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§ 30. MOMeHT CHJBI M MOMEHT HMMyJbca
OTHOCHTEJIbHO HENOJABHKHOTO Havaja

1. BaxHble 3aKOHBI MEXaHHKH CBSI3aHBl C TIOHATHSAMH MOMEHMA
umnyasca v momerma cuaot. CaefyeT pasnHyaTb M HHKOUM o0pasoM He
CMEILIMBATL JPYT C JAPYTOM MOMEHTHl 3THX BEKTOPOB OMHOCUMEALHO
Mo4KU U OMHOCUMEAbHO oci. MOMEHT BEKTOPa OTHOCHTENIBHO TOYKH H
OTHOCHTE/ILHO OCH — Pa3Hble TOHSTHS, XOTS M CBf3aHHBIE MeXAy
co6oii. MOMEHT BEKTOpa OTHOCHTEJNbHO TOYKH CaM €CTb seKkmop. MomeHT
TOTO K€ BEKTOPAa OTHOCHTEIBHO OCH ©CTb ApOeKyus Ha 3Ty OCb ero
MOMEHTa OTHOCHTEJLHO TOUKH, Jexauell Ha Toll ke ocu. Takum obpa-

30M, MOMEHT BEKTOPA OTHOCHTEJILHO OCH
M=[rF] yKe He sBJsercs BekropoM. HauHem
r C PACCMOTPEHHS] MOMEHTOB OTHOCHTEJILHO
ez TOUKH.

8, [lycts O — gakasi-nuGo Touka, OT-
F  HOCHUTENLHO KOTOPOH paccMaTpHBaeTcs
N 4/ MOMEHT BeKTopa CHJIBI HJ/JH BEKTOpa
7 UMIyabca. Ee HasbBalOT HA4QA0M HIIH
g r noarocom. O6osHauuM OyKBOH # pa-
Puc. 56. IHYyC-BEKTOP, TIIPOBEJIeHHbII M3 3TOfi
TOYKH K TOUKe INPHJIOMEHHS CHabl F
(puc. 96). Momenmom curer F omrocumesvro mouxu O HasbBaercs

BEKTOPHOE NPOH3BEJEHHe pajnyca-BeKTopa # Ha cuiy F:

M=[rF]. (30.1)

H3 sToro ompesesieHHsT HEMOCPEACTBEHHO CJeNyer, uto momerm M
He USMEHUMCA, ecau mouky npuaoxcerus cuml F nepenecmu 6 mobyo
Opyeyrto Mo4KY, pacnonoNeHnyo Ha AutHuu Oeticmeus cuabl. JlefcTBH-
TeJbHO, €C/IH TOUKY NPHJIOKEHHsS CHJIbl nepeHectd u3 A B A’, To ma-
pannenorpamm OABC nmepeiiner B mapanieiorpamm OA’B’C. O6a
napasieorpaMMa HMEIT ofliee ocHoBaHHe OC W ofLiylo BBICOTY.
ITosToMy MX IUIOIIAZM PaBHbBI, YTO W JOKa3bLIBAET Hallle YTBEPXKJEHHE.

Ecmn F = F, + F,, To Ha OCHOBaHMHU "M3BECTHOTO CBOHCTBA BEK-
TOPHOrO NIPOHM3BEREHHS MOXKHO HallHCaTb

[rFl=[rF,]+[rF.) (30.2)
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DTO 3HAUHT, UYTO MOMEHMm pasHoOelicmayowerl 08yx Ul HECKOALKUX
CUA OMHOCUMEAbHO HEKOMOPO2O HAMAAQ POGEH 2e0MEmPUYECKOL CYMMe
MOMEHIO8 COCMABASIOUUX CUA OMHOCUMEALHO MOS0 JHE HAYAA.

. AHalOru4HO onpejessieTcss MOMEHT HMITYJIbCA P MATEPUATbHON TOUKH
oTHocuTe bHO noioca O. Tak HasbiBaeTcsi BEKTOPHOE MPOHU3BELeHUe

L=[rp]. (30.3)

2. Llesecoo6pa3HOCTL BBeJleHHS STUX JBYX HNOHATHH ONpaBJLIBACTCS
TéM, YTO MOMEHTBbI MMIYJIbCA M CUJBI CBA3AHBI MEXKAY COOOH BazKHBIM
COOTHOLIEHHEeM, KOTOpOe MBI cefiyac BhiBeleM H3 ypaBHeHMH HbloToHa.
[TpexnonoxuM cHavasa, uto Hayajso O HemomBHKHO. uddepenipys
BeipaxkeHue (30.3) mo BpeMeHH, TMOJyUUM

