Faasa 3

MPEOBPA3OBAHHME K [VIABHBIM OCSIM

B ra. | Mbl yCTaHOBHJAM OMHO OYeHL BaxHOe CBOHCTBO mpeolpa-
3oBauHi moxobud. DTH npeoOpa3oBaHHA He MeHAOT Cjel MaTPHLUBI!):
MATDHLUA & HMEeT TOT e Caell, 4To H ¢~ 'as. Ho aBagerca au caen
MATPHUKLl €IHHCTBEHHBIM HHBaPHAaHTOM TNpeoOpa3oBanusa moxobusa? Oue-
BUAHO, HET, TaK KaK, HampHMep, onpelenntenb |o~!as| Takke pasen
onpelenutemnio |&|. Jas mosyueHus APyrHX HHBAPHAaHTOB PaccMOTpPHM
ypaBHeHHe n-ro NMOPAAKa OTHOCHTENbHO A, 3aMHCAHHOe B BHIe Ompe-
nenutens

oy — A Qo cee %in
Oy, Ogo—h ... o
. . =0, 3.1
Xy ) v a/m_)\
HJH, KOpOue,
|@—M|=0. 3.2)

Mbl HasoBeM 3TO YDaBHeHHE CeKYAAPHbIM YPABHeHUeM MATDHILI &,
CekynspHoe ypaBHeHHe MaTpHubl P = ¢~ lag HmeeT BHI

|p—M| = |o~las —A1| =0. (3.3)

OuepHIHO, uYTO ompenenutenb |61 (& — M) &| Takxke pasen Hyo;
3TO MOXHO 3aMHCaTh CleAyioLHM 06pasom:

et . |@a—M} - || =0. 3.4)

Vpasrenue (3.4) mOkaspiBaeT, YTO 7 KOpHeR CeKynIpPHOrO ypaBHEHHS
[B—M|=0 cosnanaior?) ¢ n KODHAMH CeKyJAPHOrO ypaBHEHHS

1) MaTpuila, Hal KOTOpOH npOU3BOAMTCA npeo6pa3opBaHue nonOOH],
JIoMmKHa ObTh Bcerza kBaipaTHoH. [lo 3Toll npuuuHe MH cHOBa HyMepyeM
CTpOKM H CTOA6LH uucaaMu 1, 2, ..., n

%) BeanuuHo! |o~}| M | o] ABaAdI0TCA wHCAaMH!



IIpeo6pasosanue K 2aa8HHM OCAM 31

|@ — M| =0. Kopru cexyaapH020 YPaBHEHUA, MAK HA3bIBGEMbLE
COOGCMBEHHbBLE 3HAYEHUS MAmMpUybl, ABALIOMCA UHBApUAHMAMU npe-
o6pa3osanuii nodobus. [loze MH yBUAHM, uTO B oOlleM cJayuae
MaTpHila He HMeeT APYTHX HHBapuaHToB. K TOMYy e cued sgasemcs
cymmol, a onpedesumess — npousseoeHuem STAX COOGCTBEHHBIX 3HAUe-
HUH, TaK 4TO HX HHBAPHAHTHOCTDH BKJIOY3aeTcd B C¢HOPMYJIHPOBAHHYIO
BHIILIE TEOPEMY.

PaccMoTpuM Teneph OLHO cOGCTBeHHOe 3HaueHue A,. Onpeneauntenn
MaTpHUB (% — A1) paBeH HY/I0, TaK YTO JMHEHHbIE OANOPOAHBIE
ypaBHeHHs

apry+apry+ oo o r,=Nry,

Ugiry = Ogely = o o g, r, =My, (3.5

anlrl+an2r2+ . +arm n— lrrz

HMeIOT peltieHHe. JIMHefiHas oAHOpoOAHAs cHcTeMa ypasHeHHH BHAa (3.5)
MOXeT OBITb HAMHCAHA AAf KaXAOro H3 n COOCTBEHHBIX 3HAUeHHH A,
Mpl 0603HauMM pellieHHa 3TOH cHcTeMBl, oOnpefe/ieHHble € TOYHCCTHIO
10 OOGWEro MOCTOAHHOTO MHOXHTEJA, UYEPe3 Iiy, Fop. - «4 Iyt TOTHA
MOJYYHM

2 Al =Ml g (3.5a)

ITa COBOKYMHOCTb 72 YHCEN Fyp, Fyp, ..., I, HA3BIBACTCA COOCTBEHHHIM
BEKTOPOM F.p MaTpHUB &; COOCTBEHHHIl BEKTOD F p NPHHAAJMEKUT
COGCTBEHHOMY 3HAuYeHHIO A,. YpaBuenne (3.5a) MOxeT ObITb 3aMHCAHO
B BHJe

ar.p=»=\r;. (3.56)
Marpuua npeo6pasyeT COGCTBEHHHH BEKTOpP B BEKTOP, OT/HYAMOLWHHCS
OT 3TOr0 COOCTBEHHOrO BEKTOPA MOCTOSHHLIM MHOXHTEJEM; 3TOT MHO=-
HUTE/Nb H eCTh COOCTBEHHOE 3HAYeHHe.

