ec/i Tpeyro/b-
HHK MaJ, H HMeeT JJIMHY, MOYTH paBHYI AiuHe AB. Ecan Py u @y —
OJIHa H Ta e TOUKa, a y* W w* — JBe CHCTEMEBl HOPMaJIbHBIX KOOPAHHAT
OKOJIO 3TOH TOYKH, TO KOHFPYSHTHOCTH OMpeJe/sIoTCs BPAlleHHsIMH H
OTpaXKeHHSIMH, OCTaBJSAIOIIHMH TOYKY P, Ha MecTe.

Yrasl onpenensiiotrcs no ¢opMmyJe A YIVIOB B KPHBOJHHEHHBIX
KOODAHHATaX €BKJIHAOBA MPOCTPAHCTBA. ECJH B TOYKE C KOOpJAHHA-

tTamu  x? (A,)=x!(p,) NepecekalTCs JBe MAIKHe KpHBble xf==x(})
M x{=xi{(n), TO COOTBETCTBYWOIHE WX HAMpaBJIEHHA B 3TOH TOYKe

3aNaloTcs KacaTe/bHbIMH BeKTopaMH & = x/ (A,), Ef =x/(n,), a yro.a 0
MeXJAy STHMH HaNpaBJeHHAMH omnpelensercs (popMyJoil

cos 8 =g, &/E( &1 €D, (27.4.1)
rje

JE]=1g &8 2, |E|=] g, EEx /2. (27.4.2)

3HakH abCoOTHOH BeMHYyHHBI B (27.4.2) 31ech He SABJAIOTCA HeoBXo-
JHMBIMH H BKJIIOYEHbl B 3alHCh (OPMYJ JIHWDL IJf MOCJAEAYIOWIEro
HX HCIOMb30BaHHSA B CJydae MCeBIOPHMAHOBBHIX MHOr00Gpa3Hil.
AHajiornuHble paccykaeHHs HpHMeHHMbl H K NCEBIOPHMAHOBHM
MHOrooGpasusiM. Kak u Bbllle, MycTh 4, ..., y* H @', ..., w"*—
HOpMaJjibHble KOODAHHAThlL B OKPECTHOCTAX ToUeK Py, n Q, coorser-
CTBEHHO, T. €. reole3H4eCKHe KOODAHHATHl, B KOTOPHIX METPHUYECKHH
TEH30p HMEET CTaHAapTHyl0 copmy (27.3.1). DTH KOOpAHHATBHI €JMH-’
CTBEHHHl TOJIbKO C TOYHOCTbIO A0 NpeobpasoBaHui JlopeHua; caeno-
BaTeJIbHO, TNOJIYyYaeTCs MpPHGJHXEeHHAs reoMeTpHsi MHHKOBCKOro, a He
reoverpus EBkanaa. IIpn orobpaxeHnu 1, 3alaBaeMOM KaK H paHee,

yc/0BHEM W' =y’, reole3HyecKHe, NpPOXOAsAMmHe uepe3 P, orobpa-
JKAIOTCS B FeOJie3HYeCKHe, MPOXOAsIHe depe3s Q,, MpHYEM C COXpa-
HeHHEM HX THIa (HpOCTpaHCTBeHHOHOZIOGHble HyJIeBbIE HJIH BPEMEHHO-
MOAOOHBIE) H C COXpaHEHHEM YIJIa MeXAy JBYMSl Teode3HYECKHMH,
3afaBaeMoro gopmyJsoi (27.4.1). Tenepb, onHako, cos O MoxeT GHITBH
uan Goablie 1, uaH meHbtie —1, 3HayuT, H MOXeT GbITb MHHMbIM.
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Ecau ke § (uau §)—HyseBoll BeKTOp, TO COSO npHHHMaeT GeCKOHey-
HOE HJIM HeolpejesieHHOE 3HayeHHE B 3aBUCHMOCTH OT TOTo, OTJIHYHA

OT HyJIsi BeMMYHHA g;,E/EF wiu Her.

Crenyer 3ameTHTb, 4TO, Aaxke ecJu & H §—o0a NpPOCTPAHCTBEHHO:
nonoGHHE HJH 00a BpeMEHHOMOAOOHBIE BEKTOPbl, 3HaueHHe COosf,
nosyyaemoe no (27.4.1), Moxer okasarbcs BHe WHTepBana [— 1, I}

YNPAKHEHUE

[TokaXuTe, 4TO HEOGXOAHMOe K JOCTATOYHOE YCJOBHE JJIsi TOro, 4YTOOR!

{cos 8| < 1, COCTOMT B TOM, 4TOGH Bce JIHHeHHMe KOMOWHAUHH § W & Gbutd mpo-
CTPAHCTBEHHOMOAOBHHKMY (WM Bce BpeMeHHONMONOGHbIMH). Ecin cos@=4. 1, TO

HalileTcs HyJeBOR BekTOp BUAZ af-bE c HeHnynesumMH a W b. (B pumanoBoM
MHOrooG6pasui STOT HYJE€BOH BEKTOp — BEKTOP C HYJEBHMH KOMIOHEHTAMH, MO3TOMY

& upenctasnsieT coGofi npowsBeieHHe § Ha ckaasp.)

Ona ¢uryp B aphuHHO CBA3SHOM MHOroOGpasHH yIJIbl H JJHHBI
HE OnpejesieHbl; TeM He MeHee CYIIeCTBYIOT HEKOTOpLIE TeOMeTpHYECKHe
COOTHOILIEHHS, HHBapPHAHTHBIE OTHOCHTENBbHO NpeobpasoBaHus 1, 3a/aH-
HOTO Bhillle ycJoBHeM yf=w!. 31ecb y’ H w'—MpPOU3BOJILHLIE Teoje-
3HYECKHE KOOPIMHATHl, HHKAKOTO [MOHSATHS HOPMalbHBIX KOOpIHHAT
HeT H reofle3HyeCKHe KOOPAHHATH ONpelesaloTcsl € TOYHOCTBIO 10
HEBLIPOXKJIEHHLIX JUHEAHBIX HIH apduHHBIX Npeobpasoanud. Hampu-

mep, ecsin &, § W E—BeKTopbl, KacaTe/JbHble B TOUKe P, K Tpem

KPUBbIM, U €CJHH § JIEXHT B TOH XXe IJIOCKOCTH, 4TO H BEKTOpHl §

H &, T.e. eC/M 3TH TPH BEKTOpa JIHHEHHO 3aBHCHMBI, TO 3TO K€ BEPHO
W [ocje npeofpasoBaHus. B NeHCTBHTENBHOCTH NpPH OTOOPaKEHHH P

coxpausiercs JnoGoe cooTHOueHHe BHAa §=af 4 b§ NpH 3alaHHLIX a
1 b. Y BooOie /M060e MHOXKECTBO TaKHX BEKTOPOB JIHHEHHO 3aBUCHMO
TOrJZa H TOJABKO TOrJa, KOrja JHHEHHO 3aBHCHMO MHOKECTBO HX 00pas3oB
IpH OTOOpa:KeHUH 1. :

TeomeTpHUeCKOe MOHATHE NAPAAACAbHO20 CMEWEHUS HIIH RAPAAIIeAb
HO20 neperoca BIONb KPHBOH, KoTopoe GyaeT onucaHo B § 27.7, 6bu10
BBeJleHO JleBH-UuBuroil B 1917 r. Maes TakoBa: B IJIOCKHX TeOMeTPH-
AX —eBKJHJI0BOH, MHHKOBCKOTO WJH a(puHHOH, — rie rpymnmna KoOH-
TPY3HTHOCTH (B I€KapTOBBIX KOOPAHHATaX) COCTOHT H3 mpeoOpa3oBaHHi
BHJ2

Xx— Mx+a,

rie M -— opToroHajabHas, JIOPeHIEeBa HJIH NPOH3BOJNLHAA HEBLIDOXKIEH-
Has MaTpHua, oco6yl0 PoJb HrpaeT NOArPYMINAa YHCTHX CABHIOB (TpPaHC-
Jsui)

X —X-+a.

(3ameTuM, yTO B CJydae npocTpaHcTBa MHHKOBCKOTO cioJa He BKJIOYa-
eTcsl HHKaKoe OTHOCUTeNIbHOe d8icerue, KpOMe CMellleHHs.) A HMeHHo,
ecaH ofHa (Urypa MoxeT GHITb OTOOpakeHa B APYTYIO MPH IIOMOLH
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YHCTOr0 CABHIa, TO 06 3THX (PHrypax roBOpPAT He TONbLKO KaK O KOH-
TPY3SHTHBLIX, HO H KaK 06 HMEIOIHX ONHY H Ty 2Ke OpueHmayuro B IpocT-
paHCTBe HJIH KaK O NMePeBOAMMBIX O/lHA B APYTYIO MapaJjljieJbHbIM cMelle-
HHeM. B HCKPHBJIEHHOM NPOCTPaHCTBe 3TOMY MOHSATHIO MapaslIeabHOro
CMEIIEHHSl COOTBETCTBYET [OHATHE MapaJjyieJbHOrO NepeHoca MaJnoi
GUrypBl BAOJIL KPHBOH ¢ NOJy4YeHHeM, OJJHAKO, OOLIYHO PasHLIX pe3yJib-
TAaTOB B 34BHCHMOCTH OT Bbi6Opa KPHBOH, CBfi3bIBalOIlel HaYasbHYIO
H KOHEYHYIO TOYKH.

Ham noaxon k¥ 3THM BonpocaM 06yC/IOB/IeH aHAJIOTHEH ¢ MPHHIHIIOM
3KBHBAJIEHTHOCTH 00Llleil TEOPHH OTHOCHTEIBHOCTH, COMVIACHO KOTOPOMY
HEKOTOpHIE ee 3aKOHH MOXHO cpOpPMYJHPOBATH MPOCTO yTBEP:KIAECHHEM,
U4TO COOTBETCTBYIOIHE 3aKOHBI CNEUHaJbHOH TEOPHH OTHOCHTEIbHOCTH
BLINOJIHAIOTCA B HHePLHAJIbHOH cHCTeMe OTcyeTa (cHcTeMe «CBOGOMHOIC
najieHHs»). CHcTeMbl re0Jle3HYECKHX KOOPAHHAT B OKPECTHOCTH TOUKH
MrpaloT poJib HHepUHaJbHBIX cHcTeM. Hanpumep, napansesbHuI#
nepeHoc BeKTOpa BAOJAbL KPDHBOH Oyler ompele/eH TaK, 4TO B MOMEHT
NPOXOXKAEHHs BeKTopa yepe3 TOYKY P KPHBOH ero KOMIOHEHTHI, COOT-
BeTcTBylomue y° (rae yb,. .., Y™ — reofesuuyeckHe KOOPAUHATH B
OKPECTHOCTH P), MOYTH He H3MEHSIOTCH, T. €. HMEIOT HyJieBble MPOH3-
BOJHbLIE MO MapaMeTpy KPHBOH.

