Tnasa 31

PAHHAA CTAAUSA TYPBYNEHTHOCTH

[TepronnyeckHe, KBa3uUMEePHOXHYECKH®; MOYTH MEPHOAUUECKHE H alepHOLHYECKHE
ABHIKEHHS; 0)-NIpefie1bHOe MHOXKECTBO; aTTPAaKTOPH; SHepreTHYeCKHH cneKTp; ycTok-
yuBocTh Mo JIAMyHOBY; CTPaHHBIE aTTPaKTOpH; aTTpakTop JIOpEHLa; CHABHO TH-
OHYHbIE, THNHYHHE, HETHMHYHBIE H CHJIbHO HETHIHYHblE CBOHCTBA CHCTEM.

[ pedsapumenvrsie ceederusn: rn. 29.

B npukaaaHOl ruApOAHHAMHKe TypOYJIEHTHBIM Ha3biBalOT TEUEHHE CO
CTOJIb BBICOKOH CTeMeHbl0 XaOTHYHOCTH, YTO AJIs H3YUEHHs! JOCTaTOYHO
LIHPOKOro Habopa ero XapakTepPHCTHK MOXHO HCMOJb30BaTh CTATHCTH-
yecKHe MeTofbl. TypOy/JeHTHOCTb B 3TOM CMbic/le BO3HHKaeT MpPH cy-
ecTBeHHO GoJsiee BBICOKHX 4Hcaax PeifiHosnbica, d4eM Te, KOTOphie Mb
6ynem paccmarpuBath. Hanpumep, Ans BrnosHe pa3BHTOH TypOyJedT-
HOCTH B BO3JyXe C MONHOCTbIO CHOPMHPOBABLIHMCSI TaK Ha3blBaeMbIM
HHepLHaJbHbIM HHTEPBAJIOM Heo6XOAHMBI 00Jiee CypOBLIE YCJIOBHS, YeM
Te, KOTOPbIX MOXHO AOCTHYb B GOJIbILIHHCTBE a3pPOJAHHaMHYeCKUX TpyO,
W Takasd TypOyJeHTHoCTb Hab/ofaeTcsl IJ1aBHbIM 06Pa3oM B OTKPBITOH
aTMocepe.

Mexay JaMHHapHbIM TeYeHHeM H TypOYJEHTHOCTBIO CYyLIecTByeT
HeueTKO oOnpefiesieHHasd o6/acTb COCTOSIHHH, HasbiBaemas MepexoJHbIM
PeXXHMOM HJIH YyCTaHOBJIEHHeM TypPOGY/JeHTHOCTH. Mbl MO3HaKOMHMcH
C 3THM PEKHMOM TOJILKO IPH COBceM HH3KHX 4Hcaax PefiHonbica. CaoBo
«paHHsIsT» B Ha3BAHHH IJ1aBbl OTHOCHTCA K TAKOMY DeaJibHOMY TeUeHHIO,
I KoToporo uHcao PefiHosbAca pacTeT co BpeMeHeM Ou4eHb MeAJIeHHO.
PaccmaTpHBaeMble HAMH TeUEHHs ABJSIOTCA MPOCTHIMH H TVIAAKHMH, HO,
HECMOTPS Ha 3TO, OHH OTPaXKaloT OrnpefiesleHHble XapaKTepHble CBOHCTBA
HenpeACKa3yeMOCTH H XaOTHYHOCTH Ha COBCeM PaHHHX CTaHAX.

31.1. MOJENDb NAHAQAY — XOlMNMA

CxemaTHYeCcKH 3Ta MOJe/b NepeXofa onHcaHa B KHHre Jlanaay u Jlud-
wuna [1954]. Tlpeanonaraercsi, uto XoTsi 6bl AJ1 HEKOTOPHIX 3ajauy
CYLIECTBYET MOCJ/eA0BaTeNLHOCTh 3aKPHTHUECKHX OGuypranuf, cxema-
THYECKH o6pasyiolliX AepeBo, H3o6paxkeHHoe Ha puc. 31.1. Tlocne
nepBoi GHdypKaIHH JBHXXeHHe B 0OLeM ciydae siBJAsieTCst NMepUoAHYe-
CKHM, Tocjie BTOPOH OHO B O6LIEeM caydae 6y1eT KBa3HIIepHOAHYECKHM
¢ AByMs NepHOaMH H T. A. Keasunepuoduueckas GpYHKLUHS C m NepHo-
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JaMH HMeeT BHJ
F)=g(of, o, ..., o), (31.1.1)

rae ¢yukuus g(+, -, ..., -) NEpHONHYHA MO KaxKJIOMy H3 CBOHX
apryMeHTOB C NEPHOLOM 27, a YacTOTHl ; HECOU3MEPHMBI, YTO O3Ha-
yaeT HeoOpallleHHe B HyJb JHHEHHOH KOMOHHAaUHH €0, + ... 4,0,

¢ palUHOHANbHBEIMH KO3(QHUHEHTAMH Ci, ..., Cp, E€CJIH XOTA Obl OJHH
H3 HHX OTJIHYeH OT Hyas. EciaH o,, ..., ©®, COH3MEDHMEI, TO YHCJIO
R

A

Puc. 31.1. JlepeBo Gudypkauwmit.

HE3aBHCHMBIX 4acCTOT MeHblle m. Ilpeamonoxkum, Hanpumep, dTO
m=2 H o,/o,=p/q, the p H g— lenbie yucaa. Torna aas

t,=2mn (q/0, + p/o,) (31.1.2)

6ylneM HMeTb ©ify=47g i ®,.l,=4mp, Tak uTO f(f) — 3TO nHEpHOAHYE-
CcKasi (a He TOJIBKO KBa3HNepHoAHYecKas) GyHKUHS C MEPHOIOM, PaBHBIM
BestnuuHe (31.1.2). ,

B nocnenHeM naparpadge npeabiayuiedi rijasbl GbLIO NOKAa3aHO, 4YTO
ec/H nepsasi GH(yYpPRaLHs NPHBOAHT K 3aMKHYTOH TPaeKTOPHH, TO BTO-
pas MOXeT HNPHBECTH K MPHTATHBAIOUIEMY HHBapHAHTHOMY TOPY B (a-
30B0M npoctpaHcTee M. EciH, KpoMe TOro, JBHXEHHe TaKOBO, YTO €ro
TPAaeKTOPHA IJIOTHO MOKPHIBaeT TOP, TO pPe3yJAbTHpYoiHe (GYHKIHH
BpeMeHH (TakHe, KaK OJHa H3 KOOPIAHHAT B (pa3OBOM IPOCTPAHCTBE)
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GYAyT KBa3HNEPHOAHYECKHMH C ABYMs NepHoJaMH. TouHee roBops, Ha
TOpe MOXHO ONpeleNHThL ABe BHYTPEeHHHe YIJIOBble KOOPAHHATH O H @
TaK, uTo 0=w,{-+const, p=w,{-+const, H TPaeKTOPHA NJIOTHO MOKPOET
TOp TOrAA H TOJIbKO TOIJA, KOrla ®; H ®, HecousMepuMbl. [Tocie cie-
Inywoueli GupypKauHH MOXKeT BO3HHKHYTb ABHXKEHHe Ha TPeXMepHOM
TOpe H T. I

PeanbHbiit BhiGOp BEeTBH jepeBa, H3o0OpaxeHHoro Ha puc. 31.1,
3aBHCHT OT CTPYKTYphI HH(pHHHTE3UMAJbHOIO BO3MYILEHHS, BLI3bIBAO-
[ero OTKJOHeHHe OT OCHOBHOI'O MJIH JIJAMHHAapHOrO TeUeHHS B TOT MO-
MEHT, Korja 4Hcao PefiHo/MbAca AOCTHIJIO NepPBOro KPUTHUECKOro 3Have-
Hus. B Gosee ofueM caydae (pasbl, CBA3aHHbE C pa3/IHYHBIMH YacTOTa-
MH, cJAyyadHbiIM 00pa3oM 3aBHCAT OT TAKOr0 BO3MYIIEHHs, TaK YTO
(31.1.1) ayuwe nepenHcaTb B BHAE

fy=g(it+p; «.., 0,0+8,) (31.1.3)

Maes, orpaxaeman mMoaenbio Jlanaay — Xonga, COCTOHT B TOM, UYTO
NPH HaJHYHH MHOIHX HE3aBHCHMBIX 4acTOT ABHXKEHHE B MOMEHT CBOEro
3apOXIEeHHs CTOAb HpPPEry/asapHO, YTO C TOUKH 3peHHS NPHIONKEHHH
OHO JOJIKHO DacCMaTpHBATbCA KaK XaOTHYeCKOe.

B pale ciyyaeB 5Ta MoAeJb MOXET OKa3aThCsl HENOAXOAAIled.

1. Oxna u3 6udypkanui B H3obpaxeHHOH Ha puc. 31.1 mocnenosa-
TeJIbHOCTH MOXeT ObITh JOKPHTHYECKOH; Torja HenocpeiCTBEHHO Nocie
NpeBLILLEHH YHCJIOM PeliHOMbAca COOTBETCTBYIOUIEIO KPHTHUECKOrO
3HaueHHA VI CHCTeMbl He HalaeTcs OJH3KOrO K YCTOAYHBOMY ABHXKe-
HHA, a 6ylIeT HMeTb MeCcTO TaK HasblBaeMblil B3PLIBHOH NepeXoj K ABH-
JKEHHIO, CBfA3bIBaollleMy 6oslee HJIH MeHee OTAAajJeHHble HacTH (asoBOro
NpOCTPaAHCTBA.

2. JIns HeKOTOpHIX 3ajady, TaKHX, KaK TedeHue B KPyrJofi TpyGe,
OCHOBHOE TeueHHe YCTOHYHBO MO OTHOLIEHHI0 K HHPHHHTE3HMAaJbHbIM
BO3MYIIEHHAM NPH BceX 4Hcaax PefiHosnbaca, HO HeYCTOHYHBO MO OTHO-
IIEHHIO K KOHEYHOMY BO3MYILIEHHIO AOBOJBHO HeGOJBLIOH aMIIHTY b,
H ¢ pocToM uHc/aa PeflHonblca xapakTepH3ylollas HacTyNJeHHe Heye-
TOHYHBOCTH aMNJIUTYAa YMeHblIaeTcs, NPHOMHKAACh K HYJO, TaK YTO
NPaKTHYECKH He yJAaeTcsl NOMYYHTb YCTOHUHBOE TeueHHe H3-3a HAMHYH$
MaJiblX, HO KOHEUHBIX BO3MYLIeHHH.

3. Xora npHu BTOpoH OGHpypPKaiHH OObIYHO MOABJAETCS HHBAPHAHT-
HBl{l TOp, TPaeKTOpHA He 0073aTeqbHO 6YleT MJIOTHO MOKPHLIBaTh €ro;
OHa MOXKET BEPHYTbCS B CBOIO NE€PBOHAYAIBHYIO TOUKY MOC/e KOHEYHOro
yHcaa 060POTOB BOKPYT OCH TOPa; TOTAA TPAeKTOpHA GyJeT 3aMKHYTOH,
a JBUXeHHe NePHOAHUECKHM, KaK yxKe oTMeuanoch B § 29.11. B peiict-
BHTEJLHOCTH Ha OCHOBaHHH TeopeMbl [leHKCOTO (CM. MpHJIOKEHHe K
3TOH IVaBe) Tenepb CO34AeTCA BNeUaTAEHNE, YTO 3aMKHYThle TPAaeKTOPHH
Ha TOpe MeHee BEPOATHLI, YeM MJIOTHO OKPLIBAIOIIHE ero. ITO MOXKeT
yKa3blBaTh Ha CrnpaBeaJHBOCTb MojenH Pefirenbayma (cM. §31.19).

4. Cutyauus, obcyxnabiasca ProsneM H TakeHcom [19711, sakmo-
yaeTcs B TOM, YTO NOCJe HECKOJbKHX OH}ypKauu#i B (ha3oBOM NpocT-
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paHCTBe MOsIB/IsieTCs] HHBADHAHTHOE MHOXKECTBO TOYEK, KOTOPOe Mpej-
cTaBJseT cobof He TOp, a TaK Ha3biBaeMbIl CTpaHHBIH aTTpPaKTop;
TOTA3, KaK 3TO OOBbACHSAETCS HHXKe, ABHXKeHHe Gy/eT He KBa3sHNEepPHOLH-
YeCKHM, a anepHOJIHYECKHM.

31.2. NPUMEP XONMdA

B 1948 r. Xon¢ npuBen mpuMep NPOCTOH IHHAMHYECKOH CHCTEMBI, y
KOTOpOH HMeeTcsi 6eckOHeuHasi moc/efoBaTeNbHOCTh OHypKalui, NpH-
YeM Kaxk/Jas H3 HHX MPHBOAHT K NMPHTATHBAIOLIEMY TOPY PasMepHOCTH
Ha efMHHIy GoJblueH, yeM y npeasiaywmero. [lycts u(x, ¢) u z(x, f) —
KOMIJIeKCHO3HayHble B 06llleM caydyae (yHKIHH BellleCTBEHHBIX Mepe-
MEHHBIX X H {, MepHOAHYECKHE MO X C MePHOAOM 27T, TH QYHKIHH NOMK-
Hbl YAOBJIETBOPSITh CHCTEME YpaBHEHHH

0u/0t = —zou—uol 4 ud®u/ox?,

02/0t=20u+zoF +”022/6x2; (31.2.1)

aflecb KPY»KKOM Oo0o3HaueHa cBepTKa: B oflueM cJjyudae
27

fog=(fog) =[1/2m]{ f(x—y) 2@ dy;

1]

uol — 3TO B TOUHOCTH cpejHee 3HaueHHe (GYHKIHH 4, U — MOJOXKH-
TeJIbHAas MOCTOsAHHas, a F=F (x) — 3agaHHas KOMMNJeKCHO3HayHas
yeTHasl fepHoaHyecKas (yHKIHS.

DTy CcHCcTeMy MOXKHO PaccMaTpHBATh KakK MPOCTOH aHaJor ypaBHe-
HHH Haebe — CToKca Ha KOMAAKTHOM MHOroo6pasHH (Ha OKPYXKHOCTH)
C ApejAcTaBJeHHeM HenHHeHHOCTeH B BHAe CBEPTOK, a He B BH/JE ajBeK-
THBHbIX usieHoB. ®PyHkuua F(x) obosHauaeT cHay, a P (BS3KOCTb) —
3TO TOT apamerp, KOTOPbIH MOXKHO BapbHPOBATh.

PemieHHst 3TOH CHCTEMbl MOXHO HaHTH C MNOMOILBIO Pa3jOKeHHs

BceX QyHKIHA B paanl Dypbe o x (HanpuMep, u (x, §)= X u, (f) e~

0603HayeHHus AJs OCTaAbHbIX (QYHKUHH aHaJoOrHuHe). Tak Kak mpe-
ofpasoBaHHe Pypbe cBepTKH ABYyX (YHKIHH paBHO MPOH3BEJEHHIO HX
npeobpasoBaHuii  Pypbe, uieHbl, COOTBETCTBYIOLIME pAa3JIHYHBIM 11,
Heab3st rpynnupopaTbh. B 3Tom orHoweHnH cucreMa (31.2.1) oram-
yagercsi oT ypaBHeHHH HaBbe —CTOKCa, HO 3aTO €e peleHHs MOXHO
MOJyYHTb B SIBHOM BHIE.

HyXHO HaNOXKHTb JIHIIb OrPaHHYEHHS] Ha ONHCHBAIOIIYIO CHJY
yHKIH0 F(x), uToGBI 3Ta CHCTEMa He OKa3ajach CJHIIKOM CHellHa/b-
HOfi, T. €. HETHMHYHOH. A HMEHHO ec/H

-]

F(x)= X (a, + ib,) ", (31.2.2)

-0
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TO MpPEeANoJaaraerTcs, YTo 6eCKOHEYUHO MHOT'HE U3 @, OyayT 6oablue HyJs,
4TO OTHOLUeHHe MOOGHX b, He sABIseTcS PALUOHAJIBHBEIM YHCJAOM (T. €.
moboe KOHEUHOe UX MHOXeCTBO JIHHEHHO He3aBHCHMO Haj NoJeM pa-
IIHOHAMBHBIX YHCEM) H YTO CpPeld BENHYHH a,/n? HeT PaBHBIX.

Kpurnueckue 3HaueHHs1 mapameTpa pu — 3TO 4HCJA @,/n?, KOTOpbE
MOXXHO YNOPSAOYHTD B BHJE NOCAEIOBATENbHOCTH PUi>Po>Us>>. . . —-0.
Ofiee pelneHue NPeACTaBASET ABHKYILYIOCSH B GECKOHEUHOMEPHOM NIPO-
CTPaHCTBe 2 TOUKY C KOOPIAHHATaMH u, (f), z,(f), n=0, +I1, 3=2,...
... . Xond AoKaszal, 4To NpH u>>|,; HEMOJBHKHAR TOYKA B HYJe IIPO-
cTpaHcTBa 2 NPHTATHBaeT BCe OCTA/NbHBIE pellleHHs, T4K 4TO u,—0
1 z,—0 NpH {—-oco; NpH NPOXOXKJCHHH YMEHBIIAIOLEroCs |L 4Yepes3
3TO pelueHHe CTaHeT HeyCTOHUHBHIM H NPOU30HaeT OudypKanus K NpH-
TACHBAIOILEH NePHOAHYECKOH TPaeKTOPHH, KOTOpas pa3BHBAeTCs H3
HyJ8; KOTJa 1, yMeHbllIasch, 6YAeT NPOXOAHTE Yepe3 [i,, 3Ta TPAeKTOPHA
TaKXXe cTaHeT HeyCTOHYHBOH W MNpOH30HAeT GHpypKalH] K NPHTATH-
BaOIeMy TOPY (Pa3MepHOCTH 2), KOTOPHIH pasBHBAeTCs H3 3TOH Tpaek-
TOPHH, H T. A. [locne k- 6udypralHu NoaydHTCs R-MEPHBIH NPHTATH-
BalOLMH TOP H KaxJas Jiexallias Ha HeM TPaeKTOpHs IIOTHO MOKPOET
€ro,

31.3. MOAEJL PHOINIA — TAKEHCA

B Mogmenu paHHel cTaguu TYpOYJEHTHOCTH, npeisoxeHHOH Pioanem u
Takencom [1971], npeanonaraercs, Kak H B MofienH Jlanaay — Xonga,
4TO MepBble UYeTbipe OHQYpPKALUH SBAAIOTCA 3aKPUTHUECKHMH H YTO
OHH NIPHBOJAT K MHBapHaHTHbIM Topam TF, k=1, 2, 3, 4, Kaxiblii H3
KOTOPHX OyJeT NPUTATUBAIOILUM C MOMEHTA CBOErO MOABJEHHS H 10
caenyomedi 6udypKaunu. Bonpoca o cyiiecTBOBaHHH 3THX TOPOB MEI
KOcHeMcsl NpH o6cyxAeHHH Mofenu Qeiiren6ayma B § 31.19. Piosnb u
TakeHc nokasanu, uto Ana T* BecbMa BO3MOXHO JBHXKEHHE I10 CTPAHHO-
My 4aTTPaKTOpy cCcHeHHaNbHOI0 BHAA, NpHHaaAexamemy T4, 3ror
arTpakToOp JOKaNbHO MNpeicTaBaseT cO6OH JeKapTOBO IPOH3BeJeHHE
ABYMEPHOTO KaHTOPOBA MHOXECTBA H JBYMEPHOH NOBEpPXHOCTH.
Teopemy Pioans — TakeHca MOXHO NepedpasHpoBaTh CJAEAYIOIHUM
obpasoM. PaccMoTpumM GaHaxoBo npocTpaHcTBO B, Kax/Jas TOUKa KOTO-
poro npeicTaBasieT BeKTOPHOe MoJie Ha Tope T4, ¢ HOPMO#H, BKJIOYAI0-
wed MOAY/IH KOMIIOHEHT BEKTOPHOTO MOJMA 1If HX NPOH3BOJHEIX NOPSAKA
He Bhle 3. [IBe TOuKH M3 B, Mano OT/HYAIOMHEC MO HOPME, MOMKHO
paccMaTpHBATh Kak /Be (pH3HUECKHE CHCTEMBI, [OMYYalOiHecs OAHA H3
APYro# NyTeM Ma/aoro BO3MyLieHHs1 BeKTOpHOro nojis. Torjaa aas Jao6oro
3a[laHHOr0 MOCTOSHHOrO noas Ha T* (mons, A4S KOTOPOro YrJOBBIE
nepeMeHHble Ha TOpe H3MEHSAIOTCs JIHHEHHO CO BpeMeHeM) H J106oro
3aJlaHHOro €;,>>0 CcyIecTByeT BO3MYIUEHHE 3TOTO MOJA, 10 HOPME MeHb-
uiee, 4eM e,, KOTOpoe NOPOXKAaeT CTPAHHBIH aTTPAKTOP OMNHCAHHOrO
3THMH aBTopamH BHAa. [lanee, cymecTByer Apyroe uucao e,>0 (Bo3-
MOXKHO, MHOI'O MeHbllIee, YeM &,), TAKOe, UTO CTPaHHEIH aTTpakTop coxpa-
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HAETCSl NPH HaJIOAKEHHH JII06Oro JONOMHHTENbHOrO BO3MYIIEHHs, He
NpeBOCXOAsLIEro N0 HopMe &,. CJef0BaTe/NbHO, BEKTOPHbLIE MOJA, HO-
POXKJIAWlIHe CTPAHHBIH aTTPAKTOP, HENb3sl CUHTAThb PEIKHMH HCKJIO-
UYEHHSIMH,

B ux BoiGope CTPaHHOrO aTTPaKkTOpa €cTh HEKOTOPHI NPOH3BO,
BO3MOKHBI €r0 MHOIOUHCJIEHHBIE BapPHALHH ¢ COXPaHeHHeM chOpMY/IH-
POBAHHOrO BHILIIE CBOHCTBA.

B MmexaHH3Me BO3HHKHOBEHHSI CTPAHHOTO aTTPaKTOpa, OOHApYyZKeH-
Horo paHee 3. JlopeHuoM (cM. § 31.9—31.17), umeroTcs HEKOTOpHIE OT-
JauuHs. [1o-BHAHMOMY, HHKOMY ellle He YJaJ0Ch MOCTPOHTb Ha KOHKpeT-
HOM MHOroo6pasHH KOHKPETHOe BeKTODHOE [10Je, KOTOPOe MPHBOLHJIO
Obl K CTPAaHHOMY aTTPakTOpPy B TOYHOM COOTBETCTBHH C MOJEJbIO
Prossnss — TakeHca. B HX cTaTbe CONEPKHTCA BaKHOE YTBEPKJIEHHE O
TOM, YTO JABHXKEHHS MO CTPAHHBLIM ATTPAKTOpPaM B HEKOTOPOM CMbIC/IE
BEPOSITHHI HJIH MO KpaHHeH Mepe He SIBJSIIOTCS UeM-TO HCKJIFOUHTENBHLIM,
a BO3MOXKHO, Ja)ke THIHYHBI OIPH HEKOTOPHX 0OCTOATeNbcTBaX. B HX
TeopeMe He yTBepkKAaeTcs, YTO CYLeCTBOBaHHE CTPAHHOr O aTTPaKTopa —
3TO THMHYHOE CBOACTBO BEKTOPHHIX NojeH Ha T¢ (CM. MPHJIOKEHHE K
3T0ii rnaBe). COOTBETCTBYIOLIEE MHOXKECTBO GaHAXOBa MpPOCTpaHcTBa B
ABASIETCA OTKPBITbIM, HO He 0643aTeIbHO 3aMKHYTHLIM: OHO JIHIIb IPOH3-
BOJIbHO GJIM3KO NMPHMBIKAeT K KaxJI0H TOYKe MPOCTpaHCTBa B, KoTopas
npejcTaBiasieT NOCTOSIHHOE BEKTOpHoe noje Ha 74, Teopema Prosas —
TakeHca NpocTO yTBEP:KA2ET, YTO €C/H O CYLUIECTBOBAHHH HHBapHAaHT-
Horo Topa 7* y:Ke H3BeCTHO, TO HA HeM JIBHXKEeHHe 10 CTPaHHOMY aTTpak-
Topy OOJjiee BepOSITHO, ueM KBa3HMEPHOIHUECKOe [BHIKEHHE.

