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DOJIYYHTCA TPH ypaBHEHWA ANA onpefeneHHsa n — | Heu3BecTHHIX, 3a
KOTOpbIe Y100HO NMPHHATL OTHOILEHU S %, g—:- cees %’.Ecnn ITH ypaBHe-
HHUS He3aBHCHUMEL, TO (n — 1) — 3 = n — 4 OTHOLEHUH MOXKHO BbLIGPATD
Ipou3Bo/ibHO. TPH oCTa/lbHBe oONpefensTc H3 ypaBHeHuit (87.4).
B pesyabraTte Hafinyrca n — 4 He3aBHCHMBIX 6e3pa3MepHLIX KoMOGHHA-
uuit. Beakas ¢ywkuMa 3THX Ge3pasMepHbIX KOMOMHaIMi GyIeT Takke
GespasmepHoll kKombuHanue#. Ecoin ke Tpu ypaBHenus (87.4) He Hesa-
BUCHMBI, TO YMCJO He3aBHCHMbIX Ge3pa3mepHbIX KOMOWHAiM# yBesH-
yurca. Hanpumep, ecau B cHcteMe (87.4) He3aBHCHMBI TOJBKO JIBa YpaB-
HeHHs, TO He3aBHCHMBIX OGe3pa3MepHblXx KomOuHauu#i Gymer n — 3
H T. I

§ 88. IlpaBusno pasmepHoCTH

1.~ Bce npumeHeHua TeopuH pa3MepHOCTEH OCHOBAHBI HA JBYX TeOpe-
max. OfHa 13 HHUX BbIpaxaercs Qopmynod (87.2), ycraHaeausatomiei
o6 BUJ pa3MepHOCTH PpuanueckuX Benuuun. [lpyras TeopeMa yTBepx-
JlaeT, 4TO BCSKOE KOJIHYECTBEHHOE COOTHOILEHHe MeXAYy pPa3/HdHbIMH
¢U3HYeCKHMH BeJIHUHHAMH MOXET ObITb BBIPAXKEHO B BHIE (QYHKIHO-
HaJbLHOH CBSA3H MEXIY 0€3pasMepHoimi KOMOUHAUUAMU FMUX BCAUMUN .

Jlna nokazaTenbCTBa NPEANoioKuM, YTO MEXKAY BeJIHUHHAMH 4, b, ¢,
Xy, X9, X3, ... HMeeTCA QyHKIMOHAMbHAS CBA3D [ (a, b, ¢, X(, X3, X3,...)=
= (0. [lpumeM BeJMUYHHBI @, b, ¢ 32 OCHOBHBIE, @ OCTaJHHbIE BEJHYHHEI
Xy, Xa, X3, ... — 32 NPOH3BOAHEIE. (MBI B3SIIM UHCJIO OCHOBHBIX BEIHUYHH
paBHBIM TpeM, HO 3TO HecyuiecTBeHHo.) [1ycTb pasmepHOCTH IPOM3BOL-
HHIX BeMMuuH 6yayT 1x] = larbaicn], Ix,] = ar:bd:c™|, ... YMenbuinm
eMHHLBl OCHOBHBIX BEJIHYHH B &, f§, ¥ pas cooTBeTCTBeHHO. Torjaa omu
PUMYT 3HaueHus oa, PBb, yc, a NPOU3BOJHBIC BEJIHYHHBI — 3HAUEHHH
aP Iy, alfiyx,, ... PaccMaTpuBaemas GyHKIMOHaNbHAS CBA3b
3aMHUILETC B BHIE

f(aa’ ﬁb’ e, apxﬂfluynxl, apzﬂqz-yrgx% . ) -_«0’

npuueM o, [, ¥ MOXHO BEIOpaTbh NPOU3BONBHO. BeifepeMm HX Tak, YTOGHI
aa = Pb = yc = 1. D10 03HAUAET NIEPeXOJl OT XKECTKO (PHKCHPOBAHHEIX
e[[MHUII K MEHSIOLelcA cUCTeMe eIHHUI, B KOTOPO#H YHC/IEHHbIE 3HAYEH HSI
OCHOBHBIX (GU3HUECKHX BEJHYHH B pPacCMaTPHBAEMOM BOIPOCE TPHHH-
matorcs paBHbiMH efunuie. Tlpu Takom BeGOpe

f(l, 1, 1, =4 s ...>:0.

aPipicm ’ aPzb9:c"2 !