27.5. KOBAPMAHTHOE AUD®EPEHLIMPOBAHME

B atoM u ABYX caepyiomux maparpadax ofcyKnaiTcsi TPH TeCHO CBsi-
3aHHBIX MOHATHA (KOBAapHAHTHOe IH(GhepeHIHPOBAHHE, aGCOMIOTHOR
AnpepeHLHPoBaHHe H NapaJenbHLI nepeHoc), JMo6oe H3 KOTOPBIX
 MOKHO NPHHATH 32 OCHOBHOE, a OCTaJbHbIe BHIBECTH M3 Hero. Mul pac-
cMatpuBaeM 3fech apdHHHO cBA3HOe MHOroofpasHe o6iiero BHAA.

YacTHHe NPOH3BOAHLIE KOMIIOHEHT TeH30pa npeobpasyioTcs Moao6-
HO KOMIIOHEHTaM TeH30pa PaHra, Ha eIHHHIY 60JbLIero, HO TOTBKO B GTy-
yae auHelinblx 1peoBpasoBaHH, a B ciaydae Goee o6WUX mpeobpasoBa-
HHH H3MEHSI0TCA MO ApyroMy 3akoHy. Hanpumep, Ha eBKInI0BO# mmr0-
CKOCTH BEKTOPHOe MoJe ¢ MOCTOAHHHMH JeKapTOBHIMH KOMIIOHEHTaMH
HMeeT NepeMeHHble KOMIIOHEHTEI B [IOIAPHOH CHCTeMe KOOPAMHAT; MO3To-
My TO, YTO YacTHHIE NMPOW3BOAHHE MO r H 8 KOMIOHEHT 3TOro BeKTOpa
He ofOpailalTcss B HYJIb, fIBJASIETCS OCOGEHHOCTBIO CHCTEMBI KOOPAHHAT
r, 8. UTo6bl HCK/IIOYHTD SIBJEHHS TAKOrO POjla, Mbi ONpPENETHM HEKOTO
puIfl TeH30p 6oJlee BBICOKOrO pPaHra, 3ajgaBasi €r0 KOMIIOHEHTHI B Ji0GOH
TouKe P B 2eode3uueckoti CHCTeMe KOOPAHHAT B OKPECTHOCTH 3TOH TOUKH
KaK COOTBETCTBYIOLHe YacTHble NMPOH3BOAHBIE;, TOrAA AJISA BLIYHC/AEHUA
KOMITOHEHT 3TOrO TeH30pa B APYTHX cucTeMaX KOOPAHHAT HYXHO Hc-
NOJb30BaTh 3aKOHH MNPeo6pasoBaHUs TeH30POB.

[Tyctb P x' =a’ —npou3BoIbHas TOUKa, H NyCTh ¥, ..., Y*~—COOT-
BeTCTBYIOIlHE reofiesuyeckie koopauHat. Kak u B § 27.2,
xi=al +y' =1,k 4. .., (27.5.1)

y'=x'—a' - 0 (W —al) (F—yR) - (27.5.2)
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B sTHXx paBeHcTBax KO3P(ULHEHTH! CBSIBHOCTH OTHOCATCA K CHCTEME
KoopAMHAT x! W MX cjelyeT BbiuMcaATb B Touke P. Ilyctb v, (x2,
., X")—nNpOH3BOJILHOE KOBApHAHTHOE BEKTOPHOE [O.JIE,; 0603Hath

€ro KOMIOHEHTH B reo/le3UdecKOil CHCTEME KOOPAHHAT uepes v (y, - ..
..., y"). KoBapuaHTHbIi TE€H30p BTOPOro paHra v, ,—rcoeapuaumuaﬂ
npouaeoauaﬂ BeKTOpa uv;—onpegenasiercss (B Touke P) 3ajaHHeM ero
KOMIOHEHT B CHCTEME KOOpDAMHAT y/:

Ui ilo=0v 0y o (i, j=1, ..., n). (27.5.3)

HamleM BHJ STOTO DABEHCTBAa B CHCTeMe x'. B Touke P Mbl HMeeM
v =U;, " v‘ j==U; j, IOTOMy 49TO B TO4Ke P Ox’ /ay/_G‘, OnHako

v,, HaxoisiuMecss B NpaBofl YacTH paBeHCTBa (27.5.3), HYXKHO 3HATh
He TOJIbKO B Touke P, HO M BOAU3H Hee (45 BbOJHEHHs Audde-
peHuupoBanus). B6ausu P

=1, Ox*/0y",
I03TOMY

o /| — | _(_6_ v Ox*k _<6vk Oxt Ox* —|—U O*x*
SHPTEERTIR TN i\ TR gy oxt dy/ oyl k oys oyt | p

B Touke P 0x!/0y/=8,, u T. A., a BTOpas MPOU3BOAHAs pPaBHA —Tf
(no 27.5.1). Tlostomy

i, ; =0v,/0x/ — i, (27.5.4)

(PpOCYyMMMPOBaAHO MO R); 3TO M eCTb NPAaBHJO KOBapHaHTHOro Audie-
PEHLUPOBAHUS B NPON3BOJILHOH KOOPAHHATHO CHCTEME; Uy, ; (X1, .. ., x7)
o0pasyloT ABaXJbl KOBapHaHTHOE TEH30PHOE TMoJe.

3To NpaBUAO HOKas3blBaeT, YTO €CJH TEH30p U; ; ONpelensieTcs
B Touke P topmynoll (27.5.3) B wacTHOH reoze3nueckoil cucTemMe Koop-
JUHAT B OKPECTHOCTH P, TO OH NpaBH/JbHO ONpele/sieTcsl TeM Ke
PaBEHCTBOM H B /060N Apyroii reofe3nyecKoil CHCTEME B OKPECTHOCTH P.
JleficTBHTENBHO, ec/lM X' — reofie3uueckne KOOpAuHaThl, To I}, =0 B P
u (27.5.4) cornacyercs ¢ (27.5.3).

HenocpeacTBeHHbIM NPUMEHEHHEM KOBAPHAHTHOrO JAudpdepeHuHpPO-
BaHUA NOJYyYaeM, 4TO eCAH U; — TFPajHeHT cKaaapa [ B eBKAHL0BOM
NPOCTPAHCTBE, TO JamjacHaH OT [ B NPOH3BONBLHOH KPHBOJHHEHHOH
CHCTeMe KOODAMHAT HMeeT BH]

gilvy, ;= g/ (3*f)0xt dx/ —T'%; Of /0x*),

NOCKOJILKY 3Ta Be/HUYMHA sIBJsieTCSl cKansapoM (T. €. HHBAPHAHTOM)
H, OYEBHJHO, PaBHa JaljacHaHy OT f B JeKapToBoOil cHcTeMe KOOpiH-
HarT,
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YnpAXHEHUE

1. (a) Tlokaxure, uto ecan vi=vi (x1, ..., x*) —KOHTPABAPHAHTHOE BEKTOp-
Hoe mnovie, TO dopmyna

vl ;= 0vf 0x/ + Tk 0k (27.5.5)

onpelefseT CMEIIAHHBIA Tensop Broporo pamra. (6). Ilokaxure, uro ecin Ty
KOBAPHAHTHOE TEH30DHOE MOJIe BTOPOro panra, to Qopmyna

Tii; k=0T,-//0xk— ilej— kaTll (27.5.6)

OonpeJllesigeT KOBApHAHTHOE TEH30pHOE MoJie TPeTbero panra.

KoBapuaHTHas NpoH3BOAHAs TeH3opa obuiero BuAa HMeeT ORHH J0-
IIOJIHUTENLHBIH YJeH (B JOMNOJHEHHe K YacTHOH NpOU3BOAHOH), KaK B
(27.5.4), A1 KaxAOro KOBapHAHTHOrO MHIEKCA H OAUH JONOJHUTENb-
HBIl 4JeH, Kak B (27.5.5), A/ KaXJA0ro KOHTPaBapHaHTHOIO HHAEKCA,
KoBapuaHTHas Npou3BojHasi CKaAsipPHOro noas f ecTb NpocTo ero rpa-
IueHt: [, p=dfldx;.

Onepanusi KoBapHaHTHOro JuddepeHIUPOBAaHHS 00eCeYHBaeT OCHO-
BY IJs1 UHBapHaHTHOH (OPMYJHPOBKH TEOpHIl NMoOJsi ¥ BooGule 151 TeX
¢u3HYeCKHX TEOPHH, B KOTOPBIX BCTPEUAIOTCH YPaBHEHHS! ¢ YaCTHLIMHU
NPOU3BOAHBIMH.

YOPAXHEHUE
2. TMokaxwuTe, YTO 3Ta omepalHs YAOB/JETBOPSET NpaBHIY AHGbepeHIHPOBAHUS

IPOH3BEJEHHS. ﬂnﬂ Hayana YyGeAnTeCh B ToM, uto eciu [y; B (27.5.6) pasHo
vwj, TO

(viw)) ., =0y, 07+ 010}, 4, (27.5.7)
Tlocne 3TOro RoKamuTe, uto ecan T... U S.. — MPOH3BOBHEIE TEH30pHl, TO
(T8 )ie=T" S 4T85, (27.5.8)

re yKa3aHHOe IIPOH3BEJeHHe MOMET ObliTb KAK BHEUIHHM, TaK M MPOH3BO/NBHbBIM
BHYTPEHHHM IIpOM3BeJleHHeM, T. €. CBEPHYTHLIM NPOH3IBONBHOE UHC/AO pas.

3ameuanue. B crapoit nuteparype KoBapHaHTHOE AHGGEpPEHLIHPO-
BaHHe O0003HAYaJll YacTo 3alsiTOH BMECTO TOYKH C 3ansitTod. Tenepb
3anAToOH yame 0603HayaloT OOLIYHYIO YacTHYIO MPOM3BOIHYIO, TAK YTO
U j=U; j— —~Tiiv;.

YOPAXHEHHUE

3. TlokaxuTe, YTO B PHMAHOBOM HJIH IICEBAOPHMAHOBOM MHOrOOGPa3HH MeTpH-
yecku#t TeH30p BeleT ce@s NO OTHOLIEHHIO K KOBAPHAHTHOMY AHbdepeHIHPOBAHUIO
KaK KOHCTAHTa, T. €.

gij; =0, gi/:k=0, 6ii;k=0' (27.5.9)
(HaHOMHHM, 4TO B 3THX MHOroo0pasusx I‘fk={,ik}.)
Kak crexcTBue 3TOro ynpaxHEHUs MOTyYaeM, YTO KOBAPHAHTHOE

IuddepeHIHPOBaHHE KOMMYTUPYET C MOAHSATHEM H ONyCKaHHEM HH-
JEKCOB: €CJIH U;==g; v/, TO U k_g,/vl ke
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CiieayeT 3aMeTHTh, UTO pe3yJbTaT MOC/EeOBATeNbHBIX KOBAaPHAHT-
HbIX Au¢epeHIMpOBaHHil OOLIYHO HE CHMMETPHYEH 110 COOTBETCTBY IOIIHM
HHAEKCAM: Uj; g 155 U); 1, p; MCKJIIOUEHHEM CJyXHT clyyall MJO0CKOro
NPOCTPaHCTBA, € B JEKapTOBBIX KOOpAMHATax 00a 3THX BLIPAXKEHHHA
CBOASITCS K 0%,/0xFOx’. DTa acuMMMeTpusi— C/IEACTBHE BHYTDEHHei
KPHUBH3HbBI HpOCTpaHCTBa ¥ nosipnsierca Huxe (B § 27.9) B onpene-
JIeHUH TeH30pa KpHBH3HbI PuMaHa.

