Mnasa 28

PACLUMPEHME MHOTOOGEPA3MA SHHLUTEMHA

YpaBHeHHs nojs ChneuHaabHOR W ofmefl Teopu#i OTHOCHTENBHOCTH; TEH3Op 3Hep-
TUH-HUMOYJIbCA; KOCMOJOTHYECKAd TMOCTOSIHHAasA, MHOroo6pasue OJiiHwrefiHa; KapTsl
Ipapummnieaa # PuuKkenbiuTefina; teopeMa Bupkrota; cMbica chepuueckon cHm-
MeTpuH; MHOrooGpasHe KpycKana; MakCWMaJsibHble U TeOle3HdYecKU MOJNHKWE MHOro-
obpasusi; Ipyrde pacumperks kKapt IlIBapuwunbia; ofpalueHue BpeMeHU; MHOrO-
ofpasue Keppa; safaua Koum ana ypaBHenu#t nona Sfinwrefia,

[ pedsapumenvrse ceedenun: tn, 23, 24, 26 u 27; 3HakoMcTBO ¢ ofmel TeopHedl
OTHOCHTEJBHOCTH.

CpenH MHOTHX MaTeMaTHYeCKHX 33/1ay, OTHOCSIIHXcSl K OGiieH TeopHH
OTHOCHTeJIbHOCTH, 3ajiaya pacliHpeHHsl BbIGpaHa MOTOMY, 4YTO OHa
CBsI3aHA C IJI06AJbHBIMH F€OMETPHYECKHMMH H TOMOJIOTHYECKHMH CBOIi-
CTBAMH MHOroo6pasHii JiHIITe HA, a 3TH CBOACTBA, O MOEMY MHEHHIO,
COCTABJSIIOT OCHOBHONW MaTeMaTHUeCKHH acneKT TeopHH. XOTS HHKa-
KHX APYrHX (OpMyJ H pe3yJbTaToB, KPOMe TeX, YTO TMOJYUYeHHl B ‘Tpe-
IbIAYIHX IVIaBax JAAaHHOH KHHIH, 3]iech HE HCTNONb3yeTcs, 3Ta IJaBa,
BEPOSATHO, GyAeT AOCTYUHOH TOJNBKO TEM UYHTATENsM, KOTODhle XOTs Obl
HEMHOI'0 3HAaKOMbl ¢ TeopueH OTHOCHTENbHOCTH. B 4acTHOCTH, mepBhle
IBa naparpada ciefyeT pacCMaTPHBATb He KAaK HCTOYHHK H3YYeHHS
OCHOB TEOPHH OTHOCHTENbHOCTH, 4 JIHIIb NPOCTO KAaK HX 06GCYXKIeHHe,

28.1, CNEUMAJIBHAA TEOPHUA OTHOCUTENLHOCTH

HanoMuuMm, uto ajekTpomarHutHas Tteopus k. K. MakcBenna ue
TOJBKO YCOBEDLIEHCTBOBaJa H 3aBeplIHJA KJACCHUECKYIO TeOpeTHue-
CKylo (DH3HKY, HO H TPHBeJA K TPeM IJIaBHEIM KpH3HCaM B 3TOH Hayke.
(I) B orauyHe OT Bcex nNpellleCTBYIOLIHX (PH3HYECKHX TeOpHH oOHa
oKxasasach HEHHBADHAHTHOH OTHOCHTeJbHO mnpeoGpasoBaHuii [amHies
uau HbloTOHa, 4TO, Ka3ajoch, MNOAPA3yMeBaJO CYIIEeCTBOBaHHe a6-
COJIIOTHOH CHCTeMbl OTcueTa RO BceJieHHOH. (2) Koraa K sTolt TeopuH
NMPHMEHHJIH TPHHIHOBI CTaTHCTHYeCKOH (H3HKH, TO 3TO OPHBENO K
TaK Ha3mBaeMoH yJbTpaduoseToBoli karactpode. (3) DByayun npu-
MEHEHHOH K HCCJIeJ0BaHHIO 3JIEKTPOHOB, pPaccMaTPHBAaeMbIX KaK To-
yeyHple 3aPAfbl, OHA NpPHBEJA K TOJYUeHHIO GeCKOHEWHOro caMojei-
CTBHsI H GECKOHEUHOH COGCTBEHHON IHEPTHH 3JeKTpoHa. [lepBuIft KpH3HC
6Bl paspellleH clenHaJbHOH TeOopHeH OTHOCHTEJIBHOCTH, BTOPOH —
KBaHTOBOH rumnoresof (06a — npuMmepuo B 1900—1905 rr.), a Tperu#
KPH3HC (NOKa ellle He TOJHOCTbIO) — MPOrpaMMOH [1€PEHOPMHPOBKH
KBAHTOBOH 3JEKTPOJAHHAMHKH Hauama 50-X rojos.
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D npeonosieHHsi [epBOH TPYAHOCTH TeopHH JlopeH n PuTu-
JUKepanbl NPeInoJOXKHIH, YTO KOria o6BbeKT ABHXKETCS OTHOCHTEIbHO
a6COMIOTHOM CHCTEMRl OTCUeTa, OH CXKHUMaeTcsl B ONpejeNeHHOH cTeneHH
B HampaBJIEHHH [BHXXEHHs, a Bce MPOLECCHl, NMPOHUCXOAALLHE C HHM,
3aMeJUIAIOTCs] B TOM K€ OTHOLUEHHH BCJe[CTBHE KaKHX-TO 3JIeKTpoMar-
HUTHBIX 3(h(}eKTOB BHeIHHX 4YJeHOB ypasHeHHH MakcpesJa, BO3HH-
KalOUIHX H3-3a JBHXKEHHS] €ro CHCTeMbl OTcueTa. JTa THIOTe3a He Mpo-
THBOPEUMJIA HHKAKHM H3BeCTHHIM (haKTaM, [OTOMY 4YTO TOraa Omwllo
OueHb MaJO H3BECTHO O CTPOEHHH MaTepHH, XOTs H ObLIO fICHO, 4TO
3JIeKTPOMAarHeTH3M KakK-TO CBs3aH ¢ 3THM crpoeHHeM. CleacTBueM
5TOil THOOTe3bl OKaszajlachb HHBAPHAHTHOCTbL BCEX HHCTO 3JIeKTpomar-
HUTHHIX sIBJIEHHH OTHOCHTEJBHO TaK Ha3blBaeMblX npeo6pasoBaHuil Jlo-
peHUa, KOTOpble YUHTHIBATH CXKaTHe H 3aMelJieHHe (LeHCTBHTEJbLHO,
ypaBHeHHs1 MakcBessa HHBapDHaHTHBI OTHOCHTEJIbHO 3THX fpeobGpaso-
BaHHH); cJe]OBaTeNIbHO, NPH I[OMOLIH 3JEKTPOMAarHHTHBIX sBJIEHHH
HEBO3MOXXHO OGHApYKHTb [BHXXEHHE OTHOCHTENIbHO abCOJMIOTHOH CH-
CTEMHl OTCHETa,

[Tociie sToro DHHIITEH MPeANOJOXKHJ AONOTHHTENbHO, YTO OTHO-
CHTeJNbHO mnpeobpa3oBaHuil JlopeHUa HMHBApHAHTHH &ce (pU3HUECKHe
3aKOHHI 1) (/1 STOro 3aKOHbI CleiyeT, pasyMeeTcsl, BHAOH3MEHATb
IJI CKOpOCTel, cpaBHHMBIX CO CKOPOCTBIO cBeTa ¢). Bce nHepuuanbHble
CUCTEeMBl OTCHETa CTAaHOBATCA TeM CaMbIM PaBHONPABHBIMH; CJel0Ba-
TeJIbHO, 33aKOHBI (DH3MKH CTAaHOBSITCA Mpolle B TOM CMHCJE, YTO yxe
HeT HeoGXOAMMOCTH paccMaTpHBaTb, Kak MOMJIH Obl BO3AeHCTBOBATH
5/IeKTPOMAarHHTHLIE siBIeHHs (0OYCJOBJIEHHBE [BHXKEHHEM OTHOCH-
TebHO aGCOMIOTHOH CHCTeMBbl OTcueTa) Ha MeXaHHKY, TepPMOAHHaMHKYy,
CTpOEHHe aToMa M T. M., H T. A. EcJIM 3TH 3aKOHBI H3BECTHBI B OJHOMH
HHEpUHaNbHOH CHCTeMe OTcueTa, TO, COIVIaCHO NPHHLHNY HHBApHaHT-
HOCTH OTHOCHMTeNbHO npeobpaszoBaHuil JIopeHua, OHH onpefeseHbl 4 B
Jgioboit apyroii. B crenyromem mnaparpaje OnHcaHbl aHaJOTHYHblE
yrnpolleHHs (H3HYECKHX 3aKOHOB, BbITeKawuUlHe H3 ofliedl TeopHH
OTHOCHTEJIbHOCTH.

28.2. YPABHEHMA SHHIUTEAHA TPABMTALMOHHOIO Nnong

KuaccHueckoe ypaBHEeHHE TpPaBHTALlHOHHOTO [OJsi HMEET BHJ,
Vip = 4nGp, (28.2.1)

rie ¢ =@ (X)—TrpaBHTAaUHOHHBIH [NOTEHUHAJ, O =p (X)— IJOTHOCTL
BentecTBa, a G —YyHHBepcasbHasl TPaBHTALLHOHHAsi MOCTOsAIHHAS. 3TO
yDaBHEHHE MOXHO MPHBECTH K HHBaDHAHTHOH OTHOCHTEJNBHO Mmpe-

1) CnpaBelIMBOCTH pafH OTMETHM, YTO NMpPUHIMI OTHOCHTEIbHOCTH KAaK BCe-
obwui sakon Bnepsble chopmyaupoBan A. Ilyankape (4a u TepMuH «npecSpasopa-
nua Jlopenua» BBeleH MM); B YAaCTHOCTH, HMeHHO OH Cleslaj] IEPBYIO MOMBITKY
CO3laHHA DEIATHBUCTCKOH Teopuh rpaBHTauMHM (CM., Hampumep, [IpuHuumn oTHoCH-
teqbHocTH. COOpHMK crarteit, —M,: Atomusgart, 1973), —/Tpum. nepes.
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oOpasoBaHuii JlopeHua ¢opMe caenyiomum obpasom. B cneunnanbHoil
TEOpPHH OTHOCHTEJILHOCTH MJIOTHOCTb O MNPEACTaBASET COOOH (4 X 4)-
KOMINOHEHTHbIH CUMMETDHYECKHH TEH30p BTOPOTO PpaHra — TEH30p
SHepruH-umnyJsca 7T,y, ymHOXKEHHbIH Ha l/¢*. (Kak u B § 19.4, x%,
%%, x® SBJSIOTCA NPOCTPAHCTBEHHLIMH KOOpAMHATaMu, a x*=cf.)
CriepoBatenibHO, @ ABJARETCH (4 X 4)-KOMNOHEHTHBIM TEH30POM Quy, @
ypaBHeHue (28.2.1) sameHseTcs Ha ypaBHeHHe

1 o 1l
(V= 3 ) o= T,

HJIH
4] d 4nG
DUEYTW(PM:%TMW (28.2.2)
rac
[—l 7
©)
(199) = (1p0) = ! (28.2.3)
© 1
{ —1

— METPHYECKHH TeH30p NJOCKOro npoctpaHctBa MuHKOBCKOrO,

[Kak n B § 19.4, rpeyeckue uHAeKCHl NpoGerarT 3HaueHus OT |
10 4, a naTuHCKHe — OT | A0 3. ®HU3HKH yacTo AONycKaloT H3MEHEHHe
IPEYECKHX HHAEKCOB OT O A0 3, a y TeH30poB AP® H hy, NepBHl AHAro-
HaJIbHBIH 3J1eMeHT GepyT paBHbLIM |, a ocTajabHble paBHEIMH —I, Tak
yro ds?= (dx'")?*— (dx*)*— (dx)*— (dx?)®. O6o3HaueHHs AAaHHOH TI/1aBhl
6J1MXKe K TeM, KOTOpble HCHOJb3YIOTCa B MaTeMaTHUYeCKOil JuTeparype.]

3aKOH ABHXEHHs! TOYEHHOH Macchl B FPaBUTALMOHHOM IOJE, KOTO-
Pblii B KJIACCHYECKOM (¢Jyyae TIJIACHT, YTO YCKOpPEHHe paBHO —VyQ,
NpUHHMAET CJEeAYIOUHHA JIOpeHL-HHBAapHAHTHHIH BHA!