31.4. o-NPEAENLHOE MHOXECTBO ABMYKEHMSA

Ilo anamoruu ¢ § 29.7 paccMOTPHM Ha KOHEYHOMEDHOM MHOro0Gpa-
3HH M JMHAMHUecKylo CHCTeMy

x=F (x), (31.4.1)

rie F (-)—rnagkoe BekTopHoe note Ha M. Pemenue x (f) 3toro
ypaBHeHHsl Ha3uBaeTcsl Osudceruem Ha M, a MHOXecTBO INpHHalJe-
waumux M Touek

y={x(f): Bce {} (31.4.2)

HasbIBaeTCA mpaexmopueli (HAH opbumoi) sToro aBHKeHHs. Ilpen-
MOJIOXKHM, 4YTO 3ajaya € HavaJbHbBIMH JaHHBIMH JJIfl YpPaBHEHHS
(31.4.1) KOppekTHO moOCTaBJeHa, H Ja Jwo6oro X, H3 M H Beex
t >0 o6o3HauuM uepe3 @(X,, {) pelIeHHe, KOTOpOe HauyHHaeTCs B
TOUKE X,; TakuM oOpasoM, ecju X ({)—Kakoe-1HOO pelieHHe, TO

x(H)=¢(x(0), ©). (31.4.3)

Ilpu ¢ukcHpoBaHHOM X OYHKOHA @ (X, {)—3TO JIBHXKEHHe, TOria
KaK NpH (HKCHpoBaHHOM [ _=>0—3TO B3aHMHO OJHO3HayHOe OTOB-
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paxeHue X — @ (x, t) mHOoroo6pasus M Ha ce6a. PynKuMA @ (X, f)
Ha3blBaeTCs MOAYNOMOKOM; OHa o6sajaeT MOJyrpPyNNOBLIM CBOACTBOM,
a MMEHHO JJIA HeOTpHLATeJbHBIX { H S

¢@x 1), )=09(x, t+s). (31.4.4)

[Tpu t=0 ¢ coBnanaer ¢ TOXJAECTBeHHbIM OTOOpaXKeHHeM: @ (X, 0) == x.
Byaem npeinonaraTh, 4To yHKUHA ¢ (X, {) HempepbiBHA MO X H {.
Touka § u3 M HasbBaeTcsl W-npedeasHod moukold ABHXKEHHA X (1),
€CJIH /1 NPOU3BOJbHO OOJbIIHX BpeMeH X (f) CKOJb YroJHO GJH3KO
MOAXOAHT K §, T. e. ec/lH CyIeCTBYeT TaKas [10CJel10BaTe/bHOCTD

{t,}t, uto
tn — OO

x (¢,)—8[—0

MHOXKeCTBO BCeX -NpefieIbHHX TOYeK JBHXKEHHs HAa3HBAaeTCsl ero
W-npedeabHolM MHOJCecrneom H obo3HauaeTcst uepes £y, rle x—Ha-
yajbHAas TOYKA JIBHMKEHHS; 5TO MHOMKECTBO TOueK 3aMkHyTo. [lias
JI60H JPYroil TOYKH y TOH e caMoil TpaeKTOpHH Ly = Q.

IlpuBeieM HeCKOJbLKO mpocTefimux npuMepoB. Ecau npH f — oo
JIBDKEHHE CTPEeMHUTCsl K HEMOIBHXKHOM TOuYKe, TO 3Ta TOYKa H Gyjler
©-npeJieibHBIM MHOXKECTBOM JlanHHoro ABHxkKeHHs. Ecau ABHKeHHe Ha
IJIOCKOCTH MO CNHpaJH CTPEMHUTCH H3HYTPH K HEKOTOPOH 3aMKHYTOH
KDHBOH, TO 3Ta KpHuBas OyJleT -NpeflesbHHM MHOMKECTBOM TaKOro
aeuxkeHusi. Eciin TpaekTopusa JABHXKeHHs Ha TOpe NJIOTHO NMOKphbIBaeT
ero, TO AJs KaxAOH TOUKHM 3TOH TPaeKTODHH (-NpeJeJbHbIM MHO-
3KeCTBOM Oy/leT noJjiHasi MOBEPXHOCTb TOpa.

CuMBOJI ® OTHOCcHTCA K Oyaymemy BpemeHd. Eciau ABuXKeHHe cy-
IIECTBYeT NpPH BceX £, To, YyCTpemJasas ! K -—oo, aHAJOrHYHO Onpe-
JeJAI0T a-NpefeibHble TOYKH H a-TpefiesibHble MHOXeCTBa.

Ecmu npu ¢ 2> 0 apuxkeHue x(f) ocTaercss B OrpaHHYeHHOH 06-
JlacTH MHoroofpasusi M, TO ero w-npejie/ibHOe MHOXKECTBO {2 Hemycro
H C POCTOM BpeMeHHU X (f) cTpeMuTcs K L, T. e.

(paccrosiaue ot x(f) 1o Q) —0 npu t—oo  (31.4.6)

} OpH 7 — 0o. (31.4.5)

(cm. kuury Hemniukoro u CrenanoBa [1947, ra. 5, § 3]). Onnako Q
He Bcerja GyJeT yCTOHYHBBIM HJIM IPHTATHBAIOIIMM: JAPYrHe GJH3KHe
IBHXKEHUS MOTYT NMPOHTH MHMO HEro H HHMKOrZa He BO3BPAaTHThbCH.
ViMeercs Ba)kHad CBf3b W-Ipefle/IbHHX MHOXECTB C BONpPOCOM 00
ofpaTHMOCcTH JABHxeHHs. Pemenne ypaBHenus (31.4.1) He moxer
6uliTh B OOIEM cJydae NMPONOJKEHO Ha Bce oTpHuateJbHbe f. Ha-

mpUMep, STOTO Hesb3fl ClleslaTh JJ1 pelleHHH ypaBHeHHA X = —x? Ha
R [3a uck/mouenueM pelenus x(¢)= 0] u, BooOue ropops, Aj1s pe-
wenuii ypaBHenuit Hapbe-—Crokca u3-3a napaGosiHuecKoro xapakrepa
nociefHHX. OJHAaKO JJsi HEKOTOpHX CHEUHaJbHbIX JBHXEHHH 3TO
MOXKHO C/leJ1aTh.
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M3 HenpepHBHOCTH H NOJIY 'PyNIOBOrO CBONCTBA @ CJENYET, YTO €CH
B KauecTBe HayaabHOH TouKH X (0) BLIG paHa oflHA H3 w-TIPEJIe/IbHBIX TOUEK
JBHXKEHHMSA X (f), TO KakJas Inocjejymooulas Touka x(f,) Takxke Oy-
JeT o-npefejbHod s x (¢). TouHee ropops, eci¥ JBHXKEHHE HayH-
HAeTCA B CBOeH w-NpellebHOR TOUKe, OHO TaM H ocTaeTcsi. MoxHO
Jl0Ka3aTb, YTO TaKHE JABHXKEHHS MOTYT TakXe OBITb NPONOJKEHBI
GeCKOHEYHO JlaNeKo Hasaj 1o BpPeMeHH H, CJef0BaTe/NbHO, NPHHAJJe-
*aT ) TpH Beex ¢ (cM. kuury Cenna [1971, teopemy II. 8)).

3TOT noc/efHUHl pe3y/ibTaT MOXKET [OKa3aThCsl MapajoKCabHEM
C TOYKM 3pEHHsl (QH3HYECKHMX HAOJIONEHHH HJIH YHCJIEHHOrO MOJEJH-
pOBaHHA, AJS KOTOPhIX BO3MOXHA JHIIb HEKOTOpas KOHEeUHas Tou-
Hoctb. CorjacHo cootHowreHuio (31.4.6), anA npakTHueckux 1enedt
MOXHO CYHMTaTh, 4TO JI0GOe OrpaHHYeHHOe [BHXKeHHe X (f) mo mpo-
IIeCTBHH KOHEYHOrO NpPOMEXKYTKA BpEMEHH INonajaeT B CBOe COOCT-
BeHHOE ®-npefesnbHoe MHOXKecTBO. OTCIOAa He cJ/efyeT, KOHEYHO, YTO
NPH TIOMOWH KOHEYHO-Pa3HOCTHBIX METOAOB MOXHO [BUraTbCsi MO
TAKOH TpPaeKTOpPHH OECKOHEUYHO JOJAr0 B OOPATHOM HANpAaBJEHUH, He
yAaasAach NMPH 3TOM OT 2y (o); 3TO O3HAuYaeT TOJbKO, YTO, €CJH JBH-
JK€HHE KAaKHM-TO 00pa3oM [MOCTPOEHO B NPSAMOM HaNpaBJeHHH AJs
JIOCTaTOYHO -GOMBIIOTO HHTEPBAJa BpEMEHH M yke He HabJaiofaercs
€ro 3aMeTHOro H3MeHEHHs, 3TOT pe3y/bTaT MOXHO paccMaTpHBaTh
KaK JI0OCTATOYHO TOYHOE NPHO/MKEHHE K TaKOMy JBHXKEHHIO, KOTO-
poe B MZeaJbHOM CMBIC/e NIPHHALJIEKHT Ly o) NPH BceX f.

3.5, ATTPAKTOPbHI

I'py6o rosopsi, aTTpakTop—3TO TaKoe MHOXkeCTBO M3 M, urto .ofoe
JlocTaTouHO G/IU3KOe K HeMy JBHKE€HHE CTPEMHTC K HeMy C BO3-
pacTaHueM BpemeHH. Tounee rosopsi, Mbl OyleM Ha3blBaTb CBS3HOE
3aMKHYTOe OTpaHHYeHHOe MHOXKecTBO S U3 M ammpaxmopom, €ClH Bbl-
MOJIHSIIOTCA CJeNYIOLIHE YCJIOBHS.

1. S conepXutcs B TAaKOM OTKPHITOM MHOXKeCTBe R, UYTO AJA
JMo6oro X M3 R, ABHXKeHHe ¢ (X, !) IPHHALNIEXHT R, NpH Beex ¢ > 0.

2. Ecau R—ni060e OTKPHTOE MHOXKECTBO, Cofiepkalulee S (cM.
puc. 31.2), To ana smoboro X ¥3 R Hallercs TakKoe 3HaueHHE Bpe-
MeHH T, uTo @(x, {) OyjAeT npuHaAJexkaTb A INPH Bcex [ > T.

3. Ilns naHHON 06/aCTH R, MHOXECTBO S ABJAETCS HAHMEHbIUIHM
M3 UMEIOU[MX YKa3aHHble CBOHCTBA MHOXeCTB. MHHHMaJbHOCTb IIO-
HUMaeTcs B TOM CMBICJIE, 4TO eCaH A (f)— pedyabraT npeolbpasoBa-
Hua ofJacTH R, MOA JEHCTBHEM @, TO NpH [— oo R (f) cTArUBa-
erca K S, HO He Bosee Toro, T. e. ‘

S=n A®).
t>=0

Ias naHHOro atTpaktopa S HauOOJbIIEE OTKPLITOE MHOXKECTBO &,
obaajaloulee NEepPeuHC/IeHHEIMH CBOHCTBAMH, HasbiBaeTcl  0644acmbio
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npumsascenus S. DyneM cuuTaTh S CBA3HBIM, TaK KaK €CJH OH COCTOHT
H3 JIBYX HECBA3aHHBIX «KYCKOB» S; H S, TO KaXJbli U3 HHX MOXeT GbITh
BKJIOUEH B Moaxojsinue obsmactH &R, H R, H paccMaTpHUBaThbCs Kak
OTHEeJIbHBIH aTTPaKTop.

Cumeiia [1967]1 caenan JOMONHHTEbHOE MPEANOJIOXKEHHE O TOM, 4TO
JIOJIKHA CYLIECTBOBATh TPAEKTOPHs, MJIOTHO MoKpbiBawmas S. Ilpume-
pPOM, B KOTOPOM 3TO YCJIOBHE He BBIMOJHEHO (TOrja Kak ApYyrHe BBINOJ-
HeHH), fABJsieTcad 3ajada TeHsopa o TeueHHH MeXAy BpalllaloLlHMHCS
uunnaapamu. ITocse mepBoil GHpYpKALHH MOTyYaeTcs 3aMKHYTas KpH-
Basg (B NeHCTBHTEJBLHOCTH OKPYXXHOCTb) B (ha30BOM (THJIbGEPTOBOM)
MPOCTPAHCTBE, COCTOsIAs H3 HEMOABHXKHBIX ToueK, H Jitoboe GIH3Koe

X

Puc. 31.2.

JIBHXXEHHE aCHMMTOTHYECKH CTPEMHTCS K COCTOSHHIO MOKOS B ONHOH H3
3THX HEMOABHXKHBIX ToueK. OJHaKO 3TOT NPUMEP HETHITHYUEH B TOM CMHI-
cJie, YTO MPOHIBOJILHO MaJjioe BO3MYLIEHHE (CKamKeM, MePeMelleHHe
BCEH YCTAHOBKH ¢ MaJsIOH CKOPOCTBIO BAOJb OCH HJIH B HaNpaBjI€HHH 2)
MOXKeT MPHBECTH 3TH TOUKH B JBHXXeHHE BAOJNb OKPYXKHOCTH, TaK 4YTO
OKDY2XHOCTb MpPEBPATHTCSI B TPAeKTOPHIO.

®-npefesbHOe MHOXKECTBO JABHXKeHHS GyNeT aTTPaKTOpOM, €CJIH OHO
NIPHTATHBAET TaKxKe Bce Apyrue OH3KHe IBHXeHHs. B Gosee obinem
caydyae aTTpakTop S — 3To OObellHeHHe HECKOJbKHX ®-NpPelebHBIX
MHOXECTB, 2 HMEHHO ®-NpeNeJIbHbIX MHOXKECTB BCceX IBHXKEHHH, KOTO-
phie HauHHawTcsA B . B yacTHOCTH, S MOXKeT cofiepRaTh HEMOABHXKHbIE
TOYKH H 3aMKHYTble TPAEKTOPHH, KOTOPbIe, KOHEUHO, SIBJISIOTCS CBOHMH
COOCTBEHHbIMH ®-MPeJeTbHEIMH MHOXECTBAMH.

IlpuTaruBaiollHe HEMOJBHKHBIE TOUKH, MPHTATHBAIOIHE 3aMKHYThIE
TPaeKTOPHH H MPHTATHBAIOLHE HHBapHAHTHBIE TOPbI PA3JIHIHBIX PasMep-
HOCTell MpeACTaBAAIOT cO60OH NpPHMepbl aTTpakTopoB. [lpyrue artTpak-
TOPbI 4ACTO HMEIOT 6osiee CTAOXKHYIO TeOMETPHUECKYIO CTPYKTYPY, COAEp-
XKalllylo, HampuUMep, KaHTOPOBbl MHOXeCTBa. Cmpannbim Ha3LIBAETCs
TAKOH aTTPAKTOP, HAa KOTOPOM JBHXKEHHS1 HEYCTOHUHBLI B CMBIcie JIamy-
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HOBa H, CJIeJOBATeNbHO, XapaKTepH3YIOTCA HeNnpepbIBHBIM 3SHepreTH-
YeCKHM CMEeKTPOM, KaK 3TO oObsicHsieTcs B OCTaJbHOH 4acTH JaHHOH
[J1aBbI.

31.6. DHEPTETMYECKMA CNEKTP ANA ABMKEHMA B R”

OcHOBBI TEOPHH 3HepreTHYecKoro crnektpa obcyxiaanuck B § 4.6 ToMma
1. Tam 370 genanoch A5 HenpepblBHOH QYHKUHH f(f), KoTopas oCLMJI-
JupyeT Gosee WIM MeHee HPPETyJasipHO MPH BceX ! OT —oo 10 —-oo.
Takass QYHKuHsA He MOXeT GHTb NpPeACTaBieHA HH ¢ MOMOILBIO KJaccH-
yeckoro psifa ®ypee, NOCKOJABKY OHA He fBJSETCA NePHOAHYECKOH, HH
¢ MOMOLLbIO KacCcHYecKoro HHTerpana dypwe, Tak Kak oHAa He MPHHAJ-
JaexkuT L?. Ho oHa sBJsiseTcs pacnpeleneHHeM MeIJIEHHOro pocTa H,
cJiefloBaTeNlbHO, HMeeT npeobpasoBaHHe Dypbe B CMBICJE TEOPHH pac-
npeneneHHl. DHepreTHYecKHH cNeKTp — 3To ¢yHKuHs S (w), KoTtopas
OMHCBHIBAET pachpelefieHHe 3HePrHH, CBS3aHHOH ¢ f(f), Yepes 4ACTOThI
KomnoHeHT @ypbe Ge3 yueTa HX (a3. A umeHHO S (w) — HeyGhIBaoIwas
BelllecTBeHHass QYyHKUHA H S (®,) — S (®;) — 3TO 3HePrus, 3aKIOUYeH-
Has B KoMnoHeHTax ®ypbe ¢ yacTOTaMH H3 HHTepBaJa (®;, ©,).

Meur kpatko chopMynupyeM 3Jech pe3yJbTaTbl MPHMEHHTENBHO K
(BMecTo f (1)) 6exmopro3naunoii GyHKIHH X (f), x (£} ER”.

s x (¢) asmoxkoeapuayuonHas GysKyus onperenseTcs Kak

T
R (v)=lim [1/27)] { X(F9-x@)at, (31.6.1)
-

-7

a SHCPFCTquCKHﬁ CIIEKTDP Kak
w

S (@@= { R(t)[(er—1)/(2nit)] dr. (31.6.2)

-

MosacHeHHs

1. Mbl moJuasiMBO MNpeAnoJiaraeM, YTO BCE KOMIOHEHTH BEKTOpa
X (¢) 5kBHBaJEHTHH B CMBICJIE HX BKJAJa B 3SHEPrHIO IBHIKEHHS.
O6o61ienyie noayyaeTcss NyTeM 3aMeHbI CKaJsipHOTO NpPOM3BENEHHS B
(31.6.1) na

x ({ + 1) Bx (¢), (31.6.3)

rie B—noJoXNTeNbHO ONpeleNieHHAs -MAaTpULA, BBOAHMMAS H3 (QH3H-
yeCKHX coobpaxkeHHl TakuM o6GpasoM, yToGbl BeipaxeHnue (31.6.3)
NPeJCcTaBasJ0 3HePrHIO.

2. Ecnn cneKTp «HenpepeiBeH», T. e. QyHKUHs S (©w) abCcOJIOTHO
HenpephiBHA, YTO HMEET MeCTO Torja, KorAa R (T) AoCTaTOYHO GHICT-
PO CTPEMHTCS K HYJIO MPH T-— 400, TO CHEeKTpajbHAs [JIOTHOCTb
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poJyuaeTcsl Kak oOuuHoe npeofpasosaHne Dypbe:

@

8" @ =[1/@n)] § R @) et dr, (31.6.4)

-

B uncseHHbIX pacuetax R (-) 3ajaercsi TOJbKO AJsl HEKOTOPHIX
IUCKPeTHHX 3HauyeHHH T, a S(-) uwau S’ (-) nmoayvarorcsi TOJIBKO AJIS
HEKOTOPHIX NHCKPeTHBIX 3HaueHHH o». B stoM ciayuae S’ (-) obbluHO
nojyyaercsi H3 R (-) MPH NOMOLIH aJropHTMa OmICTpPOro npeoGpaso-
BaHusi Oypbe, H, €CJH CIEKTP CONEPKHT JHHHUH, OHH BHILJIALAT He
Kak BKJajpl BHAa O-QyHKIMH B S’ (-), a Kak OTAeJbHble 3HAYEHHS
S’ (), KoTOpbIE MHOTO GOJIbILIE OKPYKAIOU(HX 3HAUEHHH.

3. Ecan x () mosyyaeTcsi H3 SKCIEPHMEHTa HJM [yTeM YHCJeH-
HOro MofiennpoBaHusi, To B (31.6.1) Hesb3sl coBepIUMTbL MpeiebHBIH
nepexos, H BMECTO 3TOro CJeAyeT MOJOXKHTb

b
R (%) ~ [1/(6—a)] § x(FFm)-x (1) at, (31.6.5)

a

rie (a, b)—mnexorophiii Gosbliol HHTepBad. Kak 6buto ykasaHo B
Koune § 31.4, xors GyHKnMs X (f) ¥ paccMaTpHBAaeTCsi KdK HEKOTO-
poe NpHOGJHXKEHHe K JBHMKEHHIO Ha ero COGCTBEHHOM ®-IpeAesbHOM
MHOXECTBE H TeM CaMblM KAk OIpejeJleHHasi AJsi BCeX f, Ha IPAKTH-
Ké OHa H3BeCTHa TOJbKO mnpH ¢ =>=0; [I03TOMY B [peACTAaBJECHHH
(31.6.5) Ml umeem 0 < a < b. K ToMy ke 3TO mpeacras/ienue Gyaer
XODOILIHM NPHOJIHKEHHEM, €CJH BCe ObICTPHIE NepeXoibl MPOH3OLILIH
ropasfio paHbllie MOMeHTa BpeMeHH ! =a.

l'I(i NOBOAY JaJbHEHIUHX noapoGHocTed W mnpumepoB cM. § 4.6
Toma 1.

31.7. NO4YTH NEPUOAMUYECKHME U ANEPUOAUYECKHUE ABMIKEHMS

KBasunepHonnueckue ABHXKEHHsl, NMpeACKa3bIBAEMblE COTJIACHO MOJETH
Jlanpay — Xonda, sBJAAIOTCS YACTHBIM CJy4YaeM MOYTH MEPHONHYECKHX
ABHXKEHHH H, CJI€0BaTelbHO, HMEIOT YHCTO JIHHEHUaTBIil CIeKTp.

Ecau nepronnueckas gynkuus g u3 (31.1.1) ¢ m nepuozamu pasie-
)XKeHa B m-KpaTHbH psg Pypee, T. e

g(zi9 vy zm)= 2 C(ki’ cey km) el (k121+...+k,,,z,,,)’ (3171)
—® (By, ..., k)

TO MOCJEe HaA/eXalied nepeHyMepalHH CJlaraeMblX KBa3HIEepPHOAHYE-
ckast gyHkuus f(t), sapanHas B Bume (31.1.1), moxer 6mTb mnpex-
CTaBJeHa Kak

F)y=, ¢/, 31.7.2)
i=1
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TIe Kaxjoe o; SBJIAETCH JIHHEHHOH KOMOMHaUWeH i, ..., ®, C Le-
JIOYHUCJIEHHBIMH KO3QdHIHEHTaMH.