L=[rp]+[rp]-
TaK KakK I0 Hpe}lHOJIO}KeHHlO Ha4yaJio O HeIlIOABH2KHO, TO HpOI/I3BO]_I-

Hasi 7 €CTb CKOPOCTb MaTepHaNbHOH TOYKH, CBSI3aHHAs C ee HMITYJIbCOM
COOTHOWEHHeM p = mv. [1o3TOMy nepBoe ciaraemMoe paBHO HYJIO Kak

BEKTOPHOE NpOU3BeleHHE KOJNJIHHEAPHBIX BEKTOPOB ¥ = ¥ H p = m9.
Bropoe crnaraeMoe MOXHO NpeoOpasoBaTb C I[IOMOLIbIO YpaBHEHHUS

Helotona p = F. Toraa moayuutcs L = [#F], nmu
L=M. (30.4)

OTO COOTHOLIEHHE MBI H XOTEJIH NoJy4uTb. OHO HA3BIBAETCS YPABHEHUEM
MOMEHIMO8: NPOU3BOOHAA NO BPEMEHU MOMEHMA UMNYALCA MAMEPUALOHOU
MOYKU OMHOCUMEAbHO HENOOBUNCHOBO HAYOAA PABHA MOMEHMY Oeticmesyto-
well cuabl OMHOCUMeAbHo moeo ace Havasa. [1pu BeIBOAE HE NpeAnoJa-
rajoch, YTo Macca m ocraercst nocrostino#i. Ilostomy ypaBneHue
(30.4) cnpaBensivBo TaKKe U B PEASTHBHCTCKOH MeXaHUKe, T. e. IIPU
CKOJIb yTOAHO GOMBIIHX CKOPOCTAX MaTepHaNbHOH TOUKH, JOMYCKAeMBIX
TEOPUEH OTHOCHTEJHLHOCTH.

¥YpapHeHne MoMeHTOB (30.4) MOKHO OOOOLIMTBL Ha Cjaydal IIPOH3-
BOJIbHOH CHUCTEMbI MaTepPHAJIbHBIX ToUeK. Momenmom umnyabeq cucmemse
MAMEPUANBHOIX MOHEK OMHOCUMEAbHO HEKOMOpo20 HA4aAa Ha3bIBAeTCs
BEeKTOpHas CyMMa MOMEHTOB MMIYJbCOB BCEeX MaTepHalbHBIX TOUEK
CHCTEMBl OTHOCHTEJLHO TOTO Ke Hadaja. AHANIOrHUHO MOMEHM 6Cex
cua, OeliCmByOWUX HA CUCTeMYy MAMEepUalbHelx Mmo4eK, OINpenessaeTcs
KaK BEKTOpHAs CyMMa MOMEHTOB OTJeJbHBIX CHJI. BmecTo TOTrO, 4TOOH!
CKJIAJBIBATE MOMEHTBHl BCEX CHJ, MOXKHO, MMes B BHAy COOTHOILEHHE
(30.2), cHavana HalTH PaBHOLEHCTBYIOUIYIO 3THX CHJ, @ 3aT€M BBIYMC-
JUTh €¢ MOMEHT. Tax e MOKHO oCTynaTh H IpH HAXOXKAEHHH HMITYJ/Ibca
CUCTEMBl MAaTepHATbHBIX TOUEK: CHAYyaaa BEKTODHO CJOXKHTb HMIIYJIbLCHI
BCeX MaTepHaJLHBIX TOYEK, @ 3aTeM HaHTH MOMEHT MOJYy4eHHOTO BeK-
TOpa OTHOCHTEJNBHO paccMaTpHBaeMoOH TOYKH.

