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HEMPEPBLIBHbIE TPYTIIbI

1. 1o cux nop Mbl HMeJH [Jel0 TOJNbKO C KOHEUHBIMH TDYMNMaMu,
T. €. C TPYyNNaMd C KOHEYHbIM YHC/JIOM 3JeMeHTOoB, Hamu Tpu rpyn-
NOBBIX NOCTYJ/1aTa (aCCOLUHATHBHOCTb, CYLIECTBOBAHHE TOXIECTBEHHOrO
sJeMenTa M OOPAaTHBIX 3JIEMEHTOB) MOMHO TaKXKe NPUMEHHTh K Oecko-
HEUYHBIM TpyNnaM, T. €. K GECKOHEYHbIM MHOXECTBaM 3JeMeHToB. Ha-
NpHUMep, TPeXMEPHbIe BELIECTBEHHbIE OPTOTOHAJbHBIE MAaTPHLH, npel-
CTaB/AKWHE BPALLUEHHSA B TPOCTPAHCTBE, COCTABJIAIOT CHCTEMY OGBEKTOB,
YAOBJETBOPAIIIMX TPYNNOBLIM TNOCTY/aTaM, €CJAH TOJbKO B KauecTse
rPYNNOBOTrO YMHOXEHHs GepeTc MATPHUHOE YMHOXKEHHE; B 3TOH CHCTeMe
OODbEKTOB 1Ba IOCJAEI0BATE/IbHBIX BPALICHHA CHOBA 14I0T BpallEHHE,
NpOHU3BecHHE NePBHIX ABYX. [1o10GHasg rpynmna COCTOHT M3 BCeX Tpex-
MEpHLIX MaTpHL C onpeleauTedeM | wiu C onpeleiutensmu £1 u
T. 4. Bce 9TH rpynnbl HasHIBAIOTCA 6eCKOHetHbi ML PPYINIAMH, B TPOTHBO-
NONOXHOCTh KOHEYHbM TPYNNaM, PaCCMOTPEHHBIM paHee.

Ecan we TpeGoBaTh Huuero GoJbiue, KpoMe cBoficTs rpynm, obcy-
AAABLINXCA BHILIE, TO MOHATHE GECKOHEUHOH FPYNNB BKJAIOYAET C TOUKH
3penns Hawkx ueneHl caummkom wmHoro. Hanpumep, Bce JABYMepHBIE
MaTpHuBl C onpeleiuTesaeM 1, s/eMeHTaMH KOTOPHIX fBAAI0TCA pauHo-
HaJMbHBIE YHCAa, 06pasyloT Takywo rpynny. Ho Takad cucrema /nuena
CBOACTB HENPEPHIBHOCTH, KOTOPLIE MBI XOTHM NPEANONOKHTL. [105TOMY
MBIl OrpaHMYMM Haule 00CYyxAcHHE GECKOHEUHBIX TPYNN HeNpePhIBHBIMH
rpynnamu. Henpepsienas epynna ectb cucTeMa oGbeKTOB, Ha3bIBAEMBIX
3JIEMEHTAMH TDYNMB, KOTOPHIE MOIYT XapaKTEPH30BAaThCA NMapaMeTpaMH,
UBMEHSIOIINMHCA HENPEPHBHO B HeKOTOpPoH o6aacth. Bceakuit Habop
3HaYeHHH STMX NapaMeTpPOB BHYTPH 3TO# o6nacTu onpenenser SJeMeHT
rpynnul; u, Ha060POT, KAXKAOMY 3JMEMEHTY TPy COOTBETCTBYET HAGOD
BHAYEHMH napaMeTPOB BHYTPH oOnpelelleHHOR ob6aactu. ITH 06]aCTH
Ha3bIBAOTCA NPOCMPAHCMEOM 2PYNNGI, MEXKIY 3SJIEMEHTaMH TPYNNH H
TOYKAMH B TPOCTPAaHCTBE TPYINb WMEETCd B3aMMHOOLHO3HAUHOE
COOTBETCTBHE,

OneMeHTH TPyNnbl, NapaMeTpbl KOTOPHIX HE3HAUHTENbHO OTJH-
YalTea Apyr OT JApyra, HashiBalOTCA ,coceanuMu“. Ecam napamerp
MEHAETCH HENMpPEPBLIBHO, TO MBI TOBOPHM, UTO 3JIEMEHT I'DYNMbI MeHSeTCA
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HenpepbiBHO. Tpu rpynnmoBbIX MNOCTYJAaTa OCTANOTCS CIpPaBeNJIMBBIMH,
Oyayun n0nOJHEeHHbIMH TpeGoBaHHEM HENpEepPBLIBHOCTH, B CHJIY KOTO~
poro MOCTYJHPYETCs,, YTO IIPOU3BEACHHSI H OOPATHBIE 3JEMEHTHl COCEL-
HHX 3JIEMEHTOB TaKkKe NOMKHB GbITh COCEJHHUMH.

