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§ 53. TeH3op H 3NIAHICOMA HHEPLUHH

1. BHUMCAMM MOMEHT WHepuuH / TBepIOTO Teda OTHOCHTEABHO NPOH3BOABHON
ocu OA (puc. 170). Bes ymep6a aas o6UHOCTH MOXHO NPHHATB, YTO OCb IPOXOJHT
yepe3 Havano koopausar O. Koopaunarte 6yzeM ofosnauatb Jaubo X, y, 7, 1u60 xp,
Xy, X3. TaKUM 06pa3oM, ¥; == X, Xy =Y, X3 = 2. PasjoxuM pajuyC-BeKTOp r 3Je-
4 MeHTA MaccHl Teaa dm Ha COCTAB/AUIME BJOAL OCH OA n

NepIeHIMKYAAPHYIO K Helt: r = r, + r | - Ilo onpenesenmo

MOMCHTa HHEPIHH

I= S ry dm:S (rr—r?) dm.

r
r L am

Eciu § — eIHHHUHBIE BeXTOp Bosb ocd OA, 10 r =(rs) =

= x5, + ys, + z5,. Kpome toro, r*= x2+ y2 4 2% VYura
STH COOTHOLIEHHS, d TAKKe COOTHOIUCHHE 5% + s;—i— ss=1,

MOJYYHM

7 e 170 I= LS 1 yysit I sid2l, 5,5, 20 s 5,420 5.5,
T (53.1)

rae Loy Lyyo Loz Toy= Iy, Lye = Ly, Izx = Iy — 1OCTOARHEIE, OTpefensieMele
BBID &XKEHHAMU

La={ @+ dm,  ly=1,=—{xwdn,
1yy=S(zz+x2) dm, ly,= Izy:_——SyZ dm, (53.2)
125=S(x2+y2)dm' 12x51x2=——52xdm.

II/9 3THX TOCTOAHHBIX GyNeM TOJbIOBATLCH TakKe OG03HAYeHHAMH [y, loy, ..., Iig.
Benwunnet Iy, Iy, [,;, OUCBUIHO, MMEIOT CMBIC/L MOMEHTOB HHEPUHH TeJa OTHOCH-
TeJIbHO KOOPAHHATHBIX ocell X, Y, Z cootrercTBeHHO. COBOKYIHOCTD JEBATH BEJIHYHH

Iax 1xy lxz
Tyw gy Iyz (53.3)

12x Izy lzz

Ha3LIBAIOT MEHIOPOM UHEPYLU MEAq OMAHOCUMEAbHO moyky O, a CaMH 3TH BeJHYHHBI —
KomnoHermamy mozo mengopa *). Tewzop uxepyuu cumaempuden, T.e. I == I;.
TloatoMy OH NOJNHOCTBIO ONpejesisieTcsl 3ajaHHeM wecmu KOMnNoHeHTOB, QopMyJy
(53.1) MoxHO 3amucaTe B GoJlee KpaTKoH H CHMMeTpHuHOH dopme:

3 3
= 2 2 Iijsisj'- (534)

i=1j=1

Ecsii u3BeCTHBI /151 KAKOH-1H60 KOOPHHHATHOH CHCTEMBI BCE MIECTh KOMIOOHEHTOB
TeH30pa HHEPHUH, To 1o Popmyne (53.1) nau (53.4) MOKHO BBIYHCIAUTE MOMEHT HHEPIUM
Tesla OTHOCHTe/IbHO TIPOH3BOJNLHONW OCH, [poxojsmell depe3 Hauajo koopauhar O.
MoMeHT HHeplUHH OTHOCHTE/LHO BCAKOH ZPYrod ocH, He NMpoXojsulell Yepes Hauamo
KOOPJHHAT, MOXKHO BHIUHC/IHTL C NOMOLLbI0 TeopeMeul I'loiirenca — Ilitelinepa.