CoOcTBeHHHE BEKTOPH F.1, F.3, ..., F., MOXHO 00DbeAHHUTH B Ma-
TPHLY p TaKHM 00pasoM, 4TO F., OyneT ABJAATLCA k-M CTOJOUOM 3TOH
MaTpPHLUHL

Pir = 0); =Ty

Crenosareaso, nesas uacth (3.5a) COCTOHT M3 3/E€MEHTOB C HH-
AekcaMH (k) Matpuusl @p. [IpaBad uacTb MOXeT OmTb TaKiKe HCTOA-
KOBAHA KAaK 3/eMeHT ¢ HHAeKcamH ({k) HEKOTODOH MaTpHLbI, & UMEHHO

MaTpHuH pA, rie A — AMaronanpHas MaTpHUA C AHArOHAJLHBLIMH e~

MenTaMu A, Ay, ..., A

Ay =38hpe
Toraa (3.5a) sanmuwercs B Buze

(ap)sz;pU &k (PA)
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Hanee, n? ypasuenuft (3.5a) MOXHO KpaTKO 3anucaTb B (opMe

ap =pA, (3.6)
HaH
plap=A, (3.6a)

ecal Mampuya p umeem OGPAMHYIO Mampuyy.

Ilpeo6pa3osanue nodofus ¢ nOMOWbLID HEKOMOPOL Mampuyst,
cmoab ys Komopoli A8AAIMCA 1 COOCMBEHHBMI BeKmMOpaMi, npu-
800um UCXOOHYO Mampuyy K OUG20HAALHOMY 8u0Y, OUGZOHAAbHbLLE
e MELMbL ABAAIOMCSA COOCMBEHHOL MU 3HAYCHUAMIL IMOL MAMpPUUH,
JlBe MaTpHub, HMEWOWME OFHH H Te e COOCTBEHHBIE 3HAYEHHs, BCerna
MOryT OHTh NpeoGpasoBaHs APYr B ADYra, MOCKOJBbKY KaxAas M3 HHX
MoxeT OHTb NMpeofpa3oBaHa B OAHY M Ty ke MaTpHuy. CobGcTBeHHble
BHAYEHHA ABJKIOTCA €JHHCTBEHHBIMH HHBApHaHTaMH mnpeoOpa3oBaHud
noo6us.

D10, pasyMmeercd, BEpHO JHIL B TOM Cly4ae, €C/AH p HMeeT 00-
paTtHyo, T. €. €C/H 1 BEKTOpOB r.i, ., ..., I'., NHHEHHO HE3aBH-
CHMBH. 3JTO, BOOOllE roOBOpA, HMEET MecTO, M BCerja cCnpaselJUBO,
€cnM BCe COOCTBeHHble 3HAYEHHs pad/HuHBbl, TeM He MeHee HMMEIOTCA
HCKJIOYEHH, KAaK BHIHO, HalpHMep, TMPH pacCMOTPEHHH MaTpHL

(1 1) <1 t)

HaH .
0 1 i —1
DTH MaTpHUBl Helb3s TNPHUBECTH K [AHATOHAIBLHOMY BHLY KAKHM-1u60
npeobpa3oBanueM THMa NpeoGpasoBanus moao6Ha. C TakMMH MaTpH-
UaMH HMMEIOT JeJ0 B TEODHM 3JEMEHTAPHHIX [eJHTe/eH; ONHAKO HeT
HEOOXOAMMOCTH HX paccMaTpuBaTh, TNOCKOJbKY Mbl BCeria OyneM
HMeTb [e/0 ¢ MaTpHUAMM, KOTOpHe MOryT ObiTh NpHBEEHH K QHaro-
HanbHOMY BHRY (3.6a), HanpuMep ¢ YHHTApHHIMH H (H/H) SPMHTOBBLIMH
MaTpHUAMH,

YcnoBHa KOMMYTaTHBHOCTH JBYX MAaTpHil BechbMa YIOGHO pace
CMOTpETb CHOBA C TOYKH 3PEHHA H3JOXKEHHOH 3iech TeopuH. Ecan
IBe MAaTpHUBl MOTYT ObITb TNpHBEAEHH K AHATOHA/LHOMY BHAY C TO-
MOILBI0 OJHOTO H TOro e Npeofpa3oBAHHA, T. €, €CAH OHH MMEIOT
OMHAKOBHE COGCTBEHHHIE BEKTODHl, OHH KOMMyTHpyiwoT!). [Tockoabky
paccMaTpHBaeMble MATpHUB! SBASIOTCA [HATOHA/BHHIMH, OHH, HECO«~
MHEHHO, KOMMYTHPYIOT TOC/e TOr0, KaK OHH MOABEPrHYTH mpeobpa-
80BaHHI0 ‘MOOOHMA; TNOSTOMY OHM JOMKHB KOMMYTHpOBAaTb TaKXe
H B CBOelt mepBOHauanbHO# dopme.

') 3ameTuM, uTO cOGCTBEHHHE 3HAYECHHA MOTYT OTAHYATLCA HPOU3BONbe
HBIM 0O6GDaaoM.
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B ra. | MB onpelenn/H pAalHOHANBHYIO (PYHKUMIO NaTpHIHI

f@=...a_@*4a a2 4a_ a7 +ayl 4-aa4
+aat-a@d+4 ...,

Yro6u TpHBeCTH f (&) K IZHMArOHaJLHOMY BHAY, AOCTAaTOYHO MNpeobpa-
30BaTh & K JAHaroHajibHoMy Buiy A = ¢~ !as. Toraa, cornacHo Teo-
peme 10 (ra. 1),

e if(@me=0c"!(...a_@?+a_ja" 14 qt +aa-+
ta@t .. o= ...a A 4+a AT 4
+at +a A+ a,A2+ ... =f(A),

npuYeM TNOC/IeHAs MaTpHUa LHaroHaipHa. Ecaum A\, — k-t nHaroHanb-
HHH saeMenT MatpHub A = (A,,)==(;;},), 10 (A,)° ectv k-fi Amaro-
HambHBI# 37eMeHT MaTpuubt (A)’ u

e BN el ol o = ()

ecTb k-# Auaronanbubiflt anzment f(A).