HO 3TO ypaBHeHI/Ie B KaudeCTBe HepeMeHHle aprMeHTOB COZIEPXKHT
TOMIbKO Oe3pazMepHble KOMOGHHAIHK (DH3HUECKHX BEIHUHH. Ero MomHO
3anvcartb B BHAC
.
o (R S T \ 0, . 88.1)
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rie F — HoBas ¢yHkuuda. Teopema HoKa3aHa.
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2. JlokasaHHOH TeopeMe MOXKHO NPHIATh APYrylo GopMmy. Paspemrum
ypaBHeHue (88.1) OTHOCHTENBHO OJHOTO H3 apryMEHTOB, HampuMep
MepPBOro, M pesysibTaT YMHOXKMM Ha 3HaMeHaTe/lb 3TOrO apryMeHra.
TNonyuum

X
xlt—:aﬂlbqlc’:cp<——2—— ) ~ (88.2)

aPzp92c"2 !

rie ¢ — Kakag-To QPyHKLUS Ge3pa3MepHEIX apryMeHToB. 3TO O3HayaerT,
9TO BO BCAKOM (u3nyeckoMm 3akoue tuna A = B pasmepHoctd ofeux
yacTell paBeHCTBA JOMKHBI OHITH 00uHaKose.. B TakoM BHJe NOKa3aHHas
TeopeMa MOJMyuUJia Ha3Bauue npasuid pasmeprocmeli. B paBerncTBo Tuna
A = B MOryT BXOAUTb B KauecTBe MHOXKHUTENeH JHOO MOCTOSIHHbIE
Ko3(dHIHEHTR!, J100 6e3pasmepHbie KoMOUHAIHY GUIHUCCKHX BEJTHUKH.
Han pasmepHbIMM BETHYHHAMH IPABHJIO Pa3MEPHOCTU JONMYCKaeT Bbl-
TIOJIHEHHE TOJILKO CTENeHHbIX MaremaTudeckuX onepauuii. Bee npoune
MareMaTHuecKHe onepauuy (sin x, e*, In x ¥ T. 11.) MOT'YT BBLINOJHATLCS
TOJIBKO Haj Oe3pa3MepHbIMH BeuuuHaMH. [IpaBunio pasMepHOCTH oueHb
TIOJIE3HO /IS ITpoBepKH QopmyJa. Eciu BhuHCIeHHS NPOBOAATCH B Ka-
KOH-TO OfHOH CHCTEME €IMHHI, TO pa3MepHOCTH OOeHX dHacTed Bcex
NOJIyYEeHHBIX PaBEHCTB JO/KHBL ObIThb OAMHAKOBBl. HecoBnazenue pas-
MepHOCTeH yKasblBaeT Ha Ha/H4He OUHOKH, AOMYLIEHRHOH MpH BbIYHC-
JIEHHAX.

3 noKasaHHOro OTHIOAbL HE CJelyeT, YTO HeBO3MOXKHLI (QH3HYecKue
3aKOHBI, BhIpaxalolliecsl B BUJe DABEHCTB MeXAy BEJHYHHAMH pa3HOH
pa3MepHocTH. PaBencTBa 1o10o6HOr0 pojia BeTpedaoTcsa B hH3HKe CIVIOLIb
u psigom. Hanpumep, ckopocTb cBOGOAHOTO IajieHHs MOXKHO BBIPa3uThb
npubamxkeHHod dopMynoll v = 10f (ecim HayanbHASA CKOPOCTb pPABHA
HYJI0), a8 FHAPOCTATHYECKOE JdBJeHHE ¢JOs BOAbl — QopMysaol P =
= 1/10h. Opnako nogoGHble GOPMYJB CIpaBelIUBEl TOJLKO TOTIa,
KOTJIa MOYHO (PUKCUPOBaHb! €IUHHULBL. BXOJAAMHX B HHX (PH3HUECKHX
BelHuYHH. B npuBejeHHLIX IIpUMepax IpejnoJaraercs, YTro BpeMms f
usMepsercss B CeKyHJaX, CKOPOCTb ¥ — B MeTpax B CEKYHAYy, TOJLIHHA
c0si BOAbl A — B Merpax, jAasienHe P - B armocdepax. Msmenenus
maciuTaGoB eIHHHULl Takue dopmyJsl He nomyckawT. Ho B Takom cayuae
HET CMBICJIA FOBODHTb H O Pa3MepHOCTH BXOJALIMX B HHX (PH3MUECKHX
BeJHYHH. ,