5P B (Ogpa/0xY) 2010 = 0,

rie ToYKa O0603HAYaeT NPOM3BOAHYIO NO COOGCTBEHHOMY BpEeMEHH T
BAOJb TPAEKTOpPHH, a XM (T) — KOOPAMHATH YacTHIbL. IDTO ypaBHEHHE
BBHIIVISIMT KaK ypaBHEHHE reOAe3HYeCcKOH, XOTsl BTOPOH 4JieH, KOHEYHO
XKe, CBA3aH C TPABHTALMOHHBIM HOJIEM H He HMeeT HHuero oblero c
reoMeTpHed.

TeopHio Takoro poia MOXKHO Ha3BaThb CreyuatbHOl peAamusucnekol
meopueli epasumayui. Ee HHKOrAa Bcepbe3 He paccMarTpuBaJH, MO-
TOMY YTO DHHIUTEHH OTKPbU1 OOLlyl0 TEODHIO OTHOCHTEJbLHOCTH elle
J0 TOrO, KaK CTaJi BO3MOXHBl HaGJIOAEHHs C LEJblo NPOBEPKH peis-
THBUCTCKU X 3dpekToB. COryiacHO 3TOi crneuHasbHOH TEOPHH, TAM, TAE HET
rpaBUTaLMOHHOTO 1OJiA M MO3TOMY =0, CBOOO/HbIE TeJla ABHXKYTCA
110 NPSAAMBIM, T. €. [0 Te0AE3HYECKHUM YEThIpeXMEPHOTO NpocTpaHcTBa Mun-
KOBCKOrO, B TO BpeMsi KaK IPH §,,7=0 HX TPAeKTOPHH OTJIHYAOTCA
OT NpAMBIX H HabJIoAaeTcsl OTHUCHTEbHOE YCKODeHHe.
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B ofuieit Teopun JHHWTeHHa npegnosaraercs, YTo NpH OTCYTCTBHU
HErPaBHUTALHOHHBIX CHJI TPAeKTOPHH JOJKHBI ObITb BCErAa TIeolesH-
YeCKMMH, a OTHOCHTeJbHble YCKOPeHHs o6yc/0BJeHbl KPHBH3HOH
NPOCTPAHCTBA-BpEMEHH. ITO Npefno/oXKeHUe ynpomano ¢(H3HKY B
TOM CMbICJIe, UTO OTnafasa HeoOXOAUMOCTb paccMaTPUBATh BO3MOXHBIE
U3MEHEeHHs1 32 cueT TPaBHTALHOHHOIO MNOJs 3aKOHOB 3JEeKTpPoMarme-
TH3Ma, KBAaHTOBOH T€OPHH H T. (., TaK KaK 3TH 3aKOHb! NPeANoaaranoch
6paTb B He 3aBHcslleM OT NMOJsl BHAE B JIOKAJbHOH WHEPUHOHHOH CH-
cTeMe OTcyeTa (CHCTeMe «CBOOGOLHOTO majeHHusi»), B KOTOPOH rpaBuTa-
IIMOHHOE MoJle «Ucue3aeTy. V3yueHHe ypaBHeHHUH reoje3MdyecKHX I1o-
Ka3blBaeT, UTO KOTLa MPOCTPAHCTBO-BpPeMsi SIBJSIETCS NOUTH MJIOCKHM
(MOYTH MMHKOBCKHMM), MOXKHO HaHTH HEKOTOPYIO €HCTEMY KOOpJHHAT,
B KOTOPOH TEH30p g,y MOYTH He OTJHYaercs OT Ay, W pa3HHIA MEXIy
HUMH TaKOBa, YTO IBHKEHHe OCTaeTcs TaKHUM e, UTO U JJIl B TOUHOCTH
MJIOCKOTO MpOCTPAHCTBA-BpEMEHH, B KOTOPOM T[paBHUTALMOHHBIA MoO-
TEHIHAJ] HMeeT BHI Q== (¢%/2) (guv—Hhyy). B 3TOH cHcTeme ypaBHeHHE
noJisi CBOOUTCA K YPaBHEHHIO

J 0 8nG
gDU -ax—ﬂ-ax—c ng =3 %— TFW‘ (2824)

[osTomy SiininTeliH BBes ypaBHEeHHe BHia
W v =(80G/c*) T v, (28.2.5)

rie W ,,—TeH30p, BKJIOYAIOUIHA KOMMOHEHTbl METPHUECKOrO TEH30pa
M HX NepBble W BTOpble NMPOHM3BOLHBIE N0 x*, W NOTPe6OBaJj, UTOOLI
W obnanan caenyiomumu cpoiictBamu. (1) O gonkeH 6biTb CHM-
MeTPHYeCKHM H Ge3IMBepreHTHbIM, T. €.

V=W, g"°Wp.=0;

3TO HEOGXOAMMO, NOCKOAbKY TeH3op 7, SHEepruu-UMOyJbca MaTepHH
obsiagaer Temu xe cBoHcTBamHu. (2) Korma nossi caabel (T. e. mnpo-
CTPaHCTBO-BPeMSl TOYTH IMJIOCKOE), STOT TEH30p JLOJKEH CBOLHUTHCSH
K JIeBOH YacTH ypaBHeHHs (28.2.4) B COOTBETCTBYIOUIMX KOODJHHA-
Tax. DHHIITeHH OGHApPYXKH/, YTO EIMHCTBEHHBIM BbipaxKEHHEM ILAsl
Wy, YLOBIETBOPSIIOUMM BCEM 5THM CBOMCTBAM, CJYXKHT JeBas 4acThb
CJEAYIOUIErO YpaBHEHHS, HA3bIBAEMOIO ypasHeruem noas inwmetina:

Ruv—1,Rguv—Aguv= (80G/cY) T 3 (28.2.6)

3lecb Ryy—TeHsop Puuun, onpenenennbil B § 27.9, a A —KoHCTaHTa.
Bropo# usen B JeBoit uyactu (28.2.6) BKIIOYEH IJAA TOTO, YTOGHI
ClleJlaTh BCE BblpaxkeHHe Ge3JUBEpPreHTHBIM, COIJIACHO paBEHCTBaM
(27.10.9), (27.10.10).

B npumeHenusix K MajbiM cucTeMaM, Takum Kak COJIHEYHas cH-
cTeMa WJIH OTHe/NbHasd rajJakTHKa, YIOOHO MNPeinoJOXHThb, uTO Mpo-
CTPAHCTBO-BpeMsl ABJAETCA aCHMNTOTHUYECKH MJOCKMM Ha GOJBIIHX
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pPaccTOSHHAX; AJ9 3TOr0 HeOGXONHMO, UTOObI TaK HAa3blBaeMas KOCMO-
JlorHYeckKas nocrosiHHas A paBHsaJach HyJI0. DHHIUTeHH npeanoJsarals,
O[HAKO, 4TO A Bcero JIHIIbL OYeHb Majasi KOHCTaHTa, a He HyJab. Ou
CUHTaJ, 4YTO 3TO HeOOXOAHMO /15 NOJYUYeHHs 3aMKHYTHIX (T. e. KOHeu-
HbIX) MOJeJIeH BCeNeHHOH, KOTOpbie HCKJIIOUAOT Pa3JHYHbie BHABI Napa-
aokca Oabepca, BO3HHKAOIIHE NDH PAacCMOTPeHHH GecKOHeUHOH H
aCHMNTOTHYECKH PAaBHOMEPHO HacesqeHHOH BceseHHoH. OaHako B 1922 r.
A. A, ®puaMaH n0Kasaj, YTO 3aMKHYTbie MOJIeJH MOXKHO MOJYUHTD
H npu A=0. C Tex nop A 0ObI4HO GepyT PaBHOH HY.JIO.

Hanee B srofi rniaBe A=0; Mbl OrpaHHUMMCSH TaKKe paccMOTpe-
HHeM NycThiXx ofsacTei npocTpaHcTBa-BpeMenH, rae 7., =0. Tak kak
g*vguw=4, To B 3TOM cJayuae cBeprka (28.2.6) mokasbiBaer, uTo
cKansipHas KpuBH3Ha R =0; cJjenoBaTesbHO, rpaBUTALHOHHOE YpaB-
HEeHHe CBOAMTCA K ypaBHeHHIO R,,=0. Ilosromy muoz006pasue Jiin-
wmetiHa onpejesseTcd KakK YeThIpeXMepHOe MHOroobpasue CHrHa-
TYpbl 2, B KOTOpoM TeH3op Puuun R,y Bclogy paseH HyJo. Bos-
MOXHbI, KOHeuHo, ¥ OoJsee oOOuue onpejeseHHs, H HX HHoraa obHa-
pyxHuBaioT; cM., Hanpuvep, A. 3. Ilerpos [1969].

3ajaua, paccMaTpHBaemMas B JaHHOH rJiaBe, COCTOMT B TOM, YTOObI
HalTH Takoe pacliHpPeHHe JAHHOTO MHOrooGpasus DHHIUTeHHa (O6LIUHO
3a/1aBaeMOro OJIHOH KapToH), NpH KOTOPOM MOJAYUHJOCh Obl GoJblllee
MHOroo6pasue DHHIITeHHA; TOYHee roBopsi, TpeGyeTcss HaHTH MAaKCH-
MaJbHOe B HEKOTOPOM CMbIC/e DAacilHpPeHHe JaHHOFO MHOrooGpasHs.

Pacuiupenns Takoro poaa HUrpanu BaXKHYIO POJb B Pa3BHTHH Teo-
DPHH OTHOCHTEeNbHOCTH. 3HaMeHHTOe pelileHHe [Bapuluuabaa Aasa noas
BOKPYT ctepHuecKoH Macchl, KOTOpoe 6yaeT ofcy:KAaTbcsi B cJeayio-
eM naparpade, SIBHJOCh YKa3aHHeM Ha CylUlecTBOBaHHe CHHIYJSAp-
HOCTH MPOCTPAHCTBA-BPEMEHH HA ONpeleseHHOM DACcCTOSHHH OT LEeHTpa
(Tak HasbiBaeMoM paauyce UlBapumwuabna). Ilpupona 3Toll «CHHry-
JIPDHOCTH» Obla NpeJMeTOM MHOI'OUMCJEHHBIX JAHCKYCCHH B nepHon
CO3/1aHHSI TEOPHH OTHOCHTeNbHOCTH. Temepb H3BeCTHO, UYTO 3Ta CHHIY-
JSPHOCTb ABJAETCS CHHTYJSIPHOCTBIO BCEro JHLIL HCNO1b3yeMoH
KOOP/AMHATHOH CHCTeMbl H UTO MHOroo0pasde MOXKeT GLITh PACLIHPEHO
C NpHBJeYeHHeM JOMNOJHHUTeJNbHLIX KOODAHHATHBIX KapT A0 MHOr000-
pasusa 0e3 CHHTYJSDHOCTeH, HCKJIOYas LEHTPAJbHYIO TOUKY. SICHO,
UTO «pellleHHe» YpaBHeHHH OHHIUTellHA HeOOXOAHMO MOHHMATb Kak
HeKuTOpoe MHOroo6pasHe, a He MPOCTO Kak oAy dopMmysy Aas JHHeH-
HOTO 3JIeMeHTa.

28.3. KAPTHl WWBAPLLWIMIILAA

B 1916 r. K. lllBapuwnaba Hauen crauvoHapHoe CPepHUECKH CHM-
MeTpHyecKoe pellleHHe ypaBHeHHa ODiHwTeliHa R,.=0 nns nycroro
NPOCTPaHCTBA, HA GOJIbIUIMX PAaCCTOSHHAX acCHMNTOTHYECKH COBNAJAI0-
mee ¢ NJOCKOH MeTpHkofi MHHKOBCKoro. 10 pelleHHe — HEKOTOpOe
MHOroodpasiie, COCTOsLee M3 ONHOH KapTel, KoTopasa Oyler cefjuac
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OnMcaHa; OHA, BEPOSTHO, MpeACTABJsIET NMPOCTPAHCTBO-BPeMsi BOKPYF
HEeHTpaJ/JbHOH C(epHuecKO# MaccChl.

YTBep)aenne o CTAUHOHAPHOCTH pELIeHHs O3HAuyaeT, 4TO MOMKHO
nono6path TaKHe KOOPAHHATHI 3TOH KapThl, UTO TEH30D Zyy OKAMKETCs
He 3aBHCSIMM OT OLHOH M3 KOOpPIHHAT, CKaxeM OT x*, KOTODPYIO
MOXHO HHTEpPHNpeTHPOBATh Kak Bpems. SICHO, UTO mNOpH 3TOM g,,
JNOMKHO ObITb OTpHLIATEJbHBIM, TOrAa KaK KBalApaTH4Has ¢opma
g, dx/ dx*, nonyuaromasicst NpH MONCTaHOBKE dx*=0, LomXHa OHTH
NOJIOKHTEIbHO OM pefle/ieHHOH.

