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BUDYPKALWHA B 3ANAYAX TUAPOAUHAMUYECKON
YCTOAUUBOCTH

SBOJIIOLHOHHOe ypaBHeHHe; ypaBHeHHs Hasbe—Crokca; Teuenust [lyaseilns u
Kysrra; BuxpH TeHs10pa; BOJIHHCTBIE BHXDH; NMOTOKH H NMOJIYNOTOKH B TH/IbGE PTOBOM
HPOCTPAaHCTBE; COOCTBEHHBIE KOJIeGaHHS; NMOJHOTA CHCTeMbl COGCTBEHHBIX KOJe6a-
LHH; HHBapHAHTHHIE MHOrOOGpAa3Hsl; YCTOHUHBBIE H HeyCTOHYHBHIE MHOT006pasus;
HETOJIBHXHbIe TOYKH, 34MKHYTble TPAaeKTODHH H HHBApHAHTHbIE TOpPHI, GHOYpKa-
LLHH; 3aKDHTHYECKHE H JIOKpHTHYeCKHe GH(YpKalHH; cy6rapMoHHueckHe GHYpka-
uuH; oro6paxenus [lyarkape.

[1pedeapumenbnsie ceedenus: ri. 1—8 H OCHOBH THIPOJHHAMHKH.

Padotn Jlopenua [1963] u Pwosaa u Takenca [1971] nonoxuan Ha-
YajJ0 NMPHMEHEHHIO B TEOPHH T'HAPOAHHAMHUYECKON YCTOHUHMBOCTH KOH-
Uenuuéd M MPHHIHUMNOB OJAHOTO H3 COBPEMEHHBIX H OLICTPO pPa3BHBAI0-
IHXCA pasfieloB MaTeMaTHKH — TEOPHH TOMNOJNOTHYECKHX JHHaMHue-
ckHX cHcteM. Cpasy craqo siCHO, 4TO 5TH KOHUENIHH (Hanpumep,
KOHIENIMs THOHYHBIX CBOHCTB CHCTEM) MPHUMEHHMBI, N0 CYIIECTBY, BO
BceX (HU3MuUeCcKUX TeopusaX. HoBble KOHUENUHH H NPHHIHIBI O3BOJSIOT
MO-HOBOMY B3TJISIHYTh Ha JaBHO H3BECTHBHIE fiB/IeHHs, TaKHe, HalpHUMep,
Kak Oudypkauuu. Vjes cTpaHHBIX aTTPAaKTOPOB H HX CBA3b C Hempe-
PHIBHBIMH SHEpPTeTHYECKHMH CNEeKTpaMH JaloT HOBOE MpPeACTaBIeHHE
0 XaOTHYeCKOM IOBeJeHHH B LEJIOM.

B sToit M B ABYX cJeNYIOU[HX I/1aBaxX IOKAa3blBaeTcsl MpHMeHeHHe
TaKHX HOBBIX HJell JAJs H3yueHHs HayaJbHOH CTafuH OOpa3oBaHHA
TypOyJIEHTHOCTH.

29.1. KNTACCHUYECKME 3AQAYU TEOPUM
TMAPOAUHAMMUMECKOH YCTOHWYMBOCTH

Bynem paccMaTpuBaTh csab0 HeycTOHYHBOE TeUYeHHe HeCKHMaeMOH
BA3KOH KHAKOCTH. 3TO TeuyeHHe sBJAAeTcst Gojee TJajKHM H Mpo-
CTBbIM, Y4€M XaoTHYeckoe TeueHHe, XapaKTepHoe A/l MOJHOCTHIO pas-
BUTOH TYpOYJEHTHOCTH, H B TO Xe BpeMsi o0sajaeT cBOHCTBaMH He-
YCTOMYHBOCTH H HeNpeiCcKa3yeMOCTH, KOTOpble MOMKHO H3yuaTh aHa-
JuTH4yeckd. [lycTh cosjatomiasi TeueHHe YCTaHOBKa paboTaeT Tak, UTO
uncso PefiHonbaca mepanenHo Bo3pacraeT. Hac 6yner HHTepecoBarh
Ta CTaJHsl TeUeHHsl, Ha KOTOPO# TypOYJEHTHOCTb TOJNbKO 3apOXKAAETcs.

TeueHne — 5T0, HHaue roBops, OajaHC MeXAYy YCTOHUHBBIM MO-
TOKOM 3HEpPTHH OT HeKOTOPOro BHEIIHEro HCTOUHHKA U ee AMCCHIaLiHel
3a CyeT BA3KOro TpeHHs. B KiaccHyecKHX 3anayax THna 3anaud [lya-
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3eiJIa SHEPTHA NepelaeTcsl BHEUIHHM T'DAJHEHTOM [aBJIeHHsi, KOTOPhIH,
HanpuMmep, BhI3bIBaeT ABHMKEHHE »KHMAKOCTH B IJIMHHOH KpyrJioil TpyGe
WM B HEJH MeXJy napajJjesbHbIMH NJIOCKHMH CTeHKaMH; B 3ajauax
KysTra sHeprus nocrynaer 3a cueT GOKOBOTO ABHXXEHHsl CTEHOK, Ta-
KHX, KaK CKOJb3fmas IJIOCKas CTeHKa WJIM Bpaulawmoliuiics UHJIUHID;
B 3ajavax DeHapa oHa nocTynaeT OT BHEUHEro HCTOYHHKa TemJa,
KOTODPbIH BbISLIBAET TEMJIOBYIO KOHBEKUHO. pyrumu npumepamu Ta-
KOTO pOla ABJATCA TeUeHHe 3a KPYTOBbIM HHJHMHApoM (3ajaua Kap-
MaHa) M TeyeHHe B MOTPAHHYHOM cJloe Hal MJIOCKOH MJIaCTHHOM, ua-
passe/bHOH OCHOBHOMY MOTOKY (3azauya Diasmyca).

KoHKpeTHyio 3a1auy OOBIYHO MOXKHO OXapaKTepH30BaTh HEKOTOPO#H
IVIMHOH [, I HEKOTOPOH CKOPOCTHIO Uy, TAE I/, MOXKET ObiTh JHAMETPOM
WK KakKuM-1100 ApPYTHM XapaKTepHbIM DasMepoM, a U, — CpeiHel
CKOPOCTbIO TEUEHHS! WJH CKOPOCTbIO IBHXKEHHSl OJHOH M3 CTEHOK.
BespasMepHas BeJIMUHMHA

R =1,u,/v, (29.1.1)

rae v — KHHEMaTHYecKHH KOS(PhHUHMEHT BA3KOCTH (PaBHBIH Ko3ddu-
LHUEHTY BA3KOCTH, JeleHHOMY Ha MJIOTHOCTH XKMAKOCTH), HasbiBaeTcs
yucaom Peilnoavdca paccmaTpuBaemoil 3ajaun. OGBIYHO npeanona-
raercs, 4To R HM3MeHAeTC 3a cueT M3MEHEeHHsl Uy IPH HeH3MEHHHIX v
1 pasmepax. OIHaKoO THAPOIHMHAMHYeCKHe YpaBHEeHHs1 HHBapHAHTHbI
OTHOCHTEJIbHO H3ME€HeHHH MmacuTaGoB IJIMHBL U CKODOCTH (COXpaHAw-
WX BCE€ OMHOUIEHUA COOTBETCTBYIONUX AJHH W CKOPOCTeH) H OTHO-
CHT€JILHO 3aMeHbl OLHOH KHIAKOCTH -JPYToH, ecsH IpU 3TOM He H3Me-
HaeTcs 3HaueHue R.

3agaua Tefisopa 0 TeueHHH MeXIy BpallalOUMHCA KOHLEHTpH-
YeCKMMH HMJIMHADaMH (MHOTJa HasbiBaeMas KpyroBoH 3ajaueil Kyarra)
M 3ajada beHapa o KOHBEKLUHH B TOPH3OHTAJILHOM CJIOE KHIKOCTH,
MOJOTPEBAEMOM CHH3Y, MNPEACTaBJIAOT cO60H Haubosiee H3yUeHHLIE B
Hacrosillee BpeMsi NPHMEDH BO3HHKHOBEHHS TypOYJEHTHOCTH.

29.2. NPUMEPB! BUDYPKALMA B TMAPOANHAMMUKE

CHauajla paccMOTPHUM 4acTHBIH caydad 3apaud Teiisiopa O TedeHHH
MEXJy KOHLUEHTPHUYECKHMH BPAILAIOIMMHCA LHJIWHIADAMH, KOTJa BHe-
HUH LMJHHAD NOKOHTcA. [lpH MemjieHHOM BpAIEHHH BHYTPEHHEro
LUJIMHIAPA TeueHHe OyJeT JIaMHHAPHBIM: ¥ CKOPOCTH XXHIKOCTH OTJIHUHA
OT HyJisl TObKO KOMIOHeHTa 1o O (r, 0 M z — NHJIHHIPHYECKHE KOOp-
JHHATHY), KOTopas 3aBHCHT TOJIbKO OT 7. [10 JOCTHXKEHHH onpeieseHHOl
KPUTHYECKOH CKOPOCTH BpaIlleHHsl 5TO TaK HasblBaeMOe TeueHue Ky-
3TTa CTAHOBHTCH HEYCTOHUMBLIM H Ha HEro HakJajgbiBaeTcsi BO3MY-
LleHHe, cocTosillee W3 DaBHOMEDHO PacHpefesieHHBIX [0 NPOCTPAHCTBY
KOJIbLIEBbIX BUXDeH, Kak NnokasaHo Ha puc. 29.1. Eciu A o6GosHayaer
HEKOTOPYIO MeDY HHTEHCHBHOCTH BHXpel, CKaeM MaKCHMyM KOMIIO-
HEHTH CKOPOCTH BO3MYLUEHHs! O 7 WJIM N0 2, T0 A 3aBHCHT OT yIJIOBOH
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CKOpOCTH €2 BHYTPEHHEro LHJIHHIpPA TaK, KaK 3TO CXeMaTHYECKH H3006-
paxeHo Ha pHc. 29.2, a. JIBa BO3MOXHBIX 3Haka A mnpH 3agaHHOM
3HaueHHH  COOTBETCTBYIOT JABYM BO3MOXKHBIM HampaBjeHHsM Bpa-
leHHs BHMXPSA, KOTOpble OIMHAKOBO BEpOSiTHbI H OMNpele/sloTcs Ha-
YaJbHbIMH YCJOBHSMH (COCEJHHE BHUXPH BpallaloT-
c B NPOTHBOIOJIOXKHBIX HampaBJjeHHsnXx). Ecan Q
JIMIUb HEMHOr0 MNPEeBOCXOAHT KPHTHYECKYIO CKO-
poctb Q,;, To BenmuuuHa |A| npHOIH3UTENbHO
nponopunonanbia ) Q—Q;.