Ecau 611 Halioch Takoe 3HaueHHe 1>0, 1/ KOTOPOro Bce BeJTHYHHbI
o, (k=1, . .., m)oaHoBpeMeHHO OyAyT LeJbIMH KPAaTHBIMH YHcaa 27,
To $YHKIHA f({+T) ToXIeCTBeHHO paBHAJach Obl f(£) H f() Oblia Gbl
nepHonHYecKofl. Tak Kak @, HECOH3MEPHMbI, TAKOIO T He CYIIeCcTBYeT.
OnHaKo MOXHO NOKa3aTb, YTO T MOXHO BHIGPaTh Tak, YTOObl Pa3HOCTb
[ ((+1)—f (f) crana npousBonbHO Majoil. Dosnee Toro, AAsA JaHHOrO
>0 Halgerca Takoe T=T (g)>0, uTo B K2XJIOM HHTepBaJe N0 { JJHHHI
T Gyner comepxaThesl N0 KpafiHell Mepe OJIHO Takoe T, JJIs KOTOPOro

|f(t+7)—f ()| <e npu Beex ¢.

m

Jliob6as HenpepuiBHas ¢yHKUMA, obnajawlnas 5THM NOCJAEIHHM CBOH-
CTBOM, HasHBaeTcsl noumu nepuoduueckod no bopy u Moxer GuTb pas-
JoxeHa B psj BHAA (31.7.2), KOTOPHIH IIPH 5TOM CXOAHTCA IIO onpeje-
JeHHo# L2-Hopme (cM. KHHTY Pueca u Cekedpanbeu-Hansa {1953, ra. 41).
KBasunepuonuueckasi GyHKUHS, KaK Mbl ee ONpPENeNHNH, ABJAETCA
TNOYTH NEPHOAHYECKOH QyHKUHeH, A8 KOTOPOH TOJbKO KOHEYHOe YHCIIO
4acToT Oy AyT JIHHEHHO HE3aBHCHMBIMH HaJl 110J1eM PALHOHAIbHLIX YHCE.

BekTopHO3HauHas MOYTH nepHoguyecKas QyHKuHA X (f) onpenens-
eTcsl aHaNOTHYHO.

Kak 6n10 nokasaso B § 4.6 ToMa 1, nouTH nepuoauyeckas QyHKIHA
HMEeT YHCTO JHHeHuYaThifi 3HepreTHueckHi crnekTp. C/el0BaTeIbHO,
TIpH nepexofe K TypOyJeHTHOCTH COTJIacHO Mofeau Jlanaay — Xondga
SHEPreTHYeCKHH CNEeKTP OCTaeTcs YHCTO JIHHEHYaTHIM Mocle Jo6oro
KOHEYHOT0 YHc/a GHbYpKalHi, XOTa YHCJIO JHHHH B JAHHOM YacTOTHOM
HHTepBaJie MOXeT 3aMETHO YBEJHUHBATLCA C POCTOM YHcaa PefiHonbica.

Kak Mbl yBHANM, Mojenb Pwoans — TakeHca npeicKasbiBaeT MNosB-
JIeHHE HellPepHIBHOIO CHEKTpa Mocje CPaBHHTENBbHO HeGOJbIIOro YyHeIa
6udyprauu.

TlouTH nepHoAHYEeCKHH XapakTep IBHXKEHHA B MOJENH Jlanjay —
Xonda KaxeTc HeNnpaBIONOACOHBIM C HHTYHTHBHOH TOYKH 3peHHs.
Ecnn nBHKeHHe B KaKOM-TO CMbIC/Ie CAYy4aHHO, OHO He JOJKHO «3aro-
MHHATb» CBOE MPOILIOE NOBEJeHHE HACTOAbKO TOYHO, YTOOL BOCIIPOH3BO-
JUTb 3TO NOBeJeHHe c JoOOH KesaeMOH CTeNeHbio TOYHOCTH B CKOJb
yrofHO jJajleKHe BpeMeHa B GyayliueM, Kak 3TO HMEeT MecTO JJIsl NOYTH
NEPHOANYECKOTO JIBHXXEHHA. JTO MOXKHO BHIPA3HTb TaKXe B TePMHHaX
ABTOKOBApHALHOHHOH QYHKUHMH R (t), mockoabky R (T)/R (0) — aBTo-
KOppeJsillusd, T. e, Koppeasius yHkuuit f(f) u f(i+7). Teopema o
MOYTH NEPHOJHYECKHX OYHKUHSX [JVIACHT, YTO CBEPTKA JBYX TaKHX
¢yukuuid B cMblcsie (31.6.1) Takxke 6yzneT NOYTH TEePHOIAHYECKOH (cM.
kuury Pucca u CekedanbBu-Hans). Cnenosarennto, R (t) Oyaer noyr
NepHONHYECKOH, ecIH TakoBa f(f), H KOS(OhHUHEHT KoppeasuHH f (%)
H [ ({+7) Oyzner npousBosbHO GIH3KO NPHOAHAKATbea K 1.0 MOBTOPHO
J1si OnpefieIeHHEIX MPOH3BOJbLHO GOJbIIHX 3HAYEHHH T.
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Hanpotus, A5 THIHYHOTrO [BHXKEHHA O CTPAHHOMY aTTPaKTOpy
R () ObicTpo yObIBaeT K HYJIO NMpPH T—»-00; TOra 3HEpreTHUECKHH
CHEKTP OKAa3blBaeTCA YHCTO HENpephIBHBIM H MOJYYaeTcs C MOMOUIBIO
(31.6.4). Caywa#i Takoro arrpakropa JlopeHna paccMarpHBaeTcA
B § 31.11.

31.8. YCTOAUYHBOCTL NO NANYHOBY

HBuxenne x(f) [pewenue ypaBHenus (31.4.1)1 ycmoduuso 6 cmoicae

Jlanynosa, ecnu soboe Apyroe IBHKeHHe X (1) [Apyroe pelsenue ypas-
HeHus (31.4.1)], koTopoe HOCTaTOYHO GIH3KO K HeMy B HayaJbHHIH
MOMEHT, ocTaeTcsl GJH3KHM H B JajibHEHLIeM, TOUHEe, eCJH s JoGoro
e>(0 Haifizerca Takoe §==9§ (g)=>0, uro

ecan |x(0)—x(0)| < 8, To |x(t)—x(t)| < e
npu Beex ¢ > 0.

Ec/n IBHXKeHHe HeyCTOHYHBO B 3TOM CMbIC/IE, TO HaHAeTcs TaKoe (He
00A3aTeJIbHO OYEHb MaJoe) MOJOKHTENBHOE €, YTO NMPH JIOGOH MaJlocTH
8 GyneT cymecTBOBaTh BO3MYLIEHHE, 1O MOIYJI0 MeHbliee § BHayaje
H GoJiblllee & B HEKOTOPbIH OoJsiee MO3JAHHHA MOMeHT BpeMeHH. OfHa H3
NPHYHH MOSABJIEHHA H3JaraeMod HHxe paboTel JlopeHuma cocTossa B
TOM, 4TOGBI OKa3aTh, YTO HEKOTOPBIH MPOCTOH NPOTOTHI aTMOCHEPHOTO
OBHXKEHHA fABJseTCA HEYCTOHYMBHIM NO JIANMYHOBY, a 3TO HMeeT oue-
BHJHOE OTHOLLIEHHE K 3ajlaue O NPOrHo3e MOrojul.

31.9. CUCTEMA NOPEHLLA. BUDYPKALIMH

[lepBbIit CTpaHHBIH aTTPAKTOp B 3ajaye, HMeIOUIEH OTHOLICHHE K THAPO-
JHHaMHKe, Obl1 oOHapyxeH . Jlopenuom B 1963 r. JlopeHu pasioxkHi
ypaBHeHHs Denapa, onmHchIBaroOIHE TENJIOBYIO KOHBEKIHIO B MOAOrpe-
BaeMOM CHH3Y TOPH30OHTaIbHOM CJI0€ XKHAKOCTH, B TPOHHbIe psilbl Pypbe
OTHOCHTEJIBHO NMPOCTPAHCTBEHHBIX MEPEeMEeHHLIX, a 3aTeM OCTaBHJ B I10-
JyuuBLIeHCA CHCTeMe OObIKHOBEHHbIX AH(GbepeHIHANbHBIX ypaBHEHHH,
XapaKTEePH3YIOUHX 3aBUCHMOCTb KO3Gh(dHUHEeHTOB Dypbe OT BpeMeHH,
TOJILKO TPH YypaBHeHHA. Ecin Koadduunentsl Pypbe B 3THX ypaBHe-
HHAX 0003HAuHTh depe3 X (f), Y () u Z(f), To ypaBHEHHS 3amHLIyTCS
B BHJE

X=—0X+o0Y,
Y=rX—Y—XZ, (31.9.1)
) = —bZ+ XY,
HJH KOpou€ B BHIE .
X =F (X). (31.9.2)

[Toctosnnble 0, r u b GeapasmepHbi; A1 (PH3HYECKOH CHCTEMBI,
paccMaTpHBaBiefics JIOpeHIOM, OHH VMMeNH 3HauYeHH:

0=10, b=%, 0<r< oo; (31.9.3)
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napaMeTp 7 MPOMOPLHOHANEH YHCHY Pesrest u ABAseTCs MepOH UHTEH-
CHBHOCTH [10JIOTpeBa.

JlopeHn, xoTes moJay4dTh ofliee MpeicTaBJIeHHE O XapaKTepe Heyc-
TOHYUBOCTH, 3aTOXEHHOH B OCHOBE aTMoc(epHbIX ABJEHHH, U He CTpe-
MHJICL K TOMY, yTOObl yKa3aHHas Bblllle cHcTeMa Obuia pealbHOH Mo-
Ienbio aTMochephl HJIH TemaoBoil KoHBekuuH. [losanee Kappu [1978]
u3yyasa Gosee peanbHOe MPHOMHIKEHHe /sl ypaBHeHHH KOHBeKuHH Be-
Hapa, OCTaBUB B CHCTEME UeThIPHAAATh ypaBHEHHIl BMECTO TpeX. ¥ Hero
noJyyusaach 6Gojee CIOXKHAs MOCAENOBATENbHOCTh OU(ypKauud MmpH
yBeJHYeHUH uHcaa Penes r, HO M TOTa CTPaHHBIA aTTPaKTOP elle HMeT
MeCTO VI oNpeleNeHHbIX 3HaueHHil 7.

JlopeHu mnokasan, YTO CyIleCTByeT TaKas 3aBHcsAwasl oT o, 7 H b
noctosiHHasi R, uyto pemenue X (f) cuctembr (31.9.1) B KoHIE KOHHOB
HaBcerja nomajaet B map

X2 LYe 22 < Re (31.9.4)

Hanee, uz (31.9.1) cnenyer, 4To AHBEpreHUUs BEKTOPHOrO IOJSA
F (X) uMeeTr mocTOSHHOE 3HauyeHHE:

V.F=—(otbt1)= —13%,, (31.9.5)

Tak 4TO 00BEM OOJACTH, MEePeHOCHMOH BAoib 1o notoky (31.9.1) b
R®, yMeHbluaeTcsi co BpeMeHeM Kak exp (—13.67 ¢). ITosromy B mape
(31.9.4) umeerca xora Obl OAMH aTTPAKTOD WM KaXAblH T4KOH aTTpak-
TOp 3aHHUMaeT B R® HyJeBOH 00beM.

Cucrema (31.9.1) umeer clepyromue HENOABHKHLIE TOYKH, WIH
CTalHOHAPHbIE DeIleHHS.

1. [1pu mo6om T navamo KoopauHaT X =Y =Z=0 6yneT HeNOABHK-
Ho#t Toukoit. [Mpu 0<<r<<l oHa ycTofuuBa (H (GaKTHYECKH ABIAETCA
nputsaruBamwoteit). [1pu r>1 oHa HeycTOHUMBA: IMHEAapH30BaHHAA 3a/a-
Ya uMeeT OJIHO MOJOXKUTENbHOE W J1Ba OTPHLATENbHbIX COOGCTBEHHHIX
3Havenusa. MiMeloTcs oflHOMepHOe HEYCTOHYHBOE MHOroo6pasHe ¢ ropu-
30HTA/JIbHO HAIpaBJeHHHIM KacaTeJbHbIM BEKTODOM B HyJe (OH napai-
Jesed maockocTH Z=0) H ABYMepHOe YCTOHYHBOe MHOroobpasHe c pac-
MOJIOKEHHOH BEPTHKANBHO KacaTebHOH MJJOCKOCThIO.

2. Ilpu mo6om r > 1 umeloTca ABE AOMOMHHTEJNbHbIE HEMOABHXK-
Hble TOYKH

P X=Y=—Vb{r=1), Z=r—I,

S (31.96
Py X=Y=Vb(r—1), Z=r—1. )
CaegoBaTeabHo, npH r= 1| mpoucxoaur nepeas OudypKaluHsa OMHCAH-

goro B § 29.9 Tuna.
YTo6b1 OTBETHTb HA BONPOC 06 YCTOMYHBOCTH HOBBIX HENOABHX-

HulX Touek, nonoxuM X=X, -+ X,, rie X,—oxua u3 toyex (31.9.6),
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H TPOBEJEM JIHHEAPH3ANHIO OTHOCHTEJNBbHO X,, MOCJ/E Yero MOJyuHM

X, —0c ] 0 Xy
Y |=|r—2, —1 —X,|lY; ] (31.9.7)
Z, Y, X, —b Z;

Ecau noacrasuth croja X,, Y, u Z, usz (31.9.6), To marpuua 3TOH
CHCTEMBI TIpPHMET BHJ

—0c v} 0
1 —1 —Vb(r—1)
Voir—1) Vo(ir—1) —b

OHa UMeeT OJHO BEleCTBEHHOE OTPHIATENbHOE U B2 KOMIJIEKCHO COMpS-
JKEHHBIX COGCTBEHHBIX 3HaueHHs. KOMIJIEKCHBIE COGCTBEHHBIE 3HAUEHHS
O6ynyT HaXOAWTbCS B JIEBOH NOJYMJOCKOCTH (H TEM CaMbiM HOBHIE He-
NOJIBHXXHEIE TOUKH OYAYT YCTOHUHUBBIMH), €CJIH r<lry, TJe

ry=0(0+b+3)/(0—b—1)=24.74. (31.9.8)

CrenoBatesibHO, NpPH r=r, HMeeT MecTO BTopas OudbypKauus, a ee
THII COBNAajaeT ¢ ONHCaHHbIM B § 29.10, Tak 4To OHa NPHBOJMT K MEpHO-
JnueckuM peineHuaM. OHaKO, KaK MOKa3bIBAlOT BHIYHC/IEHHsT Mapciena
H Mak-Kpakena [1976], sta Gudypkaiuus siBisiercsi JOKPHTHYECKOH.
CaefoBaTesbHO, MEPHOJHUECKHE DELIEHHS HMEIOTCs TOJBKO MpH r<lr,
H HEYCTOHYHBH, a NpPH r=>r, CJAeJyeT OXKHAATh B3PBIBHOTO MEpexoja K
yeMy-TO HHOMY. KaK MBl yBHIHM HHXKe, OKasbIBAaeTCsl, UTO MEPeXoj Ha
camoM Jiesie He OyJeT «B3phIBHbIM» 6J1arofaps HaJHYHIO APYrOro aTTpak-
TOpa (B JEHCTBHTEJIbHOCTH CTPAHHOrO aTTPakTopa) B GJIM3KO# OKpecT-
HocTH B R® (cMm. § 31.17).

[Ipu r>r, ¢ Kaxno# u3 Touek Py H P, CBSI3aHBI OXHOMEPHOE YCTOH-
YHBOE H JByMEpHOE HEYCTOHYMBOe MHOr00Opa3us. Ha nocneanem pemre-
HHfl PAacKpyYHBAIOTCA MO CMHPAJH H3 HENOJBHXHOH TOUKH. BJu3Kue
PellleHHs TaKXe PacKPYYHBAIOTCs MO COHPAJH H B TO Xe CaMoe Bpewmsi
OLICTPO IBHXYTCH K HEYCTOHUHBOMY MHOroofpasuio 6/aroiaps Tomy,
YTO C YCTOHYHBBLIM MHOFOOGDa3HeM CBf3aHO GOJIblUee MO MOAYJIO OTpH-
LaTeJIbHOE COOCTBEHHOE 3HAUYEHHe.

31.10. ATTPAKTOP JIOPEHUA, OBLUEE ONUCAHME

Uro6e HcciefoBaTh MOBeJEHHE CHCTEMBI MOCJIE BTOPO 6ucdypkamuu
NpH r=r,==24.74, JIOpeRL YHC/IEHHO Halllesl pelleHusi cucTeMnl (31.9.1)
npu r=28. OH yCTaHOBHJI, UTO MOC/IE NPOXOXKIEHHS YIaCTKOB OTHOCH-
TEeIbHO OBICTPOrO W3MEHEHHsl TPAEKTOPHHM OKA3bIBAIOTCH JIEKALLUMH,
HAaCcKOJIbKO 3TO MO3BOJIAIOT YTBEPXKAATh pacueThl, Ha BeTBALLEHCH MO-
BEPXHOCTH L,, CXeMaTHuecKH H306paxeHHO#l Ha puc. 31.3a, rge yKa-
3aHbl TaKXKe H HANpaBJ/IeHH s ABHKEHHSA. [ py6o roBops, 3Ta NOBEPXHOCTh
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HMeeT cepAleBHAHYIO GOPMY H pacrosioKeHa oueHb OJH3KO K BEpPTH-
KaJdbHOH miocKocTH X =Y, coiepxailell HeNmoABHXKHbIE TOYKH P; H
P,, onpenenennrie B (31.9.6). OHa cUMMETpHYHA N0 OTHOWIEHHIO K OTpa-
XEHHIO OTHOCHTEJBHO OCH Z H HMeeT JBa OTBEPCTHSI — IO OJIHOMY BO-
KpYTl KaxAOH H3 HeNoJABHXKHBIX Touek P; u P,. Huxe nuHuH BeTBse-
HHs1 BB, KoTopasi cOeAHHSET 3TH /IBa OTBEPCTHS H MPOXOIHT HECKONBKO
HHXe TOPH30HTaNMH PP, NOBEPXHOCThL MpeJCTaBiseT cOOOH CIJOLIHOH
aucT. Haa HEHM pacrmosioxeHBl JBa JIMCTa: OAHH YyTh JeBee M C3ajH,
Jpyrof uyTh npaeee H crnepeAd. OHH COeIHHSIOTCS MO CcpeiHel YacTH
JHHHU BeTBJeHHsi BB, H300pameHHOH XHPHOH NpAMOH.

Puc. 31.3a. BeTBsmasicd noBepxHOCTH.

ToBepxHocTh L, OrpaHHYeHa 4YacTbiO OTHOCALIETOCS K HYJIO He-
YCTOHYHBOrO MHOTOOGPAa3Hs, KOTOPAst COCTOMT H3 JABYX TPAEGKTOPHI
Wi u W}, BHXOAAIIHMX H3 HYJs B INPOTHBOIMOJOXHBIX HampaBJeHHAX.
OTH TPAeKTOPHH B JajbHefillleM YXOAAT BHYTPb NOBEPXHOCTH L,, HO
nepel 3THM OHH OGOHAYT YKa3aHHbIe OTBEPCTHA H 3aTeM NepeceKyT JiH-
HHUIO BeTBJeHHA BB B KOHUax ee cpeAHell yacTH. HenoaBmXHEIE TOUKH
P, u P, nHaxomatcs B OTBEPCTHAX, H €C/H GBI MOBEPXHOCThb L, 3aKphlUia
OTBEPCTHS, TO TPAEKTOPHY PACKPYYHBAMHCh OBl MO CMIHPANH HA HX Mec-
T€; HA PHCYHKE TeM He MeHee BHJAHO, YTO Bouenmas B L, TpaeKTOpHs
yXKe HHKOrJa He BLHIAJET Ha OTBEPCTHSA.

Kaxnass TpaeKTopHsl nepeceKaeT JHHHIO BeTBJAeHHss BB cBepxy
BHH3; MocJe nepecedyeHHds1 BB B ueHTpajsbHOH TOYKe OHA aCHMNTOTHYe-
CKH CTPEMHTCSl K COCTOSIHHIO NOKOSl B HYJ€; B MPOTHBHOM cJy4ae OHa
OGXOAMT OIHO M3 OTBepPCTHH H CHOBa mepecekaeT BB H T. A. MH ompe-
JenuM otoGpaxenue [Tyankape s—, (s) oTpeska BB caeznyolum obpa-
3oM. [lycTh s — napameTp BAoJb BB (HanpHMmep, AJHHA AYTH), OpHYEM
A5 ueHTpanbHoil- ToukH s=0. Ecnu TpaektopHs nmepecekaetr BB npu
s=58;=0, TO B cefyloli#l pa3 oHa nepeceueT BB npu s=1,(s;); 3Haue-
nue P, (0) He onpeneneHo. Puc. 31.36 cXeMaTHYeCKH MOsICHSET 3TO OMnpe-
jeneHde. [lyTeM YHCJEHHOrO NOCTPOEHHS TPAEKTOPHH MOXHO MpPOBe-
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PHTb, UTO TakKoe oToOpaxeHHe o6/afaeT cBOHCTBOM, Ha3BaHHBIM Buib-
amcoM [1977] «HecoxpaHeHuem GJHM30CTH» ') M COCTOSIIIHM B CJAELYIO-
wem: ecnd [ — moGol uHTepBaM $;<s<S;-+¢& (OH MOXKeT ObITh CKOJIb
yTroJHO MaJbIM), TO n-KpaTHoe oro0paxeHHe | npu HeKOTopoM n Oyner
coBnazarb ¢ BB. MHaue roBopsi, He3aBUCHMO OT TOr0, HaCKOJIbKO O/113-
KH JiBe TPaeKTOPHH Ha L, 0fHa K ApPYroi BHauale, ¢ TeYeHHeM BPeMeHH
OHH B KOHIle KOHIOB CTaHYyT BHOJIHE pa3jieseHHbIMH. B 3ToM MoKHO yGe-
IMTbCS, HanpHMep MOKasaB, YTO MPH NOAXOAslleM BeIGOpe mapamerpa
§ IJfl BceX S CIpaBejsiHBa olleHKa P (s)==const>>1.

TpaekTopusi, Koropasi nmepecekaet JHHHIO BeTBiaeHuss BB cieBa or
ee [eHTpa, o0XOOHT TOYKY P; 1Mo uacoBOH cTpenke, mepel TeM Kak
BepHYThed K BB, a ecsH nepe-
$o($) ceueHHe OBIJIO CApaBa OT LEeHT-
pa, TpaekTopus o0OOHAeT Hpo-
THB YacOBOH CTpPEJKH TOUYKY
P,. Uucno 06x010B TpaeKTo-
puell ofgHOH M3 Touek P, uau
P,, nepen TeM Kak mnepeHTH K
ApPYro#, 3aBUCHT OT TOro, Kak
6LICTO OHA pacKpyuHBaeTcs Mo
CHHpaJH OTHOCHTEJNbLHO 3TOH
TOYKH, a TaKxkKe OT KDHTHUecC-
KOro OyTH HWJH OT TOTO, Kak
JlaJleKo OT LleHTpa OHa BIepBhle
nepeceksa BB nocne mnpHxona

Puc. 31.36. Oro6paxenne Iyankape. ¢ apyro#i cropoHel. CyUiHOCTb

OTKpHITHA JlopeHna COCTOHT B
TOM, 4TO MOC/€40BaTe/bHble YHcaa 000POTOB OTHOCHTENbHO 3THX TOUEK
HU3MEHSAIOTCA MCeBAOCAYYalHbBIM 06pa3oM, TaK UTO IBHXKeHHe SIBJsIeTCS
anepHOAHYECKHUM.