PauuoHa/pHy0 ¢YyHKUHIO f (&) MaTpHUH & MOXHO TPHBECTH
K JMaroHalbHOMY BHAY € MOMOLUBIO TOrO Xe npeo0pasoBaHHsd, KOTOpPOE
NPUBOANT @& K [AHAroHaJpHOMY BHLY. JlHaroHa/bHBIMH 3JeMEHTaMH
[ct 6cTBeHHBIMH 3HaYeHHAMH MaTpHubl f (&)] ABJAAIOTCH COOTBETCTBYIO-
wre Gyukunn  F(N), fQO9), ..., f(X,) LHArOHAJIBHHX 3/eMEHTOB
Mo Xy oo, A, Matpuubt @& Mbl NpHMeM, YTO 3TO NpPABHJIO HMeeT
MECTO He TOJBKO ILJf PAUHOHAMBHBIX (YHKUHH, HO M 1/ NPOH3BOJb-
HeX ydkunft F (&) oT Marpunsl &, H OydeM paccMaTpHBaTh ero
B KayecTBe onpedesendss 06ueH QYHKIHH MaTpHi.

CnenunanbHble MaTpPHII

U8 xBajpaTHOM MaTpHubl & MOXHO TOJYYHTb HOBYH Matpuuy arl,
B KOTOPOH CTPOKH M CTOAGUBI MeHsl0TCA poJsMH. Marpuua af, obpa-
30BaHHAaA TakMM 00pa3oM, HasHIBAETC MPAHCNOHUPOBAHHON TO OTHO-
UIeHHI0 K &, H TPAaHCMO3HUHA 0603HAuYaeTca 3HAYKOM ,1*. Torza

T
Rjp==0Upi. (37)
IT paBHJIO. ManHI.la, TPAaHCNOHHPOBAHHAA MO OTHOMIEHHIO K MpO=

H3BeAeHHI0O MaTpHU &By3 ..., paBHa TpPOM3BeAEHHI0O TPAHCTIOHHPO=
BaHHBIX MATPHU B OGDAaTHOM MOpsaKe:

@By ... =¢" ... y'pTd. (3.72)
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Yro6n ybeauTbcsi B 3TOM, PacCMOTPHM OTAEJBHO JIeBYH YacTb MO-
ClleIHEro0 paBeHCTBA:

@By ... =@y ...8,= 3 a.B,T, -

L2NTAN 4

C apyrof#t cTOpoHH, MpaBas YacTb paBHa

T ... (TpTal),, = > ehe + + + TLBLAT,
Cous pAn
uTO M JAOKa3biBaeT (3.72).

Matpuua, 06pasoBaHHAs TNyTeM 3aMeHH KaXAOTO M3 72 3J]eMeHTOB
ero KOMIUIEKCHO-CONpSKEHHbIM, 0003HayaeTcs uyepe3 & M Ha3BIBAETCH
KOMIIIEKCHO-COTIPSXKEHHOR MO OTHOIEHHI0 K &. Ecan & =a*, 1o Bce
3JEMEHTHl MAaTpHUbl BelUECTBEHHBL.

[lyteM onHOBpeMeHHOH NepecTAHOBKH CTPOK H CTOAOUOB H KOM-
TNIEKCHOTO COMpSKEHHS MOJyYaeM H3 MaTpHubl & Matpuuy &7 = a’",
JTa MaTpHUA HA3HLIBAGTCH SPMUMOGO-CONPANHCEHHOL TIO OTHOMEHHIO K &
1 obOo3HauaeTcsa uepes at:

n

al =at=al". 3.8

Ma'rpuua, KOMIVIEKCHO-CONPAXXE€HHAA MO OTHOIUEHHI0O K MPOH3BE-
ACHHI0O MATpHU, 4BJASETCHA, OYEBHUIHO, TMpPOU3BEICHHEM KOMIJIEKCHO-
CONPSXKEHHBI X

@By ..o =a'f"y* ... %

ITpu 3pMHTOBOM cOMpsyKeHHH TIPOM3BEAEHHS MAaTpPHU MOPSIAOK COMHO-
WHUTeNell RomkeH OnTh 0OpaTHLIM:

@y ... =@y ... =(@Py ... o) =
=T .. yTETA ) =et . yiffat. (3.80)

[Tpeanosaras, YTO MexAy MAaTpHUel & H 3PMHTOBO-CONpPSKEHHOH,
TPAHCTIOHHpOBaHHOH M OOpaTHOH efi MaTpHueft HMeOT MecTO pa3/Hy-
Hble COOTHOWIEHHs, TMOJYyYaeM CheuHanbHble BHAN MaTpHil. [Tockosbky
HX Ha3BaHHA 4YaCTO BCTPEYAOTCd B JHTEPATYpe, MH YINOMHHAEM HX
BCe; B jajbHeHlieM Mbl OyAeM HCNOJ/b30BaTh /UL VHUMADHUE, 3D M-
moss. W 8eujecmBenHble OPMOZOHAAbHOLE MATPHIBL.