2, @opmyaa (53.4) gonycKaeT HarVIAAHYI0 TeOMeTPHUECKYIO UHTepnpeTanu. Ye-
pe3 Hayano KoopAuHAT O 6yleM NPOBORMTH NpPSIMblE BO BCEBOMOXKHBIX HANPaBJAEHHSIX

*) TensopoM BooOGIIe HA3BLIBAIOT YTIOPSIOUEHHYIO COBOKYNHOCTD JEBSITH BEJHUHH,
331aHHYI0 B K&OWOH cHCTeMe KOODAWHAT, NPHUYEM TPH NOBOPOTE KOOPAMHATHHIX
Ocefl 3TH BEJHUHHH NIPeo6pasyloTcsl KaK NPOH3BEJEHHT KOMIIOHEHTOB IBYX BEKTOpPOB,
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¥ Ha HAX OTK/IaIMBAThL OTpe3Ku Aauuoil 7 == 1/} I. TeoMeTpHUECKHM MECTOM KOHIOB
TaKHX OTPE3KOB OyleT HeKoTopasi moBepxHoctb. Haiiem ee ypaBHenne. Corsacuo
NIOCTPOEHHIO PajHYC-BeKTOp TOYKH, Jexkallefi Ha 3ToH NOBePXHOCTH, ONpefensieTcs
BolpaxenneM r = s/} I, a KoOpAHHATEL TOH e TOUKH — x; = &/} 1. Hckniouas
C NOMOIbIO 3THX COOTHOLLUEHHI BeJHUHHB! §; H3 (53.4), moayydM ypaBHeHHe HCKOMOH
NOBEPXHOCTH

EZ Iijxix/-=1. (535)

3Ta NoBepXHOCTb BTOPOTO MOPSAAKAE, OYEBHAHO, SIBJASETCS IAHNCOHIOM, TaK KaK MO-
MEHT HHeplHH /, a ¢ HHM W JJIHHA pajgHyca-BeKTopa f HMelOT KOHeuHble 3HayeHHA,
KaKoBO bl HH ORLI0 HanpabieHHe ocH §. OHa Ha3LIBAETCS JAAUNCOUOOM UHEpYUL Tesla
OTHOCHTEJIbHO TOUKH O, sABasomeiicst ero nentpoM. [Ipu mepemelnieHHH Hadasaa Koop-
aanaT O OTHOCHTeNBHO Tesla GYIET MEHSATbCS H JJIMICOMI HHepIuH Teaa. Ecin B Ka-
uectpe O B3SAT HEHTP MacC Tesla, TO COOTBETCTBYIOUIMH 3JVIHNCOHJ HAa3bIBAETCH YeH-
MPaAbHLIM.

3. Kak u BcsKWi TeH30p, Ten30p MHePUHH 3aBUCHT OT BLIGOPA Hauana KOOpDAHHAT
H HanpaeJeHHs1 KOOPAMHATHBIX oceH. [IpH H3MeHeHHH KOOpDAHHATHOH CHCTEMBI Me-
HAIOTCA ¥ 3HAUCHWS KOMMOHEHTOB TeH30opa wupepuud Tena. CyuecTBeHHO, OAHAKO,
4TO KaKoBa Obl HU Gbl1a KOOPAHHATHAsL CHCTEMA, BCeTZa MOTYT 6bITh HaHAeHBI BCe LIECTD
KOMIOHEHTOB TE€H30Pa MHEPUMH, X0Ts 6bl no dopmynam (53.2). B uactrocTH, KOOpAH-
HaTHBIE OCH MOXKHO HamnpaBHTb BJOJb IVIABHBIX OCEH SJJIMNCOHIA HHepUHH. B 3Toii
KOOD/IHHATHOX CHCTeMe B ypaBreHUH (53.5) nponagaloT wieHsl, cofepXamue NpoH3-
BEICHHSA KOOPJHHAT, H TO ypaBHEHHe NPHMET BHJ

Lot It 41,22 =1 (53.6)
wnu
N Ipi=1. (53.7)

Tenzop HHepUHH NPHBOAHTCA K OUAZOHAALHOMY BHLY

I, 0 0
o 7, © (83.8)
0 0 I

npHYeM JUA20HANbHbIE 348 MEHIMb!l TEH30PA Mbl 0603HAYHIH C OMOILBIO OHOTO HHJEKCA.
BTopo#i HHAEKC B cHCTeMe IVIaBHBIX OCCH JJIHICOX]A HHCPUUH ONYIIEH KaK H3JHIIHHE.