YTBepxIeHUe o chepHYeCKOH CHMMETPHM O03HAuaeT, 4TO CYLLeCT-
ByeT HeKOTopasi HempepbiBHAsi rpynna ( npeo6pasoBaHuil JaHHOrO
MHOroofpasusi, He 3aTparuBawHX x?, KOTOpasi H3oMopdHa rpymme
BpameHuit SO(3) W OTHOCHTETbHO KOTODOH MeTpHKa HHBAPHAHTHA.
[Ipennosnaraercsi, 4To Ha GOMBIINX PACCTOSIHUSAX nmpeoGpasoBaHus us G
NPHHHMAIOT BHI OCbIYHBIX BpallleHH# B npocTpaHcTBe x!, x?, x% c apy-
ro#l cTOPOHbI, 6OJBIIEC MBI HHUETO He MOXKeM O HHX cKas3aTb, MOCKOIbKY
y Hac HeT TeOpHH HeJHHeHHBIX mpelcTaBjeHHil rpynn. Hanpumep, Mbl
He MOXeM YTBepX1aTb, UTO CYIECTBYET TOYKA MHOroo6pasusi (UeHTp
BpallleHHs1), HHBADHAHTHAsI OTHOCHTEJNBHO BceX NpeobpasoBanuil us G;
B JeHCTBUTEJNBHOCTH TaKOH TOUKHM B TAHHOM MHOIOOGDA3HH HeT.

[1peanonaraercsi, 4ro MHOrooGpasne M,, nosyuaemoe npH QUKCH-
pPOBaHHHW HEKOTOPOrO 3HAUYeHHs x*, aACHMNTOTHUECKH (Ha O6OJbIUHX
paccTOsTHHAX) SIBJSETCS eBKJHLOBBIM B TOM cMmblcae, uto M, comep-
XKHT HEKOTOPYIO KapTy, KOOpAHHaTHas obsactb N, KOTOPOH COCTOHMT
U3 BCeX Takux Touyek R?, uro

()2 - (x2)* 4= (x®)2 > at, (28.3.1)

rle @ — KOHCTAHTa, a METPHUeCKHH TeH30p g;; aCHMNTOTHUECKH COB-
nafaer ¢ §;, Ha GoJblUNX paccTosiHUsIX B N,. [lpeanonaraercs, uro
XoTsl Obl Ha GOJBbIIHX PAcCTOSHHAX HaHjeTcsi ceMeHCTBO KOHUEHTpH-
yecKHX ctep, HHBADHAHTHBIX OTHOCHTEJNbHO BCceX mNpeoOpasoBaHuil u3
rpynnel G. PaccMOTpHM reole3HUYECKYH0, HAUHMHAWIIYIOCS B TOYKe P
Ha ONHOH W3 TaKHX ctep S, HAYLLYIO MO HANPABJAEHHIO HOPMAIH K S,
BHYTPb 3TOH cepbl H NPOIO/KEHHYIO BHYTPb ctepbl HACTOMBKO, Ha-
CKOJIBKO 3TO BO3MOXHO B JAaHHOH KapTe, OHa HWHBAPHAHTHA OTHOCH-
TeJJbHO TeX BpalleHHH, KOTOpble OCTaBJsIOT TOYKY P Ha S, Hemog-
BH)KHOH, NOCKOJbKY HHBapHAaHTHA METPHKA; CJIeIOBATEeIbHO, reojesii-
yecKHe OTOOpaxatoTcsl B reoJe3HUecKHe, HO paccMaTpHBaemas reoge-
3H4ecKas OJHO3HAUHO OnpefessieTcst ee HayaJdbHBIM HamnpaBjieHHeM
B P. Ecau nonobHble reofe3uuecKde, BbIXOAALIHE H3 BceX ToueKk P
chepbl Sy, OPOAO/MKEHbl BHVTPb Ha (MKCHPOBAHHOE DPACCTOSIHHME, TO
WX KOHEUHble TOUKH 00pasyloT HHBAPHAHTHYIO MOBEPXHOCTb, HJIH
cepy Si, H, c/lef0BaTeNbHO, 3TH reole3HYeCKHe MOMKHO HCIMOJIB30BATh
LJsi TIOCTPOeHHs OTOOpameHHss S, Ha Sy; B YACTHOCTH, cdepHUecKHe
KoopaHHaThl 0, ¢ Ha S, onpeneastor KoopauHatel 0, ¢ Ha S;, npeo6-
pasymwouiecss npH npeobpasoBaHUAX U3 rpynnbl G TOUHO TaK Ke, Kak
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OHH mpeoGpasyioTcss Ha So. [lycTb, HaKOHel, r — nepemeHHas, 3Ha-
YeHHsi KOTOpPOH BO3PacTaloT HeNpephLIBHO INPH [BHMKEHHH HapyXy
H TIpH NOMOIIM KOTOPOH OJHA HHBApHaHTHas cdepa OTJIHYaeTcs OT
Apyroii. IlpumeM r, 0, @ B KauecTBe KOOPAHHAT Ha KapTe; TOr4a MeT-
pHKa chepHYecKH CHMMETPHYHA OTHOCHTEJbHO 3THX KOOpAHHAT YxkKe
B OOLIYHOM CMEICTIE,

Tenepp B M Mbl MMeeM 4YeThIpeXMEpHYIO KapTy € KOOpPAMHATHOH
obsactbio N = R4, nns koropo#

a<r<oo, 0LH<m,

< gL, — o0 < X< oo, (28.3.2)

rne a — nokKa ellle Heu3BecTHasi MOCTOsIHHAS.

Kak ofbiyHO, 3Ta KapTa He NOKpPLIBaeT Cpa3y H CEBepHHIH, H KXKHHI
nosiockl 8=0, m, a Tak:Ke «MeXIyHapOJHYIO JIMHHIO CMEHH 1aT» =
=4-11 Ha 11060 noBepXHOCTH r=const, x¥=const, 0HAKO 3TO0 MOXKeET
OHTb CAeN8HO JAPYrod TOYHO TaKoH »Xe KapToH, OpHeHTWPOBAHHO
TakK, 4YTo o0e OHH y»Ke NMOJHOCTbIO NOKpbIBaJH Gbl Bce TakHe NOBEpX-
HocTH. B panbHeiimieM noao6Has npouenypa GyleT npepnnosarartbes
aBTOMAaTHYECKH BHIIOJHEeHHOH KaAbli pas, KOT4a HCIOJIb3YIOTCA
nojsipHbie yrisl O H @; B 3ToM cJjydae ymnoTpeGJieHHe cJIOBa «KapTa»
B JEHCTBUTEJLHOCTH O3HayaeT HCNOJNb30OBaHHe MHOroo6pasHsi, cojep-
JKallero Jpe TakKHe KapThl.

[TokaxkeM Temepb, YTO Korla MeTpHKa paccMaTpHBaeTCsi TOJbKO Ha
NOBEPXHOCTH r=const, x*=const, OHa npHHHUMaeT BH]

ds® = A (d6° 4- sin? 0 dg?), (28.3.3)

rae A — MoJioXHTeNbHAs TOCTOsIHHAs, KOTOpask MOXET 3aBUCEThb OT r.
Urobbl nokasaTh 3To, 6yneM CUMTaTb 7, X* H @ NOCTOSIHHBIMH H pac-
CMOTPHM MeTpHueckyio ¢opMmy npu 0=0, ¢=0. Torna dst=AdO?*,
rie A=gy (r, 0, 0, x*); uToGb HaHTH ds? /st APyruX 3HaueHHH O U @,
HY>KHO TOJbKO TNpPHMEHHTL BpalleHHe, KoTopoe mnpeoOpasyer 0, ¢
B 0, 0. Ilockonbky MeTpHuKa HHBapHaHTHa, ds® AOMKHA NpeobpasoBbi-
Barbcsi B Ad0?, OJHAKO H3BECTHO, YTO JHHelHbId 3jeMeHT (28.3.3)
HHBApHAHTeH OTHOCHTEJBHO BparieHHH B cHcTeMe KOOpIHHAT 0, g;
c/efoBaTe/IbHO, opmyaa (28.3.3) cnpaBelJnBa Ha Bcell NOBEPXHOCTH.

BeaencTBHe CHMMETPHH, T. €. HHBAPHAHTHOCTH METPHKH OTHOCH-
TeJIbHO TNpeoGpasoBaHuii M3 rpynns G, Jerko M0KasaTb, YTO gGuy
MOXKET 3aBHCEThb TOJNBKO OT 7 H UTO B CyMMe g,,dx*dx’ He MoOxeT
OLITL UJIEHOB, CBA3HIBAOIIHX O WJAHW @ ¢ r nan x*. CrejoBaTeJibHO,
5Ta MeTpHKa HMeeT BHA

ds? =gy, dr -+ A (r) (d0? + sin® 0 dg?) - 2g,, dr dx* + g, (dx*)?. (28.3.4)
Ha GoJblinX paccTosiHUAX g~ 1, gu~—I1, g,,~0; oTciofa ciaeinyer,

B YacTHOCTH, YTO MO HempepbiBHOCTH Z47<0 npHu r GoJiblie HEKOTOPOTro
«pajnyca» ry (OueHb MaJloro, Kak OKaxercs nanee). Hakoneu, ans
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r=>r, 4ieH ¢ g, MOXHO yIalHTh BBeJeHHeM HOBOH NepemMeHHOH
x't=xt4 S (814/844) Ar

(8, @, z ocrawrcs 6e3 uaMmeHenus). Orciona
dxt =dx'*—(g;,/84) dr;

MOJCTAaHOBKA 3TOro BhipaxeHusi B (28.3.4) yHHYTOXaeT 4ieH ¢ drdx’
3a cyeT 106aBJeHus ABYX HOBBIX 4JEHOB ¢ dr?, KOTOpPble, OJHAKO, MOXHO
BKJIIOYHTb B MNEPBBI 4ieH g;;dr* (M3MeHUB g;;). [locne storo B ds?
OCTaHYTCsl TOJMBLKO JHaroHa/bHble 3JIEMEHTHl; TaK KaK [epBble TpH
yjleHa MOJIOKHTEIbHBL, a YeTBEPTHI OTpHLATeNeH, ds? MOXKHO 3anHcaTb
B BHIe

ds? =e* dr* +-¢¥ (d0? 4 sin? 0 dg?)— eB (dx*)?, (28.3.5)

rae @, B, y—@yHKUMH OT r, a y x* OmywleH IITPHX.

CrnesaeM Tenepb nocsefHee npeobpasoBaHHe, 3aMeHUB 7 HA 1’ =
= ¢¥/'2; Torga ef sameHHTCS Ha eB’, a e* (dr)*—mHa e¥ (dr’)?, rme o’
# P’ —dyukuun ot r’. CHOBA ONYCTHB LUTPUXH, B Pe3yJIbTATe MOJYYHM

ds? =e® dr? 4 r? (d6® 4 sin? 0 dg?)—eP (dx?). (28.3.6)

dra dopma 6bl1a ucxonHoi Ans lleapumnabza.
Oyukuun a(r) ¥ P(r) nosyuaroTcs Tenepnh CJAeLyOLUM OGPasoM.

Bhiucasitor TpexuuAeKcHbie cumBodisl Kpucropdens [uv, o] u {u°},
3aTeM KOMIOHeHThl TeH3opa PumaHa Ryuvps, @ H3 HUX —CBEPTKOH —
KOMIIOHEHTHl TeH30pa Puudn R,,. Bce 3TH BenuuuHB! BbIpaxaiorcs
yepes @&, [} M MX MepBele NMPOMU3BOAHBE, TaK uTO, noJaras R,,=0,
MH noaydaeM AdddepeHuHANbHbBIE YpaBHEHHS IS ONpelesieHus
a(r) u P(r). [ToxpoGHOCTH 3TUX AOBOJBLHO-TAKH JJHHHBIX BBIUHCJIE-
HUl vuTaTe/b MoxeT uaiiTh B Mool KHHUre no obmell TeopHU OTHO-
cutesbHocTH (Hanpumep, Tonven P. [1934] nau BeGep [1961]).
Okasanocb, 4TO

B=e=1—r/r, (28.3.7)

rge ro, — NPOHU3BOJIbHAS IMOCTOSAHHAs, KOTOPYIO HA3bIBAIOT paduycom
Lleapytuuavda n cunTaloT nonoxutenbHoit. (CooTBeTcTByIOIAs KapTa
¢ ry<<0 cefluac nosiBUTCA.)