[TosiBieHHe HOBOro TeueHus npH Q=C, Hasbl-
BaeTcs Ougypxayueli. B TOIbKO UTO OMHcaHHOM
cayuae 3To OUdypKauua K ApyroMmy cTalHOHApHO-
My TeueHHIO: B (PUKCHPOBAHHOH TOUKe HpPOCTpaH-
CTBa CKOPOCTb XXHIKOCTH He 3aBHCHT OT BpPEMEHH,
a KOJbLieBble BHXDH SIBJASIIOTCA YCTOHUHMBBIMH H
COXpaHAKTCA A0 TeX [Op, MOKA BHYTPEHHHH IH-
JMHIP He repecTaHeT BpailiaThCs.

Korna 6yner mnpeBbllleHO BTOPOe KPHTHUYECKOE
3HAUEHHE YIJIOBOH CKOPOCTH §2;, KOJIbLEBbIE BUXDH
CTaHYT HEYCTOHYHBBIMH M NPOHM3OHAET BTOPAd OH- pue 991, Buxp
¢ypKauusa K BOJHHUCTHIM BHXDPSM, CXeMaTHYECKH Teitnopa.
H306paXKeHHbIM Ha pHc. 29.3. DTH BOJHUCTbIE BHX-
pH BpaliaroTcsl BOKPYr oOleH OCH LHAHHAPOB MPHMEPHO CO CpejlHeil
YIJIOBOH CKOPOCTBIO XHJIKOCTH B TeueHHH Kystra. CJie0BaTe/bHO, B

Q Q
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o

¢
Puc. 29.2. Budypxrauuu B 3agave Telaopa.

(DUKCHPOBAaHHOH TOUKe IPOCTPAHCTBA CKOPOCTb KHIKOCTH OyLeT
Tenepb nepHoaHueckoii ¢yHKuHel BpemeHH. Ecau A, obozHadaer
aMIJHTYLy BOJH, TO A; 3aBHCHT OT €2 TaK, KaK 5T0 [10KA3aHO Ha plc.
29.2, 6.
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BoaMOXKHO, GO/lee H3BECTHBIM NPHMEPOM sIBJSIETCS GHYPKALHA B
TeUeHHH 3a KPYroBHIM UMJIHHAPOM. [IpH HeGonbluoH cropocTH Hale-
raHHA XKHAKOCTH Ha HMJHHAD TeueHHe 3a HHM OYyJeT JIaMHHAPHBHIM,
HO [IOC/Ie TPEBHILIEHHs! €0 HeKOTOPOro KpHTHYeC-
KOro 3HaueHHsi OHO CTAHET HEYCTOHUYHBHIM H [e-
pedileT B TaK Ha3BIBaeMyl0 BHXPEBYIO JOPOKKY
KapmaHa, B KOTOpoii BHXpH 00pasyioTca momepe-
MEHHO Ha JByX CTOpOHaX LHJHHApa (MX OCH ma-
pajanelbHb OHJAHHAPY), & 3aTeM JABHXKYTCS BHH3
N0 MOTOKY €O CKOPOCTBbIO, NMPHMEPHO BABOE MeHb-
med CKOPOCTH OKpYKawlleH KHJAKOCTH, B 3Tom
cllydae mocsae neppod GudypKanueH TeueHHe Gyuer
TIePHOJHYECKHM.

29.3. YPABHEHMS HABLE — CTOKCA

Ypasnennss HaBbe—CrToKCa, 3anHcaHHBE dYepes
nepeMeHHBle 1101 CKOpOCTeH JKHAKOCTH u (X, f)
Puc. 29.3. Bogume. H TOJs €€ JaBJeHHH p (X, ) HMEIOT BHI

Thie BHXDH B 3ajaue ou/ot 4 (u-V)u--Vp—v Vou =0, (29.3.1)
Tedtopa. V.u=0. (29.3.2)

OHH JHOJMKHBHI BBITIOMHSITECS B HEKOTOPOH o0aacTH A (HH3HYECKOro
IPOCTPAHCTBA BMECTe C I'PaHHYHBIM YCJIOBHEM

u 3anaHo Ha 0A (29.3.3)

H HajjeXalluM HayalbHBIM YCJAOBHEM. 3/leCh [JIOTHOCTb [PHHSTA
paBHOH €JHHHIE 3a CyeT BLIOOpPA CHCTEMHl €JHHHIL H3MEPeHHS.

Tlycrs u (x), P (X)— HEKOTOpOE CTallHOHAPHOE pelleHHe 3TUX ypaB-
HeHHH, COOTBETCTBYyIOUlee, HalpHMep, TeueHuto Kysrra B 3anaue
Tefinopa. [as u3yueHUs BAHSHHS BO3MYIIEHWEH (KOHEUHBIX WJH HH-
(GUHHTE3HMANbHBIX) Ha 3TO pelleHHe YAOGHO NpPeACTAaBUTL TOJHEE
noaA B BHAE

u(x)+u(x, t), px)+px 1),
rje u H p o003HAYAIOT TeNePb OTK/IOHEHUS OT BBIGPAHHOIO CTAlHOHAp-
HOTO pellleHusi, DTH OTKJIOHEHHS YIOBJETBOPSIOT CHCTeMe ypaBHEHHE

Ou/dt 4 (u-Vyu-+(u-V)u +(u-Vyu+4+Vp—vV2u=0,  (29.3.4)
V.u=0, (29.3.5)
u=0 Ha 0, (29.3.6)

KOTOpasi He $SIBJsIE€TCS DPe3yJibTaTOM JIHHeapH3anHH HCXOJAHOH 3aJauH

(oHa HenuHefiHa). Temepb H3BecTHasi QYHKIMS U (X) BXOAHT B Ko3(-
OHIHEHTB! YJIEHOB, JHHEHHHIX 10 u.
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29.4. ®OPMYJIMPOBKA 3ANAYU B TMIILBEPTOBOM MNPOCTPAHCTBE

Kaxnofi sajgaue 0 ruapoiHHaMHYeCKOH YCTOHYMBOCTH COOTBETCTBYET
HeKOTOpas 3BOJIOLHOHHAA 33jaya B 6aHaXOBOM (IPaKTHYECKH B T'HJIb-
GepToBoM) mnpocTpaHcTBe H, onpenensieMas 3BOJMIOLHOHHBIM ypaBHe-
HHeM

dujdt =lu-+B(u, u), u=u({t)eH, t=0, (29.4.1)

H HayaJbHBHIM YCJIOBHEM
u (0)=u, (3ananHas QyHKUHS). (29.4.2)

Hns kaxporo ¢ sjemeHT u(f) ABAseTcs TOYKOH mpocrpaHcTBa H m
OIHCHIBAeT MIHOBEHHOE COCTOSHHE CHCTEMBI, T. €, IIoJie CKOPOCTel u (x)
U noJje naBjeHUH p(X) B PHU3HYECKOM NPOCTPaHCTBe; L — JIMHEHHbIN
oreparop. Ypaenenue Hasbe — Crokca, B3sToe B Qopme (29.4.1),
COMEPKUT HeJMHeHHble KBaADAaTHYHble UY/1eHbl, COBOKYIHOCTb KOTOPHIX
obosnHayeHa uyepe3 B (u, u), rae B(-, ) — 6unuHeliHan QyHKIHA C
Hajnexaued obJacTbio onpeleseHus B npocrpaHcree H X H. HHorpa
BMecTo B (u, u) Mbl GyaeM nucath Q(u).

B pane cnyyaer yno6HO paccmaTpuBaTh GoJiee ofllee YypaBHeHHE

Mdujdt =Lu+ B (u, u), (29.4.3)

rne M — npyro#i auseinbiii onepatop. Eciu M ponyckaer ofpae-
HUe, TO 3TO ypaBHeHHe MoxeT ObITh cBeleHo K (29.4.1). Ho nepeako
3BOJIIOIHOHHBIA IIpollecc OXBaThiBaeT He Bce npocrpancrso M, a sauub
HekoTopoe ero noanpocrpancrtso H, Torna M ponyckaer obpauiexue
Ha 3TOM NOANPOCTPAHCTBE, a He Ha BceM NpocTpaHcTee H, U K TOMY Ke
oneparop M™! MoOxeT OKasaTbCsi LOCTATOYHO CJAOXKHEIM C BBIYHCIH-
TeJbHOH TOYKH 3peHHs. [losToMy ypasHenHe (29.4.3) yacTto OKa3bBa-
€TCS M0JIE3HbIM.

B cnenyromeil rnase paccmarpuBaercsi rHAbOEPTOBO NPOCTPAHCTBO
CrenMaJbHOro BHAa, yno0HOe /15 pelueHMs 3ajauu Tedsopa.

29.5. 3AQAYA C HAYAJIbHbBIMU AAHHBIMM. MONYNOTOK B H

OcuoBHEIMM 4eHaMH B ypaBHenuM Haebe — Crokca (29.3.1) sBaa-
I0TCH NepBLI M Moc/efHHH 4ieHbl B JIeBOH 4acTH — OHH JeJaloT ero
CXOIHBIM C ypaBHeHMeM auddy3uu. 3ajauya, onpejensieMas COOTBETCT-
BYIOWUM ypaBHeHHeM AdU(DPY3UH ¢ NOAXOASIUIMMH TPaHHYHBIMH YCJ0-
BHSIMH, UMeeT €JMHCTBEHHOE pelleHHe /s HauyaJbHBIX 3JEMEHTOB U
U3 HeKOTOPOro NJOoTHOro B 1 MHOXeCTBa, H 3TO pelleHHe HelpephLIBHO
3aBHCHUT OT HawaslbHOro u, DJarojapsi 3TOil HenpephiBHOA 3aBHCH-
MOCTH MOXHO OIlpele/uTh 00OOLleHHble pelueHHs /s JIOOHX Hayasb-
HbIX 3/IEMEHTOB U, H OHHM TaKXe OYIYT HelpephLIBHO 3aBHCeTh OT Ha-
yajJpHOro u (cM. KHHry Puxtmailepa u Moprona [1967]). B obuem
clyyae pelleHHe He MOXKeT ObITh NPOJAO/KEHO Haszaj, B CTOPUHY OT-
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pHLaTeNbHBIX ¢, XOTS HHOrJa 3TO BO3MOXKHO; B YacTHOCTH, 3TO BO3-
MOXHO JJI pelleHHH, ABJSIOUUXCA COOCTBEHHBIMH KOJeGaHUIMH.

[Tonnoe Henunefinoe ypasHenue Hasbe — Crokca obmnagaeT aHa-
JIOTHYHBIMH OOIIMMH KayeCTBeHHBIMH CBOHCTBaMH {cM. paGoThl Jlampl-
wencko#t [1970, 1975] u xuury Mapcaena u Mak-Kpakena [1976,
ri1. 9]), 0OZHAKO JOKAa3aTeNbCcTBA B 3TOM CJydae YCJIOXHSIOTCS, a Teo-
pHS BBINIAAHT MeHee MOJHOMH.