3. Teopus pasmepHocTH cama 1o cefe, T. e. 6e3 HCIOJAb30BAHHS 10-
6aBOYHBIX JIAHHBIX, HE MOXKET MPHBECTH HU K KAKHM KOHKDeTHBIM (H3H-
YecKUM BBIBOJAM, MOCKOJbKY B €€ OCHOBAX He 3a/10KeHbl HHKaKHe H-
3HYeCKHe 3aKOHbl. JL5 TOro uto6bl U3BJAeUb H3 3TOH TEOPHH KOHKPETHLIE
BbIBOJIBl, HY?KHO YCTaHOBUTDb, MENCOY KAKUMU (PULUECKUMU 6EAUHUHAMU
CYLIECTBYIOT KoJIHYecTBeHHble cBs13H. Ha aToT cuer Teoprs pasMepHOCTH
He MO)KET 1aTh HHKAKHX yKa3aHHH. DTO MOXKHO CHe1aTb TOJbKO JHGO0
OMBITHBIM IYTeM, JHOO C IIOMOLIBIO KAKHX-TO (DU3HUECKHX 3aKOHOB.
IpuBojuMbie HUXKE TPUMEPHI MOT'YT CJYXKHTb WJLIIOCTPauUed BLICKa-
3aHHBIX YTBEPXKIEHHH.
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3AL0AYH

1. CocTaBHTb Bce He3aBHCHMble Ge3pasMepHble KOMGWHALMM W3 BeJHYHH [, m,
t,v,a, p, E, ¢ (! — niuna, m — macca ¢ — BpeMsi, ¥ — CKOPOCTb, @ — YCKODEHHe,
p — IJIOTHOCTD BewlecTBa, E — Moayae YOHra, ¢ — yroJ, H3MepeHHHH B palHaHax).

PewmeHnne. Hpome BCEero NOCTYNHTB CAelYIOUKHM 06pa3oM. Ma nepeuncienHbix
BeJIHYHH YTOJ (¢ yXe sB/IsieTcs 6e3pa3MepHoil BesWuHHoi#. [lamee 3ameuaeM, yto vt
HMEeT Pa3MEpPHOCTh JJIHHEI, f — pPa3MepPHOCTb CKOPOCTH, @/ — pasMepHOCTb Macchl,
pv? — pa3MepHOCTb JABJEHHs, a CJeJOBAaTeIbHO, M Pa3MepHOCTh MoayJs lOwmra.
Ilostomy cpasy MolKHO HanHcaTb caefylouHe Ge3pa3MepHbie KOMOHHALMH:

vt at B ot
T oo %’ F 0 (88.3)
3710T crocob 061ajaeT, OHAKO, TeM HEJIOCTAaTKOM, YTO OH He JI3eT 0TBeTa Ha BOIPOC,
HCUYePMBIBAIOTCS JIH psifioM (88.3) Bce HesaBHCHMBble Ge3pasmMepHble KOMGUHALHH pac-
CMaTpHBaeMbiX GH3HUeCKHX BenunH. O6HE MeTox, HanoxenHbill B § 87, n. 6, cBoGo-
JieH oT 3Toro HejocTaTKa. [loaToMy Mbl mpHBeZeM pellleHue TaKXKe IO 3TOMY MeTOARY.
Tlpu oTbickauuu Ge3pa3MepHbIX KOMOMHALHMH YroJ ¢, Kak BeJHUYHHY Ge3pa3aMepHYIo,
MOKHO He TIPUHHMATb BO BHHMaHHe. M3 oCTaBLINXCH CeMH BeJHYHH COCTABUM KOMGH-
HallMIo BHJA

tamBevybatpnEV,
Ecaii BHIPa3HTb pasMepHoCTH ¥, 4, p,qupes Pa3MepPHOCTH OCHOBHLIX BeJHuHH [, m, f,
T0 3Ta KOMGMHALHA nepeymeT B
1omBevIS ¢S hf—ah [ ~3umvi—vi2v,