Kak ormerun cam JlopeHn, KapTuHa, ocHOBaHHasi Ha BeTBsiliefics
MOBEPXHOCTH L,, He MOXKeT ObITh TOUHOM, MOTOMY 4TO JiBeé TPAeKTOPHH,
HepeceKalolllie JUHHIO BeTBJIeHHs BB B OfHOH H TOH e TOUKe, AO/IKHBI
ObliM OBl 1OCJIE 3TOrO MOJHOCTBIO COBMACTb, YTO NPOTHBOPEYHT ORHO-
3Ha4HOH oOpaTuMOCTH TpaekTopui. CliefoBaTe/qbHO, ABA JIHCTA MOBEPX-
HOCTH He MOT'YT CJIHBATbCsl B OJWH JIMCT, a AOIKHBI OCTaBaThbCcsl pasBe-:
JIeHHbIMH Ha O4eHb HeOoJbLIOe paccTosiHue. [locsie TOro Kak TpaeKTOPHH
cliesaoT ellle 10 OAHOMY OOOpOTY, JBa JIMCTa MPeBPaTATCA B YeThIpe W
T. £. OTctofa cefyeT, UTo aTTPaKTOp JOMKEH COCTOATD H3 GecKOHeUHOro
MHOXKeCTBa JINCTOB, BO3MOXKHO KaK-TO CBSI3aHHBIX BMecTe B eJHHYVIO
CTPYKTYpY B R3, KoTopas HaswlBaetcs ammpaxkmopom Jlopenya v 060~
3Hauaetcs yepes L. OaHako, no KpaliHell Mepe JJIf 3HaYeHHH mapamer-
poB, HcclenoBaHHBIX JlopeHuom (6=10, b="/,, r=28), npuBeneHHas
Bhlllle AeTaJH3alHusl CTPYKTYpPhl B JeHCTBHTENBHOCTH fIBJsETCA BHOJIHE

s

1) B opuruxane locally eventually onto.— [Tpum, nepes.
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HC‘lepl'lblBalO[IJ,Ef:ll pasjejieHHe JIHCTOB OKa3biBA€1CA HACTOJbKO HEe3Ha-
YHTEJIbHBIM, UTO C TOYHOCTbIO IPHMEPHO 10 YEThIpEX AECATHYHBIX 3HAKOB
BETBALLAACA MNOBEPXHOCTb Lo BMecTe C JBHXEHHSAMH Ha Hel, Kak OHH
ObIH CXEMAaTHYECKH H306pa)KEHbl, NO/THOCTbIO ONHCBHIBAET aTTPAKTOP.

31.11. ATTPAKTOP NOPEHUA. ANEPUOLUUECKUE [ABUMKEHUA

Jlopenn 3amerusi, uTO CJy4alHOCTb JABHXKEHHA MOXHO OLIEHHBATH,
paccMaTpHBas MOCJeAOBaTe/NbHbIE MAKCHMyMBl Z,, n= 1, 2, ..., koop-
JHHaTel Z () MoJy4eHHOH YHCJEHHO TpaekTopuH. [M3 Tperbero ypas-
HeHHsa cucteMpl (31.9.1) BHAHO, YTO 3TH MaKCHMYMBI HMEIOT MECTO

48 T T T TT T T T vt r r v vt
46 - . -
aaf j

i i ]
a2} [ -

awl

38 ]
36 |- .
34 N, .

32 - i

#

0 ¢ -

,.-"/ Zn —

/4 I A N S N O S S O SN T I |
28 30 32 34 36 B 40 42 44 46 48 S0

Puc. 31.4. I'padpux Jlopexna.

NpH MepeceyeHHAX TPAEKTOPHH C THNEepOOJOHAOM, 3alJaHHBIM YypaB-
HeHueM Z=(l/b) XY.] JlopeHu ycranosus, uto TOYKH (Z,, Z,,,) 06-
pasyioT npeicTaBieHHywo Ha puc. 31.4 kpusyio Z,.,=[(Z,), Koto-
pas sBJAETCA TJIaJKOH BCIOAY, 32 HCKJIOYEHHEM LEHTPaJbHOH TOYKH
Bo3BpaTa.

Kak otMetun JlopeHu, Z,,; He MOXeT ObITb B TOYHOCTH OIHO-
sHayHoli ¢yHKIHeA oT Z,, Tak Kak ee 3HaueHHe, BOOOWE TOBOPA,
3aBHCHT Takxe OT 3HaueHuit X (¢) u Y (f), B3ATHIX B TOT MOMEHT,
korna Z(t)=Z,. CnemosaTenbHo, rpadpuxk JlopeHua AO/MKEH ObITb
C/ierKa pasMbIThiM H HMETb HEKOTOpYIO MONEPEYHYI0 CTPYKTYpY,
XOTA BO3MOXKHO, H B OueHb Y3KHX lpelesax. IJrta CTpyKTypa oTpa-
’KaeT TOHKYIO CTPYKTYpy arTpakTopa L, H ee MOXHO HauyaTbh pas-
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JIHUaTh, €CJIH OTKJOHEHHS ToueK rpapuka or ra1alxod KpHBOH yse-
JHYUTb MpPHMEPHO B Thicsuy pas (cM. paGory PuxrtMmaiiepa [1981]).

Ecnu npeHefpeub TOHKOH cTpykTypol rpaduka Jlopenua, To no-
chenoBarenbHOCTh {Z,}¢ MakCHMyMOB KOOPAMHAThl Z (f) MOXHO pac-
CMaTpHUBaTb Kak MOJYYEHHYIO H3 HEKOTOPOro HayaJbHOrO 3HaueHHs
Z, nyTeM mocJ/e[loBaTeJbHOTO NpUMeHeHUsi oTobpaxenus f: Z — f(Z),
TaK uto Z,,.,=f(Z,).

UTo6b M3yuMTh HTEPAalHH OTOGPAaXKeHHs CTaTHCTHYECKH, paccMor-
puM 3ajauy nepexofa or Z K HoBofi mnepemenHoii W npH moMowH
ypaBHeHHUH

Z=3 (W), W=("1(2) (31.11.1)

H nocrapaeMcsi MO BO3MOXKHOCTH YApPOCTHTb BHJ HOBOTO OTOOpae-
Hua g: W —g(W). B uacTHOCTH, MBI XOTHM BHIGpaThb Hepexon
(31.11.1) rak, urobel ¢ynruus g(W) Obl1a «TpeyroapHOH», T. €.

v j 2W, ecn 0KW Y, 31.11.9
8( )=[2—-2W, ecin Y, < W< 1. @L11.2)
JlopeHu paccMaTpuBan oToOpaxeHHe g, OCHOBAHHOE HA 3TOH (YyHKIMH,
KaK HEKOTOPYIO MOJedb A OToOpaXKeHHs f, MOJydarolierocsi B €ro
BRIYHC/IEHHAX, UYTOOH KayecTBEHHO Mpe]cKasaTb CTaTHCTHUECKHEe CBOH-

cTBa JABHXKeHHsS. [lokameM, Kak
9z | NpH onpelejeHHHX Mpefnoaoxe-

! HUSIX OTHOCHTeNbHO (GYHKUUH f(Z)
MOXHO [MOCTPOHTb MpeobpasoBa-
¢,(2) nue (31.11.1) uucnenno. Bo-nep-

BbIX, MPENHONOXKHM, YTO KOOPIH-

Harta Z npeofpasoBaHa JHHeiHO
TaKMM o0pa3oM, YTO HauMeHblliee
H HauGoJsblllee 3HAYEHHs1 Z, CTadH
paBubiMd O H 1. Torma dyHkuus
f (Z) 6yner orobpaxaTb HHTepBal
[0, 1] Ha ce6s. Tlpenmosnoxum,
yto f(0)=f (1)==0. [Ha camom ne-
z e f(0)=0.0035, Ho MBI Gy zieM npe-
HeOperaTb 3TOH pPasHOCTBIO, MOC-
KOJNbKY OHAa OIHOTrO MOpsiKa ¢
TOHKOH  CTPpYKTypoH rpadHka
Jlopenua.] Bypem rtaxke npeanonaraTh, uro f(Z) auddepeHiu-
pyeMa BCIOLY, 32 MCK/OUeHHeM TOYKH BO3BpaTa, M 4TO OpH Bcex Z
|F (Z)] 6onblue nekoropo#t mocrosiHHOH a>>1. Torga MoXHO moxasaThb
(cM. paGoty Pyccmana u 3ennepa [1980] uam Puxtmatiepa [1981]),
4YTO CylecTByeT eJMHCTBeHHas HeMpephiBHAsi BO3pacTarolias (pyHKUHS
£ (W), Kotopas nepeBonuT otobpaxenue Z—f(Z) B otobpaxenne W—

¢(2)

Puc. 31.5.
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Yro6bl nonyuuts 3nauenusi § (W), BBeneM GyHKIHH @1 (Z) H ¢2(Z),
o6paTHble /i BOCXOAsILEH M HHUcXoAswel dacTei f(Z), KaK nokasaHo
Ha puc. 31.5. Torga us (31.11.2) BuaHo, uto pynknusa {(W) nonxna
yIOBJIETBOPATE ypaBHEHHAM

C(W)=(P1(C(2W))’ ecJyu 0<W<1/21
L(W)=0,(;(2—2W)), ecan Y/, <W 1.

M3 stux ypasuenuit { (W) nocanenobaTe/ibHO BBIUMCAAETCS AJ1S JBOHY-
Helx 3Hadenudt W, B3saTHx B TakoMm nopsgke: W =0, 1, Y, Y,, ¥,,
Ve, ..., HauuHas ¢ §(0)=0 u §(l)=1, a 3arem sT0 gesaerca AJS
APYTHX 3HaueHM#l Ha OCHOBAHHH YycJjioBHs HenpepoiBHOCTH. IlosyueH-
HBIH pesyJbrarT npeictasneH Ha puc. 31.6a, a Ha puc. 31.66 npex-
CTaBJieH pe3yJbraT npumeHeHus npeoGpasosanus (W) k rpaguky
JlopeHua.

Oyukuua {(W) spasercs HenpepbiBHOH no ['€ablepy, npuueM
nok asarteqb ['€nbnepa paseH log, a, rie o.— HaWBhLICIIAsA OLEHKA CHH3Y
mas | f'(Z)], Ho oHa He GyneT aGCOJIOTHO HENpEpPHIBHOMH; cJ/ieaoBa-
TEeNbHO, TO, YTO BepHO AAs oroGpaxenus g: W — g(W) npu nourn
Bcex W, He o6sizaTesbHO BepHO Ans oro6paxenus f: Z— f(Z) npu
noutH scex Z.

Cnencrsuem HenpepoiBHocTH GyHkuud (W) (zns storo He Tpe-
OyeTcst a6CO/IOTHOH HenpepeiBHOCTH) GyJeT To, 4To OToBpakeHue f
He coxpanfem Gauzocmu (TaK HasBald 3T0 CBOHCTBO Buabamc—cm.
§ 31.10): ecnn /—mo6ofi uHTepBan a < Z < a-+e, TO Mocje HEKo-
TOPOr0 KOHEYHOro 4YHc/ia uTepaunufi n MHoxkectBo f*(/) MoJHOCTBIO
nokpoet [0, 1]. SlcHo, uto f Gyzer o6najaTb STHM CBOHCTBOM TOTAA
M TOJNIBKO TOr'Ja, KOTAAa g Tak:Ke obJajaerT MM, HO AJA g OHO MOYTH
oueBuAHO. B camom pnene, AnuHa JoGoro uHTepBaja [ Ha ocH W
yIBauWBaeTcs NOA AelictBueM g, eciu g (/) He CONEPXKHT TOUKY
W =1, a B 3TOM mNocienHeM cJyyae [JHHa N0 KpaHHeH Mepe He
yMmenbiiaetrca. C/efoBaTe/IbHO, NOCJ/E KaXKAOH Napel HTePAalMH AIMHA
no MeHbllell Mepe yABaHBaeTcs, Noka AJas Hekoroporo [ ofa MHo-
xectBa g (/) u g(g(l)) ne Oyayr comepxarb Touky W =1/,, a B
aTOM nocjefHeM cJjyuae g (g(/)) NOJTHOCTBIO TNOKPOET HHTEPBan
[, 1], Tax uro g(g(g(l)) nokpoer [0, 1].

Otciona cniepyer, 4To UTepanuH oTobpakeHHs f HeycTOHUYMBHI B
cMbic/ie JIANYHOBa, Tak Kak HE3aBUCHMO OT TOrO, HACKOJbKO JBe TOYKH
ObiM GMU3KH ApYT K APYTY BHadaje, oHH GYAyT B KOHIlEe KOHIOB OTCTO-
ATb OJHA OT JPYroil Ha KOHEYHOe paccTOsgHHe (HalpHMep, NO MeHbILeH
Mepe Ha Y/,). CiefoBaTesIbHO, €C/IH Mbl MOXKeM NpeHebpedb TOHKOH CTPYyK-
Typo#i rpaduka JlopeHua, To ABHKEHHe Ha aTTpakTope JlopeHna Takxe
CTaHeT HeYCTOHYHBBIM MO JIANYHOBY M TeM caMmbiM OyJZeT HMETb 4HCTO
HENPEpPLIBHBIA 3HEpreTHYeCKHH CNEKTP.
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31.12, CTATUCTHYECKME CBOWCTBA OTOBPAXKEHUA f U g

CraTHcTHUECKHE CBOMCTBA 3THX OTOOPaXKeHMH HECKOJNBKO pas/IHYHH;
NepBHIM paccMOTpHM OToGpaxkeHHe g. UToGbl BOCNONB30OBAThCA CIICNH-
¢uueckuMH cBoiicTBaMi GyHkuuH g (W), onpenenennoii B (31.11.2),
npegctaBiM W B ABOHYHOM BHAe Kak W=0.q,a:d,..., Tle Kaxmoe
a; paBHo O uau 1. Toraa aas g (W) GyaeM uMeTh n1pocTo

0 [ 0.aa, ..., ecmn a,=0,
g (0. aa, "')—l 0.a,a, ..., ecam a,=1,
rfie yepTa cBepXy oGo3HauaeT AONOJHeHHe, T. e. 3aMeHy O Ha | u
1 pa 0. Tenepp npeAnosioxHM, 4TO HayaJbHEH smemeHT W nocJe-
nosarenpHoctH {W, |7 ), noayuwaiomedics nyTeM HTepHpOBaHHs g,
BHIGpaH cJydYaliHBIM O0pPasoM HMCXONSi M3 pPaBHOMEPHOro pacrpenede-
nus na uutepsase [0, 1]. Torma kaxnas gBoMuHast UHdpa 37geMeH-
ta W, MOXeT ¢ OIMHAKOBOH BepOSATHOCTbIO GEHITh paBHOH 0 wau |1
HE3aBHCHMO OT 3HaueHM#l Apyrux umdp u, Gomee Toro, W, Gyder
MeHbIlle !/, MJAM He MeHbIIE !/, B 3aBHCHMOCTH OT 3HaueHHs n-il
unubpe snementa W,. Orcioda caeldyeT, uTo Kaxkiawbl siaemeHt W,
MOXET C OJHMHAKOBOH BepOATHOCTBIO GBITh MEHbIe !/, WM He MeHb-
me !/,, M NO3TOMY HE CYIIECTBYeT KOpPPeNsiHH MeXAy OJH3KHUMH
YJIeHaMH I10CJIe0BaTebHOCTH.

Uro6bl YCTAHOBHTH COOTBETCTBYIOIIME CBOHCTBA OTOOpaxKeHHs f,
nyTeM UTepHpoBaHHs f Oblia UHCJIEHHO CTeHEePHPOBAHA I10CJeI0BaTe/b-
Hocte {Z,} Amunoit B 200 000 suemeHToB (cM. pabory PuxrMmaiiepa
[1981]). lnsi aHanmu3a pesyJbTaTa Ha ee 3jeMeHTax Oblia onpefesneHa

¢$yHKUHA
|—1, ecmn Z, <Y,
S"—kl +1, ecau Z,>=1,.

CpenHee 3HaueHHe s, OKasasnocb paBHbM —0.1416 (okono 64 cran-
IapTHBIX OTKJIOHEHHH), a 3HAuMMble I[OJOXHTENbHBIE KOPpeJssiluH
6ol OGHApy»KeHbl MeXIYy S, H S,iqy, S,4, H S,43. KoppeasiHH
MEXIY S, H S,,, NPH k>4 yXKe He ObUIM 3HAYMUMBIMH 110 OTHOLLe-
HHIO K pasMepy B3fiTOl BEIGOPKH.

PasHuua Mexxay cBoHcTBaMH oToOpax<eHHH [ M g oTpaxkaeT OTcyT-
cTBHe aGCoMOTHON HenpepelBHocTH y dyHKuun (W), koTopas cBs-
spBaeT Z 1 W. $lcuo, utro W</, Torma v ToabpKo TOrga, Korma Z=
={(W)<'/, (noToMy uTO H30GpaxkeHHHIH Ha puc. 31.4 rpaduk JlopeHua
CcHMMeTpPHUEH ¢ BBICOKOH CTeNeHLI0 TOYHOCTH), HO noBefleHHe (QyHKUMH
g (W) npu noutn Bcex W He sB/IsieTcs TAKHM JKe, KaK NOBeleHHe (YHK-
uu f(Z) npu noutu Beex Z. Ha untepBane [0, 1] Hafizercs HekoTOopoe
MHOXECTBO MepH HYJb, KOTOpoe NOA HelcTBHeM [ npeofpasyercs B
MHOXECTBO IIOJIOXKHTEIbHON Mephl (B AeHCTBUTENBHOCTH paBHOH 1),
¥ aHaJOrMYHBIE MHOXECTBAa uMetoTest i ™. Tem He MeHee ofa oTo-
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OpaxKeHHs HMMEIOT aHaJOrHYHOe [MOBeJeHUe; CJeJOBaTeJNbHO, KayecT-
BEHHbIe CTaTHCTHUECKHE CBOHACTBA cHcTeMbl JlopeHa MOryT GbITh MOJMY-
yeHBI NIPH MOMOINH H3Y4eHHsA f, KaK 3To U caenan JlopeHi.

31.13. ATTPAKTOP NOPEHUA. AETANK CTPYKTYPbI. |

CoraacHo § 31.10, arrpakrop JlopeHua L copep®KHUT GeCKOHEUHO MHOrO
JUCTOB ((paKTHUECKH HecUeTHOE MHOXKECTBO), JIeXKAIIHX BOJIM3H HeasH-
3HMpOBaHHOH BeTBALUEHCA MOBEPXHOCTH L, M KaK-TO CBI3aHHBIX BMECTE,
B pesyJbTaTe yero obpasyeTcsi HEKOTOpasi MHOTrOJHMCTHas CTPYKTypa
B R3. CTpykrypa aTTpaktopa L 6bina uccienoBana Bunbamcom [1977],
H Mbl IPHUBEJIEM €ro OCHOBHHIE Pe3YJIbTAThl, H3JIOXKHB HX Ha HEKOTOPOM
HHTYHUTHBHOM reOMeTpHYeCKOM YpOBHe (e3 yuera OmpeaeseHHbIX TOMNO-
JIOTHYeCKHX TPYAHOCTEH, TaKHX, KOTOpble BO3HHKAIOT H3-3a HaJIHUHA
6ecKOHEYHO MHOrHX BepIUHH y KJETOYHOro KommnJjekca F B orpaHuueH-
HOH 06JacTH moJjiockl S (CM. HHIKE).

KoHeuHO, aTTpaKTop NOJHOCTBIO ompenensercss AH(depeHIHaNbHbI-
MU ypaBHeHusiMH (31.9.1). OaHaKO 10 cUX mOp HEH3BECTEH METOH IJis
€ro TOYHOro ONpeleseHHsl, UCXOASIIUH M3 3THX YpaBHEHHH, M Jaxe
MeTOJl AJii ONpejesieHHs ero OOLIHX TOMOJIOrHYeCKHX cBOHCTB. Bouee
TOrO, 3TH yPaBHEHHA ABJAIOTCA HECKOJIbKO CHelU(HYECKHMH M HCKYC-
CTBEHHLIMH; CJIe[0BaTeNbHO, MpPeACTaBJAIOTCA GoJiee HHTepPecHbIMH 06-
IHe PasHOBHUAHOCTH aTTpaKTopa, KOTOpble onpeessioTcsi ypaBHEHHS-
MH, B 0OlleM aHaJorHYHbIMH YpaBHeHUsM (31.9.1). Llenbio pa6oThl Busb-
fiMca OblJI0 HAaHTH BCe aTTPAKTOPbt, KOTODHIE CBf3aHbl C BETBAILUMCSA
MHOroo6pasueM L, ONHCAHHOro BbIlle BUAA TOUHO TaK Ke, Kak H ar-
tpakTop L. OH Ha3Ban ux ammpaxmopamu Jlopernya B obLIeM.

Buabsamc HcnoabzoBajg abCTpaKTHYIO TONOJNOTHYECKYI0O KOHCTpPYK-
M0, HasbiBaemylo OOpaTHLIM npelenoM. TomoJoruueckue CBOHCTBa
NOJIy4YHBILerocs aTTpakTopa H NMOTOK Ha HEM NOJHOCTBIO ONpPelesioTcs
3alaHHBIM Ha L, MOMYyIOTOKOM, a Ha caMOM JleJie TAK HAa3bIBAEMBIMH [10-
C/1eI0BaTeJbHOCTAMH 00x010B ') ans Tpaektopubtt W¥ u WY, Bunbamc
NOKa3aj, 4TO CYLIeCTBYeT HEeCUeTHOe MHOMKECTBO TaKHX pasHUHbLIX
aTTPaKTOPOB (pasJIMYHBIX B TOMOJIOTMYECKOM CMBICTIE).

O6HapyxeHHble BUJIbAMCOM aTTpaKTOpbl MOTYT ObITb BJIOMKEHbBI B
3, HO BOnpoc O TOM, KaKo# U3 HUX OyJeT onpeaessiTbcs CHCTEMOF Mud-
(bepeHLHATbHBIX ypaBHeHHH THma (31.9.1), ocTaeTcs OTKPBITHIM.