B § 28.2 66110 yKasaHo, 4YTO Korjga MpOCTPaHCTBO-BPeMs fABJAETCH
MOYTH IJIOCKMM, METPHUKY MOXHO HHTeprnpeTHpPOBaTh B TepPMHHaX
S5KBHBANIEHTHOrO (KJaccH4YecKoro) rpaBUTallMOHHoro noasi. das r>>r,
noJlyyeHHas Bblllie METPUKA 3KBUBaJIeHTHa noJio KyJsoHa ¢ noteHUHaI0M

¢ ~—GM/r,
rge M—mnexoropasi apyras KoHcranta. CBsi3b MeXJAy KOHCTaHTaMM
M u r, Bbipaxaetcst GopMyJIOfi
o =2GM/c2. (28.3.8)



28.8. Kapmot llsapyuiuasda 267

[1pumenenne Metpuky [UBapuwmabna x 3agauam CosiHEYHOH cHc-
TEMH M K aCTPOHOMHYECKHM HabJIONEHHAM C LEJbI0 [pPOBEPKH Teo-
PHH OTHOCHTENIbHOCTH COCTABJISIET BAXKHYIO TIJIAaBY TEOPHH OTHOCH-
TesabHOCTH. Ecsin B (28.3.8) M Gepetcs paBubiM Macce Connna (2-10%8 r),
TO ry =3 KM. Hna r3>r, OpocTpaHCTBO-BpeMsi MOUTH COBEPIUEHHO
njockoe. Hnsa Touek BHytpu Counua, T. €. Ans r < Rp = 6.5-10° kM,
HYXHO HCHOJb30BaTb JAPYTYI0 METPHKY — GHYMPEHHION  MempPuxy
llsapyuiureda, B KOTOPOH YUHMTHIBAETCS, UYTO TEH30P SHEPTHH-HM-
nyabca Tyy oTaHYeH oT Hyasa. Tak kKak r,<€ Rp, OPOCTPaHCTBO-
BpEMsl OKa3hlBaeTCsl NOUTH MJOCKHM (IIPOCTPAaHCTBOM MHHKOBCKOTO)
BO Bcex Toukax BHe Connua, T. €. 448 r > Ry (a Takxe, Kak OKa-
3blBaeTcs, AJS BCEX TOUEK BHYTPH HEro), a TIpaBHTALHOHHOE [oJe
NOYTH COBHAZAET C KYJOHOBCKHM mnojeM. M jgelicTBHTEeNbHO, Kak
HECOMHEHHO MNOHMMAE€T 4YMTaTeNb, KOHTPOJbHBlE HabJIofeHHs1 Mpo-
fiBJeHHHA oOledl TEOPHH OTHOCHUTEJNBLHOCTH TpeGyIOT H3MEpEeHHH uYpes-
BhIUalHO Manbix 3(eKToB.

B 1nanHO# riase paccMaTpHBaeTcs IJ1aBHBIM 00pa3oM OIHA Mate-
MaTHuecKas 3afiaya ofllel TeOpHH OTHOCHTENbHOCTH, & HMEHHO 3a-
Jaya HaXOXJEHHs MaKCHMaJbHbIX paclUHpeHHH BaKyyMHBIX pelueHHH
(nono6HbIX BHeWHeMy pelueHunio [lBapumnabaa uaum peienuio Keppa
IJA 1oJa BOKPYr Bpamiawolieficas Macchl) Ha JpyrHe nycTble o6aacT
NpPOCTPAHCTBA-BpeMeHK. ACTpPOHOMHuecKasi HHTephpeTalds 3THX pe-
IIEHHH B TEPMHHAX «UYEPHHIX JbIp B NPOCTPAHCTBE» HJH KOCMOJOTH-
YeCKHX Mozesel 31ech He o6CcyxAaeTcs.

C 3Toro MoMeHTa GyIyT HCIOJb30BATbC TaKHe €IHHHIb!I AJHHLI
W BPEMEHH, uTO ry=c==1; BMecTo x* GyzeM nHcatb {. Torjza wBapu-
ILIHJIbJOBCKHH JIHHEHHBIH 3JIeMEHT UMEET BHI

ds*=(1—1/r)y=*dr*4r* (d9? +sin? 0 dg*)— (1 —1/r) dtz.  (28.3.9)

MoOXXHO MOCTPOHTL TPH KOOPIMHATHBIE KapThl, HCHOJBL3YIOHIHE 3Ty
MeTpHKY. [loka uTo Kaxiyio M3 STHX Kapt Mel OyleM paccMarph-
BaTb Kak OTJeJbHOe MHorooGpasue OiHwTedina. Jns onpeneneHus
KapTbhl HEOOXOAHMO 3ajaTb TONLKO 00nacTb N B KOOPAHHATHOM IIpo-
ctpanctBe R*, B KoTOpoil MameHstorca r, 0, ¢ u ¢{. OueBHAHO, |TO
MOCKOJIBKY CHHIYJAPHOCTH g,y HEOOXOJAHMO HCKJIOUHTb, TO HMEIOTCS
TOJIbKO TPH BO3MOXHOCTH:

N 1l <r< oo,

0<t<n, —n<p<n, —oo <Lt o0
N 0<r«l

9, ¢, t—Te xe, ut0o B N));
Ny —o0 < r<0

©®, @, {—te xe, uto B N)).
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Tlonyyarouecs KapTol Mbl 6yJeM HaspiBaTh Kapmamu (Llsapyuiuisda)
I, II u III coorBeTCTBEHHO.

Ecnu 3aMeHHTb r Ha —r, TO OGHapyxkHBaercs, uro kKapra [II—
3TO NPOCTO pelleHHe BOKPYr OTPHLATENbHOH ToueyHoH Maccel. OHa
ABJsieTcs MHoroob6pasueM DiHWITENHA, COTJIACHO TPHHATOMY 3]eCh
onpelesieHHI0, NpHUeM jJa)ke reole3MyecKH MOMHBIM B cMbicie § 28.6.
KoHeuHo, caMO 10 ceGe 3TO pelieHHe HeHHTEPECHO, MOCKOJNBKY OTpH-
nareJqbHBIX Macc, MO-BHIMMOMY, He cyulecTByer. OnHako B § 28.8 mul
ybeaHMcss B TOM, YTO Ha 4acTH MHoroobGpasusi Keppa, xoropoe npex-
CTaBJIsieT nojie BOKPYr Bpaulawollefics Macchl, MOXeT ObITb 3aJaHa
MeTPHKa, BecbMa M0X0Xasi Ha MeTPHKy Kaptwl III.

OTMeTHM MeXJAy NPOYMM CJeNyIollHe MOMEHTHI, Kacalollhecs 3a-
BHCHMOCTH oT BpeMenH. B 1923 r. I'. [1. Bupkrod nokasan, uTo
MeTpHKa KapTthl | mosmyuaercs faxe npH OTOpachiBaHHH NPEANOJIOKEHHS
O CTalMOHApPHOCTH. VIHaue roBopsi, MeTpHKa KapThl | sABJsieTcs enHH-
CTBEHHOH cC(epHUYeCKH CHMMETDHUECKOH METPHMKOH, aCHMNTOTHUECKH
IJIOCKOH Ha 6ecKOHEUYHbIX DACCTOSIHHUAX. DTOT pe3yJ bTaT MOJyyaercs
MPUMEPHO cJelylolwuM ofpasoM. Eciau ¢yHKuMH o u f (cM. BHlLe)
3aBUCAT He TOJIBKO OT 7, HO H OT {, TO BO3HHKaer 6oJiee CI0XKHOe obliee
peirente. OfIHAKO 3TO DellleHHE MOMXHO Bcerja npeoGpasoBarh B CTa-
MOHapHOe peureHHe (28.3.9) nmyreM TObKO npeoGpasoBaHHs KOOp-
auHar. Orciofa ciefyer, HanpHMep, YTO PaBHTallHOHHOE [10Jie BOKPYT
pagMaJsbHO NyJbCHPYIOMIEH 3Be3fbl cTauHoHapHO. Eciu roBopuTh Ha
A3blK€ TEODHH 3J1eKTDOMarHeTH3Ma, MOHOMOJIBHOTO H3JyUeHHs rpaBH-
TAlHOHHBIX BOJH HeT, KaK HeT M HX AMNOJBHOrO HM3JyueHHs, NOTOMY
YTO HeT OTPHUATEJbHBIX Macc; OJHAKO KBAAPYIOJBHOE I'DABHTALHOH-
HOe H3JyueHHE BO3MOXKHO, H, KaK [MOJarai0r, OHO CJYKHT EIHHCT-
BEHHO/I MPHYMHOH MOTepH 3HepruH nyJbcapaMH. HaKoHel, oTMeTHM,
uyTO MeTpHKa Kapthl Il He craumnoHapHa B CMBIC/Ie ONpefeseHHs, AaH-
Horo B Hauaje 3Toro mnaparpacga (BpeMeHHONOJOOHOH MepeMeHHOM
3Jech CHYKHT 7, a He f).

Onpenenenne chepHyecKoil CHMMETPHH, MPHHATOE BhIllE, HY¥KIa-
ercss B MOsCHeHHMH. Ecym P—npousBosibHas Touka MHorooGpasus M,
(x* duxcupoBaHo), a S (P)—MHOKECTBO BCEX TOYEK, B KOTOpbIE P
nepexoJHUT MmyTeM npeobpasoBanuil u3 rpynnu G, 1o S (P) ABAsAETCA
nmoBePXHOCTbIO r = const AByMepHoO#l H chepHyecKoH (1ByMepHOH cde-
poit) B caMOM OOBIYHOM cMelcsie. B oflieM ctepuyecKH CHMMETPHUYHOM.
MHOroo6pasHu 3Toro MoxeT H He OwbTh. [lycte M-—mHorooGpasue
rpynnsl SO (3), a G—rpynna JeBbix TpaHcasuuil ¢ (h): g — hg (vg)
B M. Toraa orobpakenne h— @ (h) OKasbIBaeTCs H30MOP(H3MOM
SO (3) Ha G. OnHako ecqH P—npoussosibHaA Toyka H3 M, TO MHO-
xkectBo S (P) Bcex TOYeK, B KOTOpble P mnepeHocHTcsl npeofpasoBa-
HuAMH M3 (, He JBYMepHO: OHO cOBMajaer co BceM M H, cJeloBa-
teqpHO, TpexmepHo. Kapra [ UIBapwumiabia sBasercs acHMOTOTH-
YECKH MJIOCKOH Ha GECKOHEUHBIX pACCTOSHHSIX, a4 3TO HAaKJaJblBaerT,
OYEBH[HO, JOMOJIHHTE/JbHOE OrpaHHueHHe Ha jefictBue rpynnel G Ha
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3TO MHOroo6pasHe, NMOITOMY BCce HHBAPHAHTHHIE MHOXKECTBA ABYMEDHHL.
Muoroo6pasue rpynner SO (3) KOMNAaKTHO, M [O3TOMY K HEMY He
NPHMEHHMBl HHKaKHe NONLOCHBIE OrPaHHYEHHs.

28.4. PACUWMPEHHUSA DUHKEJLLWTEAHA KAPT LUBAPLULWMIILAA

Ha xapre [ WBapummnibaa J. Punkenvwreiin [1958] BBesn HoBble
KOODAHHATHI

["=t+In(r—1), r, 0, ¢ Ges HaMeHeHHN, (28.4.1)

B KOTOpPHIX MeTpuuecKasi ¢opma (28.3.9) npunuMaer Buj
dst= (1 4+ l/r)dr*+r? (d0*+sin? 0 do®)— (1 —1/r) dt’? 4 (2/r) dt’ dr.
(28.4.2)

[Ipu r>1 1 NPH H3MEHEHHH { OT —o0 10 --0o ¢ TaKKe H3MEHsIeTCs1 OT
—o00 JI0 +o00; cJIefloBaTeqNbHO, 06JacTh H3MeHeHHs r, O, ¢, ¢ Ta xe,
yto H y r, 9, @, ¢ [lonyuarouascs KapTa NOKPBIBaeT Ty ke 06JacTh
npocTpaHcTBa-BpeMeHH, uTo Kapra 1 [lBapummmuabra, HO TONBKO ¢
IpyruMH KoopawHartamu. IIpu 3toM, oaHako, B (28.4.2) oTcyTcTByeT
CHHTYJISIPHOCTb NPH r=1; cJeloBaTeNbHO, JONYCTHB YMEHbIIEHHE r
10 0<<Zr<l, 3Ty KapTy MOKHO PacIIHPUTh L0 Kapmat | Purkeasvumeiina,
KoTopas ompezesnsieTcs ¢opmyJsoi (28.4.2) Ha obsacTu

Ng, i: 0<r< oo,
0, —n<Cop<n, —oo Lt < oo.

dra KapTa NOKpbIBaeT OOJblIy0 O6JacTb NPOCTPAHCTBA-BPEMEHH, uyeM
IUBApULIH/IBAOBCKAA KapTa [, Kak cXemaTHuecKH MOKa3aHo Ha pHc. 28.1.

Kapra I PunkenswreinHa

/)

- )

Kapta 1 LUBVapuwunb,na
Puc. 28.1.