27.6. ABCOJIIOTHOE AMDHEPEHLUMPOBAHME BAOJIL KPMBOH

[lycts §: P =P (A)—rnaakas KpHBas, NIPOH3BOJNbHBIM 00pasoM napa-
METPH30BaHHAsd M 33JaHHAas B pPHMAHOBOM, WJH ICEBAOPHMAHOBOM,
uwin appUHHO CBA3HOM MHOrooOpasuH, H NYCTb AAHO BEKTOPHOE HJIH
TEH30pHOe MOJIe, ONpeAeNeHHOe MO MeHblield Mepe Ha €. Mb XOTHM
onpefesnuTbh Apyrod BeKTOp (MJM TEH30p) Ha ¥ Tak, uToObl B KaXKAOH
TOuke % OH ONHCHIBAl CKOPOCTb H3MEHEHHS NEepBOro BEKTOpa (WJH
TEH30pa) OTHOCHTENBHO A, NMpHYEM B HEKOTOPOM aGCOMIOTHOM (WHBa-
PHAHTHOM) CMBICTE.

ITpeanonoxum, uro € nexut B KoopAuHaTHoH Kapre {U, ¢, N}
M ONUCHIBaeTCsi ypaBHeHHeM x!=x'(A)==q/ (P (A)); npeanonoxum
TaKKe, 4TO v; (A)—KOMIIOHEHTHl KOBapHAHTHOrO BEKTOpa, OIpeieJIeH-
HOrO Ha € B Toll ke cucTeMe KoopAuHaT. OnpepenuMm Apyrod KoBa-
PHAHTHLIH BEKTOP W; (A), KOTOPBIE MpeACTaBAAET CKOPOCTb H3MEHEHHS
v; (7). OueBHAHO, MBI He MOXeM Hamucarb MpocTo w;(A)=dv, (A)/dh,
[I0OTOMY 4YTO 3TH BeJIMYMHBI NpeobpasyloTcd HE 110 TEH30PHOMY 3aKOHY.
[TosToMy MBI NpHUMeHseM 3fech NPHHUMN 3KBHBaleHTHOCTH. [lycthb
P,=P(h))—rTouka Ha €, a ¥, ..., y"—reofile3nuecKue KOOPAUHATHI
B OKPECTHOCTH P,, coBnajaioliue ¢ x' ¢ TOYHOCTBIO AO NEPBOrO I0-
paaka. IlycTe v; (\)—KOMNOHEHTH vU; B reole3nyecKoll cHcTeMe Koop-

auHar; v; (M) =v,(A) npu A=A, HO 3TO PABEHCTBO OGBLIYHO HE Bbi-
noiHserca npu A== A,. Ilomoxum
wi (}\40) = d(o)t (}\f)/d}" |l.=7..ﬂ»

a 3areM npeofipasyeM 3TO PaBEHCTBO B HCXOJHYIO CHCTEMY KOODAHHAT;
npu A=2»A, Mol nonyun, uTO

Oxk N dug (M) ka %k dyl (A)
0, () = (%) G )= o o () e .

IMpu A==XA, X’ W y' COBNAAAIOT C TOYHOCTHIO [0 nepBoro nopsijka,
a BTOpbIe NPOU3BOJHLIE, cornacHo (27.5.1), paBHbI —I'%;. Unaue rosops,

w; (M) =dv, (A)/dh—uv, (A) T% dx/ (A)/dM.
[TockonbKy 34ech yXe HeT Teofe3MuYecKHX KOOPAWHAT, 3TO PABEHCTBO

CNpaBeANHBO B JI060H Touke € W B J0OOH cHcTeMe KOODAMHAT.
O6bluHO w; o6o3HauarT yepes Ov,/0Mh WM HasbIBAOT ABGCOAOMHOL npo-
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436800H0t OT v; 600a6 €, T. €. BJAOMbL KPHBOH %3
8v,/6A = dv,/dh—T%v, dx/Idh. (27.6.1)

Ecnu BekTOpHOE moJsie v; 3aJaHO He TOJbKO HA ©, HO H B HEKOTOpPOH
obaactd, cojepxauleii €, To

dv; /0N =uv;. ; dx//dA\. (27.6.2)

AGcoMoTHLIE NPOU3BOAHBLIE BAOML $ OT APYTHX TEH30DOB ONpe-
JeSI0TCS aHAMOTHYHO, KaK 3TO0 JAeNajoch W Ul KOBAPHAHTHLIX MNpO-
H3BonHLIX. Hanpumep, ecd Ha € 3aJaH KOHTPaBapHAHTHLIA BEKTOD V¥, TO

8v'/6N = dv/dh 4 Ty v/ dxF/dh. (27.6.3)

Has a6comoTHoro auddepeHuHpOBAHHA, KaK H I/ KOBapHAHTHOrO,
cnpaBelnuBa (opMyJa AHPGepEeHUHPOBAHUS NPOU3BEAEHHS, METpPH-
yecKHi TeH30p BeJeT ce0A KAaK KOHCTAHTa H aGCo/IOTHAs NPOU3BOJ-
Has ckajspa [ sBasetcs oObiMHOH npousBoaHoH df/dh (T. e. Apyrum
CKaJIsIpOM).

B uacTHOCTH, ecau U'—kacameasHeui Kk € eexmop, 3a1aBaeMhifl
PaBEHCTBOM

v (M) =dxi/dh,

To cpaBHenue (27.6.3) ¢ ypaBHeHueMm reojesnueckoil (26.12.3) noka-
3pBaeT, 4to 6v'/6h =0 Ha ¥ TOrila m TOMbLKO TOTAAa, KOTAa 6 sBJAseTCS
reoJle3u4eckoii, a A—HaTypaJibHbiH napamerp. B 3ToM cMmicae reoge-
3HYECKYI0 MOXHO TPAaKTOBaTh KaK KPHBYIO, KacaTe/bHbil BeKTOp
K KOTOPOil SIBJISIETCSl KOHCTAHTOH HA BCEM €€ MpPOTKEHHH.

27.7. NAPANNENbHLIA NEPEHOC

B § 27.4 yxe ynoMHHanach 3ajaua o napasuiesbHOM nepeHoce. Ham
HY2>KHO /I BEKTOpa, 3aJaHHOr0 B ToukKe P, KpDHBOH %, onpeleiuTb
BEKTOp B JIIOOOH ApYroil TOUKe KDUBOH TakK, YTOGLI €ro MOXHO GbL10
CYHTATb MOJYYeHHHIM M3 JAHHOrO BEKTOpAa NyTeM [apasulebHOro
cMellleHHs1 BAOJAb KpHBOH. COrJIacHO OpPUHLUHNY 3KBHUBAJEHTHOCTH,
ec/d B3ATh JMIOOYIO APYIYIO TOUKY P; KPHBOfA M MOOYIO CHCTEMY Teo-
Je3HYeCKHX KOODJHHAT B OKPECTHOCTH Pj, TO KOMIOHEHTHl BEKTOpa OT-
HOCHTeJbHO 3TOH cUCTeMbI KOODJHHAT AO/MKHLEI OCTaBaThCSl HEM3MEeH-
HBIMH MPH Nepexoje yepes Touky Pp. MHaue roBopsi, aGconmoTHAsi Opo-
H3BOAHAA BEKTOpa BJO/b KPHBOH € Ao/kHA GbiTh paBHa Hyumo. [1o3To-
My ecid Ej,. . ., &, — KOMIIOHEHTH JaHHOrO BEKTOpa B P, TO npeol-
pasoBaHHLIH BEKTOD B JI0OOH TouKe P (M) KpHBOMH nosyyaeTcsi Kak petie-
Hue v;(A) 3alaul ¢ HAYaJbHLIMH AaHHBLIMH

bv,(A)/6A=0 ma 8, v,(A)=E, i=!}, ..., n (27.7.])

3ameTuM, 4TO ecJii BekTOp U; (M) nmpeobpasyercs npd nmepexoie K Apy-
roit cucreme KoopAuHat x'', ..., x'®, TO OH CHOBA OKa3hLIBAa€TCH pelte-
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HHEM COOTBETCTBYiomefi 3aJay ¢ HAYaJbHbIMH JAHHBIMH
Suy/bA=0 mna B, vi(A)=E;, i=1,...,n,

rae E; nosyuarotcss H3 &; B COOTBETCTBHH ¢ 3aKOHOM NpPeo6pas’oBaHHsA
115 Bektopa B P,. Bor mouemy 8v,/8A okasmiBaeTcsi BEKTOpPOM, H ecyH
BCe ero KOMIOHEHTbl 00pallaioTcsi B HYJb B OJHOH CHCTEMe KOOpJH-
HAT, TO OHH O0pallaloTcs B HYJb H B JiI0OGOH JApYyTOH.

AHaJOTHYHO ONpejessieTcs NapaslleJbHBIl NepeHoC BAOAb KPHBOH
KOHTPABapHAHTHOIO BEKTOpa HJH Booflle JIoGOro TeH3opa.

PaccMOTpHM, B YacTHOCTH, PHMAHOBO HJIH [CEBIOPHMAHOBO MHOTO-
oopasue. [lockonbky 6g;,/6A=0, 10 Ansi JMOOBIX IMIaAKHX BEKTOPHO-
3HAaYHBIX GYyHKUMH U (7») H w (7») Ha €

d(g,s0'@*)/dh = g 1, ((50//5A) wh + v/ SwH/BM).

INostomy, eciau v/ (A) U wk(A)—pe3ysbTaT NapajsiesbHOTO MepeHoca
JBYX JAHHBIX BEKTOPOB BIOJb KPHBOH €, OTCIOAA CJElyeT, 4TO BEJH-
YHHA g;0/wF NOCTOSIHHA HA €, T. €. npu naparierbHom nepenoce
8 DUMAHOBOM UL NCEBOOPUMAHOBOM MH02000pa3UL OAURbLL 8EKMOPO8
U Yervt MeHOY HUMU COXPAHAIOMCA.