Ecan g = a* (T. e. aik=a7k), TO MATDHIY HA3bIBAIOT BEl4ECMBEH-

HOfi, W BCe n? 3/EMeHTOB «;, BellecTBeHHH., Ecin &= —a*
(“zk="'"°‘fk)- MaTpHua fBJseTCs YACTO MHHMOA.
Ecin S=57(S,,=S,). T0 Marpuua cummempuuna; eciu
T
S=—8§ (S;,=—3S;), TO OHa KOCOCUMMEMPULHA, UIH GHMUCUM-

Mempuina,
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Ecau H=H+(H,k=H;,). TO MaTpHLUa HAa3bIBAETCH IpMUMOBOL,
ec/H Ke A=—A", 10 ona Oyler K0CO3pMUMOBOL, nan aHMUSIPMU-
mosoi.

EciH @& BewecmBeHHa u CuMMempuina OOCHOBPEMEHHO, TO &
TAKKEe spMumoga H TaK pnajee.

Ecan OT = 07", matpuua O sBASeTCH KOMNAEKCHO OpMOZOHALb-
noiz. Matpuua U, ans xotopoh U'=U"', wuasuBanr yuumapuots
marpHue#t. Ecau R =R n R=R" (BelLeCTBEHHA), TO RT=R" =
=R =R7' u R'=R""; roraa MaTpULy R Ha3HIBAIOT BelECTBEHHOH
OpTOroHaJILHOM, HAH TPOCTO OPMO2OHBALHOL.

YHuTApHEIE MATPHUbL M CKAJIApHOE NpOH3BeJeHHe

[Mpexnae yeM NMepexOAHTb K OOCYXAEHHIO YHHTAPHEIX MATDHIL, HaM
cleyeT BBECTH ellle OLHO HOBOe NOHsSTHe. Yxe B ri. 1 Oblia ompe-
JeleHa CyMMa JBYX BEKTODOB H TIpOM3BeJEHHE BEKTOpa Ha YHCIO.
I pyruM BaKHEIM 3JEMEHTADHBIM TIOHATHEM HABJAETCA CKQAAPHOE npoO-
u3sedenne pByx BekTOopoB. CKa/fipHOe TNpOHM3BelcHHe BeKTOpa @ Ha
BekTop b ecTb uHcao. Mm OyneM pasnuyaTh 3pMUMOBO-CKAAADHOE

npoU3BefeHHe . . .
albl + agbz + e + a,,b,, = (a, b) (39)
M TPOCTOe CKaJspHOE NpPOH3BEJeHHE
ab, +ab,+ ... +ab,=((a b)) (3.93)

Bcoay, rie NpoTHBHOE He OroBOpPeHO 0000, Oy AeM NNOAPa3yMeBaTh SPMH-
TOBO-CKaJsIpHOE TPOHM3BeieHHE, a He TPOCTOE CKAJNsIpHOE NpOHU3BeACHHE.
Ecad KOMNOHEHTH BeKTopa ay, @y, ..., @, BElIECTBeHHH, TO 00a
CKa/APHBIX TPOHM3BEJEHHS COBNAAAIOT.

Ecau (@, 8)=0=(b, @), T0 BekTOpH @ H b Ha3HIBAIOTCHA OPTOrO-
HaJbHBIMH Apyr ABpyry. Ecau (a, @)= 1, TO @ Ha3BBAOT EO0UHUHHB M
BeKmMOPOM, WIA TOBOPAT, 4YTO OH HOpPMHpOBaH. [IpoHsBegneHue (aaq)
BCErAa BEUIECTBEHHO M TOJIOKHMTE/NbHO, H 00pallaeTcs B HYJb TOJABLKO
TOrAa, KOrja Bce KOMIOHEHTH BekTopa @ 00palamnTcs B HY/b. JTO
BEPHO TOJbKO A5 3PMHTOBO-CKaJSpPHOrO MpPOHM3BEJeHHs B NpPOTHBO-
MOJIOXHOCTb MPOCTOMY CKaAspHOMY npousBefenHio, [lycTs, HanpuMep, a
ectb AByMepHuifi Bektop (1, I). Toraa ((a,a))=0, Ho (a, a)=2.
He#icTBUTeNbHO, M3 (@, @)= 0 caenyer, uTo @==0, 0QHAKO 3TO He
crenyet u3 ((a, a))=0.

Csoficmsa CKaAAPHOZO npoussedequs:

1. T1pu nepecTanoBKe BEKTOPOB B SpMHTOBO-CKA/IIPHOM [IPOM3BEIe HHHU

(@, b)= (b, a)", (3.10)
((a, &)= ((b, ®)). (3.10a)

TOrna Kak
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2. EcaH ¢ ecTb YHCI0, TO
@ cb)=c(a, b) n ((a, cb))y=c((a,b)). 3.11)
C zpyroft cTopoHH,
(ca, by=—c*(a. ), rorna xax ((ca, b))=c((a, b)).

3. CraasnpHoe npoussederue AUHEHHO NO BMOPOMY COMHONCU-
mean, Tak Kak

(a, bb+cc)="0b(a, b))+ c(a, o). (3.12)
OZHAaKO OHO ,aHTH/IHMHERHO“ MO NMEpPBOMY COMHOXHTEJIO:
(aa—-bb, c)=a*(a, ¢)+b* (b, ¢). (3.12a)

4, Ilanee, AJs MPOM3BO/IBHEIX BEKTOPOB @ M & M 11060# MaTpHUH &
HMEeT MecTO Ba}HOE MpPABHJAO, YTO

(@, ab)=(a'a, b) um (Ga, b)=/(a, §'0). (3.13)

Y1o6pl MOKAa3aTh 3TO, 3aNHLIEM

(a Gb) = 2 a; (“b)k 2_, a* 2 ak)\b)‘

(ata, b):‘)‘z‘gl (G"'a); bx=)‘2 2(0%)\ ) h= ?_: Z k)\a*

Bmecmo npumenenus mampuybl. & K 00HOMY COMHONCUMERIO CHG-
AAPHOZO NPOU3BEOCHUS, €€ 3D MUMOBO-CONPANCEHHYIO & MOMCHO
npUMERAMb K ODY20MY COMHONCUMENW,

s MpoCTOro CKaasIPHOrO NPOH3BEfeHHS TO Ke NPABHIO CNpaBef-
JHBO A5 TPAHCNOHUPOBAHHBLIX MATpHU, T. €.