TakuMm o6GpasoM, 042 6cakozo meepdoeo tmeia, 20e Obl Hu Obia0 6610paHO Ha4AN0
xoopduram O, cywecmsyrom mpu 83aUMHO hepReHOUKYASPHbIEe 0CU, COBRA0AIoUiue ¢ 2Aa6-
HOLMU OCAMIL IAAUNCOUOR UHepyuu meaa omrocumersno mouxu O, 0a8 Komopux xedua-
ZOHANbHBIC FACMEHMBL MEH30PO UHEPYUL O0OPAUAIOMCA 6 HYAb. DTH OCH HA3LIBAIOTCH
TaKKe 2Aa8HbIMU Ocamu men3opa unepyuy. OHU, OYEBHIHO, KECTKO CBASAHBI C TEJIOM.
TouHO Tak Ke KEeCTKO CBSI3aH C TBEPAHIM TeJIOM H 3JJIHNCOKA MHEepiHH. Eciu ussectho
NOJIOKEHHE JJHIICOHAA HHEPLHH, TO B TOT XK€ MOMEHT GYJAeT H3BEeCTHO M MOJIOXKEHHE
Beero Tena. TlosToMy 23apaua o BpalllenHH TBEPAOTO TeJia BOKPYT HENOABKHOM TOUKH
CBOAMTCS K 3afaue O BPAIlleHHH €ro 3/JIHNCOHAA HHEPUHH BOKPYT TOH e TOUKH.
ItuM Bocnosib3osancst Tlyanco (1777—1859) ans narasisoll reoMeTpUtecKol HHTep-
NpeTalldy BpauleHHs TBePJOro Tela BOKPYr HemoABHKHOH ToukH. OHa 6yjer paccMmo-
TpeHa B cleAysoumeM naparpade. I'masHble OCH UEHTPANBLHOTO 3/MIHKNCOHAA HHEDUHK
HA3LIBAOT TaKKe 2AQBHIMU OCAMU CAMO020 MEAQ.

Hanpassense riaBHbIX oCell Tela 4acTo MOXKHO ONMpPefenuTh, MOJAb3YACk CooGpa-
JKeHUAMH CHMMeTpHH. Tak, HanpuMcp, TJIaBHble OCH OJHOPOAHOTO TNPSMOYTOJbHOTO
napanesenuneja napaniennist ero peSpam. Ecau Teno obiajgaeT cuMMeTpHeR Bpa-
IIeHHsT BOKPYT HEKOTOPOH OCH, TO €ro 3JHICOHA HHepUHM 06/1a1aeT TakoH XKe CHM-
MetpHeli. K Tesam Takoro poja OTHOCHTCS, Hampumep, UMAHRAp. B 3ToM caydae
MOMEHTHl HHEpLHH Teja OTHOCHTEJBHO BCeX ocell, MePNeHIHKYJASAPHBIX K OCH -CHM-
MeTpHH, OfHHaKoBH. OZHOM H3 IVIaBHHX OCeil Tesla ABJfeTCS €r0 OCb CHMMETDHH.
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Beskas npamas, K Hell NepIEHAUKYASIpHAS, TakkKe GYJeT IJIaBHOH ochlo Tesa. Takum
06pasoM, CymecTByeT GeCKOHCUHOE MHOMKECTBO TPOCK B3aHMHO INePIeHAHKYJSPHBLIX
IJIaBHBIX OCEHd Tesla, Y KOTOPHIX OJHA OCb, @ HMEHHO OCb CHMMETpPHH, GYieT obmei.
JIas wapa saJMNCOHAL HHEDIHH OTHOCHTENBLHO BCeX OCel, MPOXOJAMMUX Yepes LEeHTp
mapa, oJjHHakoBe. B aToM ciydae Jo6as och Gyfer rJaBHOH OCBIO Telsa.