27.8. OPMEHTMPYEMOCTDb

Ecan 6., u €. — KpHBHe, HAylIHe OT TOUKH P K TOUKe @, TO pe3yJibTaT
napaJJieNbHOTO TepeHoca BROJMb €; B oflleM ciaydae OTJIHYAETCHs OT
pesyJbTaTta napajjejbHOro nepenoca Bpoab 6. Muave rosops, napan-
JIeJIbHBIH NMEepeHoC BJAOIb 3aMKHYTOH KpHBOH oT P J10 Bo3BpaluieHus B P
B ofllleM cJyuae nepeBOAHMT KaxAHH BeKTOp B P B APyrod BekTop B P,
3ro npeobpas3oBaHue BEKTOPOB B TOUKe P B pHMMaHOBOM MHOrooGpasuu
OKa3hIBAETCA OPTOMOHAJBHBIM, HOTOMY 4TO OHO COXpAHSET Bce ATHHH H
yribl. Ecall ajs BceX 3aMKHYTHIX KPHBBIX JETePMMHAHT MaTpHLb!
npeoGpazoBanus paseH + 1, To MHOrooGpasHe Ha3LIBAETCA opueHmupye-
Mbim. ITO GyJeT, B 4aCTHOCTH, B CJyuae OJHOCBSI3HOCTH MHOrooGpasHs,
NOTOMY UTO AJs JIto6OH 3aMKHYTOH KPHBOH, HeNpephlBHO CTATHBaEMOH
B TOUYKy, YKa3aHHOe OpTOroHajibHOe Npeo6pa3oBaHHe HenpephBHO
H3MEHSIETCS H TMepeXOAHT B TOXKIeCTBeHHOoe MpeoGpasoBaHye, AeTepMH-
HAHT MATPHUK KoToporo paseH --1.

YPAXHEHUE

Jluct MéGuyca, cresaHHbIR K3 pOBHOrO JucTa OymMard 6e3 pacTsruBaHu{,
MOXHO pACCMATPUBATb KaK JAByMepHOe PHMAaHOBO MHOroobpasHe, KOTOpOoe MOXKeT
6bITb MOKPHITO ABYMst wid Gojee KOOPAWHATHBIMHM KapTaMH, Ha KaxXJAOH U3 KOTOPHIX
Beionly gjp=7>074. [lokaxuTe, 4TO 370 MHOTOOGpa3We HE OPHEHTHPYEMO.

3ameuanue. OpHEHTHPYEMOCTh — 3TO TOMOJOTHUECKOE, a He MeTpH-
uecKoe MOHSTHE, H €r0 MOXKHO BBECTH JIs MHOroo6pasuii obliero s1aa,
JJIsi KOTOPBIX METPHUYECKH# TeH30p He onpeleneH. [lanHoe BHIlLie omnpe-
JeJieHHe ObLIO MPHHATO MO TOH MPHYHHE, YTO €ro MOXKHO OGOOLLHTh
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Ha clyuall MHOroo6pasiii QiHmTeAHa, KaK 3To 6yLeT cefiyac nokasaHo,
NpHYEM B TAKOM HaNDaBJI€HHH, KOTOPOE CHJIbHO OTJHYaeTcsl OT TONOa0-
THUECKOH OPHEHTHPYEMOCTH.

Ecnn M — rnceBlopHMaHOBO MHOroofpasHe pasMEpPHOCTH n=
H CHTHaTyphl §==2 (KaK B TEOPHH OTHOCHTEIBLHOCTH), TO IpeobGpa3oBa-
HHe B Touke P, mosnyudaemoe B pe3yJbTaTe HapaJIeJbHOTO NepeHoca
BEKTOPOB BOKPYI 3aMKHYTOH KPHBOH, HauHHaWWeHcAd H KOHUawuieiics
B P, aBnserca npeotpasoBanueM JlopeHna. B § 19.4 6bL10 nokasano,
uTo noJHasd rpynna JlopeHuna umeeT 4 KOMIIOHEHTHI, CJIEJOBATEJLHO,
HMEIOTCA ueThipe BapHAHTa paccMaTPHBAeMOro NpeoGpa3oBaHuA. ITO
npeofpazoBanue (MoxeT OBITL JHOO CcOOCTBEHHBIM Npeofpa3oBaHHEM
Jlopenna, sufo BKJOYaThb HJAH ofpaljeHHe BPEeMEHH, HJIH HHBEPCHIO
NPOCTPAHCTBA («<O6PATHBIA XOJ MO NPOCTPAHCTBY»), HJH 00e noc/jeJHHe
BO3MOKHOCTH. EcK Ana BceX 3aMKHYTBIX NMyTeH mosydaetcsi coGCTBEH-
Hoe npeobpasoBanye JlopeHua, To M Ha3BIBAOT opueHmMupyembim no
Jlopenyy. B 3ToM ciyuae Bcioy Ha M MOXKHO YCTaHOBHTD MOJIOMKHTENb-
HOe HanpasJ/eHHe BPeMeHH (M OTJHYaTh Npomioe oT 6yAYLIEro) H BBECTH
paBUJIa OPHEHTAIHH ') (H OTJIHYATDL JIEBHIE H MPaBble CHCTEMBI KOODIH-
HaT HJIH BHHTH H cniupani). OXHOCBA3HOE MHOrOOOpasHe OPHEHTHPYEMO
no JlopeHuy; cJjegoBaTeqbHO, Jo6oe MHOroo6pasve DdiHwmrteiina M
HMeeT HeKOTOpOe HaKphIBaoliee OpHeHTHPYyeMoe Mo JIopeHuy MHOroo6-
pasne M’ (HanpHMep, ero yHHBEPCANBHOE HaK PhiBaloliee MHOT0OGP a3He).
[Tockonbky M u M’ J10KanbHO HEPA3IHUMMBEI, B OOLIEH TEOPHH OTHOCH-
TeJIbHOCTH HeT HeOOXOZHMOCTH pacCcMaTPHBaTh NPOCTPAHCTBEHHO-BpE-
MeHHLIe MOJeJIH, He OpHeHTHpyeMble no JlopeHuy. (DTHM HaGMIOAeHHEM
nojenusca c aBTopom Jiunman Depc Bo BpeMs GeceAbl 3a yaliKol uasi B
Hucturyre Kypanra.)

AdduHHO cBSI3HOE MHOroo6pasue ODHEHTHPyemoO, ectH addHHHOE
npeoOpa3oBaHHe Teofie3HUecKHX KOODAHHAT OKOJNO HEKOTOPOH TOUKH,
nosyyeHHOE NYTEM Napa/uIebHOTO MepeHoca BEKTOPOB BJOJAL 3aMKHY-
TOH KpPHBOH, OnpelesseTcs MaTPHULEH C [OJOXKHTENbHBIM JeTepMHHAH-
TOM JJIs1 BCEX TAKHX KPHBHX H BceX TOUeK MHOT00GpasHs.

27.9. TEH3OP PUMAHA B OBLUEM BHMAE.
NANMNACHUAH U BANAMBEPTUAH

[Myctb M — apdunHO cBA3HOe MHOroo6pasHe. Kak 6buio yKasaHo B
§ 27.5, pesysabTaT ABYKDAaTHOTO KOBapHAHTHOIO AHM(epeHUHDPOBAHHSA
BEKTODHOTO NoJs B OOLIEM CJaydae He CHMMETPHUEH [0 COOTBETCTBYIO-
1M HHJAeKkcaM. HemnocpeicTBeHHble BBIYHCJEHHSI C HCIOJAb30OBAHHEM
(opMys1 M3 yKa3aHHOro naparpada nokashBaloT, 4TO

Ui ki t—Uj; 1, = Rippuy, (27.9.1)
1) Bpoae npaBusia seBOH DyKH, NIpaBuja MpaBofl PyKH, NpaBu/ia GypaBuHKa

u T. 0. B opurusane wucnonb3oBaHo Kaproskoe cioBo chirality, me umewmee
anajora B PycckoM sswike.— [Ipum. nepes.
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rae RY,; 0603HayaeT BeJHYHHY

Risy= 30 Dit — - Tis+ Thal i —Thi T (27.9.2)
Tak Kak vu; NPOH3BOJNLHO, TO MPaBHIO YaCTHOTO, [PHMEHEHHOe
K (27.9.1), noxasbIBaeT yTo n* BeIHYHH RYy, ABJAIOTCA KOMIOHEH-
TaMH TEH30pa YETBEPTOrO paHra, HasblBaeMoro menaopor Pumana
HIH MeH30poM Kpususubt Pumana.

B eBKJHI0OBOM MPOCTPAaHCTBE TeH30p PHMaHa TOXJECTBEHHO paBeH
HYJIO B JII0G0H CHCTeMe KOOPAWHAT, NOCKOJIbKY OYEBHAHO, YTO OH paBeH
HYJIIO B IEKaPTOBO# CHCTEMe KOOP/HHAT, a €C/IH Bce KOMIIOHEHTH! TeH30pa
PaBHBI HYJIIO B OIHOH CHCTeMe KOOPAHHAT, TO OHH PaBHBI HYJIIO H B JII060H
apyrofi. B § 27.12 Gyner nokasaHo, 4To ofpalieHHe B HYJb TeH30pa
PHMaHa Takxe U QoCrmamodHo A TOro, 4Tofbl pUMaHOBO MHOrooGpasue
0Ka3aJioCh €BKJIHJIOBLIM, NCEBJOPHMAaHOBO MHOroofpasHe — MpOCTpaH-
CTBOM MHHKOBCKOro, a apHHHO CBSI3HOe MHOroo0pasHe — IJIOCKHM.
B KaxjaoM ciydae STO YTBepXXJAeHHe HeNOCPeACTBEHHO CBA3AHO C
METPHKOH, OJIHAKO, €CJIH MHOroOOpa3He OJAHOCBS3HO, €ro MOXHO pacliiH-
PHTb JI0 IOJIHOTO €BKJIH/OBA POCTPaHCTBA, POCTPaHCTBA MHHKOBCKOrO
HJIH [JIOCKOTO MNpPOCTPaHCTBA.

B uacTHOM c/iyyae pHMaHOBa HJIH [CEBJOPHMAaHOBa MHOrOO0pasus,
rje cyuiecTByeT MeTPHKA, a HHIEKCHl MOXHO NOJAHHMATb H ONYCKaTh,
TeH3op PHMaHa jomycKaeT Apyroe MPeACTaBleHHEe; CM. CJEAYIOMHH
naparpad.

Ecau RY, CcBepHYTb [O NEPBOMY M 4YETBEPTOMY HHJIEKCaM, NOJY-
uhTCcs rmensop Puuuu

Re =R, (27.9.3)

HIPAIOLUIHH BaXXHYIO POJb B TEOPHH OTHOCHTENBLHOCTH.

QOcranpHas 4acTh 3TOro naparpada MOCBsALLEHA JanJacHaHy H ja-
nambepTraHy (oneparopaum Jlansaca u lanambepa). Onepatop Jlamiaca
3a1aeTCsl B €BKJHJOBOM [POCTpaHCTBe (B AEKapTOBBHIX KOOpJAHHATAX)
B BHJE

V2=0;+0+ ... +3,

rae 0y = 0/0x, onepatop Hanambepa sajaetcsi B mpoctpaHcTBe MuH-
KOBCKOTO CHEIHANbHON TEOPDHH OTHOCHTEJNBHOCTH B BHIE

002 =0} + 03 + 0§ —0%.