[Ipumenm, nanee, uro mnapamerpel p,(RS), py(RS). ..., p,(RS)
Npou3BEACHHS SBJIAIOTCA NO KpalHel Mepe KYCO4HO HenpepuisHoimu u
ougppepenyupyemoimy  dyukunmamu  napametpos  p;(R), py(R),

vons PR 1 pi(S), po(S), ..., p,(S) mByx comHoxuTenelt R
H S. Bro Takike TpeGyeTcd OT 3aBHCHMOCTH NapaMeTpOB pl(R'I),
pa(R7H, ..., p"(R'l) OT NapaMeTpoB 3/eMeHTOB R.

[pynnel, saeMeHTH KOTOPBIX MOryT ObITb 3alaHbl 7 NapaMeTpamy,
Ha3bIBAIOTCS R-napaMeTpuueckuMu rpynnamu. O6aacTh H3MeHEeHHs napa-
METPOB MOXKET ObITh OJHOCBA3HOH HJIM MHOTOCBA3HOH WJIH MOMeT pac-
najaThCd Ha HECKOJbKO HeCBA3aHHBIX ofnactefl. B nocaesnem cayuae
Mbl TOBODHM O CMEWAHHOLI Henpepbi8HOl 2pynne, B NPOTHBONOJIOK-
HOCTb APOCMO Henpepwi.sHol 2pynne, 1jd KOTOpoR o6aacTh u3MeHe-
HHSl NapaMeTpOB CBSI3HA.

PaccMoTpuM, HanmpuMep. rpynny BpalleHHii B TpexMepHOM TpOCTpaH-
CTBe — TpEXMepHyl0 TIpynny BpalleHHH. JJeMeHT TIpynnbl — BellecTBeHHas
TpeXMepHaa OPTOroHalbHas MaTpHHA — MOXeT OBITb XapaKTepH30BaH, pasy-
Meeics, 3aJlaHueM ee AeBATH 3aeMeHTOB. OJHAKO OHH He MOTYT pacCMaTpH-
BaTbCsl B KayecTse NapaMeTpoB, TaK KaK OHH He MEHsIOTCH HE3aBUCHMO, HO
CBAI3aHBl HEKOTOPHIMH COOTHOWmEHHAMH. C Apyro#f CTOpOHH, eclu BpalleHHs
XapaKTepU30BaTh a3UMYTaAbHEIM yriom @, moaspHuiM yriaom 6 ocu BpameHus
H YrioM Bpallg¢HHA ¢, TO KaXAOH TpoHke 3HaueHUH STHX YHCeJ, Jexallux
B onpenefeHHeXx obaactax (0L P L 2n, 0LOLn, 0L o< ), cooTBer-
CTByeT HekoTOpoe BpawehHe. OOpPaTHO, KaXAOMY BpALIEHHIO COOTBETCTBYET
Habop 3HayeHHH 3THX mapaMeTpoB !).

EnnHcTBEHHBIM HekMlOUEHHEM ABAAeTCA BpamleHue ¢ ¢ = 0, T. e. Bpamie-
HHe, KOTOpoe, COGCTBEHHO TOBOPA, He fABJAfAeTc BOBCEe BpalleHHeM, a mpel-
CTaBAAeT HEM3MEHHOE MOMOXEHHE, HIH TOMAECTBEHHBIH saeMeHT rpynnsl. OHo
COOTBETCTBYeT BcAkoH TpoHike mapamerfos @, 6, 0, Tak YTO COOTBETCIBHE
MEXJIy 3THMH MapaMeTpaMH H TAaKHM 3JEeMEHTOM TpPYyNNH He ABJAAETCA OIHO-
3HAuHbIM. [lAa mpeojoeHHa 3TOH TPYIHOCTH MOXHO OO OBl CUHTATh, YTO
061aCcTe H3MEeHeHMA Apyrux NapaMerpoB, ® u 0, cxumaeTca 10 Hyad npH
¢ = 0. AHajloruunbiM ofpasoM caenyer monowuts ® =0 npu 6 =0. Toraa
COOTBETCTBHE MeXJy BpalleHHAMH H TpodkaMH MapaMeTpoB CTaHOBHTCHA OLHO-
3HauHEIM. PaccMOTpHM, 0HAKO, HENPepHIBHYI0 MOCAeN0BAaTEALHOCTL BpaleHHH
Ha BCe MEHbIUME H MeHblllMe YIab BOKpPYI Mpou3BoJAbHOH ocH, T. e. Bpalie-
HHA € napaMeTpaMu @ = @, 6 =0, ¢ = fp,, I'ie ! U3MEHAETCA HempephrBHO.