Ilpennonaras Hayaao HEMOABHKHEIM, HAMHIIEM ypaBHEHHE MOMEHTOB
MJIS KaXXIOH MaTepHalbHOH TOUKH, & 3aTeM BEKTOPHO CJIOXKHM . HX.
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Torna Met cHOBa npujaeM K coornomneruio (30.4), HO yxKe /151 CHCTEMb
MaTtepHaJbHbIX ToueK. Kak scHo u3 BbiBOAa, moj M ciefyer NOHHMATh
MOMEHT BCeX CHJ, KaK BHEIIHHX, TaK H BHyTpeHHHX. OfHAKO BHYTpeH-
HYME CUJIBI MOMKHO He TNpPHHUMATs BO BHHMAHHe, TaK KaK HUX MOJHBIH
MOMEHT OTHOCHUTENBLHO JI000r0 Hauasla paBeH HyJ/o. I10 00bACHAETCH
TEM, YTO BHYTPEHHUE CHJIbI BCETJa BXOAST ONapHO: cuie Fiy, C KOTOPOH
k-51 Touka gelicTByeT Ha i-10, COOTBETCTBYET PaBHas H MPOTHBOINOJOXKHO
HanpasJieHHas cuna Fy;, C KOTOPoH i-A ToUKa AeHCTBYeT Ha k-10. OTH BE
CHJIbL HaNpaBJeHbl BOJAb OfHOH npsivod. IIpu BeiuMC/IeHHH MOMEHTOB
TOYKH UX NIPHJIONKEHHS] MOKHO [IEDEHECTH B OAHY H Ty K€ TOUKY Ha 3TOH
npsMoii. Torga cuisl B3aHUMHO YHHYTOXKATCH, a4 MX I[OJHBIH MOMEHT
Oyler paBeH HYJIO.

Takum ob6pasom, tpermil 3axoH IHbloToHa M03BOJAET HCKJIOUHTH
u3 ypaeHenusi (30.4) BHyTpeHHue cu/bl. Bwmecto ypashenus (30.4)
nonyyaercs Gojiee CHALHBIH pe3yJbTaT:

L = MBHem’ (305)

T. €. HPOU3BOOHAS NO BPEMEHI 0Nl MOMEHIQ UMNYALCA CUCIEMbL MArme-
DUQALHBIX MOYEK OMHOCUMEAbHO NPOUSBOALHOZ0 HENOOBUMHO20 HAYAAL
PABHQ 2COMEMPUHECKOU CYYMME MOMEHIMO8 60X BHEWHUX CUA OMHOCU-
MEABHO MO0 JHE HA4aAa.

3. Ecau mMOMEHM GHEWHUX CUA OMHOCUMEAbHO Heno0GUNCHO20 HA-
waaa O pasen HYya0, MO MOMEHIM UMAYALCA CUCHIEMbI OMHOCUMEALHO
M020 e HOYAAA OCHIACA NOCHOAHHbIM 80 8peMEHU. DTO TMOJOXKEHUe
HAa3bIBACTCSl 3AKOHOM COXPAHEHUS MOmenma umnyapca. B gacthocTy,
MOMEHT HMIYJbCa COXpaHAETCA A H30JIHDPOBAHHOH CHCTEMBI MaTe-
pHaNbHBIX TOYEK.

BakHeIM siBfifieTcA cayuall 1ieHTPaJbHBIX CHJ, KOTJAa HarpaBJieHusi
BCeX CHJ, NeHCTBYIOIUMX HA MaTepHajJbHble TOYKH CHCTEMBI, MPOXOAAT
yepe3 HenoABHKHEIH eHTp . MOMEHT TaKHX CH/T OTHOCHTEIBLHO TOYKH O
pased HyJt0. [103TOMY MOMEHT MMM YyJ/1bCA CHCTEMBI OTHOCHTENBHO TOUKH O
JIOJZKEH COXPaHATHCH, T. €. OCTABAThCA NOCTOSAHHBIM Bo BpemeHH. M ato
CIIpaBe/IMBO Jlaxe TOT[a, KOrJa CHJIBL 32BHCAT OT CKOPOCTEH.