O6a omepaTopa MOXHO 3alHCaTh B BHJE g’*0;0,, rae (g/*)— nmaro-
HaJIbHBIH MeTpHYecKHH TeH30p. B ¢H3HUeCKHX TEOPHAX 3TH Oneparophbi
NPHMEHAIOTCS K CKaJADHBIM M BEKTOPHBIM noviaM. Koraa omm npu-
MEHSIOTCA K CKajsipHOMY noaio f, uX obolmeHHe Ha cjyvall pHMaHo-
BHIX HJIH [CEBJOPHMAHOBBIX MHOrooGpasui ecTb npocto g/ff; ;. x, HO
AJs1 00OGLIEHHs] HX NPHMEHEHHS K BEKTOPHOMY MOJIO U; HeoOXOAHMO
BBECTH TEH30p, 0003HayaeMblii Yepes Uiy H Ha3LIBAEMBIH 6MOpoiM
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cummempuvecKum pacuiupeduen v; (cM. Tomac [1961]), KommoHenTn
KOTOPOTO 3ajaloTcs B Hayajle P CHCTeMBl MeoJe3HYeCKHX KOOpAHHar
Y ..., Y® Kax

0 1 [p = 0%,/04* Oy |5 (27.9.4)

rae z'J/- (¥, ..., Y*)——KOMIIOHEHTH BEKTOPHOTO MOJIsl U; BHIPaKEHHBIE
yepe3’ reojesnyeckue KoopAuHaTH. COrJIaCHO NpHBEJEHHOMY HHXKe
ynpaxHeHHto 4, B ofinem cjydae 3TOT TEH30p HE COBNANAET C Pe3ylib-
TATOM CHMMETDH3allHH BTOPOH KOBapHAHTHOH MPOU3BOMHOH Uj; 4;; TIO
uHgexcam 2 U I. B coOOTBETCTBHH ¢ NPHHUUINOM 3KBHBAJIEHTHOCTH MBI
onpejesisieM onepatopn Jlamjaca n [lanambepa B npUMEHEHMH K BeK-
TOPHOMY MO0 ¥, Kax

g“v,-; kls (2795)

a He yepes BTOPYIO KOBAPHAHTHYIO NPOU3BOAHYIO (CM., OXHAKO, yIpaxK-
HeHue 3 B cJjiefyioiieM maparpade).

CuMMeTpHuHbIE pacluMpeHHsi GoJiee BHICOKUX MOPSIIKOB Olpee-
JISIOTCSl aHAJIOTHYHO, Hanmpumep,

Ujs kim |p = 0°U;/0x* 0x* Ox™ |p.
YTPAKHEHUE
1. ITokaxuTe, 4TO €CAH Q-—CKadsipHOE Nojae, TO
Por 1=9;, ,r=9; pi,
TOTAa KaK I/ KOBAaDHAHTHOTO BEKTOPHOro MoJf vy B ofmem clyuae
Vis ks 17 U ke

2. I'ona)Kme, 4YTO B HpOHSBOﬂbHOﬁ CHCTEME KOODAHHAT BTOpOE CHMMeTpH-
YeCKOC€ paclIppeHHe UMeeT BHI
vy =0 ;/0xk 0xt — T}j0u;/0x™ —T} 0V /0xp — T} 00, /OXF —v, ;7,2,,, (27.9.6)

rae Tk —xosdduunents, 3agannne B (27.2.10).
3. TlogaHTe, 4To B HAuale reofe3HUCCKHX KOOPAHHAT

o FH oy + ob T oyk -+ ol /oyt = 0, 127.9.7)
rle KpyXku Hal [' yKasnBaloT HA TO, YTO KO3GhGhHIKEHTH CBS3HOCTH BHIPaXKeHbI
yepe3 reofe3HycCKHe KOODIAHHATH i, ..., y”.

4. TloxaxuTe, 4TO [J1Jas IVIKOTO BEKTOPHOFO MOJs vy
m
Ui Y2 (€ g0 )= e (R + R i) O (27.9.8)
5. INokaxuTe, YTO B Hauaje reofe3HUYCCKHX KOODAHHAT
otk oyl =1/5 (R™ije+ R™kj1). (27.9.9

Iocaenuss dopmy.1a noxasciBaeT, yTo TeH30p Pumana copepxut
BCIO BHYTPEHHIOI MHQOPMAUKIO O MPOCTPAHCTBE B HENOCPEACTBEHHOH
OKPECTHOCTH Jto60iT Toukn P, 3anaBaeMyto K03pdUIHEeHTaMH CBSI3HOCTH
H HX NEepBBIMH NPOH3BOAHBIMH B P. A HMEHHO MpH AO/KHOM BHGOpe
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CHCTEMBI KOOpJHHAT (reojesHuyeckHX koopiuHaT) I'fj MOKHO oGpaTHThb
B HYJb B TOUKe P; C/€J0BaTe/bHO, OHH He HECYT HHMKaKOH BHYTpeH-
Hefl (He 3aBHcAulell OT BEIGOpPa KOOpAMHAT) HHPOpPMalHH, a BCE HX
nepBble NPOH3BOAHLIE omnpejensitorcst no dopmyae (27.9.9) TeHsopom
Pumana. Tlogo6upiM ke o6pasoM B cjepylomeM naparpade Mbl M0Ka-
XeM, UTO NpPH HalMUHH METPHUECKOrO TEH30pa g;, TeH3op Pumana
JaET H BCIO BHYTPEHHIOIO HMH(OPMallHIO, BBIpaXKaeMylo KOMIOHEHTaMH
METPHYECKOrO TeH30pa g,, M HX NEPBHIMH M BTODPHLIMH YaCTHBIMH I1PO-
H3BOJHBEIMH B TOuKe P.

27.10. TEH3OP PUMAHA B PMMAHOBOM
UM NCEBAOPUMAHOBOM MHOIOOBPA3MM

ITpeanonoxkum Tenepb, YTO Ha MHOrooGpasHH ONpejeseH MeTPHUECK Hil
TeH30p gy, Toraa Kospduuuentnl cBsasnoctu I, Bxoasmue B ompe-
Ienenne (27.9.2) tensopa Pumana, coBnanaiot ¢ cumBoaamu Kpucrog-
¢enss Broporo pona {;‘;}, ompeneneHHbIMH dopmysamu (26.6.10)
H (26.6.11). B sTOM Ccalyuae HenmocpeiCTBEHHHIE BLIUMCJEHHS MOKa3bi-
BaloT, 4TO Ten3op Pumana R, (C ONyLIEHHBIM NEPBbLIM HHIEKCOM)
MOXKHO BBIPa3uTb Yepe3 g,, H €ro NpoU3BOLHBIE:

1 ( Pgi ik Pgi, _ Pen )

Rijkt':? ox) 0x% | Ox ox'  oxJ o oxloxk

+g7? ik, pllil, gl—T[ik, pllil, q]), (27.10.1)

rje KBajpaTHele cKOOKH o0o3HaualoT cHMBOJAL KpHcToddens nepsoro
pona (cM. (26.6.10)).

Uncno He3aBHCHMBIX KOMIIOHEHT 3TOTO TeH30pa MeHbIle 14, NOTOMY
uTo U3 QopMyasl (27.10.1) BEITEKaOT caelylollve cBOHCTBA CHMMETPHH:

Rijpi=—Rjim=—Riju=Rui, (27.10.2)
Ryipe + Rijpsy+ Rupp =0 (27.10.3)

Ha ocHoBaHHH 3THX COOTHOIIEHHH MBI celuac MOKaxeM, 4YTO UHCJIO
HE€3aBHCHMBIX KOMIIOHEHT TEH30pa Pumana paBHO

n?(n*—1)/12, (27.10.4)

YyTO AJ51 pasmepHocTel n=2, 3, 4 cocTaBjseT COOTBETCTBEHHO |, B,
20. HeficTBHTeNbHO, U3 TpeX cooTHoweHHH (27.10.2) caenyer, uyTo He-
HyJIeBble KOMIIOHEHTB MOXKHO 3anucaTh (C 3aMeHOH 3HaKa, e/l HYXKHO)
B BUle Ry ¢ i<<fu k<<l, npuuem ecau (i) u (k) paccMaTpHBaTh Kak
IBY3HauHble n-HYHble LEeNble YHcaa, To (if)< (kl). Uncno monmycTHMbIX
3HaueHH# ({f) unu (k) paBHo Toraa n(n—1)/2=m, a 4HcI0 NONYCTUMBIX
nap (ij), (k) ects

m(m-+41)2=n(n—1)n*—n-2)/8. (27.10.5)
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Hanee, ecsit He Bce ¢, j, ku [ pasauuHsl, To (27.10.3) cBOAHTCS K HeKo-
TOpoH KOMOHHauMH nOpelbiayliux ToxzaecTB (27.10.2), a ecad oHy
Pa3MHYHBL, TO MOXKHO 6e3 NMOTepH OOLIHOCTH NPEANOJNOKHTD, 4TO i< j<T
<<k<<l, Tak KaK A9 JoGo#l nepecTaHoBkH i, j', k', I’ BesMuuH i, j, &, {
ToxAecTBo (27.10.3) ana i, j, k, [ MOXHO MOMYYHTb H3 3TOrO  Xe
ToxKaectBa Aasi i, j', k', ', ucnonpays Toxzaecrsa (27.10.2). Tlostomy
YHCJIO He3aBHCHMBIX TOxAecTB THna (27.10.3) pasHo n(n—1)(n—2) x
X (n—3)/4!, a BeiuutaHue ero us (27.10.5) kKak pas u jpaer (27.10.4).
MoOxHO N0Ka3aTh, 4YTO R;j;; He YAOBJETBOPAET HHKAKHM APYTHM aire6-
DaHUECKHM TOXJECTBaM, He 3aBHCHMbIM OT (27.10.2) u (27.10.3).

Kak 6b1/10 YKa3aHo B NpeAblAyLieM naparpadge, cBepHYTHI ONHH pa3
Tensop PuMana R';; naeT TeH3op Puuun

R, =R, (27.10.6)

B pHMaHOBOM HJIH NCEBIOPHMAaHOBOM MHOroOGpasHH 3TOT TEH30D CHM-
meTpHueH: R, =R,; [lBoiinaa ceepTka TeH3opa PHuyun ¢ merpm-
YECKHM TEH30DOM NaeT CKAAAPHYIO Kpususny Pumana

R=g/*R,, (27.10.7)

KoBapuaHTHas npoH3BOAHas TeH3opa PuMaHa YAOBJIETBOpAET moH-
Oecrney buanku

Ri"kl;m+Ri/lm;k+Ri1’mk;l=0’ (27108)

YTO JIETKO MpOBEpHTb Ha ocHoBaHHH (27.10.1), ecsu Bocnosb3oBaThe s
reo/e3H4eCKMMH KOODAHHAaTaMH B OKPECTHOCTH JoOOH TOUKH, mO-
CKOJIbKY B HHX KOBapHaHTHbIE NPOH3BOAHBHIE CTAHOBATCH OGBIYHBIMH
NPOH3BOAHEIMH B 3TOH TOUYKe.

BHyTpeHHee npou3BefleHHe MNOCJEAHEro paBeHCTBa H g'*g/! umeer
BHA

—R, i+ REy; o+ Ry =0.