') Touka R NpocTpaHCTRa MapaMeTpoB COOTBETCTBYET He ONePalHH Bpa-
IeHHA, a ee pesyabraty. I103TOMy BpalleHHe MOJHOCTBY ONpelenAercs
HayalpHHIM H KOHEUHBIM MOJAOXEHHAMH Ha cdepe. Ecau HYwHO OMHCATH 3Ty
olepanuio, T. €. MyTh, N0 KOTOPOMYy NMPOMCXONHT BpallleHue, ClelyeT yKas3aTb
BCe MpPOMEKYTOUHHE moJNomeHHA ceprl. TakuM o6pasom, Aad OmHCAaHHA Bpa-
IeHus KaK ONMEpauuH, T. €. MyTH, IO KOTOPOMY NOCTHTaeTcs KOHeyHoe MoJo-
HeHHe, HYKHAa KpHBajg B MpOCTPAHCTBE MapaMeTpPoB, HJIH HelpepeiBHas
NOCAENOBATENbHOCTL R (f) ,BpalleHHH¢, npuHuMalmana 3xaueHne R (0)=E
npu ¢ =0 u nepexomawan s R(1)=R.
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Ecau npu =0 yrant ® u 0 1omkHbn 06pamaTbca B HyJb, BOSHHKAeT Pa3phiB.
[MostoMy HauBHOe Tpe6oBaHHe; 9T06H @ =0un 6 = 0 npu ¢ = 0, HenpHeMaeMO,
U ClelyeT HaliTH Apyroe CpeiCTBO LA NMPEONOJEHHA 3TOH TPYyAHOCTH.

Pur. 1. COOTBeTCTBHe Me)KIly TOYKAaMH B NPOCTPAHCTBE napa-
METpOB H BpalICHHAMH.
Ha cxeMe c/neBa KOHEN CTPeAKH COOTBETCTBYeT BPAUIEHHIO, KOTopoe npeobpa-

3yeT Ayry, H3006paxkeHHYI0 CMAOIIHOA AHHMeR HA cXeMe CMPaBa, B 1yry, Hoka-
33aHHYI0 IITPHXUYHKTHDHOR AHHHeR,

Haun6onee ynOOHLIMH NapaMeTpaMH fBJAIOTCA, MO-BUAHMOMY, I€KapTOBH
KOOpAHHATH £, ¥, { TOYUKH C OOJAPHBIMH KOOpPAHHAaTaMH ¢/=, 8, ®, npuueM
& = (¢/=) sin 8 cos @, = (¢/=) sin8sin® u { = (¢/x) cos 6. [TpeoGpasoBatnue
MOKOS, TOXKIECTBEHHBIHl 3JeMEeHT TpYMIL, KOTOPOE PaHbllle COOTBETCTBOBAJIO
“mapametpaM ®, 0, 0, cooTBeTcTByeT Temepb OIHOH-eJUHCTBEHHOH TOUKe
§=n=1{=0—Havany cucreMb koopiuHaT. COOTBETCTBHE MeXIy TOUKaMH

®ur. 2. BpameHue Ha ¢wr. 1,
KOTOpO€ IEpeBOXHT AYTy, H30-
6paXkeHHYI0 CIJOWIHOH JHHHEH,
B 1yry, NpOBENEHHYI0 ILITPHX-
NYHKTHPHOH  JHHHeH, - MOXeT
TaKXkKe OMHCHIBaTbCA  YyTAaMH
diinepa a, B u 1.

B MPOCTPAHCTBE MapaMeTPOB W BpalleHHAMH NoKa3aHO Ha ¢ur. 1. Kawmnoe
. BpallleHHe COOTBETCTBYeT ONHOH TOUKE BHYTPH eNHHHUHOH cdepbl B Mpo-
crpanctee &rf.

B sToii napaMeTpH3alUH MMEEeTCA TaKiKe HCKJAUEHHE, TaK 9TO COOTBeT-
CTBHE 3JEMEHTOB TpYNNBl TPOHKAM MapaMeTpoB He ABJAAETCA B3aHMHOOAHO-
3HAaUHBIM. JlBe MpOTHBOMONOXKHBIE TOUKH CepHYeckoll MOBEPXHOCTH AOMKHBI
OTOXJECTBAATHCA, H lepexon U3 KakoH-1H60 TOuKH cdepuueckod moBepXHOCTH
B POCTPaHCTBE £ B NpPOTHBOMOJONHYI el TOUKY He caenyeT pacCMaTpH-
BaTh KaK pasphlB IyTH.
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TaxuM o6pa3oM, NPOCTPAHCTBO NAaPaMETPOB CTAN0 HHOZOCBAIHNM, @ COOT=
BETCTBHE MeX(ly 3JeMeHTaMH TIDYNNB H TOUKAaMH B NPOCTPAHCTBE MapameTt-
pOB — B3aHMHOOJHO3HAYHBIM. IJTH mnapameTphl OCOGEHHO YHOGHH MO3TOMY
IAJA PAacCMOTPEHHA NPUHYUNUAAbHLLX BONPOCOB, OTHOCANIMXCA K TIpymnme
BpallleHHA. -