Bynem npeanosarate, Yto KaxJAoe U3 ypaBHeHHil (29.4.1), (29.4.3)
uveeT B H eguncTBenHoe pemenue u(f) npu {0 ana npousBoJb-

Horo u(0)€ H. [na sagaHHOro HayalbHOTO ¢ OBGO3HAYMM 3TO pellle-
HHe uepe3d ¢ (u, f), T. €. MOJOXKHM

u(ty=wp(u), ). (29.5.1)
ITpu ¢ukcupoBannom u ¢yukuusa ¢{u, t) (¢ 2> 0) HasbiBaercs Jsu-
wmenuem B H, npu PukcupoBanHoMm ¢ =0 coorseTcTBHE 1 — ¢ (U, 1)
siBasieTcs: orobpaxeHueM B H, u Mbl 6yJleM CcuUdTaTb €ro HemnpepbiB-

HbBiM; 0pH { =0 OHO coBMmajaer ¢ TO)KlIeCTBeHHbI\/l oTOGpaXKEeHHEM,
MocKoAbKY ¢ (i, O)=u. Pyuxuus @ (-, -) Ha3bIBAETCS HOAYNOMOKOM
B H.

Xors JOBHKEHHs B OOLIEM CJydae He MOT'YyT GbiTh HENPepbIBHO
MPOAOJIKEHBl Has3aJ MO BPeMeHH, TaKoe MPOJOJKEHHE, €CJH OHO CY-
ecTByeT, onpelesaseTcss ofHO3HauyHO. Haue roBopsi, ABa pas/iHYHBIX
ABHXKEHHS 33 KOHEUHOe BpPEMs HHKONAda He MOTYT CJHTbCH H CTATh
jajnee HepasiHYHMBIMH.

29.6. COBCTBEHHbLIE KOJIEBAHKA

BosbmeM B KauecTse JuHeapusanuu (29.4.1) ypaBHeHue

dujdt = Lu (29.6.1)
H 6yﬂeM HCKaTb pelleHHdA 3TOro ypaBHeHHﬂ B BHIE
W () = yert. (29.6.2)

D10 03HAYAET, UTO HYXKHO HaHTH COOCTBEHHBIE (PYHKLIUU P U COGCTBEH-
HHE 3HaYeHHs X omeparopa L, T. e. PEIHTb YpaBHeHHe

Ly =2y (29.6.3)

MPH yCJIOBHH, KOHeYHO, 4T0 Y==0. [Ec/in ucxomuth u3 (29.4.3), To HyKHO
peliaTh ypaBHEHHE pr AMy ]

B rHAPOAWHAMHYECKHX 3ajauax onepatop L He sBJsieTcsi camo-
CONPSXKEHHBIM, H MOITOMY Mbl He MOXXeM MPHMEHHUTb OOLIYHYIO CIEKT-
pajbHYIO TeopHio. Tem He MeHee B OOJBHIMHCTBE cayydaeB L uMeer
Y{CTO TOYEUHBIH CMEKTP, COCTOSIIHE W3 CUETHOTO YHCJa COOCTBEHHBIX
3HAUEHHH, TaK YTO

Ly, =%y, (j=1,2,...) (29.6.4)
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O6cy»xaeHHe BONpoOca O MOJHOTe cHCTeMbl {§;} COGCTBEHHBIX (hyHK-
UMH 1J18 onpeleseHHbIX THAPOAHHAMHUYECKHX 3alad MOXHO HaWTH B
cratbe Ju Tlpumu u XaGeraepa [1969], xoTophie HCHONB30BAAH IR
storo Teopemy Hafimapka o6 onepatopax B ruibGepTOBOM OPOCTPaH-
crBe. bonee ofwmui moaxon usnaraercs y Cstrunmxepa [1970], npu-
MeHHBLIero TeopeMy KapsemaHna. [lonHOTa moHHMaeTcsi B TOM CMHICTE,
YTO KOHEUHHIE JIHHeHHble KOMOHHAUHH GYHKUHH P; naoTHE B H. [lpu
3TOM HMeeTcsl B BHAY, YTO PACCMATPHBAIOTCA He TOJNbKO COGCTBEHHHIE,
HO H ob0buieHnble cobcmeernnble @yHKkyuy (ecIH OHH CYLIECTBYIOT),
T. €. TaKHe BEKTOpHl P, 1151 KOTOPHIX

(L—ADyr+iy =0, (L—Al)*ps£0. (29.6.5)

(Ilpu 2=0 1 — ofbluHas1 coGCTBeHHAsi (YHKUHA.)

B ruiaponuHamHMke Bcerja npeanoJiaraercs, 4Tro M8 3ajad Ha
co6CTBEHHBIE 3HAUEHHS CYLIECTBYIOT JHIIb OObIYHbIE COOCTBEHHHE
¢yHKuHH. [lo aHAMOTHH C KOHEYHOMEPHBIM CJydaeM KaeTcs BeposiT-
HBIM, 4YTO CYLIECTBOBaHHE OOOOLIEHHBIX COGCTBEHHBIX (YHKUHHA He
AIBJISIETC THIHYHBIM CBOHCTBOM Te4YeHHH XKHIKOCTH (CM. NPHJIOKEHHE
K ra. 31). Marpuuy A pasMepa nX s MOXKHO pacCMaTpPHBATh KaK TOUKY
npoctpancTea V, uMetoliero pasmepHocTb n2. Jlis CylIeCTBOBaHHA Y
matpuubl A 0606IleHHOr0 cOBCTBEHHOTO BEKTOpa HeOoOGXOJHMO, YTOGH
€e XapaKTepHCTHUeCKOe ypaBHEHHe

def
p(; A)=det (A—ANH=0 (29.6.6)

HMEJO KPaTHHH KOpeHb, T. €, TaKOH KOpeHb, KOTOpHIH OJHOBpeMeHHO
YAOBJIETBOPAJ Obl ypaBHEHHIO

dp (h; A)/dh=0. (29.6.7)

HckmounB A u3 (29.6.6) u (29.6.7), MOXHO moNy4HTh anreGpandyecKoe
ypaBHeHHe, KOTOPOMY JOJKHA YIOBJETBOPATh MarpHua A; cieioBa-
TeJIbHO, TOJBKO MaTpulbl A, OPHHALNEKALIHE HEKOTOPOH MOBEPXHO-
CTH B IPOCTPAHCTBE V, T. . HEKOTOPOMY MHOMKECTBY MePBl HYJb, MOTYT
HMeTb O00O0IeHHble COOCTBEHHbIE BEKTOPHI.

Mbl Oynem mpeanonaratb, 4to oneparop L Wmeer TOJNBKO OGHIYHEIE
co6cTBeHHble (PYyHKIHH.

Mexnay npouuM, A4 3alad4, pellaeMbIX UYHCJEHHO B I'HabGepTo-
BOM IIPOCTPAaHCTBE, HETPYAHO NPOBEPHTH BO3MOXKHOCTbH CYIECTBOBA-
HHA O060OLIEHHHIX COOCTBEHHBIX (YHKUUH. Ecau pemeHo ypaBHeHue
Ly =Mp, a satem Q1A KaKOro-1HOO H3 HaHJEHHBIX A MONyYeHH pe-
IIEHHs CONPsIKEHHOTO YpaBHEHHs L*y =Ay W mpu 3TOM OKa3ajoch,
uto (%, ¥) 0, T0 He cyuecTByeT OGOCLIEHHBIX COGCTBEHHBIX BEKTO-
POB, COOTBETCTBYIOLIHX 3TOMY COGCTBEHHOMY 3HAueHHIO A '),

1) AHaAH3HpYS 4YHC/IEHHOe SHaueHHe CKaJSIPHOTO NMpOH3Be/eHHd, He cjlefyeT
3a6BIBAaTh O NPHOJHXEHHOM XapakTepe Bhiukcaenuil,—IlIpum. nepes.
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Jna 3afau rHAPOAMHAMHKH COGCTBEHHble 3HAUEHHsl JexaT IJiaB-
HbIM 06pa3oM Ha BelleCTBEHHOH OTPHIATENbHOH TOJYOCH HJH BOJH3H
Hee, a TO4Hee, B 06/acTH, OrpaHHUeHHOH NapabosoH

ReA<Lco—c; (ImA)}  (c; > 0);

Co OBLIUHO BO3pacTaeT ¢ Bo3pacTaHHeM uHcJja PefiHoabaca R, HO npH
mo6oM R TONMbKO KOHeYHOe YHC/IO COOCTBEHHBIX 3HAUeHHH JIeXKHT B
npaBofi moaynJocKocTH., Ilockonbky ypaBHeHHss Hasbe — CrTokca
BelllecTBeHHbI, cOGCTBeHHBIe 3HaueHHsi JHOO BellleCTBEHHH!, JHGO ofpa-
BYIOT KOMILJIEKCHO CONpSi2KeHHLIe Mapbl.

29.7. NPMBEQEHUME K KOHEYHOMEPHOAW AMHAMMYECKOW CMCTEME

Ina uayueHHsl HayaJabHOH CTafMH TYpPOYJIEHTHOCTH HeT HeOOXOAHMOCTH
3HaTb Bce TPAeKTOPHH cHcTeMbl (29.4.1) B rHALGEPTOBOM NMPOCTPAHCTBE
H. JlocTaTouHO paccMOTpeTb OJHO CMelHaJbHOe ceMeHCTBO TPaeKTo-
pHH, KOTOpLIE, COIJIaCHO NPHBOIHMBLIM HHXe (H3HUeCKHM coobpae-
HHSIM, TPHHAJJIeXKaT TaK Ha3blBaeMOMY HEYCTOHYHBOMY MHOroo6pa-
3HI0, BO3HHKawlleMy B H H3 HyJa B MOMeHT OHpypKanuu. JIBHXKeHHS
B 3TOM MHOroo0pasHH o0pas3yloT KOHEUHOMEPHYIO AHHAMHYECKYIO CH-
cTeMy. Jrta ufles Gblia ucmosb3oBaHa Jseu, Hu [lpumoit u Crioaptom
[1968], a Takxe Prosaem u Takencom [19711].

YcrofiuuBble M HeycTOMUMBHIE MHOrOOOpasHsi HMrPAalT BaXKHYIO
pOJib B TeOPHH Ju(pdepeHuHpyeMblX AHHAMHYECKHX CHCTEM: CM, pafoThl
Cwmeiina [19671, A6paxama n Po66una [1967], a Takxe Keann [1967].
bosblias uacTh TeopuH 6eper HauaJo B HeGecHOH MeXaHHKe H He
MOXKeT GLIThb HelocpeACTBEHHO NPHMEHEeHa K HalleH 3ajaye, MOTOMY YTO
1) nmMHaMHYecKHe CHCTeMbl B HeGecHOH MeXaHHKe KOHeYHOMEDHHI ¢
caMoro Hayana, a B FHAPOJHHaAMHKe HeT H 2) B MepBOM cJyyae OHH
SIBJSIIOTCH TaMHJbLTOHOBBLIMH, TOTJa KaK BO BTOPOM CTPOrO IHCCHIIA-
THBHBIMH H HX pellleHHs He NPOAOJIKalTCsA, Booblle roBops, B 06.1acTh
OTpHIIATENbHLIX BpEMeH, TaK UTO NepBLle ONpefesiioT NMOTOK B THJb-
6epTOBOM NpPOCTPAHCTBE, a BTOPble — TOJbKO IHOJYNOTOK (OHZHAKO CM.
kuury Cessa [1971], rme G6ablias yacTb TeopHH cOPMYJHPOBaHA
Tak, YTOOBl BKJIIOYAJHCh MOMYNOTOKH). Hatn moaxol B OCHOBHOM HH-
TYHTHBHBIH, HO OH ONHpaeTcs Ha (U3HYeCcKHe cOOOpaxKeHHs.