Jis [MHAMHKH BpalaTeJLHOIO ABHAKEHHS TBEPJOFO Tela CYILECTBEHHA CHMMeT-
pHSl He CaMOro Tesia, a CHMMCTDHSI COOTBETCTBYIOMIETO €My 3JJIHIICOHJA HHEpUHH.
Bce Tena ¢ o(MHaKOBEIME 3/IJTHICOMAAMH HHEPILHHE QUHAMULECKY SKE8USALeHmHb!., L TOOH
SJITTMIICOHJ MHepUHH o6Jafal- CHMMeTpHeH BpauleHusi, He 00s3aTelbHO, 4TOGH CaMo
Teso obsafajo Todl e cHMMeTpueli. BospbMeM, Hanpumep, oJHOPOJHBIH napaJJese-
nune] ¢ KBajpaTHLIM ocHoBanHeM. IloMectuM Hauano koopauHaT O B 060l Touke
reoMeTpHYeCKOH OCH mapa/Jelenunefa. Torga HeTpyJHO NMOKasaThb, 4TO 3JUIHIICOHJ
HHePUHH OyJeT 3JJIMNCOHAOM BpAlleHHs, OCh CHMMETPHH KOTOPOT'O COBII3JaeT C reo-
MEeTPHYECKOH OChl0 mapaulelemunefa. B JHHAMHYECKOM OTHOIUEHHH JBHKEHHe
TAKOro napasJelenynela ONHCHIBAeTCS TAKHMH JKe YPaBHeHHSMH, 4TO H JBHIKeHHe
ofHOopofHOro muauH/Apa. Ecnn napansefienune] Bolpoxjaercs B Ky6, a Hadalo Koop-
JHHAT NoMelleHo B ero LeHTpe, To 3JVINIICOML HEePIHH BhIpoxkjaeTcsa B chepy. B auna-
MHYECKOM OTHOIIEHHH OJHODOAHBIH Ky0O BefieT ce0sl Tak e, KaK OZHOPOAHBLIA Luap.

4. [JomycTHM Tenepb, YTO TBepjioe Tell0 PABHOMEpPHO BPALLAeTCs BOKPYT 3aKpen-
JIeHHOH OCH, HalpHMep, OCH, NPOXoAfllell Yepe3 HenmoJpHxkHEe NoAHIHUKA. Co cTo-
POHEI OJLIHIHKKOB TeJIO NOoJBepraeTcs AeidcTBHIO CHJl, I1ycTh 3TO eAHHCTBeHHbIE BHELI-
HHe CHJIbI, JeHcTBylomue Ha Teno. Mx paBHogeficTBylowas F Haiijercs nmo Teopeme
0 JBHMCHHH UeHTpa Macc. OHa paBHa

F=—mo?r.,
rle r — PajuyC-BeKTOp LEHTPa Macc Tella, NMPOBEAEHHBI OT OCH BPaUleHHs NepreH-
AHKYJISPHO K Heil. MOMEHT BHEUIHHX CHJI OTHOCHTENEHO Hauana KOODAUHAT paBeH
=— S [roﬂrl] dm=m2S [r‘J_rH] dm.
TlpuMeM oCh BpallleHHs 33 KOODJMHATHYIO ock X, TOTJa r,= xi, r, =yl + zk&.
Yurst cootHowenns [ij] = k, [{R] = — j, nonyuum

M= o¥ S 2xdm—ok S xy dm,

HITH
M=% (I yyk — 1 ]).

Y6epeM NOAIIHMHHKH H CIpocHM ce6si, NMPH KaKHX YCJOBHAX JBHXKEHHE Tena
He H3MEHHTCS, T. €. OCTaHeTCs BpalleHHeM BOKPYT mpexHed ocH X. JIas sToro Heo6-
xopumo, 4toOe F == M = 0. Cnenopare/bHO, OChb BpalleHHf [OJXKHA IIPOXOAHTb
yepes LEHTP MacC H, KPOME TOro, J0/KHO Omtb [,y = I, == 0. Ilocaegnee yeaosue
03HauaeT, YTO OCh BpauleHHs JOJKHA GBIThH OJHOH M3 TJIaBHHIX oceif Tesa, HalileHHule
YCJI0BUS SIBJSIOTCA H JOCTATOUYHBIMH. JTO ClefyeT H3 TOTO, YTO NPH HX BEINOJHEHHH
yIajleHHe TOJUIMIHHKOB He MeHseT ypaBHeHHS [BHMKEHHsS LEHTpPa Macc H ypaBHe-
HHS MOMEHTOB OTHOCHTeJIBHO IeHTpa Macc. 2TH Xe ypaBHeHHsi (PH 3a[aHHBIX HaYallb-
HBIX YCJNOBHSX) OJHO3HAYHO ONpefesfilOT ABHXKEHHE TBEPAOro Tesa.