CaMo co6ofi pasymeercd, 9TO STO HH B Kakod Mepe He npenarcTByer
BHGOpY APYruxX nmapaMeTpoB Iaa (GOpMaJbHbIX pacyeToB (Hanpumep, yrios
Jdiinepa, dur. 2), 119 KOTOPBIX COOTBETCTBHE He fBAAETCA B3AUMHOOIHO3HAY-
HBIM, HO C MOMOIINbI0 KOTOPHIX ABHbIE GOPMYJB MOTYT GLITh 3aNMHCaHBL MpoLILE.

2. Yactb rpynnsi, coceHAs C TOXKAECCTBEHHBIM 3/EMEHTOM, H3BECTHA
KaK ungunumesumassian epynna. dyunamenrtanshas paora C. Jin 1)
OTHOCH/MACh K WH(UHHTE3HMAJbHLIM TPYNMaM IPynn npeo6pasoBaHui.
MBI MOxeM KOCHYTbCA 3THX HCCJAeJOBaHHH JHLIb NOBEPXHOCTHO H
OTPaHHYHTLCA OCHOBHBLIMH (paKTAMH, ONYCKas BCe LOKa3aTeNbCTBA CYLIE-
CTBOBAHHA H CXONHMOCTH, B C/1yyae HHTepPeCYIOLIMX HAac rpynn AoKasa-
TeNbCTBA CYLIECTBOBAHHS MOTYT ObiTb 3aMeHeHBl ABHBIM YKa3aHHeM
»HH(HHHTE3UMAJIBHEIX SJEMEHTOBY.

B nanbHetiuigM h GyfeT o3HauaTh OeCKOHeYHO Majoe uyucao. ITycThb
napaMeTpPel TOXAECTBEHHOTO 3JeMeHTa rpynnul OyAyT =, Ty, ..., .
Toraa paccMOTpHM 1 3eMenToB F, E,, ..., F,, npuyeM napametpe F,
3alaHbl B BHAE T, Ty, ..., Rp—+R, Ty, ..., %, OneMenTh E, F,
F2k, Fa, ... Bce Jexar B OJHOH H TOH Ke OKPECTHOCTH, eClH A
AOCTaTOYHO Majo, H, TaKHM 06pa3oM, 06pas3yi0T MOUTH HempephBHBLIH
Habop 3JeMeHTOB rpynnbl. YToOb OTOHTH Ha Kakoe-TO PacCcTOSHHE
OT eIHHUYHOrO BJIeMEHTa TPYMNNbl, HYXHO NEePeXOAHTb K OYeHb BHICOKHM
cTeneHaM sJeMenTa Fp. Takoe oaHonapaMeTpHyeckoe ceMeficTBo (KOMMY-
THPYIOLIHX!) 3/€MEHTOB TPYNNH COOTBETCTBYET NEPHOAY 9JEMEHTOB
KOHeUHOH rpynnhl.

Ilpocmo Henpepvi8Has O0OHONAPAMEMPUHECKAA 2pYNNA 8Ce20Q
abesesa, TaK KaK OHa COCTOHT H3 OAHOTO-€AHHCTBEHHOrO NepHoia.

B napamerpusaudH TpexMepHOH rpynnbl BpalleHHH, nokasaHHo# Ha
¢ur. 1, napaMeTpaMu TOMIECTBEHHOIO 9JeMeHTa gBaawTca §=n={(=0;
TpH 6eckoHeuyHo Maabix siaeMeHta {h, 0, 0}, {0, A, 0} u {0, O, A} aBasioTCs
TpeMA GecKOHeYHO MaJbIMH yriaMu BpalleHHH BOKPYI TPeX KOOPIHHATHBIX
oceit :

PaccMotpuM Temepb n-mapaMeTpuueckoe ceMeficto FY', FhY,

Pp
o« +y Fp". OrpaHuyuMcs IpH 3TOM TeMH 3HAYEHHAMH AU Py, Py, ..., Dp,
IS KOTOPHX BCE 9JeMeHTH CeMelicTBa JexaT B OKPECTHOCTH TOX[e-
CTBEHHOTO 3/IEMEHTa; STH 3/eMEeHTHl OXBATHBAIOT TOrAA BCIO HHQHHHTE-
3HMalbHYI0 TPYNNY, TNOCKOJAbBKY OHAa SBJIAETCA n-mapaMeTpHYecKOH.
Yno6Ho, no KpaiHelt Mepe, AN MHOHUHWUTE3HMAJbHHX TPYMI, BBOIHTDH
P1 Pgs +-.» P, B KauecTBe mapaMetpos. Bce n mapameTpoB TOxZe-

1) S. Lie, Vorlesungen iiber kontinuierliche Gruppen mit geometrischen
und anderen Anwendungen, Leipzig, 1893,
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CTBEHHOTO 3JIEMEHTA DPAaBHBI HYJAK0; NapaMeTphl 3JeMEHTOB UH(UHHMTE-
3UMaabHOM TpYNnbl OYeHb Madbl.