((a, ab)) =((a"a, b)).

-1
5. BrmHumeM Temeph Yyc/0BHe v'=vu YHHTapHOCTH MaTpPHLK
B HECKOJbKO Gosee sBHoM Buie: s UTU =1 CJelyeT, uTo

n n
jZ:l(U-l-)U Ujk == 21 U7,U;k=6ik; (U.i, U-k)= Bik- (314)
= ]=

Ecau paccmampusams n cmoasGy08 YHUMAPHOU MAMPUGH KAK 8ek=
mopsL, OHU COCMABARIOM N OPMOZOHGAbHOLY eOUHUMHBLY BEKMOPOS.

AHalorHyHbeIM 06pasoM, H3 vt =1 cllelyeT, 4TO
; UijUpy=08n (U, Ui)=3. (3.14a)

n CMpoK YHUMAPHOL MamMpPUyb MaKdice ofpa3yiom n eOUHULHHX
8EKMOL 08, KOMOpbIE 83GUMHO OPMOZOHAAbHOL,
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6. YHurapHoe npeo6pa3oBaHHe OCTaB/sgeT 3PMHTOBO-CKAJNAPHOE
NPOH3BEICHHE HEH3MEHHBIM; HHBIMH CJIOBAMH, A1 APOU3IBOALHLLX BEK-
TopoB @ H b

(Ua, Ub)=(a, UTUb) = (a, b). (3.15)

Hao6opor, ecau cooTHoweHne (3.15) cnpaBednHBO 14 HEKOTOPOH
Matpuupl U M Aas KaXAOH napu TNPOH3BONbLHBIX BeKTOpPOB @ H b,
to U yHHTapHa, MOCKOJbKY TOrja cootHouwenHe (3.15) cnpaBensnuso
TaKke A9 a=e, U b=e,, rie (e,), =70 B 3ToM cneunaisHoM
cayuae (3.15) npuHHMaeT BHA

8., = (€;, ep) = (Ue;, Ue,) = ; (Uey; (Ue,), =
= 213 (g szgu)' . 213 U= ; UjiUjn,

yTo cosmnagaetr ¢ paBeHctBoM (3.14). Takum ob6pasom, (3.15) ectnb
HeoOX04UMOe M JOCTATOYHOE YCJOBHe YHHTapHOcTH U.

To e NpaBH/IO TIPHMEHUMO K KOMNAEKCHO OPMOZOHAAbHbLM MATPU-
1AM OTHOCHTENBLHO RPOCMOZ0 CKAAADHOZ0 NPOU3BEOeHUS.

7. TNpoussenenne UV aByx yHutapHex MaTpuu U u V yHHTapHO:

wvy =vivt=v U= uv)~. (3.16)
Marpuua vl obpaTHas YHHTapHOH, Takxe YHHTapHa:

W) =u)=u=@u"Y" 3.17)

lIpeoGpasoBanue K TIABHHIM OCHAM JJf YBHTAPHHX
H 9PMHTOBBIX MATpHIL

Bceakas yuwumapras mampuya- N 4 BCAKGA 3pMUMOBA Ma-
mpuya H mozym Gvims npusedens, k 0uazoHaAbHOMY BUOY € NOMOULLIO
yhaumaproti mampuyer U. a9 TaKAX MaTpUL He MOXKET BCTPETHTHCH
HCK/IIOUMTENbHBIA cayualt, ynoMsuyTmi#i Ha c1p. 32. [lpexxie Bcero
OTMETHM, YTO YHHTapHas (MJH 3PMHTOBA) MATPHIA OCTAETCH YHHTAap-
Hot (MMM 3PMHTOBOH) mnocje YyHHTapHoro mnpeo6pasoBanus. Dyayun
NPOM3BEJCHHEM TPEX YHHTAPHBIX MATpHL, U~'VU camo yHurapHo. Ma-

-1
Tpuua U™ "HU Takxe 3pMuToBa, ecid To/abkKo bl 3pMHTOBa, MOCKOABLKY,
coraacHo (3.17),

(U~ 'Hu)" = UTHU~ " = U'HU = U~ 'HU. (3.18)

Yrobni mpuBecth V uam H k guaronanbHOMy BHAY, ONpele/HM
HekoTOopoe cobcrBennoe 3HaueHwe V uam H. Ilycth oHO paBuo Ay
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cootBetcTByOUWKA coberBenublft BekTop U.y=(Uyy, ..., Up) onpene-
JfeTCs TOJBKO C TOYHOCTBIO [0 TOCTOAHHOrO MHOXHTeNsd. BribepeM
3TOT TMOCTOAHHBIA MHOXHTeNb TaK, 4TOOHI

U, Uy=1.