5. Htaxk, 80 scaxom meepOom mere Cyuecmeyiom mpu 83aUMHO NepneHOUKYAAPHDIE
OCU, COBRADAIOUUE C SAABHBLMU OCAMU YEHMPANLHOR0 dAAUNCOUOA UHEPYUL MeAa, 60KpYS
KOMOpslx meao mosxcem epaujamocs Ge3 6030edicmaun eHewnux cun. Takne OCH Hasbl-
BAIOTCSI TI03TOMY CB0C00HbIMU WIH NEpMAHEeHmHbIMU ocAmMu epawjenus. TlocneRHum
TepMHHOM XOTAT NOAYEPKHYTh, YTO BpallleHHe TBepJOro Tesa [0 HHEPLHH B OTCYTCTBHE
BO3MYLIEHHH MOXKeT NPOJOJIKAThCsA CKOJb YrofiHo jodro. HMuoe peqo, 6yleT JH 3To
BpallleHHe YCTOHYHBLIM MO OTHOLIEHHIO K MaJbiM BO3MYILEHHSIM, C KOTOPEIMH B peallb-
HBIX YCJIOBHSIX BCeTAa HAJO CuUMTaThCA. EcC/H NpH HalHYUH TAKOBLHIX XapakTep JBH-
JKEHHS Tella MeHSeTCA Majlo, T.e. MCHOBEHHAsl OCb BpalleHHA XOTs H HeNpepLIBHO
H3MeHsieT CBoe IOJIOXKEeHHe B Teje M NPOCTPAHCTBe, HO BCe BPEMS NPOXOAHT OYeHb
G6/H3KO OT COOTBETCTBYIOLIEH CBOGOAHOM OCH, TO BpalleHHe BOKDPYT NociefHell 6yuer
yemoduuesim. Ecin ke CKoMb YroHo Majoe BO3MYIIEHHE CYHIECTBEHHO MEHseT Xa-
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pakTep JBMMEHHs Tesa, T. €. JafeKO YBOZHT MIHOBEHHYIO OCh OT HCXOZHOTO Hampa-
BJIEHHSI, BOKPYr KOTOPOro NEpBOHAYa/lbHO BPAaIlajoch Teslo, TO 5TO BpallleHHe Hashl-
BaeTC Heycmouuusoim. B cienywoiiem naparpade 6yneT NOKa3aHO, YTO 6pauyerue
B0KpY2 OCU ¢ HAUBOALLUUM UAU HAUMEHBULUM MOMEHMOM UHEpYUL SBAREMCA Ycmoli-
YUuBbIM, O BPANEHUE BOKPYZ OCU C NPOMENCYMOUHBIM BHAYCHUEM MOMEHMA UHEPUUU ——
Heycmoduusoim. s JeMOHCTPAUHK MOKHO B3SITh KaDTOHHYIO KOPOGKY INpPSMOYTOJb-
HOH GOpME!, ¥ KOTOpofi ATHHBE! BeeX Tpex pebep pasiuunel. Ocb ¢ HaHGOMBIINM MO-
MEHTOM HHepUHH 6yJeT, OUeBHIHO, MapajjesabHa Hanbosiee KODOTKOMY pe6py, C Hau-
MEHBIIHM MOMEHTOM HHepUHH — HamboJiee NTHHHOMY pebpy, ¢ NPOMEKYTOUHBIM —
pe6py npomexyTouHoi AMHHE. Kopo6Ky mox6paceBaloT BBepx, coobuias el GuCTpoe
BpallleHHe BOKPYT ONHOH H3 3THX oceil. Bo Bpems noseTa och BpauieHHs COXpaHsieTcs,
CCJIM OHA SIBJIsieTCsT OChIO C HAMGOJBIINAM HWIH HAaHMEHBIIHM MOMEHTOM HHepuud. Eciu
Ke NepBOHaualbHOe BpalleHHe GbUIo COOOIIEHO BOKPYT OCH C MPOMEXYTOUHBEIM 3Ha-
YeHHeM MOMEHTAa HHEPILHH, TO MIHOBeHHasl OChb BpallleHHsI BO BpeMs NOJeTa KOPOGKH
HENpepEBHO KadyaeTcsl, AaNeKo yXoAsl OT NepBOHAYAJBHOTO HAmpaBJieHHs B 1eJe.
JlBH:keHHe KOPOGKH NpHOGpeTaeT CAOXKHBEIA M 3anyTaHHEIA XapakTep.