[Tpu nomouu apyroro npeoGpa3oBaHHs
" =t"—In(1—r), (28.4.3)

NPUMEHEHHOIO K 3alITPHXOBAHHON uacTH KapThl (PuHKesbluTefiHa (TIe
0 < r< 1), nonyuaerca xapra Il Ilsapummibaa (B nepeMeHHBIX 7,
8, @, t"), cnemoBatenbHo, Kapta PUHKeJbIITeHHA CONEPIKUT N0 OJHOH
konuu Kaxjgo#h us KapT | w 11 Ileapwnmabaa. OpHako 3To He
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NpoCcTO fpolelypa ucKaoueHus Oapbepa r=1 B merpuke (28.3.9);
yToGbl yOEAUTbCS B 3TOM, pPacCMOTPHM MPOCTPAHCTBA € KOODAHHa-
Tamu ¢, r 1 t', r (KoopAuHaTel 0 U ¢ QuKCUpylOTCA), NpelcTaBJeH-
Hele Ha puc 28.2. Korna npamasa €’ B kapre PuHKesbluTeifiHa HIeT
BHM3 K r=1, cooTBercTBylomaa Kpueaf ¥ B kapre UlBapummninaa

A rA

s s e e

0 0

» ———

Puc. 28.2. Cnesa — xapra [ [Bapuwuasia, cnpasa — Kapta I ®uukeasiutefina.

(6 n €’ OpeAcTaBAAIOT OJHY H Ty Ke KPHBYIO B IPOCTPaHCTBe-Bpe-
MEHH) YXOAHT K = +- co H, CJeJloBaTe/]IbHO, He MOXeT ObiTb Npo-
JIoJKeHa jlanee, TOCJa KaKk MCXOAHYIO KpHBYIO %’ MOMKHO NpOAOJ-
#uTb Jo r =0.

Bosee Toro, Bmecto (28.4.1) MoxHO wucnosb30BaTh Apyroe Ipe-
obpasoBaHHe

" =f—In(r—1),

KoTopoe B npumeHeHHH K MeTpuke IlBapumnsapna naer (28.4.2),
TOJbKO BMecTO useHa - (2/rydt’dr mnonyuaetca —(2/r)dt’’’ dr.

KapTa | Puskensvwtetina

_ .

—
KapTa Il Punkenbwrenqa

Puc. 28.3.

Takaa kapra (re 0 <r < oo) HaseiBaercs xapmod 11 Duuress-
wmelina. B 3ToM c/yyae KpHBas, COOTBETCTByiollas KpHBOH % Ha
puc. 28.2, yXOMUT K {=— 00, a He K [=- 0o, C/€J0BATEJbHO,
370 pacimhpenne Kapth I I[llBapnwmnabpia naet eme onHy ofsacts
NPOCTPAHCTBA-BPEMEHH, KaK CHMBOJHYEeCKH H300paxeHo Ha puc. 28.3.
MoxHO noJyYuTh GECKOHEYHOE YHCJIO AasbHeMIMX paclMpeHuil nyTeM
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T0CJ1eJ0BAaTEILHOrO MOOYEPEJHOTO HCIIOb30BaHH I ApeobpasoBaHHi BHIA
t—t+In(r—1) u t—t 4 In(l—r) Ha narepBanax (1, oo) u (0, 1)
nepemeHHofi r. Bclogy Ha MHoroofpasusix, ONHCaHHBIX TakHM ofpa-
30M, ypaBHeHHe mnossi DHHIUTERHA CBOAMTCS K YpaBHEHHIO BHIA
R,.=0, a ux curnartypa pasna 2.

28.5. PACLUMPEHHE KPYCKAJIA

Ha xapre I Ileapummuabia ¢ Merpukoit (28.3.9) M. Kpyckaxn [1960]
BBEJl CJIELyIOHEe HOBble KOOpIHHATH 4, 6, @, v

u=)Vr—1e’?ch (¢12),
0, ¢ Ge3 H3MeHeHHH, (28.5.1)
=V r—T1e72sh(t/2),
B KOTOPLIX METpHuYecKas KBaipaTHyuas (opMa APHHHMAaeT BHI
ds®=f(u, v (du*—dv®)+r (u, v)?(d0®+ sin? 0 de?), (28.5.2)

rie f M r—HeKOoTopble QYHKIWH, TpHYEM r ONpejenseTcs Kak moJjo-
KHTEJbHOE peIleHHE yDaBHEHH$

[r(u, v)y—1]er« o=u—v? (28.5.3)
a [ sapnaetcs ¢opmyJiof
flu, v)2=[4/r (u, v)]e~" @ v (28.5.4)

Kapra 1 HlBapuiunibia cOOTBETCTBYET CJAEAYIOMMM WHTEPBAIaM H3Me-
HeHHs nepeMenHbx: 4 >0, —u<v<u (0 v @ MeHstoTCH B 0GBIY-
HbIX Tpejesax), T. €. COOTBETCTBYeT 3aIUTPHXOBaHHOMY Ha pHc. 28.4
KBajIpaHty, ofo3HayeHHomy uudpoi [. Ilpu sTOM, OnHAKO, MeTpH-
geckas ¢opma (28.5.2) okasbiBaercsl pelueHHeM ypaBHeHHs R, =0,
He CHHTYJspHA H HMEET CHrHaTypy 2 Bcioly B 6ojee LIHPOKON
obsacTH

Ny: — oo L u<L oo, 6, p—Kak OOGBLIYHO,
—VTFE<v<V T+,

KOTOpasi COOTBETCTBYET Bcefi 06J1acTH MexAy CIMIOWIHBIMH KDHBbIMY
Ha puc. 28.4, cocrosimeil H3 ofnacTei, 06O3HAYEHHBIX [, I, I[wll.
Kamxnas us obaacteli / w I’ — 310 komun kaptol [ IlBapummabia,
a obaactu I/ u II' — konun kaptel 11 [Bapumnabia. Jlo6ele ape
cMeKHble 06/1aCTH (M3 5THX YeTblpeX) COCTABJAIOT OAHY H3 KapT DuH-
KeqbliTeliHa, a Hadamo koopaHHAT (u=v=0) — 3TO HeKoTopas TOYKa
(1POCTPAHCTBA-BPEMeHH, KOTOPYIO HH OJIHA H3 STHX KapT He MOKPbIBaeT.

(28.5.5)
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Kpyckan nokasan, uto MHoroo6pasue K, mopoxjgaeMoe MeTPHKOM
(28.5.2) 1 obnacTblo u3MeHeHH# (28.5.5) nepeMeHHBIX u, ¥ ¥ Ha3bIBaeMoe
MmHozo00pasuem Kpyckara, sBAsieTCs: MaKCUMaNbHBIM  PaclUHPEHHEM
kapT HlBapummnabia B cMbicjie ONpejesieHHs, KOTopoe GyIeT mnpu-
BeJIEHO HHXKe.

Puc. 28.4. ImarpaMMa MHoroo6pasua Kpyckaia.

28.6. MAKCUMAITBHBIE PACLLMPEHMUS.
FTEOQE3UYECKASA NOJNHOTA

OrnuuurenbHolt yeproit MHorooGpasus Kpyckana K sasnserca cre-
Aywolee ero CBOHCTBO: reofieanveckas ¥, ufyulas H3 6ol TOYKH
x*(0) B HauasbHOM HamnpaBJeHMH, 3aJaBaeMOM JIOGHIM KacaTesbHbIM

BeKTOpoM xH(0), Jm6o MOXKET NpOAOMKATLCS B MHOTOOGPAsuMH  JO
CKOJIb YTOAHO GOJBIUMX 3HAYCHHH HaTypasNbHOTO mapaMetpa A, JHO0
NMpH HEKOTOPOM KOHEYHOM 3HAUeHMM A CTONKHETCH C HeyCTPaHUMOi
ocoGeHHOCThIO ).  Jllo6oe MHOrooGpasume ¢ TakMM CBOHCTBOM OyjeT
Ha3bIBATBCS  200e3UMECKl NOAHbLM (HEKOTOPBIE aBTOPHl  HCIOMb3YIOT
STOT TEPMHH HECKOJbKO B MHOM CMBICJE; cM. damuc [1972]).

1) ¥ amropa genuine singularity. —pum. nepes.
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Hon xeyempanumoti ocobernocmpro (CuneyaapHOCMbIO) TIOHUMAETCA
HeKOTOpas TOYKa MJIM MHOXECTBO TOYeK, rje ofpamiaercs B GECKO-
HEYHOCTb HEKOTOpLI HHBapHAHT KPUBH3HH (T. €. HEKOTOpBIl cKansp,
NOCTPOGHHBI 1O QYHKUUAM guy U UX TIPOM3BOLHLIM PasIUYHOTO
nopsaxa). OT 0co6eHHOCTH TAKOrO COPTA HENMb3sl U3GABUTLCH MyTeM
3aMeHbl KOODJAMHAT, MOTOMY YTO YKa3aHHHl ckansap, OGyAy4Yd HHBa-
pPHAHTOM, CTPeMHTCSl K GECKOHEYHOCTH B J0OOH CHCTEME KOOPJHHAT
TpH TPUGJHKEHHH K STOH TOYKE MJH K 3TOMYy MHOXECTBY TOYEK.

Jloka3aTesbCTBO reofie3HYecKOH MOMHOTH MHoOroo6pasus Kpyckana
3JIeMEHTapHO, HO I'poMo3fiKo. (CHayaja TMOKas3blBaeTCs, YTO KPUBblE

r(u, v)=0 Ha NJIOCKOCTH 4, U COCTOSAT M3 HEYCTPAHHUMHIX O0COOBLIX

ToyeK. HeTpyJHO OTLICKaTb M CKaJdsipbl KPHUBHM3HHL, CTpeMsiuiuecs K
GecKOHeyHOCTH TpH r (u, v) — 0. CkaJsipHasi pUMaHOBa KPHUBH3HA R
TaKOBbIM OLITL HE MOXKeT, NockonbKy R ==0 Ha K, ofHaKoO ckaisp
RogysR*¥, rne Ragys—TeH30p Pumana, pasen 6[r (u, v)]™* u no-
3TOMY CTPeMUTCA K GeCKOHEUHOCTH mpH r (u, v)— 0.

3unavenune ¢ynxkyuu r (1, v) Ha MHoroobpasuu Kpyckana pasuo
3HAUEHUIO Koopdunamet r Ha MHoroo6pasusx lleapuummabga. Ecau
r—nojsfpHas KOOpAHHAaTa, TO B paBeHcTBe r=0 BUAAT mpencTas-
J€HHE  OJHOH-eIMHCTBeHHOH ToykH. OIHaKo Ha MHoOrooGpasuu
Kpyckana ypaBHenne r(u, v)==0 ompelenseT ueayil0 KpPHUBYIO —
runepboity, naobpaxeHHyio Ha puc. 28.4. B awbom cayuae, onnako,
5Ta «TOYKa» MJM 3Ta «KPHBas» He NPUHaLIeKAT HH MHOrooGpasuio K,
HH KakoH Obl TO HM ObIO OGNaCTH OMHMCHIBAEMOIO MpPOCTPaHCTBA-
BpeMeHH. BeposTHO, Bonpoc o TOM, fIBAfieTCsl JIU OCOGEHHOCTbL «TOY-
Koil» MM «KPUBOH», He MMeeT (PU3HYECKOr'o CMHICJIA.

Hanee Kpyckan nokasan, 4to Asia reofesudeckoii ¥ B K ¢ npo-
u3BoJbHbIM x* (0) M mpousBonbHbIM x*(0) r (4, v)—0 na € maubo
npu A — A, 1/ HEKOTOPOI'O KOHEYHOTO Ay, JIMGO NPH A — oo BAOJD €.
CresoBaTesibHo, K — reojie3MyecKu mosHoe MHoroo6pasue. Ha kapre 1
(uau - 11) IlBapumMabia MMeOTCA Teofie3hyeckHe, NS KOTOPBIX 7 —»
—1, a {— - co Npd KOHEUHHIX 3HAYEHHMAX HATYPaJbHOrO TNapa-
metpa A. IlocKOMbKY A—(U3HYECKH OCMBICJEHHbIH MHBapHaHT, TOrAA
KaK KOOpAMHaTH r, 6, ¢, { COBepIIEHHO MPOU3BOJIbHLI, NPEICTABIA-
eTcA OYEeBHJHBLIM, YTO NO/KHA ObITb BO3MOXKHOCTL NPOJOJIKEHHS 3THX
reofie3HYeCKHX Ha HEKOTOpHe APYTHe KapThl, © MMEHHO 3TO JOCTH-
raetcsi npM pacwupendu Kpyckana.