T. €. B KOMOHHAaUHIO
[atb+h—op—vyBHutvgy-8-22-2v,

Jas toro 4to6H 3va KoMGHHAUUS Oblia Se3pa3MepHOH, JOMKHO GHITH

a+8+A—3u—v=0
B+u-v =0,
vy—06—-2A—2v =0,
W3 otux Tpex ypaBHeHHH TPH HEH3BECTHLIX [1apaMeTPa MOXKHO BHIDA3HTh Yepe3 OCTaB-

iKecs YeThipe. 3a He3aBUCHMbIE NApaMeTphl MPOLUe BCEro MPHHATH 8, A, W, v, TaK Kak
ypaBHeHHs! (paKTHUCCKH YXKe pa3pelieHbl OTHOCHTEJ]bHO OCTABUIHXCA HEH3BeCTHHX

a, B, v:
v =—0—A-}3u-tv,
f=—p—v,
p=06-L 214 2v.

[Mapametpsi 8, A, |, ¥ MOT'YT He3aBHCHMO TPHHHMATL JI0GHe 3HayeHus. Iloaaras nocJe-
JOBaTeIbHO

1) 6=1, A=p= 0, DArA=1 S=p=v=0,

Hu=1 d=A=v=0, Hv=1 8=rA=pn=0,
TIOfTYUHM

Da=—1, p=0, y=1, Ja=~—1, Bp=0, yv=2,

Ha=3 f=—1, y=0, Ha=1 Pp=—1 v=2
OTHM 3HAYEHHAM COOTBETCTBYIOT Cieaylouine 6e3pa3M€prle KOMOHHALHH:

vt at® {3 Elt2
DT, %, 9 9=
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TpHCOCMHHEB K HHM yTroJl §, MOJYYHM BCEro NATh He3aBUCHMbIX Ge3pa3MepHEIX KOMOH-
Hauuil. Bee onu gmndioTes ¢yHKUHSMH Ge3pa3MepHbix KomMGuHauui (88.3). 3Haumr,
paaoM (88.3) ucuepnLIBAlOTCS BCe He3aBHCHMble 6e3pa3MepHble KOMOHHALHH, KOTOpPhIEe
MOKHO COCTABHTb M3 paccMaTPHBaeMblX (GH3HYECKHX BeJHYHH.

2. KakK 3aBHCHT OT BBICOTHI /L CKOPOCTL CBOGOIHOTO MajieHHs Tesa, eCc/IH HaualpHas
CKOpOCTb €r0 paBHa HYJ/O?

Pewewnue. Yckopenne cBo6oJHOro MajeHuss g NMOCTOSHHO H HE 3aBHCHT OT
Macchl, TIJIOTHOCTH, YNPYrux cBoficTB Tes u np. [fosToMy HcKoMas CKOPOCTb U MOXKeT
3aBHCETb TOJMBKO OT g W h. M3 Ge3paamepunix komMGunauuil (88.3) MOXKHO COCTaBHTDb
BCEro OJIHY HEe3aBHCHMYI Ge3pasMepHylo KoMmGuHauuio v?/(la) wiu v?/(gh), comepxa-
Y10 TOJBKO JJIHHY, CKOPOCTh H yckopeHnue. OHa moJyuaeTcs JejleHHeM nepBoi Ges-

2

2o

oTkyna v?/(gh) = C = const, wiu v = Cgh. Uncaennsiii Koaduuuent C H3 TeopuH
pa3MepHOCTH HalTH HeJb3sl.

3. Ionb3ysick cooGpaxkeHHSIMH pa3MepHOCTH, HAHTH 3aBHCHMOCTbL MNepHOAA
KoJeGanuit T QH3HUECKOro MasTHHKA OT ero NMpHBefeHHON IJIHHLL [/, YCKOPEHHS CHJbI
TSKECTH g M YrJIOBOH aMILTHTYABI .

Otrsetr. T=0¢(a)) l/g. Bun Gynkuuu ¢ () H3 TeopHH Pa3MEPHOCTH ONpe-
JeNHTb Helb3sl. Ec/H 3Ty QyHKUHIO pas3ioxKHure B psj Teilsiopa H COXpaHUTL B HeM
TOJILKO HYJIeBOH uJieH (UTo MOKHO [elaTh B CJAyUae MaJblX KojeGaHui), TO NoJYUYHTCS

T=CVlg,, rie C — NOCTOAHHBI UHCHEHHbIE KOSMHHLMEHT, 3HAUCHHE KOTOPOTO
U3 TEOPHH Pa3MePHOCTH OTIPeJeNHTh TaKxke Helb3d. To obcTofTespeTBO, uTo C = 0,
TaKxXKe He BEITeKaeT K3 TeOPHH PAa3MepPHOCTH, a JAOJKHO GBITb YCTAaHOBJEHO 0c060
(HanpuMep, OTBITHEIM MNYTeM).