[Tpeanonoxum, uto3HadeHue ynca PefiHonbAca AJHTEbHOE Bpems
NOAZIepKHBAETCA TOCTOSHHBIM H HECKOJbKO MPEBLIAIONIHM TepBoe
KPUTHUECKOE 3HaueHHWe; INPEeANOJNOKHM Jajee, UTO AJA 3TOrO 3Haye-
HHA B MpaBOH KOMIJIEKCHOH mosaynjaockocTH ReA > 0 naxoautcs He-
KOTOpOe KOHEeYHOe YHCJIO COOCTBEHHBIX 3HaueHHH A, JIHHeapH30BaHHOH
safaun (k=1, ..., K), a ocTanbHule COGCTBEHHLIE 3HAUEHMS JIEKAT
B JIEBOH MOJYIJOCKOCTH. IlycTh B oueHb paHHHH nepHof (IpH Gosb-
I'MX OTPHUATENbHbIX f), KOTOPHIH Mbl HAa30BeM pAHHUM AUHEHbIM
pesxcumom, ObLLIO HANOKEHO NPOH3BOJIbHOE, HO OYeHbL MaJjioe BO3MY-
eHHe, NpeicTaBJjsomee Co60H JHHEHHYI0 KOMOHHAaUHIO BceX cOGCT-
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BEHHBIX KoseGaHuil .e'r' (k usmensercs or 1 g0 00); C TeyeHHEM
BPeMEHU (KOrja ! eile OTPHIATE/bHO) B NO30HEM AUHElUHOM pexcume
BKJIaJ BCEX COOCTBEHHBIX Ko/JeGaHHH, 33 HCKJ/IOYEHHEM INepBhix K
M3 HHX, CTAQHOBHTCA HECYUIECTBEHHHIM M BO3MYIIEHHE MOXKHO GyfeT
3aMucath B BUJE JIHHEHHOH KOMOHHAIMHU

K
e, (29.7.1)
¥=1

rie ap — IOCTOAHHbIE KO3pUIUEHTH; GyleM CUHTATh, YTO 3TO BO3-
MyLleHHe Bce emle JOCTATOYHO MaJso, a BXOAAUIHe B HEro coGCTBEHHbLIE
(PyHKIMH BO3PACTAIOT SKCMOHEHIIHA/IBbHO H HE3aBUCHMO OJIHA OT APYyTOM.
Eme nosjHee HAcTYNAeT HeAuHelHbll pesusm Pa3BUTHS BOIMYIIEHHSA
(BRJIOHAIOWHI «HACTOAWHA» MOMEHT BpeMeHu {=0), Korja BO3Myile-
HHe, MPOJAOJKasA PACTH, H3-32 HeJUHEHHOCTH TepsieT CBOK MPOCTYIO

Puc. 29.4.

dopmy (29.7.1) (XoTa eme M oOcTaeTcsl 3aBHCAUIUM OT [apaMeTpOB
Qi, ..., Qg) U MOXET, HalpHMep, MepPeXOAHTb IO CIHUPAJH B 3aMK-
HYTYIO TPaeKTOPHIO HJH HMeTb Ipyroe CJIOKHOe HeTHHEeHHOoe I[oBe-
JieHue.

Ecnu 3apHKCHpOBAaTh MOMEHT BPeMEHH (HanpuMep, MoJoKuTh { =0)
H BapbHpOBaTb 3HAYEHHS NapaMeTPoB @y, ..., Qg, TO ITOJYYHBLIHECH
ToukH OyAyT JexaTb Ha K-MEPHOH NOBEPXHOCTH MJIH MHoOrooGpasuu M
B TU/JLOEPTOBOM MPOCTPAHCTBE H 3TO MHOrooGpasue OyjAeT B HyJe
KacaTbCsl JHHEHHOro MHoroobpasus M,, HaTSHYTOrO Ha COGCTBEHHbIE
BEKTODPbl P, ..., Pg (cM. puc. 29.4). MHorooGpasue M HHBapHAHTHO
OTHOCHTEJILHO MONYNOoToKa B M, onpeneneHHoro nmpu- nomomu (29.4.1),
B TOM CMbICJe, 4TO J[ofasi TPaeKTopus, HauHHawowiascsd Ha M, He
BBIXOZHMT H3 M, MOCKOJbKY, corjacHo (29.7.1), caBur HagaJsa orcuera
BpEMEHH Ha !, OuUeBHAHO, SKBHBaJIEHTEH H3MEeHEHHIO 3HaueHufl mapa-
METPOB 1O MPABUAY @ — Qe™elo.
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Jlexxamue B M TpaeKTOPHH MOXXHO HHTEPNpPEeTHPOBATb KaK ABHKe-
HHfI HEKOTOpOH [HHaMHYeCKOH CcHCTeMbl ¢ K cTeneHAMH CBOGOJBI.
CBOHCTBa 3TOH CHCTEMbl Ml H XOTHM H3YUYHTb.

M naswiBaercs Heycmotuueoim mHoeo000pasuem B H, HCXOAALIMM HIH
3apoxJalomuMcs H3 Hyss. HeycroliuuBoe MHOroo6pasne, Hcxo/sllee
H3 J1060f Apyrod ¢UKcHpoBaHHOH TOYKH B H, MOXHO onpenesutb
aHAJIOTHYHbIM 06pa3oM MocJe MNpeiBapHTe/NbHOH JHHeapH3auHH 3BO-
JIIOUHOHHOTO YpaBHEHHS B OKPEeCTHOCTH 3TOH TOUKH.

[Io noBoay HeycTOHYHBBHIX MHOrooGpa3Hii, HCXOAALIHX M3 3aMKHY-
ThIX WJIH KBa3HNEPHOAHYECKHX TpPaeKTOpHH, MBI peKOMeHAyeM YHTa-
Temo KHHry AGpaxama u Po66una [1967] (Tounee, HanucanHoe Kemnu
npunoxenne C K Hei).

MHoroo6pazue M ABIAETCA A0KQAGHO NPUMABUBAIOWUM B CRERy-
IolleM CMbIC/Ie: CYUIeCTByeT TaKas OKpPecTHOCTb HyJis, 4To Jiobas
TpaeKTOpHS, NPHHAJJeXalas 3TOH OKPecTHOCTH NpH Bcex £>0, cTpe-
muTcss K M npHu { — oco. Mbl He OyAeM YTOUHSATb 3TO yTBepKIeHHe, 3a
HCKJIIOUEHHEM OJHOr0 ciyyasi: ecqH M BO3HHKaeT B pe3yJbTaTe 3iu-
KpuTHYecKOH OudypKauud npu R=R, (MMeHHO TaKHe NpPHMepHl pac-
CMaTpHBAIOTCAl B OCTaBUIMXcA naparpadax sTol raaenl), To npu R>R,
MHoroo6pasne M OymeT colep:kaTh HOBYIO HEMOIABHXKHYIO TOYKY (B
JIONOJHEHHE K HYJII0) HJH HOBYIO 3aMKHYTYIO TPaeKTOPHIO — HHBapH-
aHTHBIH TOp, KoTopas HaxoAurcA BOJH3H HYJA H ABJsAeTcA YCTOMH-
4yHBOH (B JeHCTBHTEJLHOCTH MNPHTATHBaIOUlEH) OTHOCHTENLHO BO3MY-
lWeHHH, npuHagexamux M; Toraa ec/id pasHocTb R — R, JocTaToyHo
Majia, TO 3TOT HOBbIH HHBapHaHTHBHIH OOBEKT OYAeT NPHUTATHBAIOLHM
I/15 [POH3BOJbHEIX MalslblX BO3MYIUEHHH (He 06fA3aTesIbHO NpHHaJJIe-
wawnx M). Hanpumep, dsBu [1962] nokasan, uro Buxpu Teflsopa
YCTOHYHBBI B COOTBETCTBYIOLIEM JBYMEPHOM HEYCTOHYHBOM MHOT006-
pa3HH, H Mbl 3aKJIOMaeM OTCIOAa, YTO NMPH AOCTATOMHO MasoH BeJNHYHHE
pa3HOCTH R — R, oHH GyAyT YCTOAYHBH OTHOCHTENBHO NpOU3BON6HBLX
MaJsIblX BO3MYILIEHHH, KaK 3TO W HaO/MOAaeTcsi B dKCHepHMEHTax.

B JnHefiHoM npHO/IH:KeHHH JOKa/lbHas ycToHuuBocTh M oTpaxkaer
SKCMOHEHIHAbHOe 3aTyXaHHe CO BpeMeHeM BceX COOCTBEHHBIX KoJe-
GaHHii KpoMe TeX 3 HHX, KOTopble BbI3BasnH nosisiene M [ceM. (29.7.1)].