Snenenmsl ununumesunasvrnoli epynnst Kommymuapyiom. Ecnn
napaMeTpbl ABYX COMHOxHTeleH R u S #BAAIOTCA BelnYHHaMM TMOpgIKa
MaJoro yucaa €, TO pPasHOCTb MexAy TNapaMeTpaMH 3JeMeHToB RS
H SR 6yger nopsiaka 2, PaccMotpuM sileMeHTH R (f) u S(¢’) ¢ napa-
MeTpaMH try, trg, ..., tr, W t's;, t'sy, ..., t's,, rae t H {' — He-
npepeiBHbie nepeMeHHble, VHauve rosopa, E=R (0)=S(0), u ¢ u
t’ — peanuuHbl nopaaka e. IlapameTpbr 37nemeHToB R (£)S(t) H
S(@E)R(t) MOxHO pasiokuTb B panbl Makiaopesa no ¢ u ¢/. Paawl
LTS n mapaMeTpoB 3eMeHToB R (1) S(¢) u S (t') R (f) 6yayT umeTb BHA

uy+toy+tw -+ ..., agttogHtw ..., L,
u,+tv, +tw, -+ ...

4 4to, -t ..., ayty e,
U, to, +t'w, 4+ ....

Yto6bl onpenenduTs # H 17, NOJMOKHM =1 =0, T(lrna 06a npous-
seseHus R(0)S(0) u S(0)R(0) pasubl £, n Bce # ¥ u paBHH HyJIO;

Uy=Uty=

YTo6bl OnpeselHTh U H U, MOJOKHM JHILb ¢/ = 0; Toraa R () S (0) ==
=R E=R (@) n SO)R(t)=ER ()= R (t). losToMy v, = v, =r,,
Vg=Vy="rg, -++, V=0, =r,. AHaNOTHUHbBIM oOpasoM, moJaras
t=0, nonyuaeM W, =W =S|, Wy=Wy=2Sy, ..., W,=W,=S,.
OTO TNOKa3blBaeT, YTO NapaMeTpbl pPacCMaTPHBAEMLIX ABYX TMpOM3Be-
IeHH# OIWHAKOBH B TpelelaX paccMaTpHBaeMblXx 4jeHoB. Pas-
HHLA TNpoABAAETCA TOJAbKO B uJl€HaX, TMNpONOpUHOHAJbHBIX (2, £t
2
H £'°, a Bce 9TH U/eHbl ABJAIOTCA BeJHYHHAMH MNOpsaKa &2,

KoMMyTaTHBHOCTL 6ECKOHEUHO MAJBIX SJAEMEHTOB C YYETOM UAEHOB mep-
BOr'o mopsiaka onupaetcs Ha TOT (aKT, YTO LA NPOU3BOAbHHX R u S =E,
a TaKkxe Jas nlgonaBo.'leux S u R=FE KOMMyTaTHBHOCTb HMeeT MeCTO
TouHo. Ecau AMWbL  cAerka  OTaudaeTcs or  E, KOMMyTAaTHBHOCTb
coxpansieTcs NPUOAHKEHHO, aHANOTHURO MPUOAMKEHHAA KOMMYTATHBHOCTh
6yner uMetb mMecto npu S~ E. Ho ecan omHoBpemeHHO R~ E u S ~ E, 10
KOMMYTAaTHBHOCTb BHIMOAHAETCH OCOGEHHO XOpoINo,

JT1a TeopeMa MPUHHMAeT OYeHb MNPOCTOH BHA A MAaTPHYHBIX rpynn.
dNleMeHTH B OKPECTHOCTH TOMAECTBEHHOrO sJeMeHTa HuMeloT Buj 1L ca.