6. [onyctuM Temeph, YTO TBepjoe TeJO BpallaeTcss BOKPYT KakKOR-TO 3aKpen-
JICHHOH WM MrHOBeHHOH oCH QA ¢ TMOCTOSIHHOH MM HEMOCTOSHHOH YIVIOBOH CKOpO-
cTei0 . HaiineM ero MOMEHT KOJHUECTBA JBHXKEHHsI L OTHOCHTENBbHO Hauaja KOOpJLH-
HaT O, a Takxe KHHeTHUecKyio sHepruio K. Ilo onpenenenuio

L=\ [ro] dm.
Toacrasum ciofna © = [wr] 1 Bocnoab3yemces: dopmyitoit [# [or]] = rPe — (or) r.
Torna mojyqum
L=o S rzdm—s (or)r dm.

B mpoekuuAx HA KOOPAHHATHBIE OCH 5TO COOTHOLIEHHE 3alHCHIBAETCS TaK:
Ly=Lyy0x+ Lyyo,+Lyso,,
Ly=Lyw0,+Lyyo,+Ly0, (53.9)
Ly=L,x0x+ Lzy(')y +L,02

WIH KOPOYEe =

3
Li= Y Ijjoy =1, 2, 3. (53.10)
=1

TakuM 06pasoM, KOMAROHEHMbL GeKMOPA MOMEHMGE KOAUMECMEd O8UINCEHUS ABAMIOMCA

AUHEIRBIMU  OOHODOOHbIMIL (DYHKLILAMI KOMMONEHIIO08 6EKMOpA YeA080Li cKOpOCMiL.
B cucreme raaeaeix oceil ¢opmydisl (53.9) ynpoulawoTcsi B NPHHHMAIOT BHL

L,=1,0,, Ly=1I,0y, L,=1I,0,. (83.11)

®opMyLl SICHO MOKA3BIBAIOT, YTO B OOLIEM CJy4yae HanpapbJeHHs BEKTOpoB L H @ HE
copnajawT. KUHETHYECKYIO 3SHeprHio Bpallalollerocs TBePAOTO TeJa JerKo HalTH
no ¢dopmyse (47.2). Ona papna

1 1 \
K= (Lo)y= 22 10,0, (53.12)

§ 54. BpaleHne TBepROro TeJa MO HHEPLHH
BOKPYT HenoJBHXKHOU TOYKH

1. Tlyanco naa mpocTyd M HAaNISIAHYIO HHTEPIpeTaluio JBUKEHHS TBepAOrd
TeJla 0 MHEPUUH BOKPYT HeMoABHKHOI ToukH omopel 0. C TBEepARIM TeJIOM CBS3H-
Baercst ero SJIJIHICOH] HHEPUMH ¢ ueHTpoM B TouKe omnopel O. JIsuxkenue Tesa 3ame-
HsIeTCSI JIBHMKEHHeM 5TOro 3JIMICOMAA (CM. MpeAnAyuui naparpad, n. 3). B ocHose
nuTepnperaunt ITyanco Jexar TpH TeopeMbi, KOTOpHIe MH H foKazxeM. [l KpaTKoCTH