4, Tlosp3ysch coobpakeHHSAIMH Pa3MePHOCTH, ONpPeJEJIHTb 3aBHCHMOCTb CKODOCTH
pacnpocTpaneHHs U MPOJOJIbLHBIX YIPYIHX BO3MYIIEHHH B cTepxxHe oT Moayas FOura £
H TJOTHOCTH MaTephaja p.

OrteeT.v =CV Ejp. Uncnenuniii kosppuuuent C H3 pasMepHbIX co0Bp askeHHi
HaHTH Heab3.

5. JlBe neB3aNMO/EHCTBYIOIHE MaTepuaJbHbEle TOUKH, HAaXOAALIHeCS B HEHTpalb-
HOM CHJIOBOM [0J1€, OTHCHIBAIOT IeOMeTpHYeCKH noj06Hbe TpaekTopun. Cuna F, peficr-
BYIOIIasg HAa KaxAY!0 MaTepHalbHYIO TOYKY, NPOMNOPIHOHANBEHA €8 Macce H MeHfeTcs
C PacCTOSIHHEM r [0 CHJIOBOTO LEHTpPa, Kak r7, rje n — mocrosanHas, Kak cBs3aHbl
JJTUHEL /] M [, reoMeTpHYeCKH nOJOGHBIX AYr TpaekTopmil ¢ BpeMeHaMu T u Ty, 3aTpa-
YHBaeMBIMH MaTepHaJbHEIMH TOYKAMH Ha NPOXOMKJAEHHEe 3THX AYyT?

Pemenue. JoMKHA CYLIECTBOBATH CBS3b MEXIY [JHHOH AYrH TPaeKTOpHH /,
BpeMeHeM T, 3aTpauHBaeMblM MaTepHaJbHOH TOUKOK Ha NPOXOXKAeHHe 3TOH AYrH,
a Tak»e YCKODEeHHeM a, HanpaBJeHHBHM K CHIOBOMY LIeHTPY. YCKOpeHHsl MOXHO 6paTh
B TIPOM3BOJIBHBIX, HO 00A3aTe/bHO NOJOGHO PAcnoJIOMKeHHbIX Toukax. M3 stux Tpex
BeJIMYHH MOXKHO COCTABHTb €IMHCTBEHHYI0 He3aBHCHMYIO 6e3pa3MepHYI0 KOMOHHANHIO,
3a KOTOpYyi0 MOXHO npuHATs aT?/l. CnegoBatenbno, fo/xHo 6biTh aT?/l = const.
JIns ycKopeHHst MOXHO Hamucatb @ = Ar?, rie A — nocTosiHHasA, OJMHaKoBas A/
ofenX MaTepUaAbHEIX ToYeK. B cuay reoMerpudeckoro mofoGHs TpaekTOPUH, MO KOTO-
PBbIM JIBHKYTCS MaTepHaNbHble TOYKH, MOMKHO TaKMKe HanucaTb @ = Bi*, rpe B — npy-
ras TOCTOSIHHAS, TaKiKe OlHHAKOBas 115 06eux Touek. B pesysprare noayyum T3/r-1=
= const, a notomy T2/,71 = T2[,7"1. B uacTHBIX cayyasx n= | M n = —2 nomyuaeMm
T = const u T?/18 = const. [lepBoe COOTHOWEHHE 03HAUaeT, YTO B cJydyae FapMOHH-
4eCKOTO OCHHISATOpa nepHoj KoJeGaHui WM NepHoj oOpallleHHs BOKPYT CHMJIOBOTO
LEHTPA He 3aBHCHT OT aMIJIUTYIbl HIIH pa3MepoB opGuTHE. BTopoe cooTHOWEHHe BBIpa-
xaeT TpeTuil 3akoH Kemsepa, OxHako 3TOT 3aKOH JOKa3aH 3fieCb He B ofweM Bule,
a TONBbKO JJisl YaCTHL, IBHKYLIMXCA 0[O reoMeTpHYyeCKH TOAOOHEIM TpPaeKTOPHAM.

pasMepHoit KomMGHHaLHK psfa (88.3) Ha Bropyio. TosToMy AOMKHO GHITH f