28.7. APYITUE PACUWMUPEHUA MHOTOOBPA3UN WBAPLWMNLAA

Paccmorpum BmecTo mpeoGpasoBanus (28.5.1), Beemennoro Kpycka-
JioM, CJefyiomee npeobpasoBanue r, 6, ¢ u { B E, 0, ¢ u n:

§=(r'— l)ery
0, ¢—06e3 H3MeHeHMI], (28.7.1)
ne=(r—1)e sh(s).
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Torna metpuxa leapumunapaa (28.3.9) npumer Bua

et

1)
4 = m @t [E (d&2—dn?) 4 2n dE dn]+
47 (€)2[dO? +-sin? O.dg?],  (28.7.2)

rie ¢yuxuusa r(8) ans moboro § >-—1 3anaeTcs Kak NONOXKHTENb-
HOe pelleHHe ypaBHEeHHs

E=[r(5)—1]er®. (28.7.3)
OGo3naunm uyepes K’ wmHorooGpasue ¢ Merpukoil (28.7.2), ompene-

JfeMoe KapTodl CO CIeAYIOIMMH HHTepBaJaMH H3MEHEHHS [epeMeH-
HBIX:

N,: —1<§<w9
— oo L < oo,
0, ¢ —xkak obmbIuHO.

} (32 HckmoueHHeMm §=1=0);

dro MHorooGpasHe COXEPKHUT MO OAHOH KOMMH MHorooGpasuii 1 u Il
[lipapuwnabia, npHyeM HM COOTBeTCTBYIOT oOnacTH 0 < E < oo W
—1 < E<0. Janee mb ybemmmcss B TOM, 4TO MHOroobpasue K’
MaKCHMaJbHO, T. €. €ero HeJb3s paclWIHPHTb 10 OOJBbLIEr0 MHOrO-
ofpasus; MO3TOMY, BO3MOXHO, OHO TOKaXeTCs TNpeLNOYTHTeNbHEe
MHoroo6pasus Kpyckana u3-3a Gosbimell npoctotst ¢opmys. OnHako
3lleChb CHHIYJAPHOCTb B Touke E=1 = 0 ofycjoBIeHa CHHIyJsp-
HOCTbIO CHCTEMBI KOOPAHHAT H NOITOMY fABJSETCR YCTpaHHMON, OKa-
3bIBA€TCH, YTO BCE€ HHBAPHAHTHI KPHBH3HB HMEIOT KOHEYHBIE Npelesibl
NpH NpHOJHKEHHH K Touke E=m=0

MHoroo6pasue K’ ofnagaer cBoficTBOM 00paileHHs1 BPEMEHH.
Muaue roeops, ecan tga oGo3HauaeT HakJoH di/dv HyJeBol reole-
3HUeCKOH B IJIOCKOCTH &, m (reolesnyeckol, Ha KoTropofl ds?=0 mpH
noctosHHEIX O H @), a tgf ects npocto &/m, To H3 (28.7.2) BHIHO,
4TO

tgp(l—tg2a)=21tga,

YyTO 3KBHBAJEHTHO paBeHCTBY tg B=tg 2. CnenoBatenbHo, ecan we-
KOTOpas TOYKa Ha IJIOCKOCTH &, m coBeplliaeT ofHH 000pPOT MO 4acOBOf
cTpenKe BOKPYr Hayasa KoopauHaT E=n=0, To § yBenuuupaercs
Ha 2n, a2 o — TOMbKO Ha @, T. €. HalpaBJIeHHS HYJEBbIX reojesHye-
CKHX H3MEHAIOTCA Ha MPOTHBONOJOXKHbIE.

$ICHO, UTO CHHIYJAAPHOCTH THNA CHHIYJSPHOCTH B ToYKe E=n=0
Ha MHOroo6pasuu K’ $hH3HYeCcKH HempHemyieMbl; BOOOILEe MaKCHMAJbHOe
pacluMpeHHe 3ajaHHOro MHorooOpasHa IDHHWTefiHa He HMeeT (GH3H-
YECKOro CMbICJ/Ia, €CJIH OHO He fBJISETCS re0le3HUYecKHd MOTHBIM.

[lpupona cuHHrynsprocTH B Touke §=m=0 HccsenyeTcs najee B
yrnpaxHeHHsX.



28.8. Mnoeoobpasun Keppa 275

YPAXKHEHUS

1. Ilycte M~—aByMepHOe MHOroo6pasue; COCTOsllLee H3 OJHOH KapTH, METPHKA
Ha KOTOpoH 3ajaHa QopMyJof

ds® =[§ (dE>—dn®) -2 d€ dnl/(E*+0?) (28.7.4)
Ha 06/1aCTH KOOPAMHATHOFO NMPOCTPAHCTBA
N=N,: —w<f<w,

3a uckaioyennem §=n=20).
o << }( E=0=0)

[Noraxure, yuto M—mnnockoe MHOroo6pasue (T, €, 4TO Rgpys == 0) ¢ Hys1eBOI CUrHa-
TYpod H, cJIefoBaTeJbHO, JIOKaJbHO MHHKOBCKoe, [lokaxHuTe Takxe, uto B MecTb
ofpalieHHe BpEeMeHH.

2. HafiauTte reoflesnueckie Ha MHOroo6pasuu M H3 NpeJblAyLUero ymnpaxHe-
nus. [lokaxute, 4TO0 KOrfla reojlesudeckas ¥ HAeT K o Ha ILTockocTH E, 7,
HaTypanbHbil MapameTp A Ha § CTPeMHTCH K 4 ®, B TO BpeMsl KaK NpH npu6mu-
MEHHH TOYKM FeOofe3HYeCKOH K Hauyasy KOOpAHHAT A CTPEMHTCS K KOHEUHOMY 3Ha-
yennto. [eofleauyeckue, AT KOTOPHIX UMEET MeCTO NOCJAeAHHH cayuall,—3To JyuH
E=rcosa, N=rsln @, a—noctosiuHasg, a 7 > 0,

Yxasanue. DT ynpaXKHeHHsl CTAHOBSITCS TPHBHAIbHBIMH, €CH NEpediTH K HO-
BLIM NepeMeHHbIM X, f, TAKUM, 4TO

E=x2—1, n=2xt (28.7.5)

DTH KOOpAMHATH MOXHO ONHCAaTb TaKXe Ipeo6pasoBaHueM &§--in= (x-i{)?,
OTKYAa fCHO, 4To ds?==dx®—d¢2, [lpeoGpasoBauue §, 1 — x, ¢ ABY3Ha4YHO, OAHAKO
ero MOXHO CHeiaThb OHO3HAYHBIM B JIO6OH OAHOCBASHOH 4YacTH ofuacTu N 4,

3. INpeo6pasosanue (28.7.5) x, ¢ —E, 7 npeBpalaeT NpokomoTyio (x, {)-
IJIOCKOCTb B JBYJUCTHOE HaKphIBalolliee MHOroo6pasme Muoroo6pasus M. Pac-
CMOTpHTE ApyrHe HakpbiBalowie M MHOroo6pasus M NOKaXXMTe, YTO ABYJHCTHBIMH
ABNAIOTCA TOMBKO Te€ M3 HHX, KOTOpble HMEIOT reOfe3HYeCKH IIOJMHOe pacluupe-
HUe (0JyyaeMoe BO3BpalleHHEM BBIKOJOTOH TOYKH B Hadaje KOOpAMHAT (x, {)-
IJIOCKOCTH).

4. HUcnosnbsys aHanoruyHoe npeobpa3oBavhe u, v B &, 1, 3alaBaeMoe ¢op-
mynolt & in= (¢ iv)?, nokaxute, 4to mHOroo6pasue Kpyckana K, u3 Koto-
poro yaaneHa Touka u=v=0, o6pa3yeT QBYZHCTHOe HaKphIBaloliee MHOrooGpasHe
MHOroo6pasust K', onpejeseHHoro B Hayasne RasHoro naparpada. [lokaxure, uto
HauGosee ofwee HakpuBatomee K’ MHoroob6pasue CONePXHT f KOMHHR KapTel |
llsapumuabia B # gonud kaptel [I [IBapummabia, Fle #-—NOMOXHTENTbHOR
Lesoe YHCJAO0 WK oo. [ToKaxHTe, Y4TO 5TO ABYIHCTHOE HAKPBITHE ABJSETCS eHHCTBEH-
HHIM, KOTOPOE MMEET reoJe3HUeCKH OMHOE PacilypeHHe (MoMyyaeMoe BO3Bpa LEHHEM
HasaX Toukd u=v=0). [Tockonbky npoekuus K Ha K' coxpaHseT METPHKY, Oue-
BHJHO, YTO BCe MHBapHaHTH KPHBH3HE B K’ HMeIOT KOHeUHBIe ITpeJeJibl IPH NMpHEIH-
MeHUK K ocoGofl Touke §=n=0.

28.8. MHOTOOEPA3MNA KEPPA

OcecuMMeTpHUHOEe pellleHHe ypaBHeHHA noas R,,=0 B nycroM npo-
crpaHcrBe Gblto noaydeHo Keppom [1963]; sTo pelneHnHe MOXHO HH-
TepnpeTHpPOBaTh, NO KpaHHed Mepe, BO BHeHeH 0ONACTH, KAk pere-
HHe U1 o/ BOKPYr Bpauawmedcs 3Be3[bl. JTa METPHKA ACHMNTO-
THYECKH MHHKOBCKAasi Ha GOJIbIIHX DACCTOAHHAX 7, KaK H B pelleHHH
Mlpapuwinnbaa. Ha GonbmHX, HO BCe-TAKH KOHEUHBIX DPACCTOAHHAX
MeTPHKAa CONEepPXHT UjeH, NPeACTaBIAMILHA HLIOTOHOBCKHH NMOTEHLHA
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—GM/r, xak u B pewennn [IBapumuasaa (M — macca 3Besfsl), a
TaKke 4jIeH o/r? ¢ YIJIOBBIM COMHOMHTEesJeM (o — MOMEHT HMIyJbca
3Besspl). [Samewarue. ITo uMcTO pensiTHUBUCTCKHE 3(peKT, OH BO3-
HHMKaeT BCJIEJCTBHE HAJHYHA IJIOTHOCTH HUMMYJbca OV MaTepHH B Om-
pefeleHHBIX KOMIMOHEHTaX TeH3opa 3HePTHH-HMNyJabca T, NpaBol
yacTH ypabHenus (28.2.6). Knaccuueckoe ypaBHenue IlyaccoHa Takux
5hpeKTOB HEe MOPOXKAAeT; COrJIACHO KJACCHYECKOH TEOpHH, BpalleHHe
BO3JEHCTBYeT HA TIPABHTAlLHOHHOS TOJI€ KOC6EHHO 34 CUeT CIIIOIIEH-
HOCTH Bpallamllelics 3Be3/bl, OAHAKO 5TO BO3JeHCTBHE U3MEHsIeTcs Kak
1/r#.] Cefiuac Mbl pacCMOTPHM 3TO pellieHHe, He BBISICHSAS ero NpoHCXOX-
JleHHe B He 00OCHOBBIBAd ero.

Hns omucanus Mmuoroofpasus Keppa HMcnonnsyloTcsi KOODIHHATHI
t, x, y, 2. (Ilpenynpexnaem unTaTesd, 4TO 3Jech, KaK M B JPYTHX aHa-
JIOTHYHBIX CJIyY4asiX, 3TH KOOPAHHATBHI MDOM3BOJBHBI H, CKAKEM, X, Yy
H 2 He CJelyeT HMHTEPNPeTHPOBATh KaK [EKapTOBH KOOPAHHATHI, a
t — kak Bpem#.) Bribepem Takue eiMHHUBl H3MepeHHs, uToGwl 2M, G
U ¢ GBI paBHBl | (B TOM coydae eJHWHHIeEH AJHHBL CJOYXKHT DajHyc
MIeapuwunnna 2MG/c?): Torna MeTpnqecKaH dopMa uMeeT BHJ

dst=dx*4-dy? 4 dz2 4 4+a2 1 (R, dx*)2—di?,  (28.8.1)
rie

k, dx =% dz + H2%(-(1-2@ dx+ydy +—pﬁ (xdy—y dx)—dt (28.8.2)

H p=p(x, y, z)—(yHKIHA, HEABHO ONpEAEJNEHHAs ypAaBHEHHEM
(4 y3)(p* +a*) + 2%/p*=1. (28.8.3)

Ocb BpameHHs COBMajaeT C OCbK Z; a-—TMOCTOSIHHAS, PaBHAS YIBO-
€HHOMY OTHOILIEHHI0O MOMEHTa HMMNyJbca K Mmacce (B MPHHATHIX €/H-
HHuax HuaMmepeuus). Hua GricTpo Bpamammuxcs 3Besf a>1 a s
MeIJIEHHO BPAallaloOUINXCH 3Be3[ a MOXKET ObITb BEJHUYHHON mopaaka |
HWIH Ja)Ke MeHbIIe.