Torna
(1-+ea)(1+¢eb)y=1+c(a-+b)4 s2ab
(14+¢b)(1 4ca)=1-+ ¢ (b -+ a)} «ba,

d 3TH BHIpAXCHHA pa3aAHyalTCs JHLIb YJjleHdMH ﬂOpﬂ)lKa s2,

H
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BriueykasaHHHH  BbLIGOp MNapaMeTpoB, TMPH  KOTOPOM  3JEMEHTaM

F&, F, ..., Fﬁ” COOTBETCTBYIOT NapaMeTpH p;, Py, ..., Pp, HMEET TO CIlE-

1MaabHOe CBOHCTBO, UTO IAPAMETPHI IPOH3BENeHH IBYX 3J]eMEHTOB HHpHHHTE-
3MMaAbHOH TPynnel MOryT OBITH MOJYYEHB!, ecad hpeHedpeub YjeHamH BbIC-
IHX MOPSAAKOB, yTeM [POCTOrO CAOKEHHH aPaMETPOB OTAEAbHBIX MHOXHTEAEH.

3. B cMelanHOH HenpepuBHOW rpymne BCE Te 3JEMEHThl, KOTOpbiE
MOr'yT GbITb TMOJyYeHbI HEMpPephiBHbIM 06Pa30M H3 TOXAECTBEHHOrO 3Je-
MenTa E, 06pasyioT moArpynmy, SBJASIOUIYIOCA TPOCTO HeNpepbIBHOH.
B yTBepKIEHHH, 4YTO HEKOTODbIH 3/7EMEHT MOXET ObiThb TOJYYEH He-
npepbiBHbIM 06PA30M H3 TOXKAECTBEHHOrO, TOADPA3YMEBAETCA, YTO CYLUE-
CTBYeT HeNpepbiBHOE MHOME(TBO 37MeMeHTOB R(f), HauHHaoLieecs
¢ R(O)=E 1n xonuawoweecad Ha R(1)=R mnpu {=1. Ecan R u
S — nBa 3/eMeHTa 3TOro MHOXecTBa, H ecad R (¥) u S(f) — aBa coor-
BETCTBYIOLIMX MyTH, TO H mpoHuspeieHHe R(1)S(1)=RS moxer Obith
TaKxKe MOJYYEHO H3 TOX[ICCTBEHHOrO 3JeMeHTa HemnpepblBHbIM 00pa3oM.
CooteercTByoUMit nyTs MoxeT O6WTh R (£) S(f). To xe camoe mMeeT
MeCTO AJs 3/eMeHTa, 06paTHOro R, a COOTBETCTBYIOIIHH NMyTb €CThb

R(t)_l. [TosTOMy 3/7€MeHTBI, AOCTHACHMbIE HETPEPLIBHLIM 00pasoM H3
TOXKAECTBEHHOTO 3/eMeHTa, 00pasylT NMOArpynny, ABJSIOULYIOCS Npo-
cTo# HenpepbBHOH, TaK KaK COOTBETCTBYIOUIaA 061acThb MPOCTPAHCTBA
napaMeTpoB OJHOCBA3HA,

DNeMeHTbl, LOCTHXHUMbE HEMpEePHBHHM 00pa3oM H3 TOMXAECTBEH-
HOTO 3JIEMEHTa, 00pasyloT HaXe UHBAPUAHMHYIO NO0ZpYnny CMellaH-
Ho#t HempepnBHO# rpynnbl. Jle#cTBUTEAbHO, ecAH R MoxeT ObITh
LOCTHIHYTO HemnpephIBHBIM 00Pa3OM H3 TOXIECTBEHHOTO 3JEMEHTa, TO

3T0 6yeT cpaBeANHBO TaKke A1 X 'RX, cxaxeM, no nytu X 'R (£) X.
CMexHBHIMH KJaccaMu 3TOH MHBaPHAHTHOH MOATPYNNB ABJIAIOTCH APyrHe
HeCBsIBHBIE YAaCTH MPOCTPAHCTBA mapaMeTpoB, TakuM o6pasoM, ¢akTop-
rPyNny MOXHO CYHTAaThb KOHEeYHOH rpynnoH MNOpsfiKa, PaBHOTG YHCIY
HeCBABHBIX YacTed MPOCTPAaHCTBA TMapaMeTpoOB.

BeeneM anqa panbHeftero oGosHauenue {ry, ro, ..., r,} As 3ze-
MeHma 2pynnel C TMapaMeTpaMH I, ry, ..., r,. TOria Mexniy 060-
BHAYEHHAMH HMMEIOTCH TOX[JECTBeHHble COOTHOLIEHHs

pere ro oo e, ra)=ry 1 {py(R), py(R), ..., p,(R))=R.