Koopannatet B M MOXHO BHIGHPAThb pas/IHYHBIMH CNOCOGAMH.
Bosiee y106HBIMH 1O CPaBHEHHIO C NapaMeTPaMH 4y, . . ., dx ABJAITCA
KOODIHHATbl X1, . .., Xg, NOJy4aloUIHecA NPH MNOMOIIH NPOEKTHPO-
BaHHsl Ha JuHe#HOe MHorooBpasne M,, KacaresbHoe kK M B HyJe npo-
crpanctBa H. Jna mo6oro u € H Takasa NpoekuHs nosjydaercs B pe-
8YyJIbTaTe JeHCTBHA Ha Hero omepatopa P, a HMeHHO

K
Pu-kgl (Xp» ) Vgs (29.7.2)

rre {x»} — cHcreMa coOCTBEHHHX (YHKUHI CONpSXKEHHORX 3afayH,
obpasyromasn Ga3uc, GuopToroHandbHbii K {V;}. CuenoBarenbHO, KO-
OpAHHATH JO6Oro 4 H3 HeyCTOHYHBOTO MHoroo6pasusi M BHuHCIA-
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1I0TcA no  ¢opMynam
Xp=(Yp u), k=1, ..., K. (29.7.3)

Has tpaektopuit Ha M ypaBHeHHe ABHkeHHs (29.4.1) npumer
BHJ,

xp=Fp (X5, ooey X), k=1, ..., K. (29.7.4)

Jns Touek BOJH3M HyJs GYJeM HMETb
Fo(%s, -+, Xg)=MApX, + uneHnl Bhcwero nopsaka. (29.7.5)
Anroput™ BhIYHCIEHHs GYHKUMH F, ONHchbiBaeTcs B Caefyrouieil
rsiaee. OH OCHOBaH Ha TOM COOOpaM€HHH, 4TO €CHH U (X1, . . ., Xg) —
Toyka MHOroo6pasus M (oHa BxoiauT u B H), umeioias KOOpAHHATHI
X, - Xg, @ {xpx(f)} (k=1, ..., K) — moboe pelueHHe CHCTEMEHI

(29.7.4), 10 OyHKIMA

u()s=u(xi(t), ..., xg(1)) (29.7.6)

JOJKHA YIOBJETBOPATL B M 3BOMIOLHOHHOMY ypaBHeHHio (29.4.1).
Jroro TpeOOBAaHHA BNOJHe IOCTAaTOYHO AJIA ONpele/ieHHs KaK 3aBH-
CHMOCTH Xg(+) OT %, TaK H 3aBUCHMOCTH u (. . .) OT {xp}. B anroputme
npeinosaraeTcs aHaJHTHYHOCTb MO BCEM apryMeHTaM, H [O3TOMY
u(xy, ..., Xg) MOXKHO NPEACTaB/ATh B BHJE CTENEHHBIX PAJOB MO Xp
¢ KosdtuuueHTaMu u3 npocrpanctea H, a Fy(x,, . .., Xg) — B BHJe
OOBIYHBIX CTENEeHHBIX pAAOB. IJTO MNpeAnoJoxeHHe cjaelyeT paccMar-
pUBaTb KaK NpeiBapuTeJbHOE, XOTS OHO M MOAKPENJseTcs TeM H3BecT-
HBIM (baKTOM, 4YTO peireHHe ypaBHeHHH HaBbe — CToKCa NPHHALJEKHT
no kpaineit mepe C® (cM. Kuury Mapenena u Mak-Kpakena [1976]).

JJ1s n-MepHBIX OOpaTHMBIX CHCTEM, paccMaTpHBaeMHEIX B HebecHOH
MeXaHHKe, MOXHO OINpeNeNHTb TaKkKe yomotuusoe mHoeoobpasue, 3a-
poxjaromieecs: W3 HYJs (M aHAJOTHYHO U3 JIIOOOH APYTOH HenoJABHKHOH
TOYKH); OHO KacaeTcs B HyJie JHHEeHHOro MHorooGpasus, HaTHYTOro
Ha OCTaBIIHecs CcOOGCTBEHHbIE BEKTOPH @y .q, - . ., ®p. Ero MoXHO
0XapaKTepH30BaTb KaK COCTOsllllee H3 TaKHX ABHXKeHUHd wu(f), Ans
KOoTophiX u(f)— 0 npu t— oo. B HelcTBUTENBHOCTH YCTOHYHBOE
MHoroobpasue OOBIMHO BBOAMTCA [epPBbIM, a 3aTeM HeyCTOHYHBOe
MHOroo6pasHe onpefeNsieTcsi Kak TakKoe YCTOHUHBOe, KOTOpOe Mojay-
uyhjiock Gbl NpH 3aMeHe ! Ha —¢{. XOTA B IMAPOAHHAMHKe OOJbIIHHCTBO
JIBHXKeHHI He JONycKaeT oOpalleHHsi Mo BpeMeHH, yacTb M3 HHX, 00-
pasyiomasi HeycToiunBoe MHOroo6pasue M, ponyckaer ato, Tak uto M
MOXKeT ObITb OMHCAHO KaK COCTOsllee M3 TaKHX 0OPaTHMBIX HBHKEHHH,
I KOTOPHIX u(f) = 0 npu ¢ — -—oo.

B § 29.10 namM norpebyerca Apyras TpPaKTOBKAa HeyCTOHYHMBOIO
MHOroo6pasmsi, KOTopas CBs3aHa CKopee C OTOOpakeHHfIMH, 4eM G
notokamH. BMmecTo cemelicTBa oToGpaxkeHHH u — @ (u, f) B THIbBOEp-
TOBOM MpPOCTPAHCTBe, 3ABUCALIMX OT HeNpepeBHOIO Mapamerpa ¢,
paccMOTpHM ceMeficTBO otoGpaxeHHi x — @, (X) B n-MePHOM MHOro-
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o6pasud M, 3aBHCALIHX OT DHCKPETHOro NapaMeTpa m H omnpefens-
€MBIX C MOMOILBIO HTepauui @:

D, (x)=D(@(...D(x)...)) (m urepauui).

[pexnonoxum, yto x =0-—HenoxBu:kHasA Touka ®. [locne nuHeapu-
3allHH B Ma&JIOH OKPECTHOCTH HYJIfl [OJYYHM

@ (x) = Mx 4 uneHbl BHICIIErO BOPAJAKA,

rie M—matpuna pasmepa nxn. Ecan cob6cTBeHHble 3HaueHHA

@y, ..., &, (k<<n) Marpuubl M Jekat BHe eJlHHHYHOH OKPYKHOCTH
la}=1 H UM COOTBETCTBYIOT He3aBHCHMble COOCTBEHHblE BEKTOPBI
Vy, .++, Vg, @ BCE JDYTrHe COOCTBEHHbIE 3HAYEHH# JieKaT BHYTPH

eJHHHYHOH OKPYXKHOCTH, TO CYIIECTBYeT Kk-MEpHOe HHBApHAHTHOE
MHoroo6pasue N, Jnexamee B M H Kacawoueecss B HyJe JHHEHHOro
mHoroo6pasus N,, HaTAHyTOrO Ha BEKTOPHl Vi, ..., V, (CM. KHHUTY
A6paxama u Po66una [1967] uan crareio Cwmeitna [1967]).

3aMeyaHHe O BeLIECTBEHHBIX H KOMIJIEKCHBIX THJbGEPTOBLIX Npo-
cTpancTBax. B cooTBeTCTBylOMWEM THAPOIHHAMHYECKOH CHCTEME THJb-
fieproBoM npocTpaHcTBe H Ans ¢yHKUME p, 4, v, W (ZaBJeHHA H
KOMIIOHEHT [OJA CKOpOCTeH) MNPHXOZHTCA JONYCKATbh KOMILJIEKCHBIE
3HayeHHs!, TOrJA KaK JAJs (PH3HUECKHX TEUEeHHH OHH BelleCTBEHHHI,
H TO3TOMY (PH3HYECKHE pelleHHs JOJIKHB! JIeKaTb B BelleCTBEHHOM
nopnpocrpanctee H, npocrpanctea H. Tak xak ypaBHenus Hasbe—
Crokca BemecTBeHHBl, COGCTBEHHBIE 3HAYEHHUS! JIMHEAPH30BAHHOH 3a-
Jaud JHOO BelIECTBEHHBI, JMHGO 06pa3yloT KOMIIIEKCHO COIPSIKEHHbIE
napel. MoXHO cyHTaTh, Y4TO COGCTBEeHHAsi (PYHKUHS 1\, BelIECTBEHHA,
€CJIH BeIIeCTBEHHO Ay, M YTO P, H ., SABJIAIOTCA KOMIJIEKCHO CONpSsi-
KEHHBbIMH, €CJIH TaKOBHIMH ABJIAOTCH A, H A,.. Toraa B mpencrasJe-
HHH 4= D, C,p, 37eMeHTa W3 H HyXHO CUHTATh C, BEIIECTBEHHBIMH
IV BEIECTBEHHbIX A, H KOMIJEKCHO COMNpPSMKEHHBbIMH JJf KOMII-
JIEKCHO CONpPsIKEHHbIX A, — npu 3ToM u OyneT npuHamiexath H,.
[lpy TakoM nopxose MHorooGpaswe M Gyier BeilecTBeHHOH K-Mep-
HOl I[IOBEPXHOCTLIO, Kacawoulefics B HyJie BelECTBEHHOro JIMHENHOTo
nopnpocrpanctea M,=H,, a kKoopaunatel x, B M, 3ajaBaembie NpH
noMomk (29.7.3), Takxke 160 GYAYT BEHISCTBEHHBIMH JUIfl BEIleCTBeH-
HBIX Ay, JIHGO X, =X, €clu Ay=A,,.

29.8. BUDYPKALMA K HOBOMY CTALMOHAPHOMY COCTOSHMIO

B Gonee mpocTofi M3 ABYX KjaccHuecKHX TeopeM Xonda o Gu-
(bypKauusix npeanonaraeTcsi, 4TO0 OAHO IPOCTOE BENIECTBEHHOE COGCT-
BeHHOE 3HayeHue A, (R) nepexogHT B MPaBYyl0 MOJNYMJIOCKOCTH (T. €.
[IPOXOJUT Yepe3 HYJb) B TOT MOMEHT, KOTJa 4ucao PeliHonabjca,
YBEJIMYHBasACh, NPOXOAMT Yepe3 KpHTHYeCKoe 3HaueHue R,. Mrak,
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>

L d RC

-

a ]

Puc. 29.5.
nyCcTh

M(R)=0, A(R)=B>0.

—>X — X

e ————x

1
1

(29.8.1)

B stom ciydae HeycToiuHBOE MHOr0OOpasHe OJHOMEDHO, a ONHCHIBA-
ljomas JABHKeHHe cucTeMa (29.7.4) cBelleTcsi K OJIHOMY YpPABHEHHIO

x=F(x; R),
B KOTOPOM y X ONYileH HMMKHHA HHAEKC | W yureHa 3aBHCHMOCTb
or R. Ilpu nomomu (29.7.5) u (29.8.1) 310 ypaBHeHHe MOXHO nepe-

NHCaTb B BHIC

x =P (R—R,) x + uieHnl

Bhlcluero nopsjika. (29.8.3)

CraudoHapHble TpaeKTopuH x=0
NpeJCTaBIAIOTCA  TOUKaMH  KpHBOH
F(x; R)=0 B nmiockocTH X, R. 210 reo-
METPHUECKOe MEeCTO TOUYeK COCTOMT H3
OTpe3Ka ocH R W KPHBOH, npoxoasaued
yepe3 Touky x=0, R=R; TPH BO3MOX-
HbIX CJy4Yas - NPeACTaBJeHH Ha PHC.
29.5, a, 6 1 8.

Ecnu crepyiomuii no nopsiaky Mma-
JOCTH uleH B (29.8.3) paseH ax? TO
UMeeT MecTO HecHMMeTpuuHas Ondyp-
Kalllsi; eCJH OH pameH ax®, To Gudyp-
KallHsl CHMMETpPHYHA —— OHa GyJeT 3aK-
PHTHUeCKOH NpH a<0 # JOKPHTHUYECKOH
npu a>0.

(29.8.2)

t
}
t

Puc. 29.6.

YCcToHuUHBOCTb ONpeaensercsi 3HaKOM X B TOUKAX BOGJH3H KPHBBIX.
Hanpumep, Ha pHc. 29.6 MOKasaHO CTpPeJKaMH [ABHXXEHHE TOUEK B
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MJIOCKOCTH X, R B ciydae HecHMMeTPHUHOH OHpypKauHH. Bo Bcex
clyyasx BOCXOAsllHe BeTBH YCTOHYHBEI, a HHCXOAANHE HeT, TOTAa
Kak pelleHHe x=0 Bceraa HeycTodunBo NpH R>R..