UTo6Ll HccaeloBaTh CTPYKTYpY arTpakTopa, cieays Bumabsmcy,
paccMOTPUM KYCOK MOBEPXHOCTH M 3aTeM MPOAOIKHM €ro, JABHrasich
Mo JIeXKAalllUM Ha HeM TPaeKTOpHAM KaK Blepell, TaK M Ha3aj no Bpeme-
HU. Ecaum TpaexkTopus 0GXOAMT TOUKY Pj, TO OHA ABHIKETCA K JIHCTY
MHOroo6pasus L, pacrnosoKeHHOMY 033l TOrO, KOTOPHIH bl mepen
5THM (C TOYKH 3peHHs HabJloAaTess, cMOTpsllero Ha puc. 31.3a), a
€c/IM OHa 00XOIMT P,, TO JBHXKeTCs K JIHCTY, PACNOJIOKEHHOMY CIepe-

1) B opurnnane kneading sequences.— I[Tpum. nepee.
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4. Ecan oHa cyauasa o6XOIUT OfHY, a 3aTeM JPYryio TOUKY, TO YiKe
HeJIb35 CKa3aTb OMPEAEJIEHHO, BIepeld WJIH C3aH OT HauaJbHOH TOUKH
oHa GyJeT MOCJIe 3TOro; OHA JAaXKe MOXKET BEePHYThCS! B CBOK HAuaTbHYIO
TOYKY, M TOTJa MBI MOTYYHJIH GH NMepPHOAHUECKYIO TpaeKTopuio. OnuH
H3 Pe3yJIbTAaTOB BHJbsMCAa COCTOMT B TOM, Y4TO NMEpHOJHYECKHe TpaekK-
TOPHH TJIOTHH Ha L.

Poab HeycTouuBoro MHoroobpasus W=(0) sakmiouaeTcss B cie-
aytoieM. Kak 6b110 yka3aHo B § 31.10, OHO COCTOHT H3 ABYX TPaeKToO-
pHufi, KOTOpHIE BEIXOJAT U3 HYJIsl TOPH3OHTAJIBHO B IBYX NMPOTHBOMOJIOXK-
HBIX HanpaBJieHHsX, 0O6pa3ysl TPaHHIly NOBEPXHOCTH L, H 3aTeM yxoas
BHYTpb Hee. OpManbHO BO3MOXKeH TOT cJyyaH, Korja OfHa H3 HHX
HJIH 06e OHH MOTYT B KOHIIE KOHIIOB NMPOATH TOYIIO Yepe3 LEHTP JHHHH
BB 1 3aTeM acUMNTOTHYECKH YCTPEMHTBCA K COCTOSTHHIO NMOKOSl B HYJIe.
Mu oTGpocuM 3Ty BO3MOMKHOCTb KaK MaJIOBEPOSITHYIO H NPEINONIOXKHM,
uyTOo OHH GyAyT OecKOHeYHO JoJTo Bpamarthes Ha L, Caenys Buabsam-
cy, obosHauum uepe3 W4 (0) TpaeKTOpHIO, KOTOpas BRHIXOAHT H3 HYJIA
BIPaBO H, C/Ie]OBaTeJbHO, BIepBLle nepeceKkaer JHHHIO BB B ee ae60m
KOHIIe, a yepe3 W¥(0) — TpaeKTOpHIO, KOTOpasi BHIXOAHT H3 HYJIS BJle-
BO H, CJel0BaTe/bHO, BMepBble nepeceKaeT JHHHIO BB B ee npasom
KoHne. OmnpejequM Tak Ha3HBAEMYIO nocaedosamesvrocmy 06x0008
JJIs1 3THX TPAeKTOPHH KaK 2;242;..., A€ 2y PaBHO 1 HJH 2 B COOTBETCT-
BHH C TeM, BOKPYI KaKOH H3 ToueK, P, UJIH P, NpOHCXOAUT k- BHTOK
TpaeKTopHH. Huxe 6yner npeamoJsaratecsi, 4To 3TH MOCJAEN0BaTeIbHO-
CTH HaudHaloTcsi Kak 2111.., u 1222... cooTtBeTcTBeHHO Aasi W% (0) u
W%(0), u 6yleT MoOKasaHO, YTO OHH NOJHOCTBIO OMNpelessitoT TOMo-
JIOTHIO aTTpakTopa L.

UToG6b! OCYINECTBHTh HAMEUEHHOE, HaM MPHAETCS CAENIATh CAEYIOIHE
npeanoJioxKeHusi [cunTtasi HX, TakuM 06pasoM, CJAEACTBHAMH AH(dEpeH-
HMaJbHBIX ypaBHeHHH (31.9.1) — uHc/IeHHBIE pacyeTbl BMOJIHE MOJ-
TBEPXKAa0T GOJBUIHHCTBO H3 HHX].

1. BerBsllasca noBepXHOCTb L, H MOJYNOTOK Ha HeHl sBJSAIOTCA
TaKKMH, Kak onucaHo B § 31.10. [MbI roBopuM «IOYNOTOK», a He «Mo-
TOK» NMOTOMY, UTO H3-3a BETBJIEHHs TpaekTopus X (f) Ha L, B npoTuso-
MOJIOKHOCTbL TPAaeKTOPHH Ha L He MoeT GHITb OAHO3HAYHO ONpejesieHa
npu $<<0, ucxons u3 x (0).]

2. Orobpaxenue Ilyankape {, 1ueuH BB He coxpaHsAeT GJH30CTH.

3. CylecTByeT HenpepblBHOE OTOOpakeHHe (NpOeKLHs) P MHOroo6-
pasusi L Ha L,, KOTOpoe nepeBOAHT TPAaeKTOPHH Ha L B TpaeKTOpHH Ha
Lo: ecan x(f) — nBuxeHue Ha L, To p(x(f)) — JABHXKeHHe Ha L,.

4. KaxJoe 1BHAKeHHe Ha L, mosydyaeTcsi Kak pesyJbTar JeHCTBHS
P Ha eIMHCTBEHHOe IBHxeHHe Ha L. ([IpencraBasieTcs 3aTpy I HUTENBHBIM
MONYYHTL YyOenuTeJbHOe MNOATBEPKAEHHE 3TOrO NPELNOJOXKEHHS YHC-
JIeHHHIM nyTeM.) Bosiee Toro, IBHXKeHWe Ha L HempepHIBHO 3aBHCHT OT
IBHXKEHHS Ha L,: ec/iH TPaeKTOpHH X, (f) H Xy (f) GJIU3KH ApYT K Ipyry
Ha L, B TeueHue AIuTeJbHOrO HHTepBaja BpeMeHH (—7T, T), TO OHH



342 Ta. 81. Panuana cmadus mypbyrenmuocmu

6yayT NpOEKLHUAMH TpaeKTopHil x(f) ¥ x'(f), OMU3KUX APYyr K ApYyry
B OpOCTpaHcTBe (T. €. Ra L) B TeueHue JIUTENLHOTO MHTEpBajia Bpe-
MEHH. ’

5. IlocnenoBatensuoct o6xonoB Anas W#(0) u W#(0) nauunarotcs
kak 2111... u 1222... coorBeTcTBeHHO. DTO 03HAYaeT, YTO TpPaek-
topust W% (0) mocne cBoero mepBoHayaqbHOro 06X0Za TOUKH P, 3aTeMm
oboiiier P; mo kpafiHeli mepe Tpu pasa (ans cucremsl JlopeHuma oHa
Ienaet 310 25 pas) mepex TeM, KaK OHA CHOBA HauyHeT 06XOX TOUKH P,;
aHAJIOTMYHOE YyTBEpKIeHHe crnpaBegmuBo u ans W#(0).

UTo6bl ABUraTbCs MO TPAaeKTOPHSIM COGCTBEHHO B TPEXMEPHOM
IPOCTPAHCTBE, 3aMEHUM JHHHUIO BeTBJAeHHss BB monocoilt S, nomepeu-
Hoit K L, u nepecekawowmeit L, no BB. OkasciBaercsi yA0GHBIM OTTS-

Puc. 31.7. Tlosoca S.

HYyTb Kak S, Tak u BB BHH3 HACTOJNBKO, YTOGBl OHM MNpOILTH Yepes
HyJb, Kak nokasano Ha puc. 31.7. Mubl mpuBeleM petanbHoe onuca-

def

HHe nepeceueHusi SN L=F nomocel S u arTpaktopa L. MHOXecTBO
F 6yner onucado B ¢opMe TaKk Ha3LIBAEMOrO KJETOUHOIO KOMILIEKCA,
COCTOSILIEr0 M3 TOYEK, HA3bIBAEMBIX BEPIIMHAMH, M KPUBLIX, KOTOPHIE
HA3bIBAIOTCS «3BEHbSAMH» ') U KaXK[asi M3 KOTOPBIX CBSI3BIBAET HEKOTO-
pylo mapy BepiuidH. Mpl ycTaHOBHM, YTO BEPIUHHBEI—3TO HYJb U TOYKH
nepecedenusi MHorooopasuss W (0) ¢ monocoit S, a sBeHbs—3T0 nepe-
CeyeHHsl COCTABJAAIOMMX aTTpakTop L JaucToB ¢ monocoét S. MHoxe-
CcTBO F COCTOMT U3 HYJS U ABYX YacTeH, JeXamMX N0 PasHble CTOPOHE!
OT JIMHUM, Nepecekammell nomocy S B HyJe. ITa JUHUS NPUHALIEKAT
OTHOCALIEMYCSl K HYJIO YCTOMYUMBOMY MHOFOOODPasHIO U CJYXKHUT AA
TOro, 4ToGbl OTAENHUTH TPACKTOPHH, KOTOpble OYILyT B ouepenHOH pa3
ofxonutb P,, or TpaekTopuil, KoToprie 6yAyT B OYEPEHOH pa3 06Xo-
IuTh P,

1) B opurunane l-cells.— [1pum. nepes.
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Mur yBuaumM, uto W*(0) Ha Bceil cBOeH mpOTsKEHHOCTH ABJIAETCS
rpaHuued GECKOHEYHO MHOMHX JIHCTOB aTTPakTopa L, KOTOpHE CKper-
JIEHBI BMECTE 3TOH rpaHuueH, ofpasyioweH, o BuIparKeHHio Buibsmea,
«KOPEWOK KaHTOpPoBOM KHHru» (cm. puc. 31 9 B § 31.16). JIunus,
TPaHcBepcasibHas K L, TOUHO BHYTPH IPaHHIE, NEPECEKAETCH C 3THMH
JIMCTAMH B KAHTOPOBOM MHOMKECTBE TOUYEK, KK 3TO GyJAET O6BACHEHO
HHXKeE.

O6o3naunm yepes 1y, 1,, . .. MOCJAENOBATENLHLIE NI€PECEUEHHS TPAEK-
topu W% (0) ¢ nomocoit S (oHH MOryT JexaTb no Jio6yio CTOPOHy
OT HyJs), a uepe3 ry, r,, ...— nepeceuenus W*(0) ¢ S; Bce onu

Puc. 31.8. lloBepxrocTHBIH 3JeMeHT Ha aTTpaKTOpe JlopeHua.

apasioTcs Toukamu S. [lpu nmpoektupoBanuu Ha L, Touka 1, 3aiimer
Ha JIUHUH BeTBJieHWs BB KpaifiHee JieBoe mo/noxkeHHWe, a r, — KpaiiHee
NpaBoe TONOXKEHHE; MPOEKUHH OCTAJNLHBIX TOUEK GYAyT HAXOAHTHLCH
MEXKAY HHMH.

Kaauit juct aTTpaktopa L mepecekaet mosocy S no Kpuso# €,
ABJAOLIENCS HEKOTOPhIM 3BEHOM MHOXeCTBa F, U ecyd 6 GyJer nepe-
HOCHTBbCS MOTOKOM BKPYTOBYIO A0 T€X HOp, IOKA OHAa CHOBA HE OKa-
KeTcs Ha S B Buje Apyroit KpUBOH €', TO OHA OMHILET MOBEPXHOCTHLIN
aneMeHT 2 B R®, KaK mnokasaHo Ha puc. 31.8, u mbl 6yaem npeacTas-
JsTh cefe L COCTaBJEHHBIM H3 TAKHX IOBEPXHOCTHBIX IEMEHTOB;
H $' ABASIOTCS COOTBETCTBEHHO HAYAALHOL W KOHEYHOU KPHUBLIMH
aeMeHTa 2. CpesaeM npeiBapHTe/IbHOE NPEANONOKEHHE O TOM, UTO
Ha S HafiieTcsi KpHUBasi, COEJHHAONAA TOUKH |; U T; U COCTOSLLAR H3
TOyeK aTTpakTopa L. (9ro npeanosoeHHe OGOCHOBLIBAETCS HUXKE, a
umenHo B § 31.17.) Takas kpuBas NMPOXOAMT uyepe3 HyJb H MOITOMY
COCTOHT M3 JBYX 3BEHbEB MHOXKECTBAa F. Mbl JOMKHBI PacCMOTpETh
HX OTAEJbHO, U NycTb € GYAET TeM 3BEHOM, KOTOPOE COENHHSET HYJb
c r;. Kak € mepeHocHTCS MOTOKOM BKDPYIOBYIO, ONHCHBAasi IMOBEPX-
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HOCTb Z, TaK H ee JeBHfi KOHel, BHaya/le PaCHONOXKEHHHH B HYyJe,
NePEeHOCHTCA M3 Hyad BrnpaBo Bioab W4(0), Tak uto OH, KaK W Bce
TOYKH KPHBOH %, 0GXOAMT TOYKy P, OAMH pa3 IIPOTHB 4YacoBOH
CTPEJKH; [MOcJe 3ITOro OH OKaswBaercs Ha S B Touke l,; ciaefoBa-
TEJIbHO, KOHEYHasi KpUBas §' MOBEPXHOCTHOrO 3/1€MEHTa X COeIHHACT
l; ¢ r, B S, pacnonarasicb uyTb Bnepeiu & (T. e. Gauxe K Habmo-
JaTelo).

[Ipexne uyem MepeHOCHTH MO MOTOKY TOYKH KPHBOH %', credyer
3aMeTHTb, 4TO, TAK Kak l; U r, JieXaT MO pasHble CTOPOHB OT HYJA
(cormacHo MNATOMY H3 MpHBEAEHHHX BLIE I[IPEAIONOKEHHH), MBI
JO/KHHL pasfesuTh ¥’ Ha ABa 3BeHA, CKaXeM 6 H %, COeTHHSAIOIHX
l, ¢ HyJaeMm H HyJb ¢ r, cootBeTcTBeHHO. Torga @; Gyaer o6XOAUThb
no vacoBod cTpesnke TOuKy P;, a $,—INpPOTHB YAaCOBOH CTPEJKH
Touky P,, cosgapas TakuM o0pa3oM JABa HOBEIX MOBEPXHOCTHBIX WIe-
MeHTa Ha L, ckaxeM 2; W X2, DTOT IIPOLECC MOXKHO MpPOJOJIKATH
CKOJb YTORHO ROJTO.

B obweM ciyyae misi ABYX NAHHBIX TOYEK l; M F;, monayvaiomuxcs
cootBeTcTBeHHO mnpH nepeceyeHud W4 (0) u W#(0) ¢ S u nexamux
Mo OIHY CTOPOHY OT HyJs, MOXET CYIIeCTBOBATb (a2 MOXET H He
CyllleCTBOBaThb) 3B€HO W3 F, cBsismBaromee I; ¢ r, (T. €. KpuBas Ha S,
coefuusomas l; ¢ r; u cocrosias M3 TOYEK aTTpakTopa L, mpuuem
ecJH CYIIECTBYET OfHA TaKas KpUBas, TO UX OyieT 6CKOHEUHO MHOrO).
Ecau Ttakas KpHBas MepeHOCHTCs BAOJb MO NOTOKY, Kak 3T0 OO
OMHCAHO BHILIE, OHA OINHCHLIBAET HEKOTOPHIH MOBEPXHOCTHEIH 3JEMeHT X
arrpakrtopa L.

Hyne ob6o3nauaercs takxke uepes |, u r,. ByxeMm o6osHauaTth ero
yepes r,, €c/IH OH Jajee mepeHocHTcs: Baomb W#(0) x ry, H uepes |,
ec/M oH Janee nepeHocurcsi Bronb W¥ (0) k 1;. Torna obmuft noBepx-
HOCTHEHI 3JeMeHT X aTTpakTtopa L nmonyuyaercs myTeM repeHoca 3BeHa,
cBasuBatomero I, ¢ r; B S (tenepp aonyckaercs =0 uau j=0),
BOKPYr P, WIH BOKpYr P, 10 KpuBOH, coefuHsiowed l;., ¢ r;.;.
(Ecan npu 3ToM l;y¢ M r;,; JIEXKAT [0 pasHble CTOPOHHI OT HyJIsl, TO
Heo6XOAHMO pPa3fe/iuThb HOBYI0 KDHBYIO Ha JBa 3BEeHa, KakK 3To JeJa-
JIOCH BBHILIE. )

31.14. CUMBONbI BUNbAMCA [i, Jj]

Ecnn Aast faHHBIX [ H j TOYKH |; W r; CBf3aHBl 3BEHOM 3 [ (a ciie-
A0BaTeIbHO, GECKOHEYHO MHOTHMH 3BEHBSIMH, KaK MBl YBHAHM jaJjee),
TO Mbl Gy/leM TOBOPHTb, YTO OMpEJe/eH HJH CYyILeCTBYyeT CHMBOM [f, f].
Cnenysn Buabamcy, cpopMy/aHpyeM Tenepb NpaBHJA, NMO3BOJSIOLIHE
OTBETHTL Ha BOIIPOC O CYIIECTBOBAHHH TaKHX cHMBoJoB. Hae npen-
BapHTe/IbHOE MpPEeANoNoKeHHe coctouT B ToM, uro [0, 1] u [1, O]
ABJSIOTCSI CHMBOJIAMH (@ OTCIOfA H H3 MPEAINOJIOXEHHS O TOM, YTO
r, JIEXHT MpaBee Hyad, caeayer, uyro [0, 2] rtoxe cumBog). I
NpaBHJa TAaKOBHI:
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1) [0, 1] u [1, O]—cumBoJsi,

2) nyctb [i, j]—cumBoa, TOraa

(a) ecnu l;4; W F;,; JIEKAT COOTBETCTBEHHO CJIEBA M CNpaBa OT
Hyas, to [i+1, 0] u [0, j4 1]—cumBoss,

(6) B nporuBHOM ciayuae [i+ 1, j4 1]—cumBou.
B cayuae 2(a) Mbl rOBOpHM, 4TO CHMBOI [i, | npeduiecmeyem cHMBO-
dam [i+1, 0] u [0, j4+ 1] mam cumeoan [i+1, O] u [0, j+1]
caedyrom 3a [i, ], a B ciydae 2(6)—4To OH NpejlIecTBYeT CHMBOJY
[i+1, j+1] (Moxer 6biTb, Jyuile ObLIO Gbl FOBOPHTb «HENOCPEACT-
BEHHO MpEJILIeCTBYET?).

(3ameuanne. B npoTHBOMOJOXHOCTE BHABAMCY MBI IpeANoOJIaraeM,
KaK YKe rOBOPHJOCH Bbuue, 4to 1, M r; HHKOrJa B TOYHOCTH He
nonafaT B HyJb npd (>0 uam j>>0.))

[TpaBuna BeGpaubl Tak, uro [i, j] mpemwectByet [i’, j'] Toraaw
TOJNILKO TOrZA, KOrAa CYIIECTBYET MOBEPXHOCTHHIA 3/eMeHT X, Hayalb-
Haf KpHBasi KOTOPOrO CBsi3blBa€T |; ¢ r,, a €ro KoHeuHas KpuBas
cBsA3biBaeT |l ¢ rp. [dT0 onmMCHBAeT JIHMUIb YacTb KOHEUHOH KPHBOH
B cayuae 2(a).]

Crneayioue yTBEPXKIECHHS HENOCPEACTBEHHO BLITEKAIOT H3 3THX
NpaBHJ (HEKOTODHIC M3 HHX JOKAa3bIBAIOTCH MO HHAYKLHH).

1) Ecau [i, j]—cumBoa, To i~ .

2) ¥ KaxJIoro cHMBOJA €CTb OJHH HJIH JABa IOC/EAYIOUHX B 3aBH-
CHMOCTH OT TOrO, Kakoil cjyuafl umeer mecTo: cayua#i 2(a) HJH cay-
yaii 2 (6).

3) CumBoay [i, j] NpH NOJIOXKHTENbHBIX { H | MpejlIecTByeT
TOJbKO OIXHH CHMBOJ, a HMeHHo [i—1, j—1]

4) Ecnu [i, j]—cumBoa, To qmbo 1; < r, <0, ambo 01, <1,
rae 3Hak < o0o3HauaeT MOPSAOK CJEIOBaHHA 110C/1€ POEKTHPOBAHHA
nojocsl S Ha JHHHIO BeTBJeHHs BB moBepxHocTH L.

5) Tak Kak, CorJacHO NPeANoJOKEHHIO 5 NPebIAyILero naparpaga,
tpaekTopus W (0) mocsne mpoxoxaenus ToukH |, Mo MeHblieH mepe
eme ABax/Ibl OCOHAET HEMOABHXKHYIO TOUKY P, npemje uem nepedTH
yepe3 LEHTP Ha IPaBYyI0 MOJIOBHHY MOJOCH S, Mbl BHIHM, YTO NEpBbIE
HECKOJbKO CHMBOJIOB, HaunHas ¢ [l, 0], 6yayT TakumH:

(1,0]

/N

(2,0] (0, 1]
(301 [01] [1,0] [0,2].

B uactHocTH, cumBoay [0, 1] mpeaiuecTBYlOT mo KpafiHeli Mepe ABa
pas/HuHEX cHMBoJa—cHmBoan [1, 0] u [2, O].
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6) Kaxznpif CHMBOJ B KOHEUHOM CHETE NPELUIECTBYET JIOGOMY
JpyroMy CHMBOJY B TOM CMbiCJe, 4YTo ecaH 6=[i, j| u T=[i", j']
3allaHbl, TO HafJeTcsi TaKas KOHEYHas IOCJEIOBATeJbHOCTb O, ==0,
6y, Oy, ..., O,="T, B KOTOPOH G, BCEr[a PEALIECTBYET CHMBOMY Oy 4.
10 sicHo, ecan o,=[1, O] (uau [0, 1]), Tak Kak, coracHo npaeH-
JaM, Bce ApyrHe cHMBOJB cieaytoT 3a [1, 0] nau [0, 1](t. e. mony-
YaloTCsl H3 HHX), H MBI TOJILKO 4TO BHAEJH, uTo [1, O] u [0, 1] cnenytor
onun u3 apyroro. C mpyroit croponsl, ecan t=[1, O] (uau [0, 1]),
a CHMBOJ G IPOH3BOJIEH, TO HYXKHYIO IOCJENOBATEJBLHOCTb MOXHO
HalTH, HCIOJb3ysl CBOHCTBO HECOXPaHECHHs OJH30CTH, KOTOPHIM 06Ja-
naet oTtobpaxkenue Ilyankape ,(s) JuHHH BerBjeHHsi BB. ['pyGo
roBOpsi, 3TO CBOHCTBO O3HAYaE€T, UTO MOXKHO BBIGpATh TaKyl moOcJe-
LOBATEJILHOCTb, 4YTOObI WWMpHHA MHTepBana (l; T;) MOCTOSHHO yBEJH-
yHBa/iacb. BHabsiMC J0KasaJ, 4TO, HauaB C NPOH3BOJNLHOTO G, MOXKHO
noctHub cumBosa [1, O] (a Tem cameim u cumBosa [0, 1]) 3a KoHeuHoe

YHCJIO [1ATOB, ecJH NPOH3BOLHAs Y, (S) > V2 nas Beex s. B cayuae,
H3yuaBieMcsi JlopeHLeM, MHHHMYM 1, (s) 6bla Gosbllie, ueM IPUMEPHO
1.05; omnako npH nomowid Merofa, oGcyxpasiierocs B § 31.11, Ha
BB BMecTO IJMHHBI AYyTH S MOXHO BBECTH HOBBIH NapameTp, 4ToOBI
npeBpaTUTh I'pad¥k GYHKLHH 1, (S) B ABa NPSIMOJHHEHHBIX OTpe3Ka,
H Torla W, (s) Ha camoM fese Gyner 6oabime )/ 2 (pakTHueckH Gobile,
yeM npumepHo 1.9).