3TOMY pelleHHIO MOI'YyT COOTBETCTBOBATH PA3THUHBIC KAPTHI, Ok pyx-
HOocTh X*4-y?*=a?, z=0 sBnnercs ocobol: Ha HEH R ypysR*PY® — oo.
Ona COOTBETCTBYET CHHTyJsipHocTH npn r=0 B pewenun Kpyckana,
M JeHCTBHTEJbHO 3Ta OKPYXKHOCTb CTATHBAeTCSl K HayaJly KOOpPAH-
war npu a — 0.

YpaBuenue (28.8.3) uveeT aBa KOpHS (X, Y, 2) MPOTHBOMOIONK-
HOTO 3HaKa B KamJoll TOYKe X, 4, z, 32 HCKJIOUEHHEM Kpyra x2 -
+ y2< a? 2=0, rae p=0. Tlpy NpOXO’KAEHHH TOUYKH X, Y, Z UEPE3
3TOT KpPyr HeoOXOAHMO NepeHTH OT OJZHOTO pellleHHsl K APYToMy Tak,
yTOObl COXDAHHTL HENPEPBIBHOCTL MPOHM3BOAHBIX OT g,,,. IDTO JOCTH-
raeTcs BBeJeHHeM cieayowux kapt M, ..., M,. Ha kaxnoit us
HHX ds® Boipaxkaerca qopmynofl (28.8.1), HO B KaxIOM C/Iyuae 3HAK
p(x, y, z) onpenensercs 0cobo.

Haa M; N={Bce x, y, 2, t}— {22+ > <a? z=0},
p(x, y, 2)>0. (28.8.4)
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Buipaxkenne paa N osHauaeT, uTo N cOBmajaet co BCEM MpOCT-
pancTBoM R*, H3 KOTODOTO HCKJIOUEH 3aMKHYTBHIH LEHTpadbHBIA KPYT.
Ilo anamoruu c Teopuel yHKUHH STOT KPYT HasblBaeTCs paspesom ).

Has M, N to xe, uto ana M;, p(x, y, 2)<0. (28.8.5)

JBe caenytomue kapthl cBassiBaior M; u M, yepes BHIpe3anHbIH KPyT.
Koopaunarnas o6nacte N and HHX MoIVIa Gbl GbITH JIIOGOH OLHOCBSI3-
HOH 06sacTbio, COAEpIKAILEH OTKPBITBIA KPYr (KOHEUHO, 0653aTeNbHO
He cojep:Kauleil TPaHHYHYIO OKPYMKHOCTB). Ee MOxHO 6bl10 6B B3ATb
B BHJAC TOHKOH IJACTHHKH, HO MpPOCTOTBI pajH Mbl BO3bMEM B Ka-
yectBe N Bce mpocTpaHcTBo R*, B KOTOpOM cpenaH paspes Mo BHEII-
HEH 4acTH YKa3aHHOro OTKDBITOTO Kpyra B MJOCKOCTH X, Y.

Hna My N={Bce x, y, 2, t}—{x*+y*=>a? z=0},

signp (x, y, 2z)=signz. (28.8.6)
Jdnas M, N t0 xe, uto ¥ naa M3,
signp (x, y, z)=—signa. (28.8.7)

Kapra M, cornacyerca ¢ M; npu 2 >0 u c M, npn z <0, B TO
BpeMst kak M, corsacyercs ¢ M; npu 2< 0 u ¢ M, npu 2> 0. Ipy-
cBA3HOE MHOroof6pasHe M, MOXKHO Temepb MOCTPOUTL TPH MOMOIIH

oToGpaKeHHH
M,
V (z<0)

M3 M4)
(28.8.8)
(z<0) (z>0)

M,

rie Kakjoe OToGpaKeHHe Ha AHarpaMMe COBMalaeT C TOXAECTBEH-
HBIM OTOOpaKeHHeM

t—t, x—Xx, Yy—y, z2—2

B COOTBETCTBYIOWEM noaynpocTpaHcTBe (>0 unu 2<<0). B 3ToM MHO-
roo6pasun nobas To9Ka MOXKeT ObIThb BO3BpalleHa B HCXOAHOE MOJO-
JKeHHe Tocsie IBYKPaTHOrO «HaBUHIHBAHHSA» HA OKPYKHOCTb x2-{y2=q?,
z==0.

JlanHoe MHOToOOpasne M COLEp:KUT ABe aCUMNTOTHUYECKH IJIOCKHE
06J1acTH, pacrnpocTpaHAiomuecss Ha GEeCKOHEUHOCTh: ANA ofenx |p[>>
>max {l, a}; ana oauolt p=>0, a ana apyroi p<<0. Ileppas M3 HuX
npejcTasiseT (Ha GOJBIINX PACCTOSHHAX) TPaBUTAUMOHHOE IoJie He-
KOTOPO# MOJNOXKHTENbHOM Macchl (pPaBHOH 2 B OpPHHATOH CHcTeMe

1) B opurunane branch cut.— ITpus. nepes.
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€IMHHI), a BTOpas — MojJe OTPHUATEeJbHON Macchl (paBHOH —%2).
O6e sTH 0071aCTH COEUHSIOTCS LEHTPAJBLHBIM KPYTOM.

PaccMoTpeHHe reojiesMueckuX MNokasbiBaeT, 4YTo MHoroo6pasue M,
reojie3vuecky MoJaHo npu |a|>>%, Hoe He nmonHO mpu |al<¥. Paciun-
peHue 3Toro MHoroo6pasus Ao OOJblUero W reoNe3HUYecKH MOJHOTO
MHorooGpasua npu |a|<<% ocywecrBneHo Boftepom u JIuHaKBHCTOM
[1967]. TToanyuaiomeecss MHOrooGpasue NOBOJBLHO CJIOXKHOE, H MBI Mpes-
JlaraeM 4MTaTeNl0 O3HAKOMHMTBCA C €ro OMMCAaHHeM Mo yKa3aHHOH pa-
6oTe, a 31€Ch OrpaHUYMMCH aHAJOTHEH MEXKJY ONMCAHHBIM BHIE MHO-
roo6pasueM M, u kapramu @uHKeablutefiHa,

Jasa uccrenoBaHus METPHKH Ha GOJBIIMX PacCTOAHUAX (NpH 607b-
IIHX p) yHAOOHO BBecTH chepHUYECKHe KoopauHaThl r, O, ¢, 3anMchl-
Bass z==rcos® W T. I. H, Kak OObIYHO, HAnoOMHHasi, 4T0 HeobA3a-
TEJILHO HWHTEPNPETHpOBaTh r KaK paaualbHyw KoopiuHaTy. [las
GOMBbIINX MONOKUTENbHLX P (28.8.3) nokaswiBaer, uto p ~ r. [lanee,
u3 Beipaxkenua (28.8.2) caenyer, uro k,dx* ~ dr—dt, a n3 (28.8.1)
B NPUOIMMKEHUU P & I CJIEAYET, 4YTO

dst = (14 1/r) dr? + r2(d92 + sin? 0 dg)— (1 — 1/r) dt*—(2/r) dr dt,

a 370 M ectb Mmerpuka (28.4.2) kaptm | Ounkenswreitna. Muaue
rosops, B npenene a=0 dopma (28.8.1) naer B TouHOoCTH KapTy |
QuukenblTelHa; CIENOBATENBHO, MJIA MajblX a CJAENYeT OXKHIATh,
YTO 3Ty KapTy HYXHO GyleT LOMOJHHTL ADPYroi €e KomHeH u AByMmA
KOMHsSMH HEKOTopoH KapThl, Kotopas npu a=0 cBonurcsa K kapre 11
QunkesbliTeliHa, NpHUeM OGBENHMHEHHE 3THX KapT BBINOJHAETCA Tak
Xe, Kak obbenuHeHHe kKapT PHHKesbliTeHHa B cjyuae MHOrooGpa-
a3usi Kpyckana. YkasaHHBIE KapThl MOJyYaloTCA MyTeM H3MeHeHHsd
3Haka df B dopmyJse (28.8.2) ana BeJHUMHBI &, dx*.

B cuny srtoro mmelorca ABa BapHaHTa MHorooGpasust M,, moiy-
yeHHBIX 1o cxeme (28.8.8) B CoOTBETCTBHH co 3HaKoMm df B (28.8.2);
o6o3Hauum ux uepes M; u M{; oba oHM conepaTcsi B reoiesu-
YeckH TMOJHOM MHOrooGpasuH, KoTopoe noctpousn Bodiep u Jluna-
KBHCT.

28.9. 3AJlAYA KOWM

3anava Kown a1 ypaBHeHMH DHHIUTEHHA B MyCTOM [POCTPAHCTBE
uMeeT OfHO oflee ¢ 3anadedl Kown nia ypaBHeHu#t MakeBessa cBO#-
ctBo. HanomHum, uro nBa ypaBHeHHsi MakcBe/la, a HMEHHO

V.E=0, V.H=0, (28 9.1)

MOKHO paccMaTpHBaTb KaK YHCTO HauyasbHOE YCJIOBHE; €M 3TH yC-
JIOBHSI BRINOJMHAWTCH NpH {=0, TO M3 OCTaJbHLIX ypaBHEHUH

OE/0l = — cVXH, OH/dt=cV XE (28.9.2)
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(3THX ypaBHeHHH OyJeT LiecThb, ecJH pacnucaTb HX [OKOMIOHEHTHO)
c/lelyeT, uTO AWBepreHTHble ycaoBHs (28.9.1) aBTOMaTHueCKH BbIIOJ-
HAlOTcA W A5 Bcex f2>0. CieloBare/bHO, NOJHAs CHCTeMa BOCbMH
ypaBHeHHH OKas3blBaeTcsi U3OLITOUHOH, TaK YTO B KauecTBe 3BOJIOLHOH-
HBIX ypaBHEHHH Hy»XHO paccMaTpuUBaTh TOJbKO IlIeCTb YypaBHeHHH

(28.9.2) ¢ MmIecTbIO HEH3BECTHLIMH.

YpaBHeHusa noas DiHWITefiHa
Rgy=0 (28.9.3)

006/1a1al0T [OXOXKHMH CBOHCTBAMH, TOJbKO C HECKOJbKO JAPYrHM pe-
3yJbTaTOM. Bo-nepBbIX, MOCKOALKY TEH30Dbl ggy H Ry CHMMETDHUHHI,
MBI MOXKeM 6paTb B KauyeCcTBe HCKOMbIX (YHKIHH TOJBKO gy € P <y,
a nosToMy u ypaBHeHHs (28.9.3) HyxHB TOABKO ¢ P <. Dro co-
CTaBJseT AeCATb ypaBHEHUI C JeCATbIO HEH3BECTHHIMH. Mbl yGemumcs
B TOM, UTO YeThblpe M3 3THX yPaBHEHHH NpeACTaBJ AT cOo60i npocTo
Haua/bHbl€ YCJIOBHUS H €CJH OHH BBINOJHsIOTCH npH {=x1=0, TO
aBTOMATHYECKHM BblNOJHSIOTCH W npu ¢ > 0. B cuay sroro umeercs
TOJBKO LIeCTb HE3aBHCHUMbIX YDPaBHEHHH, OIHCHIBAIOIIUX 3BOJIOUHIO
JIECATH UCKOMBIX (YHKUHME; pellleHHe OKa3blBAETCSst HEJI00M pejie/IeHHEIM
M COJEPXKUT YeThIPE MNPOU3BOJBHBIE (YHKHHH. JTO 8 TOUYHOCTH TO,
yTO H JO/MKHO ObiThb. J[lefCTBHUTE/NBbHO, 3ajauya C HauaJbHBIMH JaH-
HbIMH, COOCTBEHHO OBOpS, NMpefHa3HaueHa JJIS ONpe/le/eHHs reoMeT-
DHH NpOCTpaHcTBa-Bpemenn Aas x* > 0 uau xots 6wl Aas x* € (0, T,
OIHAKO TeOMeTpHsA He ompejesnseT QyHKUHH g, ONHO3HAUHO, JOmy-
CcKas BO3MOXHOCTb 3aMeHbl KoopAuHaT. Jlio0oe peluenue 3agaud c
Haua/IbHBIMH JIaHHBIMH MOXKeT ObITh M3MEHEHO MYTEeM NPOH3BOJLHOIO
npeo6pasoBaHusi KoopAuMHAT B obaactd x* >0, ocraasiouero 6es
H3MeHEeHHs HauaJbHblE JaHHbBlE Ha HauaJbHOH moBepxHocTH x*=0,
Tak kak AnddepeHuuasbHele ypasHeHus (28.9.3) umeoT BTOpOH
NOPAJAOK, HAauaJbHbIMH JAHHBIMH CJyXKaT 3HaueHHsl QyHKUMH

Zuv» 08u/0x* (n1a Beex x', x2, x* npu x*=0). (28.9.4)