D10 Bcerma Bo3MOxHO, Tak Kak (U.;, U.;) HuKorza He MoxeT ofpa-
THTLCA B HyJab. [JocTpoWM Tenepb yHHTapHyo Matpuuy U, nepsbiM
croa6uom KoTopolt 6yner U.11). C noMowpio 3TOH YHHTAPHO! MATpHUEL
Mbl ipeobpasyeM coorBeTcTBeHHO Vi H B U™'VU u UT'HU. Hanpuwmep,
U~'VU umeer nepBuift cTon6el

X, =(U""VU),, =(U'VU),,=3 U}, SV, U= Ui\ Un=58\1,
v P v

mockoabky U.p yme aBaseTcd cOOCTBEHHBIM BeKTOpPOM MaTpuun V.
Mu BHINM, UYTO A, nosasisaemcs 8 nepsoli cMpoKe nepsozo cmMoabya,
8 4mo 8Ce OCMAAbHLIE IAEMEHMb. NEPBO20 CMOAGUA DABHLL HYAIH.

DT0 BePHO, OYEBHAHO, He TOJLKO A/ U_IVU, Ho u aas U™ 'HU.
Tak kak wmarpuua U™'HU 3PMHUTOBA, TNEPBas CTPOKAa TAKXe COCTOHUT
H3 HyJeH, 33 HCK/IOUEeHHEM NepBOro SJeMeHTa; TaKuM 00pa3oM, MaTpHUa
U'HU umeer sun

N 0 ... 0

0
. . (3.E.1)

0

-1

Ho U™ VU nonxHo uMers TOYHO Tako#i xe Bua! ITockoabky
X — ynnrapnaa marpuua, ee nepsuft cronbeu X., ABageTcs eIHHHUHBIM
BEKTOPOM, OTKyAa CJELyeT, 4YTO

[Xul? 4 X P4 o oo [ X =[N [2=1. (3.E.2)

To xe paccymieHHe TNPHMEHHMO K TNepBo# cTpoke Xj. MaTpuum X.
CyMMa KBaApaTOB [d€TCS BBIPAXKEHHEM

[ Xu P+ | Xl oo + | X122 =
. =|)\1P+|X12|2+|X13|2+ v XLIP =1,
U3 KOTOPOTO CilefyeT, uTO Bce Xjp, X3, « .., X), 00pallaloTca B Hy/b,
CnenoBarte/bHO, BCAKYIO YHHTAPHYIO HAM 3DMHTOBY MaTpHIY MOXHO
npusectd Kk Buay (3.E.1) ¢ noMowsio yuutapuo#t wmarpuun. Ma-

Tpuna (3.E.l) He sBAsleTcq ewle AMaroxatpHOH M He MOxeT GHITH €10,
TaK KaK Mbl HCTO/Ib30OBA/IH CYLIECTBOBAHHE TOJBLKO OJHOTO COOCTBEHHOTO

1) Cm. nemmy na crp. 39.
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3HayeHnusa. Oua, oaHako, 60/blue MOXO0XA HAa JHATOHAJNbLHYIO MaTpHuy,
yeM mepsonavaibHas Matpuua V uan H. Ecrectsenso sanucars (3.E.1)
B BHJE CynepMaTpHUbI

N 0 Ay 0 ies
o v,) " \o n (3.E.3)

rie Matpuupt V, uam H; uMeor ToapKO 7 — 1 CTpPOK H CTOAGHOB.
Mur MoxeM mnpeo6pasoBath 3ateM (3.E.3) ¢ noMowsio apyrofl ynurap-

HOH MaTpuub
1 0
0o u/’

rie U; uMeeT ToabKO 72— 1 CTPOK H CTONOLOB.
[lpu stoM Marpuua (3.E. 1) npuHuMaer BUA

N0 N, 0
. . . (3.E.4)
0 Ulvu, 0 uiHu,

BrilleykasaHHYl0 TPOUEAypYy MOXHO TNpHMeHHTb cHOBa, H U; MoOxHO
BLiOpaTh TaK, 4TOOHI U?VIUI HIH U'EHIUI HMeJH BUA

@ ) = (@ w)

rie V, uau H, uMeer pasMmepnocts ToMbKO nn— 2. Torza U”;U‘LVUUI

HMcEeT BHJA
A, O A A, 0
0 v,/r ™ HT\o /)

flcHo, 4TO NOBTOpeHHe 3TOH TNPOHEAYDHI MO3BOJMT NPHUBECTH Ma-
tpuy V uau H k nosnocmsio duazonassnomy 8udy, H TakuM 00pasoM
TeopeMa J10Ka3aHa.

Jra TeopeMa He MMeeT MecTa /sl CHMMETPHUHBIX H/JH KOMIUIEKCHO
OpPTOroHa/MbHLIX MATPHU, KAk TMOKA3bIBaeT NpuMep HA cTp. 32 (BTOpasd
MATPHLA CHMMETPHYHa M KOMIIEKCHO OopToroHaabHa). OpaHako oHa
CMpaBeNNBA [/9 BELIECTBEHHHX CHMMETPHUHBIX M/H BeLIeCTBEHHHIX
OpPTOrOHAJBHHX  MAaTpPHLU, KOTOpHE SBASAIOTCS CMELHAJbHBIMH CHY4YasMH
SPMHTOBHX HW/IH YHHTADHBIX MaTpHi,

Jlemma. Ecan (#.1, #.))=1, 10 Moxer 6uiTb NnocTpoeHa (MHOTHMH
pa3nHYHBHIMM CNIOCO0AMH) yHMTAPHAA MATPHUA, NEPBHM CTOJOHOM KOTO-
polt sBaserca w.a= (4, Uy}, .., Uy

Crayana cTpoHM BOOGIIE HEKOTOPYH) MAaTpHuy ¢ TIEPBHM CTOAG-
LUOM #.;, UMeIOUYI0 OTJIHYHHA OT HyJAs onpegfeauteb. [lycTs BTOpOH
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cronbel 3TOH MaTpHUB paBeH V.o =1(T3 Vgg + .., Upo), TPETHH — D.3
HT L