B nokpuTHYeckKoH OHbYPKaUHH, KOTOPYIO HJJIOCTPHPYeT PHC.
29.5, 6, HeT YCTOHYHBOTO PABHOBECHS B OKDECTHOCTH pelleHHAa x=0
npy R>R,. Ecau B 3ToM cayyae R, oueHb MelJeHHO Bo3pacTas,
NPOXOJHT uepes R, TO THIIHYHAs TPaeKTOPHA TepPeBOAHT CHCTeMYy H3
TOYKH X0 B JajeKHe TOUKH KOHOHT'YPaUHOHHOrO NMPOCTPAHCTBA 32
OTHOCHTENBHO KODOTKHIH [POMEKYTOK BpeMeHH, KakK TONbKo R mpe-
BHIINaeT R.. DT0 sABJEHHE HA3LIBAETCH B3PbIBHbIM hepexodom W TPOTH-
BOMOJIOXKHO Iepexoly B BHIAe afiHabaTHUYeCKOH MOCJeA0BATeIbHOCTH
VCTOHUHBBIX COCTOSIHHH, KOTOpBle XapaKTepH3VIOT TpaeKTOpHIO B
IPYTHX cay4dasx.

29.9. BUDYPKALMUA K NEPMOAUYECKOH TPAEKTOPUM

Bo BTOpO#H KJaccuueckoH TeopeMe Xonda o OHpypKauHAX NpeAnoaa-
raercs, 4TO OJHa Tapa KOMIUIEKCHO CONPFAXKEeHHBIX COOCTBEHHBIX 3HA-
YeHHH TepeXoAHT B TPaBYK MOJYIJIOCKOCTb B TOT MOMEHT, KOria
R, yBenHuHBasch, MPOXOAMT uepe3 R, a BCE OCTajIbHble COOCTBEHHBIE
3HAUeHHA HaXOAfTC B JeBOH MOAYMJIOCKOCTH. [lycTh mepexoasT
3HayeHHs
Ak, =0 + iw=0(R) & iv (R), (29.9.1)
rie
6(R,)=0, ¢ (R,)>0, o(R,)+0. (29.9.2)

Tenepp MHoOrooGpaswe M AByMepHO. BmecTo KOMIJIEKCHO cONpsizKeH-
HBIX KOODAMHAT X; M X, MBIl BBefieM B M BelllecTBeHHBIe KOOpPJAHHATHI
X Uy, TaK 49TO X;=x-+iYy, X,=x—Iiy.

B nepBoM npubauxeHHH ABHxKeHHe B M, cornacHo (29.7.4) H (29.7.5),
OITHCHIBAETCS YypaBHEHHEM

d (x+ iy)/dt = A (x + (y) =(0 + io) (x + iy).

B6ausu HyJs TpaeKTOPHH NPHOJHAKEHHO OYAYT BHITJIAAETH Kak CITH-
panu:
(x + iy) ~ const - eo (cos wf + i sin wt).

B [OJSApHBIX KOOpAHHATaX Mbl HMEEM
=0r40(r?), 0=w+0(r). (29.9.3)

Ortclona caelyer, 4To B HEKOTOPOA OKPeCTHOCTH HyJs Ha JoGo# Tpa-
eKTOpPHH O Bceraa Bo3pacTaeT, a r BCerja MOJOKHTeNEH; r MOXKEeT Kak
BO3pacTaTh, Tak H yOBIBaTh; BOJIM3H HYJA r Bo3pacTaeT npH o0 H
yOuiBaeT npH 0<<0. Tenepp monpobyem MOHATH, 4TO OYAET UYTh AaJblile
OT HYJA.
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Onpepennum Ans Hawed sanauu omobpascenue Ilyankape Kak OTo-
6paxenHe x — D (x) ocH x B M, nonarasi, 4To eC/M TPaeKTOPHsS HMeeT
KOOpAUHATH x, 0 npu HEKOTOpOM f, TO OHa GyAeT UMEeTb KOOpPJHHATHI
@ (x), 0, koraa 0 yeequuurcs Ha 2m. 3ameTuM, yTo x H D (x) MOryT
O6LITb MO0 OJAHOBPEMEHHO MOJOXHTEJNbHbIMH, JH60 OJHOBPEMEHHO
oTpuuaTenbHbIMU. [lycThb

D (xy=x(1+g (x)). (29.9.4)

CrpyKTypa TpaeKTOpPHH 3aBHCHT OT CBOHCTB ®YHKUHMH g (x). M3 dop-
MYJ, ONMCHIBAIOUWHX CHOHpanb BOJH3H HYJs, BbHITEKaeT, 4TO

14-g (0)=e?n0/o; (29.9.5)

B uacTHoctH, g(0)=0 mpu R=R,, nockoabKy Toraa o=0. CnenoBa-
TeJIbHO, Pa3sokHuB g (x) B pan Teitsopa no x U 0o pasHocTd R — R,
Mbl 6yJeM HMeTb

gx)=g(x; R)=ax+b(R—R)+cx*4.... (29.9.6)

KoadpuuuedT a nomxeH OuTb paBeH HYJO, TaK KaK B MPOTHBHOM
cnyuae dyHKuuA g(x, R umena 6bl OPOTHBONOJOXHBIE 3HAKH MPH
x>0 1 x<<0 B6au3U TOYUKH x=0, a 0TCloa CAeJOBano Obl, YTO Tpaek-
TOPHA JAOMXHa GLITH caMonepeceKaioumledca, T, e. ee BTOPOH BHTOK ¢
OJHOH CTOPOHbI Ohin OBl Janblle OT HYJs, ueM NepBbldl, a ¢ ApYyro#
6nuxe. KosdduuueHT b nojoxuteseH, TaK Kak, COrJacHO NpeAnoJo-
KeHH1o (29.9.2) OTHOCHTENBHO O, TPAaeKTOPHH BOJH3H HYJ/A PacKpyyH-
BalOTCA MO cnHpanu npu R>R, u ckpyuuBawTcs npH R<<R..

PaccMoTpuM Ha mJOCKOCTH X, R MHOMXECTBO TOYEK, yAOBJIETBOPSIO-
IHUX ypaBHeHHIO g (x, R)=0. Ecau xy, Ry — OJHa H3 TaKHX TOYEK, TO
npu R=R, 6yaeM umetb O (x,)=x,, T. €. CymlecTByeT 3aMKHYTas Tpaek-
TOpUS, HepeceKaloas och X NPH X=xg. ITO MHOXKECTBO COJAEPKUT TOUKY
x=0, R=R,; B6aU3H 3TOH TOYKH OHO NpEACTaB/AET CO6OH KPHBYIO,
KoTopasi nepecekaeT ocb R TOpH3OHTa/bHO; 3Ta KpHBas HanpasJieHa
BBEepPX, KakK Ha puc. 29.5, 6, ecnu ¢<C0, u HanmpaB/JeHa BHH3, KaK Ha
puc. 29.5, 8, ecan ¢>0. Budypkauus HasblBaeTcs 3aKpumu4eckol B
NepBOM M3 3THX ABYX cJydaeB M Ookpumuveckoli Bo BTopoM. Kak u B
npeabiaymeM naparpade, ciaeiyeT OXMAATb B3PLIBHOrO Mepexoja,
ecau ¢=>0.

29.10. BMOYPKALUMA OT NEPMOAMUYECKON TPAEKTOPMM
K MHBAPMAHTHOMY TOPY

Cnepylowmas 6udypranus nocse ToH, KOTOpas NpHBea K 3aMKHYTOH
TPaeKTOPHH, T. €, K MePHOJHYECKOMY ABHKEHHIO, MOXET NPHBECTH K
JIByMEPHOMY HHBaPMaHTHOMY TOPY, KaK 3TO MOKasblBaeT npuMep Xonda
[1948]. Teopembl 06 3To#t GudypKaLUMH NPHBOAATCS Y PasHUHbIX aBTO-
oB, BKk/mouass Hafimapka [1959], Cakkepa [1964], Prosna u Takenca
F197l] u Jlandopaa [1973]. Takue TeopeMB OCHOBBHIBAIOTCS I'J1&BHbIM
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o6pasoM Ha Teopun PJOKe, HO Mbl BriGepem Gosiee HarVIsAHbIA NOAXO,
omupatoniuiics Ha MOHATHE OTOGpaKeHHus Hyah'xuape.

[Tycts R, —KpHTHYeCKOe 3HaueHHe 4Hcsia PefiHosbaca RL xapak-
Tepu3ylolllee MepBOe MOsiBJEHHE MEePHONMYECKUX TPACKTOPHH B 3a-
KpuTHUecKoil 6udypkauuH, obcyxAaBluefics B MNpeAbAylIEM mapar-
pape. IlpeamosioxuM, YTO NPH HEKOTOPOM R > R; PasMepHOCTb
HeycToHuMBOro MHorooGpasus M paHa K. MuorooGpasue M conep-
KUT JABYMepHOE MHOrooGpasue, OMMUCAHHOE B MNpENBIAYUIEM Mapar-
pae, ¥ Mbl MpEANOJIONKUM, YTO KOOPAMHaThl B M BbiOpaHbi Tak, 4To
mepBbIe JBE W3 HHX—3TO KOOPJAHHATHl X, Y U3 MPeAbIAYLIero na-

parpada;, ocTajbHble KOODAMHATHl OCO3HAYUM Uepe3 X, ..., XK.
'y
A
X g
7 1T
14 i b — %
" X}
A'YY t:' \
= N
®(x)
Puec. 29.7.