7) Has xaxporo >0 (u xaxkznoro j > 0) Haiizerca no kpaiinelt
mepe OIHO j (omHO [), Takoe, urto [i, ] OyldeT CHMBOJOM.

31.15. NPEALICTOPHUH

Cormacio § 31.4, oiHO H3 XapakTepHHIX CBOACTB aTTpakTopa L
COCTOMT B TOM, YTO TOYKA X NPHHaAJMEXHT L TOTAa H TOJLKO TOIA,
Koraa TpaeKTopHs X (f), miast kKoropoit X (0) =X, JexuT Ha L Kak npH
Becex ¢ <0, tak u npu Bcex { =0. Ilpn { ——o0 TpaekTOpHUs X (f)
MPOXOAHT IO OAHO3HAYHO ONpeJeJsieMOH IOCJIEL0BaTENbHOCTH I10BEPX-
HOCTHBIX 3JemeHTOB X%, X', X", ... BHAa, omucaHHoro B § 31.13.
Ec/ii TpaeKTOpHH Ha 2 NPOXOLSITCH HAa3ak [0 BPEMEHH, OHH [IEPeXONST

Ha 2’ u T. 1. CnenoBaTenbHO, HauasJbHas KpHBasi 3JeMeHTa 2 siB-
JsieTCsi 1O MeHbIUeHl Mepe uyacTbi0 KOHEUHOH KPHBOH 3jemeHTa X',
EcqH HauasnbHasi KpuBas AJs X CBA3bIBaeT |; C r;, a Takas Xe KpHBasi
aast ' cesisbiBaer - ¢ rp, to [i’, '] mpemwectsyer [i, j]. B ofmem
ciayyae y [i, j] MOXeT GbITb MHOrO NpeJUIECTBYIOMHX CHMBOJIOB, HO
KaK TOJbKO BbIGPAaHO KOHKPETHOE 3BEHO, CoelHHsiromee l; ¢ r;, Tem
CaMBIM OIHO3HAYHO BbliessieTcsl H IpellleCTBYIOUIHH 3/E€MEHT, IOTOMY
YTO HayajbHasi KpPHBas MOBEPXHOCTHOTO 3jeMeHTa X’ OJHO3HAUHO
ornpefensieTcsl ero KOHeYHOH KPHBOH.

Orciona caenyer, 4To ecau [, j|—CHMBOJ, TO KaXJ0€ 3BEHO,
cBspiBatomee I, C r;, XapakTepu3yeTCsl TAKOH €IHHCTBEHHOH GeCKo-
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HEYHOH MOCJeN0BaTeNIbHOCTBIO CHMBOJMOB ..., O_,, O_,, 0,=[i, j],
B KOTOPOH O_,_, MPelIIeCTBYeT CHMBOJNY O_, NPH KaXIOM k.

MoKHO MOKasaTh, 4TO €CJIH NPOAOJKHTb ITY NOCJIEN0BATEIbHOCTD
10 GeCKOHEUYHOCTH H B JPYroM HampaBjieHHH, T. €. B3fTh

g )

e Vg,

—1» Og, Oy Oy, ooy (31.15.1)
TO Mbl BBIIEJNHM He TOJBKO KOHKPETHOE 3BEHO, CBssblBawoulee l; cr,,
HO W OTJEJBbHYIO TOUKY 3ITOTO 3BEeHa, TaK YTO KaXKJAas MocJe/oBaTe/lb-
Hocth (31.15.1), B KoTOpO# ©, Bceria npelmwecTByeT G,,.,, COOTBET-
CTBYeT eJHHCTBEHHOH TpaeKTOpHH Ha L. 3To clepyer U3 cBOHCTBa
HecoxpaHeHHs GJH30CTH Ans ortobpaxenHus [lyankape Ha BB. Ecau
NPONOJIXKUTb JiBe TP2eKTOPDHH BIEpel IO BPEMEHH, TO HE3aBHCHMO OT
TOro, HacKOJbKO OHHM OBUIH OJU3KH ApPYr K Apyry npu (=0, onu
OYAYT B KOHIE KOHILOB Ppa3jeNicHbl TaK, YTO B HEKOTOPBIH MOMEHT
BpeMeHH >0 OKaXyTCfl Ha Pa3HbIX IOBEPXHOCTHBIX 3JIEeMeHTax 2.

31.16. ATTPAKTOP JNIOPEHUA. RETANM CTPYKTYPLL. NI

[Tokaxkem cHauasa, 4TO ecsH [i, j|-—CHMBOJ, TO HalJeTCs HeCUETHOe
yucno 3BeHbeB M3 F, cBasbiBaomux l; ¢ r,. CorsacHo mpeaplayuemy
naparpagy, Kaxjoe Takoe 3BEHO COOTBETCTBYET €JMHCTBEHHOH IocJje-
JOBaTETbHOCTH CHMBOJIOB

ceey O_,, 0_y, 0o=]i, f], (31.16.1)

B KOTOpOH O_,_; BCeria mpeiwecTByeT o_,. BepHo u ofparHoe (cM.
caeayomuii naparpag): mobas Takas I0CTEA0BATENbHOCTD ONpeJeNAeT
HEKOTOpOE 3BeHO, H MBl YBHIHM, 4TO JJIS J@HHOTO O, TaKylo IMOCje-
JIOBaTENbHOCTb MOXHO BBHIOpaTbh HeCueTHBHIM dHcJIoM crocobos. Ilocre
TOr0 Kak BbIpaH Kakoi-1H60 CHMBOJM O_,, BO3MOXHO BbIGpaTh (co-
rnacHo yTeepxkienuio 6 u3 § 31.14) takue o_,_;,0_,_,, ..., 4UTOOBI
noiiti jo [0, 1] 32 KoHEUHOe YHCJO IMAroB; MONOXKUM O_,_, =[O0, 1].
Toraa, corJacHo yTBep:KAEHHIO D U3 TOro xe naparpada, O_,_,_,
MOXHO BbIGpaTh M0 MeHbluell Mepe AByMsi coco6amH. CreloBaTtelbHo,
IPH IOCTPOEHHH MOCJTENOBaTEJNBHOCTH MOMHO 6ECKOHEUHO MHOrO pas
BHIOMpATL ONHH H3 J1ByX BapHaHTOB. [lpeicTaBHWB TakoH BHIGOD Ha
n-M are JABOHYHOH uHGpoH a,, MB BHAHM, 4YTO JJIA JAHHOTO O,
cyliecTByeT HO MeHblllel Mepe CTONbKO nocaenopaTebHocTed (31.16.1),
CKONBKO HMEeTCs Ha €JHHHYHOM HHTEpBaJie BEUIECTBEHHBIX YHCEJ
0.aq,a,a,..., T.€. MHOXECTBO TaKHX IOCJIEJOBATEJBbHOCTEH MO MEHb-
[ed Mepe HECUETHO.

Otciopa cleayer, uTo JHHHA, TPaHcBepcaibHasd K BeTBsllekcsa no-
BEPXHOCTH L,, MepecekaeT HecueTHOE YHCJIO JIMCTOB arTpaktopa L.
[Tycts M — ToueuHoe MHOXKECTBO NepecedeHud 3Toi sunuu ¢ L. Tak
Kak L — 3amkHyTOe MHOMXecTBO B R?® M — 3aMKHyToe MHOXECTBO
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Ha 3Tol JHHHH. Kak 6u10 ykasano B § 31.9, L umeer HyseBYyio Mepy
Jle6era B R®; cienoBarenbHo, M umeeT HyJIeBylo Mepy Ha JIHHHH, TaK
KaK B MPOTHBHOM cJlydae JIeKapToBO NpoH3BeleHHe M H KycKa noBepx-
HOCTH OJIHOTO H3 JIMCTOB aTTpakTopa L uMeso 6bl MOJOXKHTENbHYIO Mepy
B TpeXMepHOM npocrtpadcTse. CiejoBartenbHo, M — HecyeTHOe 3aMK-
HYTOE MHOXE€CTBO MepH HyJb. HakoHell, B M HeT H30IHpOBaHHBLIX TOYEK,
TaK KakK NpHBeJIeHHble BHIbAMCOM cooOpaxkeHHs TOMOJOrHYECKOro Xa-
paKTepa MOKa3biBalOT, YTO €CJH 3BEHO ONpefenseTcs Moc/eloBaTe bHO-
ctbio (31.16.1), To HalinyTca Apyrue, MpOM3BOMBHO GJIH3KHE K HeMy
3BEHbsl, COOTBETCTBYIOIIHE [10C/€0OBATeNbHOCTAM, KOTOphIE corJacy-
oTes ¢ (31.16.1) mocrarouno paneko B o6paTHoM HanpasiaeHHH. Cieno-
BareJqbHO, M fBJIfAeTCs KaHTOPOBHIM MHOMECTBOM.

W)

Puc. 31.9. «KaHTopoBa KHHra»,

CorsacHo yTBepxaenHio 7 u3 § 31.14, Kaxnasa u3 ToueK 1; W r;
AIBNAETCA KOHIOM HEeCYeTHOro 4YHcia 3BeHbeB U3 F. [lepeHocs 3TH
3BeHbA BJIOJIb MO MOTOKY, Mbl BHIHM, YTO HeyCTOHYHBOE MHOrooGpasHe
W*(0) Ha Bceft cBoell MPOTAXEHHOCTH NPEACTaBJsAET COGOH KOpPELIOK
KaHTOPOBOH KHHI'H B COOTBETCTBHH C TepMHHOMOrHedl Buibsamca (cu.
puc. 31.9).

[TocnenoBatenbHocTh (31.15.1), ecain OHa NepHOAHYHA, COOTBETCTBY-
eT NepHoAUYecKoi TpaekTopuH Ha L. B3sAB /mobyio noc/ienoBaTeNbHOCT
(31.15.1), MoxKHO Ge3 Tpyla HaHTH TaKyl0 NEPHOJHYECKYIO MOCJE0Ba-
TeJIbHOCTb, KOTOpas coryacyercA ¢ BHOpaHHOH, cKaxeM NpH—K<<A<<K,
rge K — Goabmoe yueno. CrelloBaTesbHO, B3fB JIOGYI0 TPAEKTOPHIO,
MOXHO HaHTH MEPHOAHYECKYIO TPAeKTODHIO, MPOH3BOJBHO GJIH3KYIO
K HeH, TaK 4YTO NepHOAHYeCKHe TPaeKTOpHH MJOTHHI Ha L. (KoueuHo,
B (H3HYECKOH PealH3allH HJIH B YHCJIEHHOH MOJAENH NMOHATHE CTPOTO
NepHOAHYECKOH TPaeKTOPHH SABJAETCS YHCTOH HJeajH3alHeH H3-3a
KOHEYHOH TOYHOCTH H HEYCTOHYHBOCTH Mo JIAnyHOBY.)
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31.17. CYLWLECTBOBAHME 3BEHLEB B F

B § 31.13 ™Mbl cunTanu HEOGXOAUMBIM NPEAMNONOKHUTD PeJBAPUTENBHO,
yro B F umeercsa XoTA Obl ONHO 3B€HO, CBS3BLIBAOLIEE, HANPHUMEP,
Hynp ¢ r;. (OTciofia y*e BBLITEKaNO CYUIECTBOBAHHE JPYrHX 3BEHbEB,
€C/IH NEePEeHOCHTb IepBoe BKPYTOBYIO IO MOTOKY A0 OUEPENHOro ero
nepeceueHus ¢ nosocoit S u T. A.) TakuM 06pa3oM, Mul IIPEAIOIOK HIIH,
YTO arTPakTop L CONEep:KHUT HEKOTOPYIO KPHBYIO, Jexaulyio Ha S u
cBsisblBaiollylo HyJab ¢ r,. Ilpoekuus MHOxecTBa F Ha MOBEPXHOCTD
L,—>3T0 MHUA BeTB/JeHHs BB, KOoTOpas ABJASETCA NPOCTPAHCTBEHHOM
KpUBOil. DTO XOpOLIO MOATBEPXKIAETCS UYMCJAEHHBIMM pacueTamu. Jlas
BHISICHEHUSA JeTajell CTPYKTYPBl CaMOr0 MHOXECTBA F HaM NpHAETCs
06paTHTbCS K NMPEANONoKeHUAM 1—5, KoTopele G6blIH cllenansl B § 31.13
OTHOCHTE/IbHO aTTpakTopa L. 31ech Mbl OGBACHUM, KaK M3 3THX Ipel-
MOMIOKEHUH MOXKHO cJeJaTb 3aKJIOYEHHE O CYLIECTBOBAHHHM 3BEHA,
CBSI3BIBAIOIEIO HYJAb ¢ F, (WIM l; ¢ HyJeM—paccyXIeHHs B 3TOM
cayyae GYILYT aHAJOrMYHBIMH).

Mbi paccMOTpPHM TaKXe CJeIYIoUlylo 3afauy. Breiio nokasao, uro
ecau O,=[i, j|—cumBoa, TO Jj000e 3BEHO, cBA3bIBaioUlee I; ¢ r,
OnpefieNieT eJMHCTBEHHYIO MOC/IeN0BaTeNbHOCTh ..., O_,, O_;, O
B KOTOpPOH O_,_, BCerha MpeJuecTBYeT CHMBOJY O_,. 3alaua COCTOUT
B ToM, uToObl IIOKa3aTb, 4TO BEPHO H oOpaTHoe: jMioHas Takas MmocJje-
JOBATEILHOCTD  OMpefielIfieT HEKOTOPOe 3BEHO, CBssbiBaioumiee I; ¢ r.

Cpoe pemeHde nepeodl 3afaud BHabsIMC HauMHaeT ¢ Toro, 4ro
6epeT MPOM3BOMbHYIO TOUKY X,, Ha JHUHUM BeTBAeHHS BB Mexny
NPOEKUUAMH HyJsl M TOUKH F;, CTPOMT Ha BETBSUIEHCS MOBEPXHOCTH
L, Takyio TpaekTopHio X,(f), Aaa kotopoit X,(0)=x,,, onpenenss
JJIs 5TOrO ee IPEeABICTOPUIO, a 3aTeM BBOIMT Ha L TpaekTOpHio X (£),
NpoeKUHUs KOTOpoHl Ha L,, cormacHo npexnonoxenuio 4 us § 31.13,
coBnagania 6bl C X, (f). DT0 NMOCTPOEHHE TAKOBO, YTO TpaeKTOpHs X (f)
HENPepbIBHO 3aBHCHT OT IOJOXKEHHS TOUKH X,, Ha BB; c/jel0BaTe/qbHO,
Touka TpaekTopuH X (0) HempepblBHO 3aBHCHT OT X,,, ONHCBIBas INpH
M3MEHEHHH X,, KPMBYIO B F, KOTOpas JOCTHUraeT CBOHMH JABYMSI KOH-
UaMH HYJIs H Iy

HmeeTc MHOro cnoco6oB BeIGOpa INPENBICTOPUH X, (£), 1PUBOAALIMX
K JKeJaeMoMy pe3yabTaTy, TaK KaK CYUIECTBYeT GECKOHEYHO MHOro
3BeHbeB, CBSA3HIBAOWIMX HyJb ¢ r; B F. Cnoco, HcNonb3yeMblH
BuabaMCOM, COCTOMT B TOM, UTOOBI CA€JATh MPEALICTOPHIO YEpeldyio-
meifics MeXAy IBYyMsi MOJOBHHaMM BB, a uMeHHO ec/M NMPH HEKOTO-
poM #; Touka X,(f,) NPeAbICTOPHH NPHHANJIEKUT BB (HO He coBna-
JaeT ¢ MPOEKUHAMH Hyad, |y MAM [}), TO TpaeKTOpHs IPONOJNKAETCA
Hasajl (BBePX) Ha 3ajHMil JIUCT NMOBEPXHOCTH L, 447 X, (f,), nexaiedt
crpaBa OT HyJsl, M Ha MepelHHH JHCT 1as X, (¢,), Jexaueli ciesa
or Hyas. Herpyano nposeputb (o6partuBuwmch K puc. 31.3a), uto ato
BCerja BO3MOXKHO H HHKOrJa He NPHBOAMT NPEABICTOPHIO B HYJb WIH
B NMpoeKuHu ToueK r, u 1. UTo6bl y6eluTbcsi B HempepblBHOH 3aBH-
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CHMOCTH OT X,,, 3aM€THM, HYTO €CJH X,y H Xo OMH3KHM IPYr K IpPyry
Ha JIMHHHM BeTBJeHHa BB, To nojyusaiomuecs Ha L, TpaekTopuu X, (f)
H X, () 6ydyT 6MU3KH IPYr K ApPYTy B TeUeHHE IJUTENbHOrO MHTep-
Baja BPEMEHM, HO TOrJa 3TO BEPHO M A TpaekTopuil x (f) u x'(f)
Ha L B cuny npennosoxenus 4 us § 31.13.

Yrobpl MoKasaTb, 4TO MOJyuYHBIIAsCA B F KPHBas UMEeT HykKHble
KOHLIEBbIE TOYKH, 3aMeTHM CHauasia, YTO €CJIH TOUKa X,, OUeHb GJIN3Ka
K NPOEKLHH TOUKH T, Ha BB, To npexbictopus 6yler oueHb OJH3KA
K BHellHeMy pe6py TOTO JIUCTA MOBEPXHOCTH L,, KOTOPBI JEXUT
no3ai; CJeJ0BaTeJbHO, B NpOILLIOM TpPaeKToOpus X (f) no/xHa Gblia
IUVIMTEJIbHOE BpeMs HaXOAHTbCsl BOJIHSH TOYKH 3aCTOSl B HyJIe H MO3TOMy
IMuTeJbHOe Bpems Oblla Oauska K Tpaektopun W (0), koropas
Haer M3 HyJas k r,. Hakoneu, ecam x,, HaxonuTcs oueHb GJH3KO OT
LEeHTpa JHHUK BeTBJeHUs BB, TPaeKTOPHUS yKe oueHb OJIM3KA K TOYKE
3aCTOS W NO3TOMY B TedeHHe NJIMTEJNbHOTO BPEMEHHU B Mpoljiom Gbijia
6nu3Ka K crainuoHaproil Tpaektopuu x (f)=0.

Ananoruyiasa mnpoeepka TOro, YTo JmoGas MOCJAeN0BATEIbHOCTb

-y O_qg O_ys 00=[i, ]]y (3117.1)

TAe G_,_, NMpPENecTBYeT CHUMBONY O_,, ONpele/sier HEKOTOpPOe 3BeHO
u3 F, apasercs 6ojee CJOXKHOH, M Mbl OTCHIIa€M YUTATE/sl K CTarbe
Bunbsamca, i€ TOYEYHGE MHOXKECTBO F aNlpOKCUMHPYETCs C MOMOILbIO
TaK HasplBaeMblX peTpakLuit!). CMBICA 3TOrO npHemMa COCTOHT B TOM,
YTO, €CJH X,,—TOYKa JHHHUM BB Mexny NpoekuUsiMH Ha BB Touek
I; 0 T, 1NOMOXHM, YTO MOCJIEA0BATENbHOCTD (31.17.1) npennucrisaer,
Kakofl JHcT noBepXHoctH L, 6Gyler clelyiomuM IJs NPeabiCTOPHH
X, (f) Kaxngpli pas npu BcTpeue C JIMHUeH BeTBJIEHHS, KOTJa Mbl JABH-
raeMcs IO TPaeKTOPHUH X, (f) Ha3ax (BBepx) uepes BB. Ilo uucro
TEXHHYECKHM COOOpaxKeHHAM LenecoobpasHO HCIOMb30BATh MOCAEI0Ba-
reqpHocTb (31.17.1) Takum o6pasoM JMillb Ha KOHEUHOM YHCJIE IATOB,
CKaXXeM Ha n llarax, H CYHTaTb, YTO MEpej ITHM MPeIbICTOPHSA yepe-
JoBajach MEXAy AByMs NOJOBHHAMHM BB, Kak G6blJI0 ONHCAHO BhIlE.
Torna nonyuuBmasca Tpaekropus X (f) GyJler He COBCEM TaKoil, Kakas
HaM HYXHa, HO OJMsKOH K Hell M GymerT cOIMKATbCH C HEH Npu
n— 00,

YTBepKIeHHe O TOM, 4TO Kaxjias nocjenoBaTenbHocTb (31.17.1)
onpejesnser eIUHCTBEHHOe 3BeHO M3 F, yxe OBIO HCMOJbL30BaHO
B (pelbliylieM naparpage IJs YCTAHOBJIEHHS HECUETHOCTH YHC/a
JIHCTOB aTTpakropa L.

31.18. BUDYPKAUUA K CTPAHHOMY ATTPAKTOPY

B § 31.9 mMb1 ormeuasnn, uro GudypKauus B cHcTeMe JlopeHua npu
r=ry=24.74 ABnsercA NOKPHUTHYECKOH, U YIOMSHYJIH O BO3SMOXHOCTH

1) Wau craruBauui (ron.) —Ilpum. nepee.
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B3PLIBHOTO NEpeXofa B TOT MOMEHT, KOrja HemoJBHXKHHE TOYKH P; U
P, ytpauuBaioT ycroiiunBocTb. OIHAKO NpH MENIEHHOM BO3DacTaHHHU
r TocyIe MPOXOXIEHUA ro IBHXKEHHe Ha aTTpakTope L MpPOUCXOAMT 6e3
KaKoro-1M60 B3pLIBHOrO Mepexoja, 3a UCKMOUeHHeM pa3Be TOro CJy-
4asi, KOrja BHe3alnHoe BO3HHUKHOBeHHe ABHXeHHs Ha L MoxeT paccMmar-
pUBaThCA KaK B3DHIB.

OnucaHHBI aTTPAKTOp COOTBETCTBYeT r=28. Ecau r, yMeHbLIASACH,
CTAHOBHUTCH MEHBIIE 7y, TO 00a OTBEPCTUSA Ha BETBALIEHCS NMOBEPXHOCTH
L, ymMeHBINAOTCH, CTATMBAasCh K HENOABHXXHEIM ToukKaM P, u P, Ilpn
ellle MEHBIINX 3HAUeHHUsX r (MeHbIIUX 13.96) L nponomxaer cyuiecTBo-
BaThb KaK MHBapHAHTHOE MHOXECTBO 1Js ABHXXEHUA (XOTS yKe He OyJer
aTTPaKTOPOM), HO OHO JOCTUraeT HEMOABHXKHEX TOUeK P, U P, TONbKO
npu r=r,. [1pu r, nUIIb HEMHOrO NPEBHIUAIMIHMX 7o, TPAEKTOPHSA, Hc-
xonsulas u3 Py u P,, cpasy xe CTAaHOBUTCA TpaeKTopueil Ha L. B sTom
cMbicie OuypKanua Npu r, NPOUCXOAUT KAaK BHe3aNHBIH Nepexof OT
CTaLHOHAPHOI TPAaeKTOPHHU B TOUKe P; WU P, K IBHXEHHIO Ha aTTPaK-
Tope L.