Hapsany ¢ sakoHaMH coXpaHeHHsI HMIYJbCa H 3HEPIHH 3aKOH CO-
XpaHeHH MOMEHTa MMIYJIbCa ABJSETCS OJHUM H3 BaxHeHUMX hynoa-
MEHIMAALHOIX 3aK01H08 usuky. B aToMHOH (U3HKe NOHATHE MOMEHTA
HUMITYJIBCA JIOMKHO ObITh 06061IEH0. ITO BUIHO y2Ke U3 TOr0, UTO B KJac-
CHYeCKOH MeXaHHKe MOMEHT WMIYJbCa ONpPelesieH uepe3 KOOPAMHATH H
CKOPOCTH YaCTHIi, a 3TH BEJUYHHBI, COTVIACHO NMPHHIIKIY HEOM pPeleNeH-
Hocteii ["afisenGepra, 0AHOBpeMEHHO e MOI'yT HMETH OnpefleJieHHbIX 3Ha-
YeHHH B OJHOM H TOM 3Ke COCTOSIHHH. Kpome TOro, MOMEHTOM HMIIyJibCa
MOryT 00JalaTh He TOJBKO YacTHIbl, HO H CHJOBLIE TOJs, HalmpuMEp
3JIeKTPOMarHuTHoe nojie. HakoHen, NMOHATHS U 3aKOHBI KJIaCCHUECKOH
MeXaHHKH He BCerja NpuMeHHMbl K NPOIECcaM, POUCXOMISIIUM BHYTPH
aTOMOB, aTOMHBIX sllep H 3/JeMeHTapHbIX dactul. Ilpw paccmorpenun
TaKHX IIPOIECCOB HE NPEACTABIAETCA BO3MOXKHEIM MOJIh30BATBCA KJIAC-
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CHYECKUMH TIOHATHAMH, K YHCJY KOTOPBIX OTHOCHTCS MOMEHT UMIYJIbCa
Kak OH OblJ OnpenesieH Bblilie, 31eCh MOXKHO TOJIBKO OTPaHHYHTHCS
3aMeuaHyeM, uTo B (M3MKe MOHATHE MOMEHTa UMIIYJbCA PACHINpAETCH,
HO KAK 3To Jesaercsl GhaKTHUYECKH, [OKA DPACCMaTpHBATh [pexkAEBpe-
menno. Msyuarounil GusHKy yke ¢ caMOro HayaJa ZOJKEH HMETh B BUALY,
uyTo (usuka o6o0iTaeT MeXaHHUYECKOe NOHITHE MOMEHTA HMIIYJbCA H
HNOCTYAHPYET 3aKOH €ro COXpaHeHus A BceX (H3HUECKHX IPOLECCOB.
Takolt pacuupennpil 30K0H COXPAHCHUS MOMEHMQ UMNYALCA YHe HE
A6AAEMCS MEOPEMOL] MEXAHUKN, Q@ O0ANEH PACCMAMPUBUINLES KK COMO-
cmoameabpiil  o0uieusuteckull  NpURYUn, AeASIouuiics 0006LyenLem
ONBIMKHBLY (PAKMO8.

MoxHO 6b1710 6b1 MPH H3JI0KEHHH MEXAHUKH BKJIIOUUTD 3aKOH COXpa-
HEHHS] MOMEHTa HMIYJbca [Js CHCTeMBbi ABYX MaTepHaJIbHBEIX TOYEK
B UHCJO OCHOBHBIX TIOCTYJIATOB, KAK 3TO Mbl CIEJaJH ¢ 3aKOHOM COXpa-
HEHMs MMIYJbCA /s CHCTEMBbl JIBYX MaTepHAaJbHBIX Touek., Torga Tpe-
THil 3akon HbioToHa crenoBano Obl WCKJOYHTL W3 4YHCJA OCHOBHBIX
noctyjatcs Mexanukd. B § 12 yxke 6buIO MOKAa3aHo, YTO ITOT 3aKOH
TOJBKO OTYACTH $IBJSETCH CJENCTBUEM 3aKCHA COXpaHEeHWs WMIyJbCa.
Ongaxo, ecqd K 3aKOHY COXpaHEeHHA UMNYJbca Ao0aBUTH €lle 3aKOoH
COXDaHeHHsl €r0 MOMEHTA, TO U3 TUX JBYX 3aKOHOB MOXKHO TIOJYYHTh
TpertHil 3akoH HetoToHa Kak ux creacteue. HeficTBHTENbHO, PACCMOTPUHM
3aMKHYTYIO CHCTEMY 43 JBYX MaTepHaJbHBIX TOUEK, B3aHMOREHCTBYIO-
wux mexay ccboit ¢ cunamu F; u F,. V3 3akoHa coxpanenus umnynbsca
caenyer Fy=-—F, a U3 3aKOHA COXPaHEHHA MCMEHTa HMITYJbCa:

[7,p1] 1722} = const.
Juddepenuupys no BpeMeHH 310 YPaBHEHHE, IOMYUNM
[rip]+[rep:] =0,
HJTH
[r.Fy]4[ro£,] =0. '
Tak xak F;=—F,, 10
[(ry—r,) F]=0.