4. IlpeactaBneHHe HempepbIBHOH TIpynnbl ONpelessieTca TOYHO
TaK AKe, KaK H A1 KOHeYHOR rpynnbl, MexAy Kax/IbiM 3/7eMEHTOM
rpynnel M MaTphuet D (R) cywecTByeT CcOOTBETCTBHE, TaK uUTO
D (R)D(S)=D (RS). EXHHCTBEHHHM JONOJHHTEJNbHLIM TpeGOBaHHEM
ABJAETCA HeMpPepHBHOCTb TNpeAcTtaBieHHd, OHO 3aKJlOyaeTcd B TOM,
4TOOH AN ABYX COCEAHHX 3JeMeHTOB rpynnbl R H S Bce (2 sneMeH-
TOB MaTpHub D (R),, oTIHYanHCh 6ECKOHEYHO Majlo OT COOTBETCTBYIO-
WHX 3JeMeHTOB Marpuubl D (S),,. 3Zech Mbl TaKke OrpaHHYHMCA
NPeACTABNEHHIMH ¢ OTJHYHBIMH OT HYJs ONPeleHTE/AMH,
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T

PacnpocTpaHuM TeopeMbl [/ NPeACTaBJeHHH KOHEYHBIX FPYNN Ha
NpeACTaBJEHHS HempepbiBHBIX rpynn. IIpH 3TOM MOMXHO HayaTh ¢ TOro
06CTOATEIbCTBA, YTO B TEpPBBIX YeTHpPeX TEOpeMax H, B YaCTHOCTH,
NpH [NOKa3aTe/bCTBe COOTHOWUEHHH oproroHaneHoctH (9.30) u (9.31),
Mbl NOJ/Ib30BAJIHCh JHLbL OJHHM CBOMCTBOM TDYNNbI, & MMEHHO TeM, YTO

MOXHO COCTaBHTh CyMMy > Jg, 411 KOTOpoH
R

XJr =2 sz, (10.1)
R R

rje CyMMHpOBaHHe PacNpOCTPaHAeTCs Ha BCe 3JeMEHTHl Ipynmh, 3aech
Jgr — cOBeplUeHHO MPOH3BOJ/IbHbIE YHC/IA (HAH MaTPHUB), COOTBETCTBYIO-
LHe KaxAOMy 37eMeHTy rpynnbl R, mnpuueM cooTHouweHue (10.1)
cmpaBeIHBO Aaa Jo6oro snemeHta S. B oGeux cymmax B (10.1)
colepxkatcd OLHH H Te e YJEeHHB, HO B Da3/IHYHOM MNOpsiKe.

C noMmouIbi0 OAHOR H3 TaKHX CYMM, a Hmeﬂﬂg&z D(R)D(R)+, MBIl
R

nokasanu (ri1. 9, Teopema 1), uTO mnpeAcraBieHHe MoxeT GbITh cie-
7aHO yHHTapHbIM. COOTHOWeHHe OpTOroHaabHOcTH (ra1. 9, TeopeMa 4)
Takxke OHJO JAOKa3aHO MyTeM PAcCMOTPEHHS CYMMBI

% p’ R) XD(/') (R_l)-

Teopemu 2 u 3 umenu 607bluyl0 cBA3b ¢ Teopuelt Matpuu. [Jas ux
pacnpocTpaHeHHs Ha MpeACTaBJIeHHs HEMpepLIBHBIX rpynn He Tpebyetcs
TNPHBJEYEHHS] HOBHIX TPYMNOBHIX CBOMCTB.

Ecan 60 MOXHO OHJIO ONMpefeNHTb YTO-TO AHAJOTHYHOE CyMMe

EJR AN HeMpepHBHLIX Tpynn (eCTeCTBEHHO, 3TO Obla Obl HHTErpai,
R

B3ATHIH MO Bcelt 06JAaCTH U3MEHEHHS MapaMeTPOB), TO YeThIPE TEOPEMbI
TEOPHH MpeACTaB/JeHH# KOHEYHBIX TPYNN MOTAH GH GHIThb TepeHeceHbl
Ha HenpepbiBHBIE TPYNMH,