Torga, ecau R Julib HEMHOTO MPEeBOCXONHT R;, TO 3aMKHYTHIE
TPAaeKTOpPHHM OGXOAAT HYJb B HOANPOCTPAHCTBE X, 4 M Kaxjas u3
HUX OIMH pa3 MepeceKaeT MOJIOKUTENbHYIO H OTPHIATENbHYIO MOJy-
ocu ocu x. Ilyete V ecte (K—1)-MepHasi runepmoBepxHOCTs B M,
3aflaHHasl ypaBHeHHeM y=0; Torma V nBaxApl nepecekaeTcst 3aMK-
HyTOll TpaeKTOpHell, Kak CxeMaTHYeCKH MOKasaHo Ha puc. 29.7, u
MBI 0003HauMM OJZHO M3 3THX mepeceueHHil Kak Xx=E&=E(R), rae x
ecTb (K —1)-MepHbIil BeKTOp C KOMIOHEHTaMH X, X5, ..., Xx. Jas
X, 6nuskux Kk &, onpemenum @ (X) Kak BTOPYl0 MO CUETY TOYKY me-
peceuenus V c Toli TpaeKTopueil, KoTopasi HauuHaeTcst B X (CM. pH-
cyHok). Toraa

D; x— @ (x)

— oro6paxenue [lyaHkape, onpefleleHHOe B HEKOTOpPOH OKpPECTHOCTH
Touku & B V. Ormerum, uro @ (§)=&. [ns x, 6au3KHUX K &, mocJe
JIMHeapu3anuu G6yJeM UMeTb

@ (x)—§ =M (Xx—E) -+ useHbl BHCHIHMX NOPAIKOB, (29.10.1)
rae M—wmarpuna pasmepa (K—1)x(K—1).
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Tenepb [IPEANIONOKHM,  YTO M umeer oaHy mapy coGcTBEHHbIX

sHaveHH#l (=0 (R)) H @ C COOTBETCTBYIOU[HMH HM COGCTBEHHBIMH
BEKTOPAMH V, V, TaKylo, YTO

[@(Ry)|=1 nna nekoroporo R, > Ry, (29.10.2)

dla(R)|/dR |r=r, >0, (29.10.3)

TOTJa KaK Bce NpPOYHe cOOGCTBEHHbIE 3HaueHHs M JsiexaT BHYTDH elH-
HHYHOH oOKpyxHocTH. Koria R Bo3pacTaeT, 3aMKHYTasi TPaeKTODHs
Tepser YCTOHUMBOCTb NPH R > R,; cJeloBaTeqbHO, NpH R =R,
HMEET MeCTO HOBas OHQYpKalHs. ‘

Corstacuo § 29.7, npu R > R, orobpaxenne @ B V umeer aBy-
MEPHOE WHBapHAHTHOE HeyCcTOHuUMBOe MHOroo6pa3ne HJH NOBEPXHOCTDb
S B V, xacaiomyiocsi B Touke & sHHeHHOro MHOroo6pasus S,, HaTs-

HYTOrO Ha BeKTOpH V ‘H v. Urolbl clesaTh Halllh pacCyKJEHHA
Gosiee HArJIsAHBIMH, OyIeM CUHTaThb NOBePXHOCTb V JAByMepHOH; TOrAa
S=V u S wunBapuantHa OTHOCHTeJIbHO @; cJjelOBaTe/IbHO, MOXKHO
cuutath @ otobpaxkenneM B S. IlycTb # M v—Takye BellleCTBEHHHE
KoOpJAHHaTh B S, 4To mpoekuus s1eMeHta x—§& u3 S Ha S, paBHa
(u+iv) v+ (u—iv)v, u nyctb z=u - iv. Torna oro6pakenue Ilyan-
Kape MpHMeT BHJ 2-—2 =z WIeHbl BHICIIHX MOPSAAKOB, HJIH,
TOYHee,

®: 2—2 =az [l + Z qlkz/z"] (29.10.4)

k=1

Tle ¢, —HEKOTOpLIE KOI(PHHIHEHTDI (B obuieM cJiyyae KOMHJIeKCHbIe)
a CYMMHpPOBaHHE MDPOHMCXOJIHT IO BCEM IeJIbIM HEOTPHLATeJbHEIM | H &,
JJIs KOTOpHIX 4k =1,

[pu ompejeseHHBIX AONOJHHTENbHLIX TNPEANONOXKEHHAX OyJler mHo-
KasaHo, YTO npH R > R, cyllecTBYeT MOYTH KPYyroBas HHBApHAHTHAs
saMKHyTasi KpuBasg € B S, obxoaswmas Touky §&. Ilyctb Temepn €
nepeHocHTCsi TeyeHHeM B M; Torja oHa NMOKHHET V W HauHeT OMHCHI-
BaTh HMHBapHaHTHyi0 Tpy6y B M, Koropasi 3areM 3aMKHeTcsl, obpa-
30BaB TOp, Korda € CHOBAa OKaeTcsi Ha MOBePXHOCTH V BOJHM3H
TOYKH &.

Yro6bl 06/eryuTh aHaln3 oTobpakeHus Ilyankape, yJ1o0HO BBeCTH
B S BMECTO 4 H U HOBble KOODAHHATHI £ U 7). BribepeM 5TH KOOpAMHATHI
Tak, yTOGLI MPHUBECTH oToGpakeHHe [lyaHKape K HacTOJbKO MPOCTOH,
HACKOJIbKO 3TO BO3MOXHO, (opMe (Hopmaasroti (opMe), T. €. UTOOHI
HekaouuTh B (29.10.4) HekoTOphie HenuHelinHble YieHbl. Ilpu [a|#1
MOKHO HCKJIIOYHTL CTONbKO HeJMHEHHBbIX YJIeHOB, CKOJIbKO MPEACTaB-
JieTCsl HY»KHbIM (cM. KHUTY 3urens [1956, § 21]), Ho, yTO6LL NIpH TIPO-
XOxkJeHHH R uepes sHaueHHe R,, Koria |a(R)|=1, nckomoe npeobpa-
30BaHHe HE HMMeJO OCOGEHHOCTH, HYXHO B (29.10.4) octaBuTb 4JseH

0.g;,2%2; TAaKMM 00Pa30M, MOXKHO HCKJIOUHTb BCE OCTAJIbHbE WIEHH NO-
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psiika He Bbiie 4, (B npuHLHMNE MOXKHO GbIO Gbl HCKJIOUHTD BCe ‘YJIeHHl
NOpsJAKA He Bhillie 6, OCTaBUB JHILDb YJIEH 0¢392°2%, U T. JI., HO HCKJIIOYEHHe
YJIEHOB MOPsA/JKA He Bhiille 4 — 3TO B TOYHOCTH TO, UTO HEOOXOLAMMO HaM
AN TpoBeleHHs aHanu3a.) IlepefineM K npeicrabienuio =&+
C TOMOLLBIO PABEHCTB

4
2=t B ot (29.10.5)
4 —
2= +l+’§2 Pl ™ (29.10.6)

H BeIfepeM B HHX KOS(QHMUMEHTH ¢, TaKuM 00pa3oM, YTOOH Mocie
MOJCTAHOBKH 3THX COOTHOLIEHHH B (25'.10.4) orobpaxenue [lyankape
IPHHSJIO HOPMAAbHYWD Gopmy

{—C =al(1+BILPH+0@), (29.10.7)
rae O (§°) comep:KUT 4YJEeHb CTeneHH 5 W Bpiue 1o { U, a P—Hopas
nocrosinHasi. UTo6k BHpa3HTb KO3G(HLHEHTH ¢, uepe3 3ajJaHHbe
K03(DHLMEHTHI ¢, TOACTaBUM B TpaBylo 4acTb (29.10.4) B kavecTse 2
npasyto uacTe (£9.10.5), saTem noacraBum B npaByio uacTb (29.10.6)
B KauectBe ' mpasyio uactb (29.10.7) u NMOACTaBHM STOT pe3yJibTaT
B KauectBe z' B JieByto 4acTb (29.10.4). Ilocsie sroro (29.10.4) cra-
HET TOXKJECTBOM MO { M [ ¥ B HeM NOJHbIH Ko3thduuHeHT npH {PL7
MOXKHO TpUpaBHsiTb Hymo. [lonyuuBiivecs Takum ob6pasoM ypaBHe-
HH$i, €CJIH WX pAaCHOJOXHTb B INPABHJBHOM [MOpsJKe, MOTYT GHTb
paspellleHsl OTHOCHTEJNbHO KOI(p}HULMEHTOB ¢,, IpH VCJIOBHH, YTO

a, a?, o, a* H a® He paBHH I, (29.10.8)

KaK 3TO OOBACHSeTCA B IPHJOXKEHUHM K JaHHOH IyiaBe. (YpaBHeHHe,
nonyvatouieecsi npH p=2 1 g=1, He MoKeT GHTb paspelleHO OTHO-
CHUTEJIBHO @,;, ecJM |a|=1, HO OHO BCerjia paspeliimMo OTHOCHTEJBHO
B, ¥ MB TPOCTO MOJMONKHUM @, =0.)

[ns ycnemHoro NpuMeHEHHS 3TONO METONA MHl JIOJIKHBI IIPEIo-
JIOXHTh, corjacHo (29.10.8), uro, Korfa mpu Bo3pacTaHHH R Touka
a(R) nepecekaeT eIMHWYHYIO OKPYXKHOCTb |a|=1 B KOMIJIEKCHQ#
IJIOCKOCTH, OHA HE COBMajaeT HU C OJHUM H3 KOPHEH M3 eIHHHIL
crenenu Menbiie 6. Tor chayuvall, Korja oOHa COBHajaeT C OAHHM H3
3THX KOpHeH, KpaTko ofcyxKjiaercs B cJeaylolleM naparpadge.

Beenem BMecTo R HOBHIH GespasmepHblii mapamerp p=|a (R)|—1
H HCHOJb3yeM TMOJspHble KOOPAMHATH r W O, B KOTOpHIX {=re’®;
Toraa orobpaxenue IlyaHkape mpuMer BHJ

o { r'=(+4p) r4-cri4-f(r, 6)rs, (29.10.9)
0 =04c, e, 0, (29.10.10)

rie f ¥ g—raaakue QYHKUHMH, @ Ci, Cy Csp f, g TVIAJAKO 33aBHCHAT OT
U B HEKOTOpOH OKPecTHOCTH 3HaueHus pu=70
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Koucranta c¢; wurpaer posb mnocrosHHOR Jlanaay: ecau ¢; <0
(MMEeHHO 3TO MBI M IPEANoJoXKuM), OHYpKanHs 6yJeT 3aKpUTHUECKO.

Ecmu B (29.10.9) He yuuTHIBaTBH YJieH BHICLIETO MOPSAKE MaJIOCTH,
cofepxamuit f(r, 0), To kpuas %,, A8 KOTOPOH r=r,, Tle

T =VH/(_01‘),

6uoiia 661 mpu p >0 WHBAapHAHTHOH OTHOCHTEJLHO OTOGpaXKeHHSs
[Tyankape. OHa KOHIEHTpUYHA C 3aMKHYTOH TpaekTopuel, H306pa-
KeHHOH Ha pHuc. 29.7; cjefoBaTesNbHO, NPH CBOEM [BHIKEHHH MO Te-
yeHHI0o B M oHa ofpasoBana Obl TOp. UTOOB yuecTb BJMSIHHE OT-
OpOILIEHHOr0 4JIeHa, ONpeleJHM I0CJe/0BaTeIbHOCTh KPHBBIX

€, {r=r,(0), 00 2n}

Mo HHAYKIHH, HauyuHas ¢ €, u nonaras janee 6,.; =P (¥,). Moxuo
N0KAa3aThb, YTO /5 JOCTATOYHO MaJsblx W (T. €. JJa JOCTaTOYHO MaJjioH
pa3HoCTH R-—R,;) 3TH KpHUBbIE CXOAATCH IPH 71— 00 K [IpelesbHOMN
KpuBoii €_, koropas u OyJeT HHBAapPHAHTHOH OTHOCHTeJNbHO .