O1crona caenyer, uTo BEKTOpHl #, —F, U F; KonanuHeapHb. KoJsnu-
HeapHbl TaK¥e BeKTOPBl #; — ¥y, U F,. IT0 3nauur, uto cuin F; U F,
HanpasJieHbl BAOJb NMPSIMOHA, COeAHHAMLIEN B3aUMONCHCTBYOIHE MaTe-
pHaJbHble TOUKH. ,

4. MOMEHT CHJI U MOMEUT UMIYJIbCa 3aBHCAT HE TOJNBKO OT BEJIMYHHEI
U HalnpaBJeHHs 3THX BEKTOPOB, HO M CT NoJjoxenus Havazaa. O6a
MOMeHTa, BoOOLIe TOBOPS, U3MEHATCH, €CJH repefiTH K HOBOMY Hauaay.
[Tyers O u O’ — 1Ba HenoJBM:KHLIX Havasa. Panuyce-Bektopnl 7 u 7’
O/IHO# ¥ TOH 2K€ TOUKH OTHOCHTENIbHO 3THX HauaJl CBA3aHbi COOTHOLIEHHEM

r=r'—R,
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rie R=076—paﬂHyC-BeKTop Hauajga O ort”ocutenabHo O'. Hanucas
BbIpaXKeHUs1 1JIS MOMEHTOB HMIYJbCOB KaxKJIOH MaTepHaJbHOH TOYKH
CHCTEMbl H TIPOCYMMHPOBAB 3TH BEHIPAaKEHHs 110 BCEM MaTePHAJbHBIM
TOYKAM, II0JYYHM

3 [rmo]= X [r'mv] —[RX mv],
L=L"—[Rp], (30.6)

rle p — NOJHBIH HMIYJbc cHcTeMBl, L ¥ L’ — MOMEHTH €e HUMIyJbCa
oTHOCHTe1bHO Hawaa O u O’ coorBeTcTBeHHO. Ecin UMnynasc p pasen
Hymo, To L=L'. B 3TOM Ciyyae BEeKTOP MOMEHTa HMITyJbCa CHCTEMbI
He 3aBHCHT OT BheIOOpa HauaJja.

AwnaJjoruvso,

HJIH

M=M —[RF], (30.7)

rie M u M’ —MoMeHTH CHJI, JEACTBYIOIHX HAa CUCTEMY, OTHOCHTEJbHO
Hayan O u O’, a F—reomerpuueckas CyMMa 3THX cHJ. Ecau pesyJs-
tupymomwas cuia F paBHa HyJo, To M= M'. 310 HMeeT MecTO, HaNpH-
Mep, 1asi napet cua, T. €. IByX PaBHBIX, HO NPOTHBOINOJIOKHO Hanpas-
JIGHHBIX CMJI, JHHHUH JeHCT2HS KOTOPBIX CMEIIEHH! OJIHA OTHOCHTEJBHO
Ipyroii. BoT rouyeMy MOMHO TOBOPHTb O MOMEHTE [aphbl CHJI, HE YKa-
3bIBAd Hayaja, OTHOCHTEJNBHO KOTOPOrO 3ITOT MOMEHT Gepercsi.

§ 31. CBa3b MoMeHTa HMIyJbCA MaTePHAJLHOH TOHYKH
C CEeKTOPHAJBLHON cKopoCTbio. Teopema miomanei

1. Ecsiu cHcTeMa COCTOUT H3 OJHOH MAaTepPHaJbHOH TOYKH, TO MOMEHT
HMITYJIbCAa HMMEET IIPOCTOH TeOMETPUUECKHH CMBICA. IIycTb B MOMEHT
BpPEMEHH ! MOJOXKEeHHe MaTepHaJIbHOH TOYKH ONpEeessieTcs pajnyCcoM-

BekTopoM # (puc. 57). 3a Bpems dt pa-
48 JHYC-BEKTOp INOJIyuaeT NpUpalieHue vdt,
OIIHCHIBasA IWIOMaflb OECKOHEYHO MaJIOro
TpPeyroJbHHKa, 3alUTPUXOBAHHOrO Ha
puc. 57. Ilnomans 3Toro TpeyroJbHUKA
MOKHO H300pasHTb BEKTOpOM

. 1
dS= 5 [ro)dt,

LJIMHA KOTOPOrO MPEeLCTABJSAET BeJH-
YHHY patcMaTpHBaeMoil IJoWamH, a
HanpasJieHHe NEepreHNHKYJIAPHO K IIOCKOCTH TPeyroibHHKa. IIpous-

BOJAHas
5 48 1

onpefensger IJowalb, ONHCBHIBAEMYIO DaJHYCOM-BEKTOPDOM B €IHHHIY
BpPEMEHH. Ona HasbBaeTcs celcmopua/zbﬂozi CKOpPOCTHBIO. Tak kak no