M3 ypaBHeHuss x*=0 HauajbHON TI'HNEPNOBEPXHOCTH ¢ He CJelyer,
uto ¢ mJockas, MOTOMY 4YTO METPDHYECKHH TeH3op g;, Ha ¢ mnpous-
BOJIEH (HanoMuHaeM, 4YTO JaTHHCKHE HHAEKChbl NPHHHUMAIOT 3HAue-
uusa 1, 2, 3), oaHako npeAnoJaraercsi, UTO HauaJbHble JaHHLIE Ta-
KOBBl, 4TO MaTpuua (g;,) pasMepa 3X3 NOJOXHTE/JBHO ONpefie/eHa
Ha ¢’; KpoMe TOro, MaTpHlla (g,,) A0/KHA ObITb Ha ¢f HeBLIPOKMEH-
HOH W uMerb curHaTypy 2. Otrciofa cJjenyet, uTo ¢ NPOCTPaHCTBEH-
HorofobHa, MPHYeM, HCNOJL3ys GopMy.Jy AAs OBpallleHHs MaTpHUBL,
MOXKHO YOeluTbCsl, uTo Ha & g** < 0. Pagu ynpouwenus paccyxie-
Hull GyneMm mnpeanosarath, uTo ¢yHkuuu (28.9.4) sBastorcs aHadau-
THUECKHMH, TaK UTO MJs pelleHHs 3agaud KolllH MOMXKHO HCIO/b30-
BaTb MeTOA CTeNeHHbIX psaoB. B 3ToM cayuae BCe uyacTHbIE NpoMS-
BOJAHBIE OT g, (BKJMuamollHe He GoJsee OAHOro AudepeHUHPOBaHHs
no x*) onpefessnorcs Ha o GyHkuuamu (28.9.4).
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KomnoHeHTsl Rg, TeH3opa PHuydM nosyyaioTcsi M3 BblpakeHHs
(27.10.1) nas Rggys CBepTKOM No MHAeKcaMm o M O, T. e. yMHOXe-
HMeM ypaBHeHMs Ha g*% a 3areM cymmupoBaHueMm no @ ¥ 6 or I
no 4. B pesyabrate nosyuaercs

Rjp=="/,8" g/ (0x*)* +. . ., (28.9.5)
R, =—1/,g% 0%,/ (0x*)* .. ., (28.9.6)
Ry =".8" g /(O + ... (28.9.7)

3z1ech BHINMCAHBL TOJbKO T€ 4JeHbl, KOTOPHIE COAEpXKaT BTOpble Mpo-
M3BOZHBIE MO X*, MHOrOTOYMEM e 0003HAUeHEI Y/leHbl, COAepXKallye npo-
M3BOJHBIE MO x* He BHUe NepBoro nopsiaka. [B (28.9.6) u (28.9.7)
UCOMb3YEeTCsl COorJjlallleHHe O CYMMHPOBAHUHM, OJXHAKO JATHHCKHE HH-
Iekchl npuHuMatoT 3HaueHus 1, 2, 3.] Tak kak g**s+0, aupdepen-
UMasbHbIE ypaBHeHHs R, =0 M HayasbHble JaHHBIE ONPEAENSIOT BTO-
pble NPOM3BOAHHIE OT g;, Ha . Ilpu noncraHoBke 3THX BTOpbIX Mpo-
M3BOIHBIX B OCTaBLIHeCs YeTblpe ypaBHeHHsl Rg, =0 nosyvyatorcs ue-
THpe HayaJbHBIX YCJOBMS, IpHYeM BTOPblE NPOU3BOAHbIE OT gp, 1O
X* OCTalOTCs HeonpeleJleHHBIMH.

DBOJIIOLUMOHHBIE ypaBHEHHsi JONYCKaloT pasjesieHHe NepeMeHHHX
[PH NOMOUIM BCIOMOraTe/bHOro YCJIOBHS, NpeloxeHHoro JIuxHepo-
BuueM (cM. Annep, Basun u Wndgep [1965], rae uMeercs npeBocxon-
Hoe oOcyxKneHue 3afaun Kown). TeHsop DiHmTeAHa B CMelIaHHOH
(opMe HMeeT BUI

G = R*;—1/,R8%, (28.9.8)
rie R%*; = g*¥R,g—cMellaHHasi jopma TeHsopa Puuun, a R =g""R,,, —
ckassipHas kpuBu3Ha. OKasbiBaeTcsi, 4TO cHcTeMa IuddepeHLHANDb-
HbIX ypaBHeHHH

Gy=0 B=1, ..., 4) (28.9.10)

3KBHUBAJIEHTHAa UCXONHOH cucreMe (28.9.3).

3ameuanue. [las mo6oro pelieHHs gy, 3THX ypaBHeHHH R paBHO
HyJio, Tak 4ro (%; W R%; NPUHUMAIOT OIHO H TO e 3HaueHHe
(HyJb), ONHAKO KaK BHPAXEHHMsl, ColepKallle 3aBUCHUMBIE NepemeH-
HHeE g,, M HX NPOM3BOAHBIE, OHH OTJIMYAIOTCsA APYr OT Apyra; cle-
JoBaTesIbHO, cucTeMa (28.9.9), (28.9.10) orsinyaercst ot cucteMsl {28.9.3),
HO 5KBMBaJieHTHa eff. UToGBl OKa3aTh TO YTBEPXKIEHHE, NOCTATOUHO
3aMETHTb, 4TO, corsacHo (28.9.8), ec/ NOJOKHUTL R, PABHBIMH HYJIIO,
TO

G =g"Ryy =g*Ryy, (%= ",8"R,; (28.9.11)
cllelloBaTelbHO, MOCKOMbKY g% 550, u3 cuctemn (28.9.10) caenyer

ofpallieHHe B HyJab BceX Rpg,, a OTCIOla B CBOIO Oyepelb BbITeKaeT
ofpaueHre B HyJb Bcex (%,
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Ecau B (28.9.8) monctaBuTh Bhipawenus (28.9.5)—(28.9.7) nna
KOMIOHEHT TeH30pa PuyuM, TO okaxeTcs, 4TO B AHPdEepeHlIHaTbHBIX
ypaBHeHHsX G4 =0 HeT HMKaKHX BTODBIX MPOH3BOAHHIX Mo x*. Ce-
NOBATENbHO, STH ypaBHEHHS HIPalOT POJIb AOMOJHHTENBHLIX YCJOBHH;
B YacCTHOCTH, UM JOJKHEl YIOBJETBOPATL HayajbHbie NAHHbBIE.

BaxHeiM cBoiicTBOM TeH30pa DHHIUTeflHA (KOTOpOe Yike ofcyxia-
Jock B § 28.2) sBsisieTcsi ero 6e3IMBEPTE€HTHOCTb B CHJY YPaBHEHHS
(27.10.10); uuaue roBops,

Go.., =0, (28.9.12)

Mcnoap3ys 3TO ypaBHeHHE MOKaXe€M, YTO eCJqH QYHKIOHH g,
yaoBJeTBOpsitoT AudepeHnHa bHEIM ypaBHeHHsAM (28.9.9) mpu Bcex
x* u3 Hexoroporo uHrepBana [0, T), a mpu x*=0 ynoB1erBopsioT
JONOJHUTENbHOMY ycJgoBuio (28.9.10), TO OHM yHOB/ETBOPSAIOT 3TO-
My [IOMOJHHTeNbHOMY ycJaoBHio W mpH Bcex x*€[0, T). Popmyna
IJs KOBapHaHTHoro AuddepeHnupoBanus B § 27.5 nokaswiBaer, uto
(28.9.12) moxHO mepenucaTtb B BHIE

0G®4/9x* - A% 3 GO, =0, (28.9.13)

rie Ko3duLHeHTE A*?ys 3aBHUCAT TOJMBKO OT gy H HX MEPBBIX MPO-
M3BOLHBIX.

[lockoabKy (YHKIHMH g, TaKkoBbl, 9TO Bce R, =0, ypaBHeHus
(28.9.8) u (28.9.11) nokaselBaloT, 4TO KaMAylo KOMNOHeHTy G/, (Kak
(GYHKUHIO OT g,y H HX MEePBBIX MPOH3BOIHBIX) MOXKHO BBIDA3UTH ue-
pes G* (y=1, ..., 4). YpaBHenne (28.9.13) nepexoauTt toria B ypas-
HeHHe

G J0x4 = BYJ 0G*,/0x! +CV,C*,,

B KotopoM ko2pduunentst BY/ u C¥; 3aBHCAT TOMBKO OT (PyHK-
uuit g, M HX MepBBIX MPOM3BOAHBIX. 3TO CHCTeMa JIHHEHHBIX IHge-
peHIlHAJIbHBIX ypaBHEHHH OTHOCHTebHO Gty (ecsH g, 3alaHel), B KO-
TOpOi NPOH3BOJAHbIE MO BpPEMEHH BBLIPAXKEHH B $IBHOM BHJE uepe3
NPOU3BOJIHBIE MO MPOCTPAHCTBEHHBIM KCopAHHaTaM. [1o Teopeme Koty -—
KoBasneBckoil ee pelueHHe eIUHCTBEHHO; CJeIOBaTeNbHO, €CJIH Bce
yetpipe G*; paBHBI HyJO Ha o (x*=0), TO OHH paBHBI HYJIO H NPH
Bcex x* >0, uro M TpeGoOBaJOCH NOKA2aTh.

Hakonen, ypaBHeHHs (28.9.9) MOXHO paccMaTpuBaTh Kak udde-
peHlUa/bHble ypaBHEHUsl OTHOCHTeNbHO Qywrund g, (fj, k=1, 2, 3,
j<{k). OnHako 3TH ypaBHEHHsl COHepKaT TaKke H (QYHKIOHH g,
[p unenax, ckpoiBalommxcs 3a MHorotouHeM B (28.9.5)]. Itu uernipe
(YHKIHH MOXHO MPOM3BOJBHO (HO TJIaJKO) NOOMpENEeTHTh Ha BCe
NpPOCTPAHCTBO-BPeMs], MPOCJEAHB TOJEBKO 33 TeM, YTOOB OHH COOTBET-
CTBOBAJIH 3HAYEHUAM g,, H Og,,/0x%, 3aJaHHLIM HA MOBEPXHOCTH
& (x*=0). Ho nockonbry g* 40, (28.9.5) nokaspiBaer, uto ypaB-
HeHHsl (28.9.9) ompepensiioT BTOpbie MPOHU3BOIHBIE MO BpeMEHH OT
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Bcex g;,. M cHoBa, corsacHo Teopeme Kolun— KoBasieBCKOH, 3TH
ypaBHEHHs HMeIOT IDH 3aJaHHbIX HayaJbHbIX AaHHBIX €IHHCTBEHHOe
pelueHHe Ha HeKoropom HHrepBaJe 0 < x*<T.

28.10 3AKNOUMUTENLHLIE 3AMEYAHUS

Oofman 3anava pacluMpeHHs MHoroobpasu#t DiHIUTEHHa jajeko He
pelueHa. [Jo4TH HHYEro He H3BECTHO O CYIICCTBOBAHHH HMJIH eIMHCT-
BEeHHOCTH Treojle3HYecKH NoJHbIX pacludpeHuid. [IpocThie MHoroo6pa-
3ust B § 28.7 He HUMEIOT TaKUX pacliMpPeHHH, a ciaenyrolee MHOrootpa-
3ue HMeeT MHOIO pacluHpeHHil. PaccMOTpHM eJHHCTBEHHYIO KapTy,
B KOTODOH g, onpepe/sioTcss MaTpHued

! ©
(@) = 1 (28.10.1)

0) —1

Ha orpaHHyeHHOH ofJjacTH N KOOpAMHATHOro npoctpaHcTBa. B onnom
M3 TeOJe3HYeCKH MOJHBIX pacluupenuii N’ cosmajaer ¢ RY, a g,,
Bcroay 3ajatorcst Kak (28.10.1). dro—crauuoHapHOe MJ0OCKOE NyCToe
npocTpaHcTBo. B apyrom pacuiupesnn N’ cHoBa coBnajaer ¢ R,
HO TMPH 3TOM HMEIOTCS HEKOTOpble IPaBHTAIHOHHbIE BOJHbLI, KOTOpPbiE
eme He JOCTHIVIH O0JaCTH [POCTPAaHCTBAa-BpeMeHH, MpeLCTaBJeHHOM
obnactbto N. Tlouty HHYero He wu3BecTHO H o 3ajaye Kowwu, 3a
HCKJIIOYEHHEM CYILECTBOBAHHA H €HHCTBEHHOCTH pelUeHHS Ha HeKo-
mopon uHTepBaje BpeMeHH O<{x*<( 7. [laxe ecqu umeercs elHH-
CTBEHHOE pellleHHe 1JA Bcex X', ..., x* OHO Bce ellle oGpasyeTr OiHy
KapTy, KOTOpas MOXeT OKa3aTbCf HeNOJHBIM MHOI000pasHeM.