JlokazaresbCTBAa CXOAMMOCTH W OrpaHHYEHHH HA W CJHILKOM
JJMHHBL ¥ TOSTOMY ONYUIEHBI, 38 HCKJIOYeHHEM HeMHOTHX yTBepXkie-
HUH W Qopmy., NpHBENEeHHHIX B IPUJONKEHUM K 3ToH rniase, [loka-
3bIBAETCS, HAlpHMEp, YTO NPH MAJOM {I KOJIBbIO

2/3f0<r<4/3r0 (291011)
oroGpaxaercs P B MeHbllee KOJbLO
s+ 0p) 1o < ' < (Hg—5/5318) . (29.10.12)

D10 noaTBep:kAaeT TOT (akT, uyTo D-—CxKUMalOmlee OTOGpaKeHHE.
[TokaszaHo TaKxke, UTO €CJIH

An=rneax ‘ Fpai (e)_rn (e)l
®)

— MaKCHMaJIbHOe pajuaJjbHOe MepeMelleHue KpuBod €, noa AeHcrt-
pueM @, TO

A1 <KA,, (29.10.13)

rae KoHctaHta K < 1, ecqm w AocratouHo mano. Hakower, nmokasw-
BAETCs, YTO NMPH JOCTATOYHO MaJjoM W

|dr, (6)/d0] < u Ans Bcex n U Bcex 6, (29.10.14)

TaK 4TO NMpeflebHas Kpuas €, OyJleT MO MeHblleH Mepe HelpepHB-
Ho#l mo Jlumumiy.

Hakonen, paccmorpum Tpy6ky B K-MepHOM mpocTpaHcTBe M, co-
CTOSIIYI0 U3 TPaeKTOpHH, KOTOpble HAYHHAIOTCA B TOYKAX KPHBOH €.
Odra Tpy6Ka coelHHseTCA cama ¢ cobod, oOpa3ys 3aMKHYTYIO MOBEPX-
HOCTb, KOTJa TPaeKTOPHH BO3BpAILAIOTCSi HA MOBEPXHOCTb S, Tie OHH
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CHOBA MPOXOAAT Yepes KpHBylo €_. Takas noBepxHocTh romeoMopdHa
TOpy, a He OyThiKe KuefiHa, MOCKOJbKY MPH 3aMblKaHHH TPYOKH
OpHEHTallusl KPHBOH % coxpaHsercs [mocClefHee CJeLyeT U3 ompe-
JeneHHs orobpaxeHus Ilyamkape (29.10.9), (29.10.10), orkyna
BHAHO, yTo O’ ABaserca Bospacratomedl ¢yHKuuel 0].

Mbl He yTBepxkJaeM 3llech, 4TO Jio0as OTAEJbHAs TPAaeKTOPHS
IVIOTHO MOKPHLIBAeT MOJYUYUBIIMACA TOP M, CJELOBATENBHO, ABJSETCS
KBasHIepHOLHYeCKoH ¢yHKuuell BpemMeHH. B camom gene, B ra. 31
6yner o6bACHEHO, YTO B cHay TeopeMsl Ilefikcoto 31O mpeicTaBas-
eTcs B OOLNEM CJyyae MAJIOBEPOSiTHHIM.

29.11. CYBFAPMOHMUYECKAS BMDYPKALIMSA

B npeamiiymem naparpage yxe orMeyanock, YTo ecid o (R) npH Bospa-
CTaHHH R nepecekaeT eJHHHUYHYIO OKPYXKHOCTB |o[=1 B TOUKe, siBJsIO-
wiefica KOpHEM U3 elMHHLB! CTeNeHH MeHee 6, TO H3JIOXKEHHBIM METOHOM
HeNb3A7 0GOCHOBATH CYIIECTBOBAHHE HHBAPHAHTHOrO Topa. B stom cay-
yae OHGYpKALHsA MOXKET NPUBECTH K ONHOH MM HECKOJBKHUM HOMOJHH-
TeJbHBIM MEPHOJHYECKHM TPAeKTOPHSAM.

MBI pPacCMOTPHM TOMBKO NPOCTEHIIYIO CHTYalHiO, KOI'Ja BBICLIHE
yleHHl B oTobpaxeHuH (29.10.4) B OCHOBHOM yXe OTCYTCTBYIOT H, Clie-
JOBaTeJbHO, HEeT HeOOXOAMMOCTH HX HCKJoyatb. [lojioxuM a=
=exp {2nip/q}(g<<B) ¥ Bo3bMeEM OTOGpaXKEHHE BHAA

Z=az(1+P2[?) (B BeweCTBEHHO H OTPHLATEJBHO)
HJH, B NOJsDHBEIX KOOpJAHHATaX,

r=(14+pr+art (¢ <0),
0" =04 2np/q.

B sToM cayyae Ha pacCTOsIHHH r0=l/p/(—-cl~) (na nosepxHoctH S)
OT CTapod TPAEKTOPHH 06PasylOTCA HOBHE TPAaeKTOPUH, KOTOPHIE
6yAyT 3aMKHYTBLIMH, MOTOMY YTO [OCJE ¢-KPAaTHOTO NPUMEHEHHA 0TG-
paxenus Ilyankape kaxjaas TOUKa OKDYKHOCTH r=r, HEPEXOLHT
cama B cebs. [lpH MajbiX NONOXKHTENBHBHIX W CTapas TPaeKTOPHUA
HEYyCTOHYHBa, eclM ¢; < 0, a HOBEle TpaeKTopHH ycroHuuBe. Korga
W, BO3pacTas, MpoxXoAHT yepes O, mepHOA paccMaTpUBAaeMOH Tpaek-
TOPDHH CKaYKOOGpa3sHO yBeJHUHBAETCs B ¢ pas.

B 31oM ciyuae pesysibTatoM GudypKauuu moscem Goums elie H HH-
BapHaHTHBIA TOP, XOTA Hall MeTOJ e€ro HaXOXJEHHS Telephb YyKe He-
npurofied. B paccMOTpeHHOM Bbille MpHMepe TaKOH TOP CYILECTBYET,
TaK KakK OKPYXHOCTb r(Q)=r, ABJAs€TCA HHBAPHAHTHOMH.

W naoGopor, naxe Korga yaaercss 06OCHOBATh CYLIeCTBOBAHHE HHBa-
PHAHTHOTO TOPa, Ha KPHBO# € _ MOryT HalTHCh TakKHe TOYKH, KOTOpbie
OyLyT MHBapHaHTHH OTHOCHTEJbHO HEKOTODOH CTemeHH OTOOpaKeHHs
Ilyankape u Tem cambiM OyAyT MOPOXKAATh 3aMKHYThle TPAEKTOPHH Ha
STOM TOpe.

(29.11.1)
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HEKOTOPBIE RETANIU NOCTPOEHUS MHBAPUAHTHOTO TOPA

CHauaja paccMOTpHM Bompoc 06 onpefejendd Bxopsuix B (29.10.5) u
{29.10.6) ko3hduUHEHTOB @y, [0 3afaHHBIM Kos(xpHuHEHTaM ¢ H3 (29.10.4) —
3T0 HEOOXOLAMMO JJIsl MpuBejeHHs] oro6paxeHHs [lyanKape K HOpPMasibHOH (opme
(29.10.7). Kak orMeuasoch B TekcTe, AJsi 3TOFO HyMHO mojcTasuth (29.10.5) —
(29.10.7) B (29.10.4) u, noJyyuB TaKHM 06Pa3OM TOKLECTBO OTHOCHTeJbHO CTerme-
Hel { M {, mpHpaBHATbL 3aTeM mojHble Ko3(guuuentol npH [PLT B npaBod u Je-
Bo# ero wactax. Ilpu (p, ¢)=(0,0), (1,0) u (0, 1) moayuusilHecs ypaBHeHHA
YAOBJMeTBOPSAIIOTCS aBToMatHueckd. Ciepyromue 12 ypaBnewuii pacnosaraworcs B
TakoH nocJleloBaTelbHOCTH:

p, =12, 0), (1, 1), (0, 2),
3, 0, 2 1, (1, 2, (0,3),
4, 0), 3, 1), (2,2, (1, 3), (0, 9,
H B 3TOR e NOC/JEeJ0BATENLHOCTH H3 HHX HAaXOZATCAd KO3(phHUHEHTH Ppg; TOTAA

quq 6y116T HEH3BeCTHBIM TOJIbBKO B TOM YyDaBHeHHH, B KOTODOM OH BIE€DBbi¢ TO-
ABASETCA, & 3TO yDAaBHCHHE HMeeT BHI

aPadg ot ... =a@pgt ... .
Orciofa MOXHO HaHTH @pgs 38 HCKJIOUEHHEM TOTO CJyYas, KOrAa
ared=aq.

Tak Kak p---¢ > 1, nmociefHee BepHO JHIUbL Torga, Korga |a|=1 u npu 3Tom
al P~9-11_.1,

Ecnu p—g—1 # 0, 10 mocneliee paBeHCTBO BHIMOJHSIETCH TOJBKO TOrZa, KOTAa
@ SIBJAsIeTCS KOPHeM CTeneHH | p—q—1| H3 eJMHHIBI, OTKyJa H CJelyT OrpaHH-
yeHus (29.10.8). Cayuait p—g—1=0 umeer MecTo TOJBKO NpH (p, g)={(2, 1);
' 3TO ypaBHeHHe He MOMKeT OBITb pa3pelleHO OTHOCHTEJBHO g, eciH |ct|=1, Ho
3aTO H3 HEr0 MOXHO ONpEleHTh f}; CJIENOBAaTeNbHO, Mbl MPOCTO NOMOXK UM Py =0.

[TpuBeseM TakXe, oOnyckasi [0Ka3aTelbCTBO, HEKOTOpbie OFpaHHUEHHS Ha |,
BHINOJIHEHHE KOTOPBIX TrapaHTHPyeT CyLeCTBOBaHHe HHBAPHAaHTHOH MpelesbHOH
KpuBOH %, OOCy:KIaBLleicd B OCHOBHOM TeKcTe. Bo-nepBhix, KoJjbuo (29.10.11)
oToGpaxaerca B Kosbuo (29.10.12), ecan

max {f{p < %5/1y0 ¢ pu< /13,

rie max | f| o3HauaeT MakcuMyM BenHuuHbl |f(r, 6, n)| B HexoTopo# obsacTH
r<sryi, |p| <<y, B KoTOpoil oroGpaxetue Ilyankape uMeeT HOpManbkyl Gopmy
(29.10.9), (29.10.10). Bo-ropmix, ouenka (29.10.14\ nna dr,/df cnpaBensusa,
ec/IM JONOJIHHTENbHO

max | f,|c2p.312+5max | f | ciu+max|fql V<,

2|csley V p+max | g, | cin+4 max | g | cap®/2+max | gy cip < Ves
rie
ca=4/BV —cy).
Hakoneu, oueHka (29.10.13) Buinonusietcss npH K=1-—u/6, ecld JONOJHHTENLHO
2jcslcq V n--max | g, | cin2--4 max | g | cdu?r2-5max | f|cip+
+max | f, |3u*2 < Y.