31ech BTOpO€ M TpeThe CJlaraeMble pPaBHB MeX1y coGoH, a mepsoe
B TOYHOCTH coBmajaer ¢ —O0R/dx,. OTciofa caepyer, 4To CHMMETPH-
YeCKHH TEH30p

Ly=R;,—Rg;, (27.10.9)

GUrypHpylOLIHH B ypaBHEHHH noJa JHHINTEHHA, HMeeT HYyJIeByIO
IUBEpTEHIIHIO:
L/y, =0, L/ ,=0. (27.10.10)

PaccMoTpHm Tenepp KpaTko YCJIOBHA, NOPH KOTOpBIX adduHHO
CBs{3HOE MHOrooGpasne MOXKHO NpPEBPaTHTb B PUMaHOBO MHorooOpasue
nyTeM BBEAEHHS] METPHKH, COIVIaCOBAHHOH CO CBA3HOCTHIO, T. €. YCJO-
BHA, NPH KOTOPHIX JJIl 3aJaHHBIX KO3((HUHEHTOB CBA3HOCTH
Th (2, ..., %) (' =T7) naiinyrca Takue QYHKUHH g, (X4, ..., x7)



27.10. Tensop Pumana 8 pumanosom mHoz006pasuu 251

(A1 KOTOPHIX = yto I'l,={,";}, T. e. Takue, uTO
ki LR/ Ifs

l Ogrt , O8m: | 08k
Ty =g e (— gt at ), @r10.))
rie, Kak Bceraa, (g’™)—warpuua, ofpaTHas K MarpHue (g,,). 910
PaBEeHCTBO MOXKHO Da3pellliTb OTHOCHTEJbHO 0g,,/0x' W HOJY4YUTDb

08s/0%, =g, Tk + 8L (27.10.12)

[lo onmpegpeneHnio KOBAapHAHTHOH NPOH3BOJLHOH 3TO PaBEHCTBO B TOUHO-
CTH COBNAfaeT C pPAaBEHCTBOM g, ,=0, KoTopoe, Kak H3BECTHO,
M JOJIKHO BBHIUIOJIHSITBCSI B PHM@HOBOM HJIH I[ICEBOPHMAaHOBOM MHOTO-
ofpasuu. IlostoMy Heo6XxoiHMMOE H JOCTATOUHOE YCJIOBHE CYLIECTBO-
BaHUSl METPHKH, COIJIaCyIOWIEHCsT CO CBSI3HOCTBIO, COCTOHUT B TOM,
yToGel cHcTeMa ypaBHeHu# (27.10.12) uMmena kakoe-HUOYAb pelleHHE
G (24, ..., X7).

YTPAKHEHHE

I, TlokaxuTe, YTO H3 YCJIOBHS COIMIACOBAHHOCTH METPUKH H CBS3HOCTH, BLIpa-
kaemoro ypaBHenuem (27.10.12), cienyer, 4TO ecay ero pellleHHe gy, CYINeCTByeT,
TO OHO YHOBJETBODSIET PABEHCTBY

R e 18rs+ R 18,2 =0, (27.10.13)

KOTOpOe B TOYHOCTH COBMNajaeT C MepBhiM H3 cooTHoweHH# (27.10.2). Ipu nomouu
KoBapHaHnTHOro juddepeHUNPOBAHHA MOJYYHATE H3 STOrO pPaBEHCTBA OCTaJbIHe
COOTHOIIEHH .

2. PaccmoTpuM MHOrooGpasue, B KOTopoM adpHHHAsE CBA3HOCTL 3ajaHa Gopmyaoh
i i i1,
e (X, .., ) =T (X, ..0, x%) =bjxt;

I‘}k=0 BO BCEX OCTAJTBHHX CJyuasx.

TNokaxkuTe, 4T0 I 3TOrO MEOTooGpasHs B Hayaje KOOPAHHAT HET CHMMETpH-
YeCKOro pelleHusi ypaBHeHusi (27.10.13); nokaxkHTe TakXe, 4TO TeH30p PHuuu He
cuMMeTpHUen: Ry, # Ro.

3. lNokaxuTe, 4TO eCJd B DPHMAHOBOM HWJH ICEBJOPHMaHOBOM MHOrooO6pasuu
Tensop Puuupm R;; paBeH HYMO (Kak B C/ydyae mycTOro MpPOCTPAHCTBA-BPeMEHH
oflel TeopHH OTHOCHTENBHOCTH), TO JBA €CTECTBEHHBIX ONpEeJeJeHHS ONepaTopoB
Jlansaca # JlanamGepa, Korja OHH MPHMEHSIOTCS K BEKTOPHOMY MOJIO, COBNAJAIOT:

Y1 —_ iy .
g%y, ru=_g" Uy ksl
Unaue rosopsi, Kak GBWIO YKA3aHO B Npeibllyliem faparpade, MBI NOJSyddeM ATs
BbIpaKe€HHS B JIeBOH 4acTH 3TOTO paBeHCTBa IpaBuJbHOE IMpeACTaB/JIeHHE B Hadaje
reofle3H4eCKHX KOOPAHHAT.

4, Hoxax(me, 9YTO B PHMAHOBOM HJIH [ICE€BJIOPHMaHOBOM MHOI‘OOﬁp&BHH B HayaJse
reojle3M4eCKHX KOOpAHHAT

0% 14/0y* Oy =—1/3 R jpim+Retjm) =
=—5 (Rjpim+Rimr) (27.10.14)

Orciofa cjleyeT, 4To TeH30p PuMaHa coflepHT BCIO HHAOPMAIHIO O reoMeTpHH
B MaloH OKpecTHOCTH J0OG0H TOYUKM, 3aZaBaeMyl0 METPHYCCKHM TEH30POM H €ro
MepBHMH M BTOPHIMH YaCTHHMH NPOH3BOJHEIME B 3TOH TOUKe, NOTOMY 4TO Haljercs
TaKas CHCTeMa KOOPAMHAT (reofie3Hueckux), 4TO B 3TOH TOYKe BHIMOJHSIOTCS CTaH-
JapTHEe paBeHCTBAa g =0, H 9g,,/0x*=0; caenopatespHO, B 3TO# CcHCTeMe
KOOPIMHAT 3TH BeJHUMHLI HHUKAKOH WHGOPMALHM He CONePIKaT, TOTAa KaK BTOphIe
NPOM3BOAHEIE MOJTYYAWTCS U3 NPHBEIEHHOrO BhIllle YPaBHEHHS.
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27.11. TEH3OP PMMAHA M BHYTPEHHAS
KPHMBM3HA MHOTOOGBPA3MA

[pennonoxKuM, 4To n-MepHOE MHOroo6pasue M morpyxaercs B eBKJIH-
poBo mpocTpaHcTso EVN (T. e. paccMaTpHBaeTcs KaK f1-MepHas MmoBepx-
HOCTb B Hem) ¢ Hacsaenyemoll M3 EV merpukoidl. Torna reomerpus M
BKJIOUAET KaK BHYTPEHHHE, TaK M BHEILHHe acleKThl; NOJ MePBLIMH
NOHHMAIOTCA TaKHe CBOHCTBA, KOTOpHIe ONpelessiioTCs MeTPHUYECKHM
TeHsopoM Ha M M He 3aBHCAT OT KOHKPETHOro crnocofa Morpyxe-
uis M B EV. (Hanmpumep, nsockuil JIHCT H3 HepacTsKHMOro Mare-

/
\\_/x
Puc. 27.1. Puc. 27.2.

pHajJa MOXHO CBepHyTb Tak, Kak NokKasaHo Ha puc. 27.1, u Torna
ero HacJejyemass MeTpHkKa OyleT cOBMajaTb C MeTPHKOH eBKJIHIOBOH
nnockocTd.) Tleogesnueckas B M saBasieTcst OObIYHO HEKOTOPOH KpH-
Bofi B E¥, M ¢e KDHBH3HA OKAa3blBaeTCs! BHEIUHMM CBOWMCTBOM: LEHTP
KPHBH3HBI JIeKHT BHe M.

C I&pyro#i cTOpOHB, KDHBH3HY TOro BHJa, Kotopoll o6Janaer
NOBePXHOCTb chephl, MOXHO ONpefe/IMTh MeTPHKOH. KpuBH3HY nosepx-
HOCTH 3eM/IH MOXHO B IPHHLMIE ONpelesqHTh NPH MOMOIIH H3Mepeé-
HHH, MPOBeJeHHbIX HCKJIOUHTE/bHO Ha 3TOfi TMOBEPXHOCTH: CTPOHTCA
60/1bWIOA TPEYroJIbHHK, CTOPOHAMH KOTOPOroO SIBJASIIOTCS reoje3nyecKHe
(HaMKpaTya#iHe NMYTH MeXAy BepIUHHAMH), H H3MEepPSIOTCA miouags A
TpeyronbHHKa M cymma Z ero yrio. llocsie storo paguyc 3emiu
BbIUHCAAETCA [0 OopMyJe

A/rt=2%—m. (27.11.1)

OueBHiHO, YTO Z-—7 ecTb YIVIOBOE OTKJOHEHHEe BEKTOpa OT ero
NepBOHAYANbHOrO HANPABJEHHs MOcJe MNapanJeqbHOro MepeHoca mno
KOHTYpY TpeyroJbHHKa. MOXHO NpeacTaBHTb ceGe BEKTOP Kak CTpeay,
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Jexailylo Ha nany6e Kopabas, NJBBYIIETO BOKPYT TpeyrojbHHKA.
Koraa kopa6.ib H3MEHAET HanpaB/le€HHe CBOETO ABHKEHHs B OJHOM H3
BEPIIHH, COBEpIas NOBOPOT HAaNMpaBoO Ha HEKOTOPLIA yroJ, cTpefa B 3TO
BpeMsi MOBOpauMBaeTCsl Ha TOT e YroJ HaJeBO MO OTHOIIEHHIO K Ha-
NpaBJIeHHI0 ABHXKeHHs KopabJasi A0 MOBOPOTA.

3aMeTHM, uTO OBEPXHOCTh, 00/12Ja0I1YI0 KPHBH3HOH TaKoro poaa,
MOXHO NOrpy3uTb B E® pasnuuHbIMHM cnocobamH. Ilonychepy moxHO
H30THYTb 0e3 pacTsikeHHs, AedOPMHPYs 3KBAaTOp TaK, KaK NOKa3aHO
Ha pHc. 27.2. CornacHo audxpepeHUHANbHOR T€OMETPHH NOBepXHOCTEH
B E3, npoH3BelieHHe ABYX [VIaBHbIX PaAHyCOB KPHBH3HLI B JaHHOH TOYKe
HHBAapHAHTHO MO OTHOLIEHHIO K TaKoro poja Aejpopmaunn 6e3 pacrs-
JKEeHHA.