4y Ve U3 e Vg
Uy Uy Ty3 .. Ugy
Uy Uy U3 .- Vg,
u

nl vrz? vn3 Unn

Torpa BekTOpH .1, V.2, V.3, ... OYAYT /NHHeAHO HE3aBHCHMH, TaK
KaK ornpejeiuTe]b He oOpauiaercs B Hy/ab. IIOCKOMbKY Mbl XOTHM,
yro0b OHH OHIIM OPTOTOHAJBHEIMH, HCNOJb3yeM Metoa llIMuara aas ux
oproroHanuzaund. CHayana NOACTABHM U.o= @2il.]1 -~ V.2 BMeCTO .3;
3TO He U3MEHHT ONpeje/uTeNs. 3aTeM MOJOKHM

(.1, #.09)=0=a1(8.1, u.)) 4 (.1, 9.2) = a2+ (8.1, V.2)

M ONpEede/HM OTCIOAA &,. [lanee, HanuuieM #.3 BMECTO 0.3 C #.3=
= azlt.1+ apit.2 | 0.3 ¥ Oonpeles UM a3 U @xp TaK, 4TOOH
0= (u.1, #.5) = ay (4.1, w.1) (8.1, 0.3),
= (8.3, B.3) = ax(U.2, u.9)+(a.2, 0.3).

Cienyst 5THM TNyTeM, Mbl, HAKOHeW, HANHWIEM ., BMeCTO 9., TpHYEM

u.,,=a,,1u.1—+—a,,2u.2—|— e —}—a,,,,,_lu.,,_l—+—'v.,,, H ONpene/uM a,i,
Quor Bpas + v vy Gy 5y TaK, UYTOOH

O=(u.1, #.0) = anm (8.1, 8.1)+ (8.1, 9.),
0==(u.p, 8.p) = Gno (8.2, U.2) + (8.2, V.n),

O=(#.n-1, 8.0) =G, n—1(B.n=1, B.n—1) + (B.n-1, D.p).

1
TakuM cnoco6oM ¢ TMOMOUIbID jn(n— 1) uncen @ MH nocaenosa-

TeJbHO TOACTAB/AsSEM BEKTODb! I BMeCTO BEKTOPOB 9. BekTopnl # opro-
TOHAJbHBL H He fIBJSIOTCS HY/JeBHIMH B CHJIY JHHeHHOH He3aBHCHMOCTH
BEKTOpPOB ?. JlonycTHM, HanpHMep, uTO #.,=0. O1clona cienyer, uTo

anlu-l+an2u-2+ e +an, n-lp—1+ V= 0,

U TaKk Kak BeKTOpH H.1, 8.2, ..., W, ABAAIOTCH JHHEHHBIMH KOMOGHHA-
HHAMH BEKTODOB .1, V.2, - . ., D.n~1, MOXKHO BBIDA3UTb V., Yepes n— |
9THX BEKTOpPOB, B TPOTHBOPDEYHH € HX JIHHeHHOHM HE3aBHCHMOCTHIO.
HakoHen, HOpMHDYEM BEKTODH #.2, B.3, ..., B.n, CTPOSI TEM CAMBIM
YHUTapHY) MaTpHLy, TepBbIM CTONOLOM KOTOPOH ABASIETCA I.].
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Aror Memod opmozorasrusayuu [lImudma nokasbiBaeT, Kak mo-
CTPOMTb, MCXOAS M3 JI00OH COBOKYNHOCTH JIMHEHHO He3aBHCHMBIX BEK-
TOPOB, OPTOrOHa/NbLHYI0 HOPMHPOBAHHYIO CHCTEMY, B KOTOpOH k-# enu-
HHYHBIA BEKTOp sBJAeTcAd JHHe#iHOH KOMOMHALHe#f TOYHO & HCXOAHBIX
BeKTOpOB. Ec/M HCXOZMTL M3 7 n-MepHHIX BEKTOPOB, 06pa3ylolHX NOJ-
HYI0 CHCTEMY BEKTODOB, M0/Iy4aeTCsl NOJIHAA OpMOZOHA/AbHAS CHCTEMA.

Ecan ynurapuas MatpHua V uam spMHTOBa MatpHua H npusegenn
TAKHM CNnocoO6OM K JAHArOHaJbHOMY BHAY, [OJYYalOLlHeCcs [pH 3TOM
Matpuub A, HAH A, Takxe YHHTapHbl HAH 3pMuTOBH. CienoBaTenbHO,

AAL=1 wmmm Ar=A}L (3.19)

ABCORIOMHAA BEAURUHA KANHO020 COTCMBEHHO20 3HAHEHUS YHuUMAap-
noli mampuysl) pasna 1, coScmseHnbie 3HAYEHUA IPMUMOBOL
Mampuyvl 8euecmseHHsl. D10 caelyet HenocpeicTBeHHO M3 (3.19),
yCTaHABJHBAIOIIErO, YTO LA COOCTBEHHBIX 3HAueHMH A, YHHTapHOH
MaTpHUbl A Ay =1; a 419 5pMHUTOBOHK Matpuubl Ay = N;. CobcTBeHHbe
BekToph MaTpuu V H H, apasioluecs cTonbuaMu yHuTapHo# MaTpHun U,
MOFYT PacCMaTPHBATBCH KaK OPTOTOHAajbHHE,

BemecTBeHHbIE OPTOroHaJdbHrle H CHMMETPHUHBHE MATPHIB

Hakoneu, paceMoTpuM ciaenctsHsi TpeGosaHuf, uytobnt V uaum H
ObIIH  KOMIJIEKCHO OpPTOrOHaJbHBHIMH (MJIH CHMMETDHUHBIMH) H OJHO-
BPEMEHHO YHHTApHLIMH (HJIH S3DMHMTOBLIMH) MaTpHuaMH. B 3ToM ciyuae
Kak V, Tak U H BeluecTBeHHHL.