31.19. MOAEJIb MEATEHEAYMA

B To BpeMsl Kak aTTpaKrop JlopeHla noABH/CA B CBA3H C TOKPHTHYECKOH
6udypkranmeii Xonga, B Moiensx Jlangay — Xonda u Prosna — Ta-
KeHca MNpeanoJjaraercsl CyLlecTBOBAHHE IOCAENOBATEIbHOCTH 3aKpUTH-
yeckHX OudypKauuil, NpUBOAAMINX K MHBAPHAHTHHIM TOpaMm Bce Gonee
BEICOKOH pa3MepHOCTH (NPOU3BOJBLHO BLICOKOH B 11€PBOH MOJEIH H MO
MeHbIIEH Mepe ueTBepToi Bo BTopoH). OnHaKo, corsiacHo TeopeMe [1efik-
COTO, CYILECTBOBAHME TAKOH MOCNEN0BATeNBHOCTH NpEACTaBJAeTCA Ma-
JOBepOSITHEIM. Kak 6b1/10 yKasano B KoHle § 29.10, Henb3s yTBepKIaTh,
4TO NpPH BO3HUKHOBEHUH MHBApUAHTHOrO IBYMEPHOro Topa B OuUdypKa-
IIMH OT MEPHOJUYECKOil TPAeKTOPHU Ha HeM HaMIyTcsA TaKHe TPaeKkTo-
pHM, KaXJas M3 KOTODHIX IJIOTHO NOKDPOET 3TOT Top. BMmecTo 3Toro
THIHYHBIM OyleT BOSHUKHOBEHHE KOHEUHOro YucJsa NepHoIH4YecKHX Tpa-
€KTOPUN U HENOABIKHEIX ToueK. J[pyrue TpaeKTOPHH acCHMIITOTHYECKH
CTPeMATCA K 3THM NEepHOJMYeCKHM TPAEKTOPUAM H HENOIBHXKHLIM TOY-
KaM. BO3HMKHOBEHHe MHBapHUaHTHOTO TPEXMEPHOrO TOpa B CJENYHOIEH
O6uypKalMy, Mo-BUAMMOMY, 3aBHUCHT OT CYIIECTBOBAHHs TPAaeKTODHH,
IVIOTHOH Ha AByMepHOM Tope. CrefoBaTenbHo, 6UGYpKalUua K MHBApH-
aHTHOMY TpPeXMepHOMY TOpy MNpelcTaBiaseTcsi MaJoBePOATHOM.

Ecnu nepuosndyeckasi TpaeKTOPUA HA JBYMEDHOM Tope O6OMIET €ro
JO0 3aMBIKaHHUS n paz, TO OUpypKaluus HasblBaeTcA cybeapMOHUHeCKod
H XapakTepusyeTcs BHE3anHLIM n-KPAaTHEIM yBeJHYEHHEM [epHoia B
moMeHT Gudypkauuu (cMm. § 29.11). HenaBHo ®eiirenbaym paspaboran
Mo/leJib, OCHOBAHHYIO Ha IMOCJEI0BaTeNbHOCTH cyOrapMoOHHYecKHX OH-
(pypKauuii ¢ yaBoenueM nepuosna (cM. paboty Peiirenbayma [1980) u
LUUTHpYeMEle B Helt McTOYHMKH). OKasbBaercs, YTO TakHe YABOEHHA
BCTPEYAIOTCH BO MHOTHX NpPHUMEPax HTePHPOBAHHBIX OTOOpaXKeHHH H
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NIPOCTHIX JHHAMHYECKHX cHcTeM. DoJliee Toro, ¢ pocToM Yucia n yaBoe-
HHWIl NOBeleHHE CHCTeMbl HAYHHAET MOAYHUHATHLCA ONPENENEHHBIM aCHM-
NTOTHYECKHM 33aKOHaM, B (JOPMYJIHPOBKY KOTOPHIX BXOASAT YHMBEPCAb-
Hble NIOCTOAAHHbIE H (YHKLMH, He 3aBUCAIIHE OT M3Yy4YaeMOH CHCTEMBI.
K Tomy e 5TH acHUMNTOTHYECKHE 3aKOHBI HAYMHAIOT BBHINOJHATHCA CO-
BepLIEHHO TOYHO NPH CPaBHUTETbHO HeGONBIIHX 3HAauYeHUAX n. B uacrt-
HOCTH, 3Ha4Y€HHA |, 6e3pa3MepHOro napamerpa |, IpH KOTOPHIX Ipo-
HCXOJAT OudypKauuu (yIBOEHHs), CXOLATCA K 3HAYEHHI0 [ Kak
reoMeTpH4YecKas NpOrpeccusi, Npu4eM s GOJBILUX 7

(B sy — W)/ (M —Pon ;) = 0.21416938.

[1pu n—oco, no KpaiiHeil Mepe B U3yYEHHHIX CIy4asX, IHEPreTHYECKHI
CNEKTP ABHKEHHUS anlpOKCHMUPYeT HeNpepHBHbI CHEKTP C O peflesieH-
HBIMH YHUBEpCAJTbHBIMU cBoiicTBamu. [Ipu p=p_ ;ABHXKeHHe, HO-BH-
JUMOMY, CTAHOBHTCSI AallepHOAHYECKHM M TPOHUCXOAMT Ha CTPaHHOM
aTTpaKTope.

Tenepn yxe uspecTHo (cM. pa6ory Jlopenua [1981]), uto npumepom
TAKOro IOBEJeHHS CJHYXKUT cHUcTeMa JIopeHIla NpH 3HAYHTENLHO 6OJIb-
[IMX 3HAYEHHAX 6€3pa3MEPHOrO NapaMeTpa r, 4eM Te 3HayeHUs, KOTOphle
BHayaJle paccMarpuBaJ JlopeHu. A UMEHHO, CTpaHHbIfi aTTPaKTOp, KO-
TOPLIi BO3HMKaeT npH r=24.74, coXpaHseTcs BIJIOTh 10 3HaYEHHsA
r=r* (=250). [1pu r, 3HAUUTEJILHO NPEBOCXOAAIMX r*, CyLleCTByeT
rlepHOINYECKas TPAeKTOPUA, H INPH YMEHbWEHUU T B CTOPOHY r* cy-
IleCTBYeT NOCJIeN0BATeILHOCTh YABOECHHI NpH 3HauYeHUAX r=r,. [Tocie-
LOBaTeJbHOCTb {r, } CXOLUTCA CBEPXY K 3HAYEHHIO r*, npHyeM

(rn+1_rn)/(rn_rn—1) ~ 0.214.

NpunoxeHne Kk rnase 31 [paszpgenst A — 3).

TUNMUYHLIE CBOWCTBA CHUCTEM

B HacTosimem NpHJI0XKEeHHH o6bsCHAIOTCH H HCNONB3YIOTCS NOHATHA THIOHYHRIX H
HeTHNHYHBIX CBOHCTB cHcTeM. MoxHo noxyMaTtb, 94TO B psijhie pashesoB (I)HSHKH 3TH
MoliATHA B HEKOTOpDOM CMBICJIE 3aMEHAT BepPOATHOCTD. Mul npulieM K BBIBOAY, 4TO
3TO He TaK, HO YTO OHH MOTYT OKa3aTbCsi BaXXHbIM NyTeBOAHTEJNEM B JaJibHeHIlieM
Pa3BHTHH HALIHX npezxc-raBneHHﬁ O poJin BEepOATHOCTH B (bnam(e.

31.A. MTPOCTPAHCTBA CUCTEM

[Mo Tofi npuumee, uTO ¢H3HYeckas cHcTeMa He MOXeT GBIThb 3aJaHa TOYHO, H MO
pALy ApYrHX NPHUMH 4aCTO MENaTeJbHO PacCMAaTPHBATL He KOHKPETHYIO CHCTeMy,
a 6oJbLioe CeMeHCTBO cHCTeM. ECH KaXjas CHCTeMa XapaKTepH3yercs 3HAYeHHAMH
n mapaMeTpoB Gy, ..., @n, TO TeM CaMBIM el CTABHTCS B COOTBETCTBHE HeKOTOpas
Touka npoctpaHctBa Rr. U o6partho, Kamxnzas Touka B R™ uam B Hekotopol o6aa-
cTH B < R” MoxeT COOTBeTCTBOBATh €NHHCTBEHHOH CHCTeMe ceMeficTBa.

B Gosee o6uem cayuae CHCTeMH cemeficTBa MOFYT OblTb NpelCcTaBJeHbl TOY-
KaMH B GaHAaXOBOM HJIA THJb6EPTOBOM NpPOCTPAHCTBE, HJH B HEKOTOPOM Gosee
oflueM MeTPHYECKOM MNPOCTPAHCTBE, HJIH Ke B HEKOTOPOM ellle 6oJiee 06LIeM TOMO-
JIOTHYECKOM MpOCTPaHCTBe, KOTOpOe MH GyleM HaSHIBATb NPOCMPANCINGOM CUCMEM.
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HanpuMmep, Kaxnas cucreMa ceMeHcTBa MOXKeT GHITb AMHAMHUeCKOW CMCTeMOH Ha
TLIOCK OCTH:

:t=X(X, 4), !}=Y(xv Y,

rie X u Y-—KOMNOHEHTH 3aJaHHOrO raagkoro BektopHoro moss X (x;. Torna
KaxJ/loe TaKOe BeKTOPHOE MoJje oNpeflesisieT CHCTEMY U MOKeT GuITb HPEACTAaBJIEHO
ToukO# B 6aHaXOBOM MPOCTpaHciBe B ¢ BriGpaHHOR HajMeKamuMm o6PasoM HOp-
moft | X (-)}. ScHo, uto B GeckOHEUHOMEPHO, TAK KaK HUKAKUM KOHEYHBIM HaGOpOM
napaMeTPOB HEBO3MOXKHO HOJHOCTBIO 3aj]aTh BeKTOPHOe mnoJe.

Boo6ume rosops, Mbl Gyaem npelnoaarartb, YTO NPOCTPAaHCTBO CHCTEM SBJIACTCH
no Mmenblie# Mepe MeTpHuecKuM. Toraa ecin paccrosinHde d (X, X,) Mexly AByMa
CHCTeMaMH MaJjgo, TO MOXHO CYMTAaTh, 4TO OJHA M3 HHX MOJY4Yaercs uS Apyrod
IpH HOMOIUH MaJoro BO3MyuieHHsi. Mul faxke GylleM o6bIYHO LpejnoJaraTh, 4TO
NPOCTPAHCTBO CHCTEM ABJASETCS HOPMHPOBaHHBIM, Tak uto d (X, X;) =] X;—X,|.

31.B. OTCYTCTBME MEPbI NEGETA B BECKOHEYHOMEPHOM
TUNLBEPTOBOM MPOCTPAHCTBE

Ecan crcreMa onnchbiBaeTCl KOHEYHBIM HAaGOpOM HapaMeTPOB Oy, +.., G, paclpe-
Ielennbix B R7 COrIacHO HEKOTOPOMY HeNpepHIBHOMY BepOSITHOCTHOMY 34KOHY, U
€M HEKOTOPOe CBOMCTBO CHCTEMBI HMeeT MecTO BO BceM R”, 3a HCKJlOueHHeM
MHOXeCTBa JeGeroBofi Mephl HyJb, TO Mbl I'OBOPUM, YTO OHO BLINOJAHSAETCS AJA
[HOYTH BCEX CHCTEM HJH HTO BEPOSATHOCTb TOrO, YTO OHO He NMPOSABHTCS, PABHA HYJIO.

Ecrtu n—» oo, Tak 4To npu stoM R” 3aMeHseTCs] GeCKOHEYHOMEPHBIM FHIbGep-
TOBBIM IMpPOCTPAHCTBOM, TO, KaK GbL10 mokasaHo B § 13.11 Toma 1, Henbss ompe-
IeqHTh Mepy JleGera pas mpefesbHOIO HPOCTPAaHCTBA; CAeJOBATEBHO, BepPOATHOCT-
Hble yTBepXKJeHHsS NPHBEJEHHOro BBIllle THNa Tepsior cuay. (Hene6eroBn BeposT-
HOCTHHIE Mephl ofcyKAaatotcs B pa3a. 31.3 B KoHlle STOTO NPHJIONKERHS.)

31.B. TUNHUYHBLIE CBOACTBA CHCTEM

B n1o06oM npoctpaHCTBe CHCTEM HE3aBHCHMO OT TOTO, ONpefleieHa B HEM JeGerosa
Mepa WIH HeT, HO B HPeANOJOXEeHHH, 4TO OHO ABJAAeTcs 0O Kpafineli Mepe Tomo-
JIOTHYECKHM, MOXKHO ONpeAeJHTb, YTO O3HAYalOT THIHUHblE H HEeTHHHuYHbE CBOHCTBa
cdcTeM. JTO 4aCTO ANAeTCs C TaKHM PacyeToM, YTOGH HETHHNHYHBIMH CBOfCTBaMH
MOXHO GbIO NpeHe6peub B HEKOTOPBIX OTHOLUEHHAX.

[ToAMHOXKeCTBO NPOCTPAHCTBA HA3LIBAETCH O9POSCKUM MHONCECINEOM, €CJAH OHO
AB/ISleTCA liepecedeHHeM CYETHOro YHCJA MJIOTHBIX OTKPBITHIX MOAMHOXecTB. [omos-
HeHHe G3POBCKOTO MHOMKECTBA HA3bIBAGTCS /MOM4UM MHOXKECTBOM; OHO TNpelCTaBJjser
co60il OGBEAMHEHHE CUETHOrO YHC/a HHIJE He MJIOTHBIX HOAMHOXKECTB.

CBOMCTBO CHCTEMBl HA3BIBACTCH IMUNUYHGLM, €CAH OHO BBITIOIHAETCA Ha 6G3POB-
CKOM MHOJKECTBe MPOCTPAHCTBA CHCTeM. CBOACTBO HAaIbIBAETCH HEMUNUYHbIM, €CIH
OHO BBIMOJHAETCH HAa TOLlEeM MHOMECTBe., 3aMETHM, YTO «HETHIHYHOCTb» He O3Ha-
yaeT MPOCTOE OTPHUAHHE «TAMHYHOCTH», TAK KAaK MHOXECTBO MOJXKET OKa3aTbCsl HH
6IpOBCKHM, HH TOILUMM, HAaNpHMep HOAYNMPOCTPAHCTRO x; > 0 B R7,

Teopema Bspa o kaTeropusx yTBepMKJAaeT, 4TO G9POBCKOE MHOKECTBO MJIOTHO
B MOJHOM METPUYECKOM MDPOCTPAHCTBE, HO H TOLIEE MHOXKECTBO TaKMKe MOXeT
6bITh NJOTHHIM; CJAeOBATEIbHO, Pas3lHYHe He OCHOBBIBaeTCA HA IJMOTHOCTH. Bosee
TOro, B CIyY4ae KOHe4HOMEPHOrO MPOCTPAHCTBA G3POBCKOE MHOKECTBO MOXMKET HMETh
Je6eroBy Mepy HyJab; CJI€lOBaTeJbHO, Pas/iHuyHe He OCHOBHIBAETCH TaKXKe M Ha
mepe (cM. HMXKe pasp. 31.0K).

EciH CBOHCTBO @ THMHYHO, TO OTPHULAHHE g-— HEeTHIOHYHOE CBOHCTBO; eC/TH
CBOHCTBA @ M b THNHYHBI, TO THIHYHO H CBOHCTBO «a u b». JIBa mNpPOTHBOMOJON-
HBIX CBOMCTBa He MOryT OJHOBPEMEHHO ObITb THNHUYHLIMH.
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31.I. CUNbHAS TMMUYHOCTL. ®U3UYECKAR MHTEPNPETALMA

Mbl He GyZeM NpHBOANTb (H3HUECKOH HHTepnpeTalHH THOHYHOCTH, 33 HCKJAIOYEHHEM
CelyIOmero cnelHaabHoro ciaydas. CBOACTBO Ha3bIBACTCH CUALHO MUNU4HbIM, €CIH
OHO MMeeT MeCTO Ha IJIOTHOM OTKPBbITOM MHOXECTBe MNPOCTPAaHCTBAa CHCTEM, T. €.
HE TOJbKO Ha CUETHOM MepeceYeHHH TAKMX MHOMeCTB. (3aMeTHM, MEXAY MpouHM,
4TO nepeceyeHHe KOHEYHOr0 4HCJIa [UIOTHBIX OTKPBITHIX MHOXKECTB CHOBa Oyfer
[JOTHBIM OTKPHITBIM MHOXecTBOM.) Ec/n cBOHCTBO CHIbHO THNHYHO, ecyH X —ii0-
Gasi CHCTEeMa H eCJH €; —J1060e MOJOXKHTeJbHOE 4HCJIO, TO MPH IMOMOIIH BO3MY-
IeHHST CHCTeMBl X, MO HOpMe HE MPEBOCXOASILICIO €5, MOMHO MOJYYHTb CHCTEMY
Y (Y —X|<¢;), KoTopas o6i1alaet 3THM cBoficTBoM. bBosee Toro, toraa waii-
JeTcs TaKoe ApYyroe MOJOXKHTeJbHOEe YHCIO €5 (< &), UTO CHCTeMa COXPaHHT 3TO
CBOHACTBO NMpH JMI0GOM MPOH3BOJIBHOM JOMONHHTENbHOM BO3MYINEHHW, HE MpPeBCCXO-
AsilieM M0 HopMe €. Huuero Heab3s ckasaTb O TOM, HA4CKOJNbKO TPYIHBIM MOXeET
OKa3aTbCsl MOHCK MepBOro BO3MYIIeHHS. (MOryT TakKe CylecTBOBATb BO3MY LIEHHS
chHcTeMbl X, MO HOpMe He NPEBOCXOASINHE €;, KOTOpPHIE He npusolam K CHCTeMe ¢
HYXHBIM cBOficTBOM.) OIHaKO BCe AOCTaTOYHO TIMATEIbHO MNOAOGPaHHLIE CHCTEMbl
06J1alal0T 3THM CBOHCTBOM; C/IeAOBaTeJbHO, TaKoe CBOHCTBO He MOXeT ObITb OTHe-
CeHO K 4YHCJIY TeX, KOTOpHe He MOr'YT NMpOSIBHTbCS Ha MpaKTHKe.

Ecin cBOHCTBO CH/IBHO HeTHNHYHO, T. €. €CJH OHO HMeeT MeCTO Ha HHTMe He
IJIOTHOM MHOXKeCTBe MPOCTPAaHCTBA CHCTeM, TO Ajas jwoboro e, =0 Halizercs Bos-
MYLIeHHe, N0 HOpMe He MPeBOCXOAsIiee €, MPH HAJOXEeHHH KOTOPOro 3TO CBOHCTBO
ucuesaet. Bosee Toro, Torza Haiiletcs Takoe €9=>0, Y4TO HHKaKoe AOMOJHHTENbLOE
BO3MYIIleHHe, MO HOpMe He NpeBOCXOAsINee €, HE MOKET BOCCTAHOBHTb 3TO CBOHCTBO.

31.1. TEOPEMA NEHKCOTO

Teopema [lefikcoto [1962] raacuT, uto I AHHAMHYECKHX CHCTEM HAa KOMMAaKTHOM
HBYMEPHOM MHOroo0pasHM CHJIBHO THNHYHOe CBOHCTBO 3aKJ/IO4aeTCH B TOM, 4TO
KaXJoe ABHXEHHEe aCHMITOTHYECKH CTPEMHTCA K OLHOH H3 KOHEYHOro 4ucja He-
NOABHKHLIX TOYEK H MEPHOLHYECKHX TpaekTopHH. CileloBaTesbHO, B YAaCTHOCTH,
KBa3HMepHOIHUECKHE ABHMKEHHA HETHMHUHH.

CopmyinpyeM 5Ty TeopeMy AJsi ABYMEPHOro TOpa, T. €. JUI Cyuasi, Koria

M=T2 Tlyctb O u @—yrioBHe nepeMeHHnte Ha T2, TaK 4TO IMHAMHUECKas CHe-
TeMa npuMeT BHL

6=F@®,9), ¢=G(@®,0),

rie ¢yrkunu F u G nepuoinynn no O u ¢ ¢ nepuonoM 2n. [lyctb B—Ganaxoso
NPOCTPaHCTBO BCEeX nap nepuofHuecknX ¢yHkund F n G knacca C! ¢ nopmoft

maxmax {| F|, | G|, | 9gF |, | 9,G |, I%FI, [%G 1},
0 9

TaK 4TO TONOJOTHA B B COOTBETCTBYyeT paBHOMepHOH cXoAHMocTH B Cl. Kaxpuas
TO4Ka MpocTpaHcTBa B npencTasasieT AMHaMHUYecKYI10 cHcteMy. Torza s B Hakizercs
IJIOTHOE OTKPBITOE MHOXECTBO, NPeJCTaB/sIOee AHHAMHYECKAE CHCTeMBl, LA KaX-
L0# H3 KOTOPHIX BHUIOJHAIOTCH CJelylOIHe YC/IOBHS. ’

1) CywecTByeT JHIb KOHeYHOE YHCJO HENOABHMHBIX TOUEK M 3aMKHYTHIX
TpaeKTopnil Ha T2,

2) Kaxnoe IBHMeHHe aCHMITOTHYECKH CTPEMHTCH K OAHOM H3 3THX HEMOABHXK-
HbIX TOYEK WJH 3aMKHYTHIX TpaekTopHH. (3Iecb npelHaMepeHHO MCKJIOYEHB CTa-

LUHOHAPHBIE IBHXEHHS B HEMOLABHXHBIX ToUYKaX H MePHOJHYECKHUE ABHKEHHS 10
3aMKHYTHIM TPaeKTOPHSM.)

B rxeflcTBHTeNBHOCTH TeopeMma yTBepKIaeT HECKONBKO GoJbllle TOrO, 4TO 3lecsh
cKasaHo: cM. [lefikcoro [1962] n pasa. 31.E umxe.

DTO yTBepMAeHHe SBANETCS PE3KMM KOHTPACTOM MO OTHOIICHHIO K Teopeme
Kanmoroposa — Apuoibiia—Mosepa (em. kuury Mosepa [1973, Teopema 2.8]), co-
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rnacHo KOTOpOﬁ AJ51 TaMUNLTOHOBBIX CHCTEM NOPH oNpeAeseHHBIX NpelnoaOXKeHHAX
KBa3HNEPpHOAHYECKHE JBHIKeHHS yCTOﬁ'—[HBH OTHOCHTEJIBHO MOYTH BCEeX MajabiX BO3-
Myl.lleHHﬁ. 31ech Her NpOTHBOpEYHA, TAK KaK raMwibTOHOBBlI CHCTEMBI KaK Lejoe
SIBXSAKOTCA BeCbMa YAaCTHHIM CJydyaeM (Hanpmwep, CTallHOHAapHEIE TaMHUJbTOHOBHI
CHCTeMbl KOHCepBaTHBHH) H B HEKOTOPOM CMBIC/IE HETHIIHYHBE CpellH AHHAMHYECKHX
CHCTEM, TaK 4TO AJAs HHX Malbie¢ BO3MYLIEHHSI, O KOTOPBIX HIET pedyb, OTHIO/b He
MPOH3BOJIbHBI, 4 TAKOBbI, UTO CHCTEMa OCTAaeTCH TaMHIbTOHOBOMH.