Tenepb Mbl BhiBegeM ¢opmyay, obobumaomyio (27.11.1) na cayuai
obiero n-vepHoro ajgHHHO cBsA3HOro MHorooGpasus M, He ob6siaa-
TeJBHO TMOTFPYKEHHOTO B IJIOCKOE MPOCTPAHCTBO 60/ee BBICOKOH pas-
mepHocTH. llycTh x!, ..., X" —KOOpAHHATH Ha HEKOTOpOH KapTte B M.
PaccmoTpuM Kakylo-HHOYyAb OueHb MaleHbKYIO 3aMKHYTYIO KpHBYIO €
B M, nonyuenHyio npH o6Xole TOUYKOH X’ mapa/sesorpamma B KOOp-
AHHaTHOM npoctpaHcTBe R” ¢ BepmuHamH x; (0), x/ (0)+af, x/(0)+
+a' 4+ b, x(0)4+b', x'(0), rae a’ U b —10OCTaTOUHO MaJjibie BEH-
unHbl. lIpocThie BHIYHCIEHHMS] MNOKas3bIBAIOT, HTO €CJH KaKOH-TO BeK-
Top v/ mepemeinaercs nNapanjesbHbHIM NEPeHOCOM BOKPYT %, HauHHas
¢ v'==E B mnepBoil BepuIHHe, TO CyMMapHOe OTKJOHeHHe Auv’ pasHO
(c TOYHOCTbIO A0 HAaHMEHbLIETO MOPSAKA MaJblX BeJHYHH)

Avi =Y E/RI , (atbr—atbh). (27.11.2)

310 M ecTb HyxHOoe obobiueHne Qopmyant (27.11.1). HMcxons u3 dop-
myasl (27.11.2) teHsop PHMana MOXKHO BHIPa3HTb uepe3 OTKJOHEHHs
(meBHaunu) Avf, moJyyeHHble AJIA pPa3NTHYHBIX BeKTOpoB &f npu napais-
JIeJIbHOM [epeHoce BOKPYT MPOH3BOJIBHBLIX MablX MeTellb.

Eine pas nopuepkHeMm, uTo 3Ta (popMyJa CrpaBelsHBa TOJIbKO AJIs
MaJplx mertenb ¥, Toraa Kak (27.11.1) umeer MecTO ANA NPOH3BOJNBLHO
GoJIbIIHX TpeyronbHHKOB. IlpuynHa storo B ToM, uTO cepa HMeer
MOCTOSIHHYIO KpHBH3HY. Ecin 6bl Ta e mpoueaypa HCNOJb30Bajach
WIS 3JUIHICOHAA O6iIero BHIA, TO MPHILIOCh Obl OTPaHHUHTLCA OUEHb
MaJIbIMH TPeyroJbHHKaMH.

27.12. NNIOCKME MHOTOOBPA3MUA U OBPALLEHHE
TEH30PA PUMAHA B HYJIb

Ecnn HmeroTcs 1Ba PUMaHOBBIX MHOT000pasHsa OAHOH ‘M TOH Xe pasmep-
HOCTH, TO BO3HHKaeT BONPOC: He SIBJAIOTCS JIH OHH OJHHM H TEM Ke
NPOCTPAHCTBOM, ONHCAHHBIM B PasHBIX CHcTeMax KoopAHHAT? C 5THM
BOMPOCOM CBfI3aHBl TJIOOaJbHble TOMOJIOTHYECKHe MpPOBJeMbl, a Takxke
creaywomas, 6Gofee JokKalbHas 3ajaua. [1ycTh 3ajaHbl ABe PHMaHOBH
MeTPHKH, KaXJas H3 KOTOPbIX onpejensercs HaGopoMm n? TJaiKHX
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byHKUHHA
gik(xlv ceey X7 (], k=1, ..., n)
H

ge(x™ ..., X'7) (j, k=1, ..., n),

3alaHHBX B R” Ha obaactsax N u N’ coorBercrBeHHo. Haiimercs au
TaKoe NpecOpasoBaHue

x,j=x,j(x1’ AR | xn) (j=1""’ n)

obnacta N B obaactb N uau wactu N B uacte N', urto g, mpe-
o6pa3yeTcsi B g TO TEH30PHOMY 3aKOHY JJIsl KOBAPHAHTHBEIX TEH30POB
BTOpOro panra? EcJH 3TO Tak, TO MOMKHO CUMTaThb, YTO 3TH JBE CHCTEMH
KOOpJAHHAT ONpeNeJsiioT JBe KapThl OAHOro MHoroofpasusi., B obuiem
cJiyyae 3TO TPYJAHHIH BONPOC, HA KOTOPBIA, ONHAKO, MOXKHO JaThb NOJ-
HBH OTBET, €CJH (YHKIHH OHHOrO H3 HabopoB, CKaxeM Zi(-:-),
TIOCTOSIHHBI; B 3TOM CJIyYae TpPOCTPAHCTBO OKA3HIBAETCS €BKJIHIOBBLIM,
a TeH3op PuMaHa obpaiiaercs B HYJIb.

[TokaxeM, uTo, AJA TOro 4toGbl TPOCTPAHCTBO OBIO MJIOCKHM,
HeoOXOJMMO M JIOCTATOYHO DAaBEHCTBO HYJO TeH3opa Pumana. ITpen-
TIOJIOXHUM CHauafa, 4To RY;,, paBeH Hy/IO Ha BceM adHHHO CBSZHOM
MHOroo6pasiu, M TOKaXkeM, 4TO B JIIOGOH OAHOCBSI3HOH 0G./1aCTH MOMKHO
BLIOpaTh TaKHE KOOPAHHATH y', ..., y”, YTO COOTBETCTBYIOILHE KO3(-
¢unmuentsl cBasHoctn I, TommecTsenno paBHel Hymo. IIpu Hamnuun
METPHYECKOro TeH30Pa MOXKHO NOJ06paTh TAKHE KOODAMHATHL &, 4TO g,
BCIOJy TPUHMMAIOT CTAHJAAapTHEIE 3HaueHHs o 0;,%).

[lycts x*, ..., x"—KOOPAHHATH HEKOTOPOH OXHOCBSIBHOH KapTHI;
pPaccMOTPHM  CJEAYIOULYIO 3alaqyy ¢ HayaJbHBIMH JAaHHBIMH JIJ1S1 KOBa-
PHAHTHOrO BEKTOPHOIoO noJs v, (x%, ..., x%):

v;(0, .... 0) sanaHo. (27.12.2)

Kak usBeCTHO, 3Ta 3aflaia HMeeT pelleHHe NpH JJOGHX HaYaJbHHIX
HaHHbIX (27.12.2), ecsqin BHINOJIHSIETCS YCJIOBHE COBMECTHOCTH

8 (T%0,)/0x* — 3 (T4,0,)/0x/ = 0. (27.12.3)

Bolunc/MB NPOU3BOAHBIE B 3TOM YpPaBHEHHH NO NpaBuay AuddepeH-
[MPOBaHHs NPOU3BEAECHHS H €llle pas UCMOJb30BaB JH(te peHIHaNbLHOe
ypaBHeHue (27.12.1), MBI mpHAEM K ypaBHEHHIO
0 1 0 1% kT
( pw: My — pwr Fn) v, + i o, —Til o, = 0.
1) B Ttouke Py, B KOTOpOH CTPOHTCS Treoje3WuecKasl CUCTeMa KOOpAMHAT,
BCeria ﬁi,k=o {cM. (27.2.6)]), a npu HaJiMYHH METPHYECKOrOo TeH3opa BCeraa

MOXKHO MOGUTBCA TOTO, YTOOM gjp= 4 |; peub HAET O TOM, YTOGL 5TH PaBeHCTBA
BBIOJIHSVIMCD B OKDECTHOCTH Pg,— HMeHHO TaKoe MHOroofpaaue Ha3biBaeTcsl n.0c-
Kum,— pum, nepes.
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[Mocne neperMeHOBAaHHsI HEMBIX WHIEKCOB €r0 MOMHO 3alHCATh B BHJE
k —
R*, 0, =0,

rie R¥,; sapaercs ¢opmysoii (27.9.2). Tlockonbky Tensop Pumana
paBeH HYJIO, YCJIOBHE COBMECTHOCTH BblNONHseTcsl. Ilycth v, (xY, ...

., X% p) (p=1, ..., n) cyTb n pelleHUil 3anauud C HayajbHHIMH
IAHHBIMH, KOTOpLIE MOJYYaiOTCS NPH 3aJaHHH /1 JUHEHHO He3aBHCHMEX
HauanbHbXx BekTopoB ; (0, ..., 0; p), p=1, ..., n; naa xaxuoro
M3 3THX pelienuil v, ,=0. Jlaa kaxnoro p=1, ..., n paccmoTpum
Tenepb JApyTyio 3ajady ¢ HayalbHBIMH JaHHBIMH

Oy (x%, ..., x®)0x =0z, ..., X" p),
y(@©, ..., 0)=0.
YcJ0BHE COBMECTHOCTH JJ1S1 STOH 3aJaud HMeeT B
0v;/0x! — dv //Ox" =0,
T. €. vy ;,—U; ;=0 (xpyrue csaraemble KOBADHAHTHEIX TPOU3BOILHLIX

B3aUMHO yHH'-ITO)KaPOTCﬂ); CJIEAOBATEJIbHO, OHO BLINOJHAETCA, NOTOMY
9TO KOBAPDHAHTHLIE IIPOH3BOJHLIE DABHLI HYJHO. O60o3Hauum pelieHdA

3TOH HOBOH 3ajJayd C HayaJbHLIMH JaHHBLIMH uepe3 yP (x!, ..., x%)
H BO3bMEM HOBbIe KOODAHMHATHl, HOJOXHB yP=yP(x%, ..., x"),
p=1, ..., n, 4T0 JOmycTHMO, NMOCKOJLKY B Hauaje KOODAHHAT SKO-

OuaH 3TOro mpeoGpas’soBaHHsA OTJIHYEH OT HyJs [OTOMY YTO OH paBeH
JETePMHHAHTY MATPHLbl, CTOJAOUB KOTOPOH SIBJASIOTCS BEKTOPaMH
v; (0, ..., 0; p), BLIGpanHHe JHHEAHO He3aBHCUMbIMHU |. CorsiacHo Teope-
Me O HeABHOH QYHKIIHH, B HEKOTOpOil OKpecTHocTH Ny B R*  x! MOXKHO
BHIDa3HTb 4Yepes yP, Tak 4yto 4, ..., y" CTAHOBATCS HOBLIMH HE3aBH-
CHUMBIMH TEPeMeHHHIMH B N .

OTHOCUTEJIBHO HOBbIX KOODAMHAT BEKTODHLIE TMOJMA U; HMEIOT KOM-
TIOHEHTHI

vy, oyt =000, L, x5 p)Oxt0y =
. N A AT 8
= (0y?[0x") Ox* /0y = &/.
Tak KaKk 3TH BEKTOPHbIE MOJA GHIH MOCTPOEHbl TAKUM 06GpasoM, YToOBI
HX KOBADHAHTHHE NPOHM3BOJHBIE OOpalaluCh B HYJb, TO
0=U/;k=0"‘r?kvi=“‘r}k6pi=*—F/Pk'

~N

TlosTomy Bce KOS(OHUIKEHTbI CBASHOCTH B HOBbIX KOOPAMHATAX DAaBHLI
HYJII0, 4TO M yTBEepPKAAIOCh.