Vs U'VU=A, Mu NnoJiy4aeM KOMIIEKCHO-COTPSXKEHHOE BhIpaXe-
nue U VU= (U’ VU*=A?. Tak KaK cOGCTBeHHble 3HAYeHH: Kak

KOPHH CEeKyJASDHOrO ypaBHEHHs He 3aBHCAT OT cnocoba. ¢ MOMOLLbIO
KOTOPOro MaTpHua nNpHBeLeHAa K JAHAroHajibHOMY BuAy (T. e. mocpen-
crsoM U nam U*), nmaronanbHaa dopma A, MoxeT Bceria OHTb 3amu-
cana Kak Ay. TakuMm o6pasoM, uucia Mo X .., A, coBmagaior
¢ uMCaaMH NI, A3, ..., Ap. OTCIOfa ClelyeT, 4TO KOMMAEKCHble COO-
Cm8eHHble 3HAYEHNU S BElUleCTBEHHON OpTOroHanbHOH™ MaTpuue V gcmpe-
HAIOMCA  KOMNACKCHO-CONPANCeHHu MU napamu. Kpome toro, Tak
kak VV' =1, oun Bce N0 a6COMIOTHON BeJHUHHE paBHH! 1; BellecTBeH-
Hble COOCTBEHHble 3HaYeHHs MO3TOMY paBHh 11, B maTpHuax HeueTHOH
pasMepHOCTH MO Kpalineft Mepe 04HO cOOCTBEHHOe 3HAaYeHHE IOJIIKHO
ObITb BelUECTBEHHLIM.

Ecin 9 ectb coOCTBEHHHH BeKTOp, NMpHHAAJExalMH COOCTBEHHOMY
3HAaYeHHI0 A, TO ©* eCcTb COGCTBEHHEHIH BeKTOp, NMpHHAAJeXAlUMi KOM-
TJIEKCHO-COMPSAXEeHHOMY COOCTBeHHOMY 3HadenHio A°, YrtoOn NokasaTh

1) Kak yxe mokasmBaer coorHoweHue (3.E.2).
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5T0, 3anuweM V9 = g; toria V'o* = \*0" = Vo*. Kpome Toro, ecan +*
OTAHYHO OT A, T0 (7%, ) = 0=((9, ©)); npocToe cKajaspHOe NpPOU3-
BeleHHe COOCTBEHHOrOo BeKTOpa Ha caMoro cefs ofpaliaeTcs B HY/b,
eC/IH COOTBETCTBYIOLIEE COOCTBEHHOE 3HAYEHHE He AB/AETCA BellieCTBEeH-
uetv (He 1), Haobopor, BellecTBeHHble COGCTBeHHbIE BeKTOPbl (Aas
KOTOPbIX TNPOCTOE CKajlspHOE TNpOH3BEIeHHe He 06pallaeTcs B HYJD)
COOTBETCTBYIOT cOOCTBeHHbIM 3HaueHusm 1. Kpome Toro, mycts o

E )
ectb coGcTBeHHHH BekTOp aas A, o' —aaa Ay u 2— anq A, Torza,
ecan A # Ay, ToNyuaeMm

0=(?", 2)=((0, 2)).

Ilpocmoe craaaproe npou3sederue 08YX COGCMBEHHbLX BEKMOPOS
BU,eCMBEHHON OPMOZOHAALHOH MAMPULLL 8Ce20a DABHO HYLI0, KPOME
CAY4asn, K020a cOOMBeMcmaynoujue co6CMBeH e 3HAREHUS ABASIOMCS
KOMNACKCHO-CONPANCEHHbLMIL, K020Q COGCMBEHHblE 3HAYEHUS KOM-
NACKCHO-CONDANCEHHBL, COOMBEMCMBYIOUUE CO6CMBEHHbIE BeKMODYL
camu ABARIOMESL KOMNACKCHO-CONPANCEHHOLMU.

Onpedesumens opmozonarvuoli mampuuys pagen =+1, Urobu
NIOKa3aTh 3TO, PACCMOTPHUM VW =1; orciona clelyer, 4TO Omnpenen-
Teqb MaTpHuUb V, VYMHOMeHHbIl Ha onpepenHTelb V7, nomxen mats 1.
OnHaKo onpefendTe]b MaTpHubl V paBeH onpeienuTeNio V', rak uro
KaxAHH W3 HUX Jo/keH OmTb paseH -1 wam —1,

Ecan Marpuma H BemectBenna, cucreMma (3.5) BeulecTBeHHa, Tak
Kak Bce A, BeulecTseHHb. Colcm8ennbie BeKMOpw BeujecmBennol
IPMUMOBOL  mampuyb, MONCHO Cciumams Beujecmsennumu. ([lo-
CKO/IbKY OHHM ONpPeIedloTCs TOJbKO C TOYHOCTBIO [0 TOCTOSHHOTO
MHOXHTe/, OHH MOTYT ObITb TaKme YMHOMEHBI Ha KOMIUIEKCHLIH MHO-
KuTenb.) TakuMm o6pasoM, yHuTapHas Matpuua U B NpOH3BedeHHH

-1
U HU=Ah MOXET CUMTATLCA BelleCTBEHHOH,