3.E. BPYIME NPUMEPH!I TUIMMYHDLIX M HETUMITUYHBIX CBOMCTB

PaccmoTpum npocTpaHcTBO HenpephiBubix dyskuuéi C (0, 1), onpeaenenwnix npu
0Oy <1, c o6uunoft nopMolt | f|=sup|f (x)|. Jaa Takux ¢ysrumii nuddepen-
IHDYCMOCTb — HETHNOHYHOe CBOHNCTBO WM HETHNHYHBI Jaie AHMDGDepeHUUPYeMOCTh B
OTIEAbHON TOYKe M HeNpephlBHOCTb Mo JIHMIUMIY B OTAeNbHOH TOuKe (CM. KHHLY
Boaca [1960] u ympaxHeHue ! HHKe).

Caenyollne 18a npHMepa ABJIAIOTCA 4acTbIO Gosllce MOJHOrO BapHaHTa TeOpeMb
[NefikcoTo, yeM npuBelleHHbif BHINe, Kak yTBepiknaioch, s BeKTOPHOro MojsA Ha
KOMMAaKTHOM JBYMEPHOM MHOTOOGPAa3HH THNHYHO CYLIECTBOBAHHE KOHEYHOTO 4Hc/a
HEMOABHIKHBIX TOYEK H NMepuOoAMYecKHX TpaeKTopuh. B cHcTeMe KoOpaHHAT ¢ Ha-
YaJoM OTCUE€Td B HEMOABHIKHOH TOUKe BEKTOpHOE MOJe 3amMIIeTCA KakK

F (x) = Ax+ ...,

rie A—maTpuua pasMepa 2X2. B Teopeme yTBepXXpaercs, YTO LA KaXKIAOH TaKoil
HEMOABHKHOH TOYKH THHHYHO OBITb eunepboaudeckod, T. €. UTO A MaTpHUM A
THNHYHO OTCYTCTBHE UHCTO MHHMBIX COGCTBeHHBIX 3HAYeHHH; CJe/lOBaTeNbHO, €CTh
TPH BO3MOXKHOCTH: ec/lH 06a COOCTBEHHBIX 3HAaYeHHS HMEIOT OTpHLATENTbHHE Belle-
CTBEeHHBIE YACTH, TO HEMONBHXKHAs Touka GyleT npumszusatower; echn 06a oHH
HMEIOT NOJO0XKHTeNbHble BelleCTBEHHbIe YacTH, TO OHA GyleT ommaaxkusarouwed; eciu
OJHO H3 HHX HMeeT MNOJOXKHTEJbHYI0 BelleCTBEHHYI 4YacTb, a Jpyroe— OTpHUA-
TeJbHYIO, TO HETNOABHIKHAS TOYKa GyleT ce0.060d.

[pyroe yTtBepineHue TeopeMbl [leHKCOTO COCTOMT B TOM, YTO CyINeCTBOBaHHe
TPaeKTOpHH, HAYIeH OT OAHOH CelJIOBOH TOYKH K ApYroi#l, HEeTHNHMUHO! eCcTH Ta-
Kasi TPaeKTOPHS CYIIeCTByeT IJsi HEKOTOPOro BeKTOPHOrO noisfl, TO MaJefmee
BO3MYIIEHHE MOXeT ClesiaTh ee MPOXOASIleH MHMO BTOPOH CeAOBOH TOYKH.

B § 29.6 6bu10 clenaHo mpeinmoNOXKeHHe, KOTOpPOe He JOKa3aHO W JAaxe moj-
HoCTbIO He chopMy/IMpOBaHO. TaM roBopHJOCH, YTO B CYHIECTBYIOUIHX TeopeMax
0 MOJIHOTE CHCTeM COOCTBeHHHIX (YHKUHMH IS THAPOAMHAMHYECKHX 3ajay Mpeino-
Jaraetcsi, 4YTo oGoGuieHHbie COGCTBeHHbie (GYHKUHH (€CJH OHH H CYyLIECTBYIOT)
uckAIOUeHbl [cM. ypaBueHue (29.6.5)]. D10 0GoCHOBHIDAaETCS TEM, YTO B HEKOTOPOM
NOAXOAsIeM NPOCTPAaHCTBe THAPOJAHHAMHYECKHX CHCTEM CYLIeCTBOBaHHE 06OOLIeH-
HBX COGCTBeHHBIX (YHKUUH HeTHNHYHO. ['OBOPAT, 4TO COGCTBEHHOE 3HAYEHHe A
nMeer undexc 1, ecliu He CyLIECTBYeT COOTBETCTBYIOIWHX eMy OGOGIIEHHBIX COGCT-
BeHHHX GyHkuH#A., [lpencrapnsercs BepOATHBIM, YTO Aas JIOGOro coGCTBEHHOro
3HaueBHS Ap MMETb MHIeKC | CHJBHO THNHMYHO, TOrAa KaK IS BCeX HHX HMeTh
HHIeXC | TOJNBKO THMHYHO, TaK KaK CueTHbIH HafOp MJIOTHHIX OTKPBHITHIX MHOJKECTB
He 06s3aTebHO GYAeT OTKPHITHM MHOXeCTBOM, HO B Jl06oM ciyyae GyleT G3poB-
CKHM MHOXECTBOM.

YnPAXHEHHE

1. Jlng KakA0ro LeIOoro NOJOXKHTENbHOTO 7 ONpele]nM MoAMHoXectBo E, H3

C (0, 1) caenyromum ofpasom: dhyskuws f mpunajnexut E,, ecau Haliletcs Taxkoe
xo u3 [0, 1—1/n], uTo

VIF (xo+-h)—F (xo)l/h |e=n npu O< h < I/n. 31.E.])

[Nokaxute cHaualda, uto E,—3aMKnyTOe noAmHoxectBo npoctpanctsa C (0, 1),
MposepHB, YTO €CIH fp (x) PaBHOMEPHO CXOMATCH K f(x) mpH B —> 00 M Kamias
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¢yukuusa f, ynosretBopsiet ycaosuio (31.E.1), To emy yaoBnersopsier u f. [loka-
MHTE Jajlee, UYTO [OMOJHeHHe MNOAMHOXecTBAa L, TI0THO: MOKa)HTe Ha CaMOM
fene, uTo mo6yilo ¢yHkuuio f u3 C (0, 1) moxno clenath AHPdepeHULHpyeMOii 1pH
TIOMOIIIH MaJOro BO3MylleHHs (HCHOMb3yHTe [as1 T0ro BBeleHHbie B TOMe | one-
paTophi CrJa)KHBaHHsA); 3aTeM MOJYUYHBUIYIOCS (QYHKIHIO MOXKHO CAeIaTh Hapy-
wamoweii ycrosie (31.E.1), zo6aBuB K Hefl B ClIyyae HeO6XOIHMOCTH JOMOJHH-
TeJbHOe MaJjloe BO3MYILEHHe, HMejolllee JOCTATOYHO GOJbINYI0 TPOH3BOAHYIO B
TouKe x=uxo. CileloBaTelbHO, Kaxnoe E,—HHUrie He IJIOTHOE MHOXKeCTBO, H
®

NO3TOMY U E,,—Touxee MHO2KeCTBO, a OTCKJAa cIeliyeT, UYTO 444 Q))’HKILHH H3

n=1
C (0, 1) HeTHnHYHO GbiThb HenpepbiBHOH Mo JIMMWHLY cnpaBa OT JOGOH TOYKH.

31.0K. OTCYTCTBHME COOTBETCTBHMA MEXAY THMNIMYHOCTLIO M
CYWECTBOBAHMEM MEPbLI JIEBETA

YPAXHEHHSA

1. MycTs X —exHHH4HHHA WHTepBa/i Ha BellleCTBEHHON OCHM, pacCMaTpHBaeMbiil
KaK MeTPHYECKOE NPOCTPAHCTBO C PACCTOsAHHEM (X, y)=|x—y|, v nycTb n-—ue-
Jioe TIOMOXHTeldbHOe 4HCaI0. Kaxiomy pauwonaasHoMy uucay p/qg, rie 0 < p < g,
NOCT2BUM B COOTBETCTBHE HHTEpBaJ

pIg—1/(nq2%) < x < p/q-+1/(ng29)

¥ 0603HayuM uepea S, oObeAHHEHHe BCeX TaKHX HHTepBaJaoOB. [Tokaxute, 4TO MHO-
KeCTBO S, OTKPHTO H MIOTHO B X H HMeeT Mepy JleGera, He mNpeBOCXOASIMYIO
4/n. Y6egutech [Jajiee, 4TO G3DOBCKOE MHOMECTBO B X MOXMeT HMeTb JeGeroBy
Mepy HYJb, a TOIiee MHOXeCTBO-—Mepy 1.

2. Ilycts S —nepeceuenne MHOxecTB S,. CorsacHo ynpaxHenuio 1, S—0s-
poBckoe MHOXecTBO. [Toka)KHTe, YTO OHO HeCyeTHo paccMoTpeB yHcaa x u3 [0, 1],
HMeloLHe JBOHYHOe NpeicTaBjleHHe BHJA

x=0.4,0a400...0a500...0a,00...,

rie kaxjoe a; paBHo O uan |. okaXkuTe, UTO ecnH 4ucIO HyJdeH v, MeX1y a;
Q41 MOCTaTOYHO GHCTPO BoapacTaeT ¢ pocToM [, TO x GyleT NPHHALIENKaTb BCEM
MHOxecTBaM S,. [TokaxHTe, YTO MHOXECTBO BCEX TAKHX X HeCYeTHO.

31.3. BEPOATHOCTb U DHU3IUKA

[lpeanonoxuM, YTO TOMOJOrHYECKOe NMPOCTPAHCTBO X mpeicTaBaseT co6o#i mpocT-
paHCTBO (QH3HueCKHX cHcTeM. Korga Quaux rOBOPHT, UTO NposiBieHHe ompefelet-
HOFO CBOHCTBA TaKOH CHCTeMBl BeCbMa MasOBepOiITHO, OH CKOPee BCEro Hmeer B
BHIY cjedylolee: eclIH H3 X xakuM-a1H60 o6pasoM BHOpaHo Gouabinoe uyncno N
CHCTeM, TO OYeHb HeMHOTHe H3 HHX 06MafaloT paccMaTpHBaeMHM CBOHCTBOM it ¢
poctoM N oTHocHTenbHas A0AA 06JalaloUlHX 3THM CBOHCTBOM CHCTEM CTPEMUTCH K
Hyao. Takoe yTBepxAcHHe, eCIH OHO BEPHO, HEeH30GeXKHO HOCHT BepOATHOCTHHIM
xapakTep. B 3TOM onHcaHMH HelocTaeT TOAbKO OGBACHEHHA TOro, Kak st N cuc-
TeM BhIOHpaloTcs H3 X. Tak kak X B ofuieM caydyae GeCKOHEUHOMEPHO H, caelo-
BaTeJlbHO, B HEM HeJb3s ONpeldeNHTb Je6eroBy Mepy, He CYLIECTBYET BO3MOXKHOCTH
BHOHpaTh N CHcTeM caydafiHEIM 06pa3oM Ha OCHOBAHHH DaBHOMEPHOTO pachpefe-
JeHHs B X, NMOTOMY 4TO TaKOro pacnpeleieHHs He CYIEeCTBYeT.

Merton BhiGOpa A0/KEH ONMpelensaThCA € y4YeTOM (PH3HYECKHX COOOpaKeHHH H
He MOXeT HCXOJHTh JIHilb H3 KOHLENUHH THNHYHOCTH.

KoHeuyHo, ecTh MHOTO cnoco60B onpeleleHHs] BEPOATHOCTHHX Mep B GeCKOHed-
HOMEDHHIX IIPOCTPAaHCTBaX (IPHMEPAaMH CJyXKaT TrayccoBh Mephl B THAbGEPTOBOM
npocTpaHeTBe, onucanHeie B § 13.11 Toma 1). Takas Mepa MoxeT ObiTb HCIONb-
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30BaHa Aasl ebiGopa N cuctem a3 X, [lpeactaBasmiomHecss 3lechb BO3MOIKHOCTH,
no-BHAHMOMY, BeCbMa Pa3HOOOpasHbl, H MOXeT 0KasarbCsi HEOOXOAHMBIM HCMOAb-
30Batb paA (HU3HueckuX coofpaxenuii. Hanpumep, aonxHO npescTaBasTbCs pa-
3yMHbiM Tpe6oBaHHE O TOM, 4TOOBI BeDUSTHOCTHas Mepa OHJa [0J0XHTE/IbHOR Ha
OTKpHI FbIX MHOXeECTBaX B X, Tak Kak B NPOTHBHOM Cjydae caM BbiGOp MpPOCTPAH-
ctBa X BuIsifiesl 6bl OWHOOMHBIM M HEKOTOPHE €ro YacTH CAefoBato OB HCKJIO-
YHTb., 3aTeM MPEANOJOMHM, 4TO B X CyLIECTBYIOT npeo6pasoBaHHsi, NPHBOASILHE
K TakHM MOAH(HKAHHAM CHCTEM, MPH KOTOPHIX GCHOBHbiE MX CBOHCTBA H3MEHSIOTCS
H B TO e BpeMs CBOHCTBA, NpeACT4BASIOLIHECS MaJOBEpOsITHHIMH, OCTAlOTCA Ta-
KOBBIMH; TOr1d T0cje TaKoro npeofpasoBaHHsi B X MHOXeCTBa Mepbl HYJb JAOJIKHbBI
nepexoiHTh B MHOXeCTBA MePH HyJb. C TOYKHM 3peHHs (H3HYECKOH HHTepIpeTaiuH,
npupeldedHoli B pasf. 31.I', Heo6xoAHMO JHWb, YTOGH CHABHO HETHNHYHOe CBOH-
CTBO MME/10 MECro TOJbKO Ha MHOJKECTBE MepH HYJb.

Bce 310 noka uto He Gosee uyeMm ofLIHe pACCYXXAEHHS, OAHAKO OHH MOTYT
yKashiBaTb Ha TO, YTO B (DU3HKe THIHYHOCTb BPsL JH 3aMEHHT BEpOSITHOCTb, HO
OHa, BO3MOXHO, 6yleT yKasbiBaTb NMpPaBUJBHBIA NyTb AAs Hajdexxaluero subopa
BePOSITHOCTHBIX Mep.

YNPAXHEHHS

1. llokaxute, uto DuddepeHIHPYEeMOCTb HETHIHYHA TaKXKe H L5 FUAbGEPTOBA
npoctpanctea H=12(0,1). Cxema J10KasaTeJbCTBa COCTOHT H3 CJEAYIOIH X WATOB,
CHauaaa onpezeaute B H /uHeliHOe MHOT00OGpa3He

D={yp€L* ' €L?}, (31.3.1)
rie NPOU3BOAHAS NMOHHUMAEeTCA B CMBEICJE TEOPHH pacnpeseieHHH (cM. ra. 5 Toma l),
Has awboro P u3 H HMeeT MeCTO NpeicTaB/eHUe

P (x) =Y Epetikx, (31.3.2)

Torza MHoroo6pasue D MOXKHO OXapaKTepH30BaTb Kak
D={pEL: X |kEp|? <oo). (31.3.3)
Has waxporo M=1, 2, .., onpelesuTe TakXe MeHbllee MHOroo6pasue
Dm={PEL: ¢y €L, |V | M}={pEL® 4n? Z | kEp |2 < M2} (31.3.4)
Ecan 6B ynajsoch nokasaTb, 4TOo Kaxpaoe Dy Hdrje He MJIOTHO, T. e. ‘;TO Jonona-

nenne CDpy NIOTHO W OTKPBHITO, TO OTCIOA caefoBaio 6y, uro D= U Dy —
M=1
towee MHoxectBo B H. [lokaxute chavana, uto CDpy miI0THO, yGeIHBIIHCb, 49TO
Jai6oe P& L2, He Hapywalomee ycioBHe [¢’||<KX M, MmoxeT ObiTb Clel1aHo Hapy-
WAlIHM ero (NyTeM A06aBAeHHS! K 1 NMPOHABOJAbHO Ma/IOH QYHKIMH C GOJXbLIIOH
npou3BoAHOH). 3aTeM mnokamute, uyto CDpy oTKpHTO. s 3TOro paccMoTpHTE
aoboe P U3 CDy, T. e. Takoe P, Aast KOTOPOro JaH60 ||’ |= oo, aubo P’'|=M-46
npu sekoropom § > 0. HyxHo mnoxasatb, 4TO HafzeTcsi OKPeCTHOCTb 3TOrO v,
kotopasi cofepxutcs B CDy. BuiGepute K Tak, utofn
K 1/2
> oan? kg2 ) > MA9/2,
k=<K
M MOKAaXKuTe, uTO ecaH Y-—Jwobas T1akas $yHkuds w3 L%, nas xortopod ||y <
< 8/(4K), To ¢ x| > M~-8/4, tak uto CDar oTKpHITO.
Wicnonbays anaJoriunble NpoBeleHHHM Bhlle pacCyXAenns, HO MnoJaras
Besfle §.p=Ep, MOKAXKUTE, 4TO TO Ke CaMOe BEPHO H I/ BelleCTBEHHOrO FHJb-
GepToBa mpoctpascTea L2 (0, 1),
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UTo6bl BBeCTH BellleCTBEHHLIE KOOPAHHATHI M BellleCTBeHHble Ga3HCHHie YHK-
LUK, HOONOKHUM

Bo=xp, Er==(pt+ix_p)/V 2, k=1,2,..., (31.3.5)
Po(x)=1, @)=V 2cos 2mkx,

—_ 31.3.6
@k (x) =V 2sin 2mkx. ( )
Toraa, moacrasisaa 8 (31.3.2) -Ek BMeCTO §._p, naiifieM, 4To
@®
VX)) =X xx9 (1), (31.3.7)
-
-]
P () =21 kx_ ;@ (%), (31.3.8)
-

FayccoBH MepH B BeHIeCTBEHHOM THJbGEPTOBOM mHpocTpaHcTse H GbutH OmH-
cannt B § 13.11 toma 1. TaMm oTMeuanHch CleAylOmHe OCHOBHble MOMeHTH. Eciau
M—n1060e KOHeuHOMepHOe MOANpOCTpaHcTBO H3 H u S—amw6oe Gopeneso MHO-

KeCTBO HS M, TO MHOKECTBO
Z=S+Mi,

T. €. MHOMXECTBO BCEX TOYEK Xy, y KOTOphiX XES n yEM-L, nasmpaercs yu-
AUHOpudeckum MHONcecmsom. UToObl ompefeNHTh TaK Ha3biBaeMyI0 TaycCOBY Mepy
B H, o6o3HaunM dYepe3 B monoXKuTeNbHBIH silepUbLi onepatop H moaoxuM A=B-L

3aTeM B3fB MI0060e LUHAHHAPHYeCKOe MHOXKecTBO Z=S-+ ML, dim M=m, obo3na-

4YHM Yepe3 {q)]-}'{’ HEKOTOPbI# OpTOHODMHDOBaHHLIH GasHc B M M ompejenuM Mart-
puny A (M) pasmepa mXm, nonoxus A (M)j=(9;, Apy), 1<<jk<<m. Torna
BeposiTHOCTE P (Z) monaraetcs paBHOM

P (2)=[(det A (M))‘/2/(2n)'"/218 exp {_(1/2) 3 x4 (Af)/kxk} dv. (31.3.9)
s i &
Kak Obio ykasano B § 13.11, sty QyHKUHIO MHOXKecTBAa P (-) MOKHO eJHHCTBeH-

HHM 00pa3oM DAacHPHTL 10 BEPOSTHOCTHOH MepH, ompefllefieHHOH Ha o-anreGpe A,
06pa30BaHHOH UHJIHHAPHUECKHMH MHOMKECTBAMH.

Tenepb MpUMEHHM 3TH COOGpa’KekHA K BEILCCTBEHHOMY THJAbGEPTOBY HPOCT-
pauctsy H=1L%(0, 1), ucnonb3ys KoOpAHHATH X, H GasHCHble (YHKUHH @, 3a-
Agunpie B Buie (31.3.5) u (31.3.6). Onpenenum omepatop A npoctoll dopmysoit

AP (x) = apxiPr,

rie ¢ynkuns P (x) 3afasa B BHAe (31.3.7), a @, MOJOKHUTENbHB H 2 (l/ap) <o,
Tak 4TO onepatop B=A=! gkommakteH. PacCMOTPHM LHJHHAPHYECKHE MHOKeCTBa

K
SN
-K
TaKHe, 4TO

ZM'1DZM,?‘D...DZM,KD...DDM, (31_3_1())
rie MHOXecTBO Dy ompepeneno B (31.3.4). Toraa (31.3.9) npunumaer pup

K — K
PZu,0=]] Vak/(2n)S S exp{—(l/Q) Zakx,%}dx_,(...dx,(, (31.3.11)
- K -K

N
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rie S—SJIJIHIICOHREJIbHaﬂ 061acTh:
K
St Y kg << M2/(4n). (31.3.12)
-K

YrrPAXHEHUS

3. Ilonaras, uto B (31.3.11) Bce nmepeMeHHble HHTEr PUPOBAHHA, KPOMe NOCJES-
Hero, H3MEHSIOTCHA OT —00 IO 0, TOTAd KaK H3MEHEeHHe NOCJEeRHEro, Xy, OTpaHH-
YeHO ycaoBHeM | xg | << M/(2nK), nokaxuTe, uTo

PZum, i) < M (ar)?/[(2n%Y2K].

4. Tenepb NOJOXKHM ap=|k|’, rae r > | (4ToGH chenaTb psn 2 (1/ag) cxo-
Ramumes). [Tokaxure, uto ecnmn 1 < 7 < 2, 10 P(Zpy, ) — 0 npu K— o0, T2K
410, corsacHo (31.3.10), P (Dy)==0, u nostomy 61aroiapsi CYeTHOH affHTHBHOCTH

s

P(D)=P< U DM>=0.

M=1

3To ynpamxHeNHe NOKAa3bBaeT, 4TO Tolee MHoxecTBO D AuddepeHLHpyeMbIX
¢ynkuuii B L2(0, 1) umeeT rayccoBy Mepy Hy.b, ecad | <r <2 Ilpu r>2
P (D)= 1. I'py6o rosopsi, C Bo3pacTaHHeM r rayccoBa Mepa Bce Gosibiie H Gonbiie
KOHLleHTpHDYeTCsl B OKpecTHocTH Hynsi B H. B cuny (31.3.3) auddepenunpyembie
GYHKUHH nexXaT BOIHM3H HY/AsS,, TaK YTO NpH GoJbINOH KOHLEHTPalHH BepOSTHOCT-
HOH Mepbl B OKDECTHOCTH Hynf AHddepeHlHpyeMble (QYHKLHH HOpHOOpeTalOT NOJIO-
KHUTEJIBHYIO BePOATHOCTb, HO NPH 7 < 2 OHH HUMEIOT HYJEBYIO BepPOATHOCTD.

[TosToMy B AaHHOM CcJyyae BepOSITHOCTHAasi Mepa MoxXeT OHITb BbiGpaHa Tak,
4TOGH HeTHIHYHOe CBOHCTBO (AuddepeHUHPYeMOCTh) HE GLLIO BepOSTHBIM,