Hpennonoxum Tenepb, uTo MHOrooGpasie sBASAETC PUMAHOBLIM
MM T[ICEBIOPMMAHOBBIM H, CJIEIOBATeNbHO, HMEET METPHUECKHUE TEH30p.

Hauanenbie ektopnl v, (0, ..., 0) B (27.12.2) MoxHO B3ATH OPTOHOP-
MHDOBAaHHBIMH, TaK 4TO OpdH X =0

(kY o, XM (3, L, XP D) U (X L., X q)==% 6,4
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Ho Bce g/% M v; HMEIOT HyJ/eBble KOBapHAHTHBIE MPOM3BOAHbLIE, CJle-
JloBaTe/IbHO, 3TO PABEHCTBO BLINOMHAETCS NpPH BceX X. Merpuueckuii
TeH30p (B KOHTpaBapHaHTHOH ¢opMe) B CHCTEME KOODIHMHAT Y’ HMeeT
CleflytoliHe KOMIOHEHTHL:

gri = g/* (AyP/ox’) Oyd/oxk=g/*v (.. .5 p) v (...; q);

¢J1€10BaTeNbHO, BCOLY gPT= -+ 6pq, a 3HAYHT, Hépqr:i 6pq BCIOLY,
4to M TpefoBa/loCch 1OKa3aTh, MOTOMY YTO MaTpHUA (g,,) sABIsETCA
obpaTtHo#l K (gP9).

Kapra, onpesnenseMast HOBbIMH KOOpIAMHAaTaMu y*, ..., y" B N,C
cR”, B ofweM cayuyae sIBISETCS TOJIbKO YacTbid HCXOLHOTO MHOIO-
obpasus M, onHAKO ee MOXKHO pacCWIHPHTb JO MOJHOrO MJIOCKOTO
Muoroo6pasusi M’, pacwupuB N, no Bcero R™ u norpe6oeaB, yTOGHI
Iy u g,, ocraBanuch Ha BceM R” koucrantamu. Torna M'—rTouHo
Takoe e MHorooGpasue, yto H M, ecii M OblIO NMOJHLIM H OJHO-
CBSI3HBIM.

[TpumepoM HEOZHOCBA3HOTO MJOCKOTO MHorooGpasusi M cayxur
IBYMEpPHLIH TOp ¢ yrjaMH 0 W @ B KauecTBe KOOpAMHAT M C MaTpH-
uek (g,,), BCOAY PaBHOH €JHHHYHOH MaTpHuue pa3mepa 2X2. (3o,
KOHEYHO, He Hac/JelyeMas npH OOLIYHOM BJOXKEHHH Topa B E® MerT-
puka.) B rtakux caydasx MHoroofpasue M’ sBasieTcs yHuBepcaJb-
HEIM HaK pHIBalOUINM MHOroolpasneM MHorooOpasus M.

27.13. AHAJIU3 DH3EHXAPTA CUCTEM LWITEKKENS

OcHoBHoe (hH3HYecKoe NPHMeHeHHe PHMaHOBa (TOYHee, NCeBJOpPHMaHOBa)
reoMeTpHsl HaxXoJAUT B OOlIedl TeOPHH OTHOCHTENbHOCTH. B Kauecrse
npuMepa NpHJIOKEHHH PHMaHOBOH reoMeTpHH BHe OOLieH TEOpHH OTHO-
CHTeJIbHOCTH MOXKHO YKa3aThb cTaThio Di3enxapta [ 1934] o KoopauHaTHEIX
CHCTeMaX, NPHBOLSAIINX K Pa3lie/eHHIO nepeMeHHEIX B BOJHOBOM YypaB-
HEHHH; NPH 3TOM HCIOJB3YIOTCSl pe3yJ/bTaThl NpeAblAyIIero naparpaga.

Ecnu dynkuus V=W (x!,. .., x", {) ylOBJIETBOpPsieT BOJHOBOMY
ypaBHeHHIO

(V2—(1/c?) 8%/3t?) ¥ 4- V¥ =0, (27.13.1)

rie ¥? ecTb N-MepHBIH JanJjackaH, a V=V (x!, ..., x")—a3alaHHas
ckassipHass (YHKIHS, TO, NMOCKOAbKY V He 3aBHCHT OT {, NepBHIM
[aroM MpOLECca pas3leJeHHs NEePeMEHHBIX BCErJa MOXeT GbITh MOHCK
peileHHs BHIA

Y=yt ..., x")elet; (27.13.2)

OYEBHAHO, YTO P (x!, ..., x") YIOBJETBODHET nNpUBCOCHHOMY BOAHO-
BOMY YPOBHEHUI

Vi +A+V)p=0, (27.13.3)
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rie A==w?/c>. Takoe € ypaBHEHHE MOJydYaeTCH W H3 ypaBHEHH:A
[penunrepa. B cayuae ofmux KxpHBOJHHEHHBIX KOOPAHHAT X1, ..., x®
Jan/jacHaH MOXHO 3alHCaTh B BHAE g/, i j, €CJIH, KOHEUHO, H3BECTEH
METPHYECKHH TEH30p; TOTAa NpUBEJEHHOE BOJHOBOE YDABHEHHE IipH-
HHMaeT BHJ

i >y _{ k }_ai 5 ==
g [axiaxl L] ) =0, (27.13.4)
AOXHO JIH DEeLIMTb 3TO yYpaBHEHHe METOJOM pasjiejieHHsI NepeMEeHHBIX
WM HET — 3TO 3aBUCHT OT BHAA QyHKUMH g;; (.. )u V (.. ).

B mertoze pasmeneHus nepemeHHbIX (cM., Hanpumep, Mopc U Penu-
Gax [1953]) 06bluHO HAYUMHAIOT C PACCMOTPEHHS YACTHHIX PEUIEHHH B BHIe
pOU3BeEEHHUS

Pxt oo, =X (N X, (8. . X, (x7).

[Tocsie noxcraHoBKM 3Toro npousBeneHusi B (27.13.4) okasbiBaercs,
4TO NPH ONpeleleHHOM BhIOODE KOODAMHATHOH CHCTeMBI (a cJjefoBa-
TeJIbHO, H g;;) B GYHKUHH V noJjydaeTcs cHcTeMa OOBIKHOBEHHBIX AuD-
thepeHIHAIbHBIX YPaBHEHH BTOPOro NOPsAKa 0 OLHOMY A/ Kax 0K U3
$yHKUM# X;, 3aBHcsLas OT 1 HeoNpeesieHHHX TaK Ha3blBaeMblX KOH-
CTaHT pasjeseHHs, NEePBOH M3 KOTOPBIX fABJSETCs NOCTOSHHas A M3
npyBeJEeHHOro Bbillle ypaBHeHHsi. TakuM 00pasoM noJiydaercss JocTa-
TO4HO 6OJIbLIOe ceMeHCTBO YacTHBIX pelleHHi (3aBHCALLMX OT KOHCTAHT
pasaeseHHa M OT KOHCTAHT HHTErPUPOBAHHs, OOSABJAMLIKXCA  OPH
pellleHHH OOLIKHOBEHHBbIX AM(pepeHuMATBHBIX YpPaBHEHHH), KOTopoe
JOJIKHO CJIYXKHTb B KauecTBe NMOJHOTO cemelicTBa QyHKUMA M5 pasdo-
JKeHUs N0 HUM NPOU3BOJBHOH (QYHKUHH OT x*,..., Xx™

HccienoBaus pasJyH4YHBIX aBTOPOB N0KAas3ajH, 4TO LIS Dasfesu-
MOCTH liePEMEHHBIX, T. €. JV1s ycnexa TOMbKO 9TO ONHCaHHON NPOoUeayphl,
HeOOXOJMMBI TPH OTpaHHYEHHs Ha METPHUKY. Bo-nepBblX, KOODAHHATHI
JO/KHBl ObITb OPTOrOHA/bHBIMH, T. €. MaTpHua (g;;) Ao/KHA OHThb
AvaroHajbHOH. [lBa [pyrux orpaHuveHHs Ha g;; HOCAT Ha3BaHie
yciaoBuil llrekkenss u PoGeptcona. PoGeprconom {1927 Gblto moka-
3aHO, UTO 3TH TPH YCJOBHS SBJAIOTCA TaKXe M JOCTAaTOYHBIMU  JJd
pasfeMMocTH, eciaH (yHKuMA V umeeT no/mkHbE BHA. OfHaKo 3Ty
TeopHI0 Hesb3s elle Obl10 NPU3HATb YAOBJETBODHTENbHOH, MOTOMY
4yTOo TeH3op gi;(xY,. .., x*), NONUHUHSAIOWMACA YHOOMAHYTBHIM BbIllie
. YCJIOBHAM, MOT H He ObITh METPHUYECKHM TE€H30DOM B €BKJIHJOBOM HJH
M060M IPYToM HHTepecylolieM Hac npocTpaHcTee, [losTomy DiizeHxapT
[1934] nOMOMHUTEBHO K 3THM TPEM YCJIOBHAM NOTPEGOBaJ elle, YTOObI
TeH30p PumaHa R;j,; ObLT TOX/JECTBEHHO paBeH Hymo. JIo6oH TeH30p
gin» YAOBJIETBOPAIOLIHI BCeM 3THM VCJIOBHSM, SIBJAeTcA TOrja MeT-
pUYECKHM TEeH30pOM B €BKJMAOBOM M[POCTPAHCTBE IJA HEKomopou
KPHBOJIMHEHHOH cHCTeMEl KOOpAHHAT. s n=3 Di3eHxapT AaJ NOJHYIO
KJaccH(HKaUHIO BCeX CHCTeM KOOpAMHAT B E3, jomyckawomiux pasjene-
HHe NePeMeHHBIX, H JJ151 KaXKJ0H M3 TaKHX CHCTeM [pPHBEJ ABHBIE QOpP-
MyJBl [JIS [pOUefypbl pasfeseHHsi NepeMeHHbIX.
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STUMH pasjensiiollUMH CHCTeMaMH KOODIHHAT B E? sIBJSIOTCS CHCTe-
Mbl OOLIHX SJJHICOUJANBHBIX KOODAHHAT, a TakkKe Te CHCTeMbl YaCTHOro
BHJ|a, KOTOpbie [0JY4ATCA W3 HUX B pe3yJibTaTe PasHOro poja lpe-
JeJIBHBIX [1€DPeXOJ0B, TaKHX, KakK [pUpaBHHBaHHE ABYX [0JyoceH,
yrajieHde OAHOro Hu3 (OKycoB Ha OGeCKOHeYHOCTb M T. 1., BKJ04as
CHCTeMBl KOODJAHHAT BHITAHYTOTO H cltocHyTOro chepouna, napadosnu-
yeckHe, apabosoHaNbHbIe, JJJHNTHYECKOrO [UJAUHApA, Hapabosid-
YeCcKOro [UJHHAPA, KPYroBOTO LHUJAHHAPA, chepHYeCKHE H JEKaPTOBHI.
[eranbHoe OMHCAHHE 3THX CHCTeM KOOpPAMHAT CM. B KHHUre Mopca u
dembaxa [1953] ).

1) Cm, rakxke kuury Muanepa [1977),—pum, nepes.