5. B cayyae Koneunnix rpynn cooTHowenHe (10.1) ocnoBaHo Ha
TOM ¢akTe, yTo mocneposatelbHocTh SE, SA,, SA; ..., SA, ana
NPOH3BOJBHOrO S COBNMAajeT, ¢ TOYHOCTBIO A0 MOpPAAKA, ¢ TOC/IEAOBA-
TeabHOCTbIO E, Ay, A, ..., A, ME NPHXOAHM K CleayioLeMy 3aK10-
YeHHIO, TPHBHANBHOMY AJf cJyyad KOHeuHHX rpynn. Ecaum rpynna
NapaMeTpPH30BaHA MO A4HAJOTHH CO CJy4YaeM HeNMpepHBHBIX TPy, TO
3TH [Be NMOCJeAOBaTeJbHOCTH 00/a8al0T TeM CBOMCTBOM, 4TO OAHO H
TO Ke YHCJO 3JEeMEHTOB rpynnsl (OAHH) COOTBETCTBYET KaXAOMY 3Je-
MEHTY 06beMa B MPOCTPAHCTBE MAPaMeTPOB (B 3TOM Ciyuae ,3/eMeHTH
06beMa“ ABAAHTCA MPOCTO TOYKAMH, COOTBETCTBYIOLIMMH HHCKPETHOMY
Habopy sHaueHu# napaMertpos). [T03TOMy BO3MOXHOCTb PacTpOCTPaHHTh
cootHoweHnHe (10.1) Ha HenmpepHBHBI Clyyah 3aBHCHT OT TOro, CMO-
HEM JH Mbl COXPaHHTb 3TO CBOMCTBO B HameM 06QOLIeHHH,
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Ha ¢ur. 3 npuBeseHa cxeMa fefcTBHA YMHOxeHHd Ha F ciesa
BCEeX 3JEMEHTOB FPYNNH NepecTaHOBOK Tpex o6bektoB (7.E.1). Takoe
yMHOXeHHe mnpeobpasyeT KauAbift 3J€MEHT B 3/EMEHT, yKadbiBaeMbiit
cTpesko#l, HAyule#t OT paccMaTpuHBaeMOro SjeMeHTa. JTa CXeMa HJIIO-
CTpHPYET TOT (aKT, YTO COBOKYNHOCTb 5JeMeHTOB FR coBmajaer
C COBOKYMHOCTbI) 3JEeMEHTOB R, eclH nocaefHas obpasyeT rpynmy.

c

dur, 3. Cxematuueckoe
D y F  npencrapnenne  ymHoxe-
HHS KaXJA0ro SiaeMeHTa
rpynnul nepecTaHoOBOK
tpex o6bektoB (7.E.1)
Ha aaeMeHT F caeBa.

A B

To ke caMoe HMeeT MeCcTO He TOAbKO A1 F, HO M Ana Bcex 3Je-
MenToB S rpynnsl. CootHowenue (10.1) aBageTcAd NpAMBIM CJEICTBHEM
3TOT0 06CTOATENbCTBA.

Takoe ke cooTHOLIeHHe MOXHO ObIO OBl Cpasy YCTaHOBHTb AJ4
HempepHBHLIX TPYyNN, ecAH Obl B HHX MOXHO ObLIO BHIOpPaTh MHONe-
CTBA 9JIEMEHTOB CO CXOJAHBIMH CBONCTBAMH H €CJH NOCAEAOBATEIbHOCTb
STHX MHOXeCTB Morsaa 6bl ObThb BbIOpaHa Tak, yToObl MJOTHOCTh 3Je-
MEHTOB TPYNNbB B MHOXECTBAX YBEJHYHBAJach BCIOAY NpPH Nepexoje
OT OIAHOTO MHOXECTBAa MNOCJAe10BaTeJbHOCTH K ApyroMy. WubiMu cio-
BaMH, cooTHolueHHe (10.1) Morio Obl OBITb JerKO YCTaHOBJGHO AJA
HENPEepLIBHBIX Tpynn, eclH Ob MOXHO ObIJIO 3a4aTbh MOC/IeROBaTeb-
HOCTb KOHEYHBIX MOArPYMNN, 3/eMeHTH KOTOpHX 06pasyloT Bce Oonee
u 6o/ee MI0THOe MHOroo6paswe B mnpoctpaHcTBe rpynnel. K coxane-
HHIO, 9TO HEBO3MOXHO (3a HCKJIOYEHHEeM abesleBLIX TpyNMN); Hempe-
PbIBHbIE TPYNMMNBl HE MOTYT paccMaTpHBaTbca B oOLeM clydae Kak
npefenbHbit cayyalh koHeunwnix rpynn. Tak, Hanpumep, Hauboiee
0oOHpHO KOHeUHOR NOArpynno#t TpexXMepHOH Trpynne BpalleHHH,
3/IeMeHTHl KOTOPOH pacmpefie/leHbl NO BCEMY MNPOCTPAHCTBY TPYNMHI,
BI4ETCA Tpynna CHMMETPHH HKOCasApa, HMewwas JHwb 60 3ie-
MeHTOB, (TpexMepHas rpynma BpalleHHR HMeeT KOHeYHble TMOATPYNMbI
nopaaka o6oaee 60. OHH ABAAIOTCA, OAHAKO, IpYNNaMH CHMMETPHH
MJIOCKHX NPaBHJbHBIX MHOrOYroJbHHKOB H BOBCe He 3anoJHAKT npo-
CTPAHCTBO FPYNNbl PaBHOMEPHO,)

ITockoapKy 6G0JBIIHHCTBO HENpPEPHIBHHX T[PYMI He MOXeT paccma-
TPHBATbCA KaK Npele/bHble cJAy4YaH KOHEYHBIX TpYNN, aHajlOrH CYMM,
Bxofauinx B (10.1), AOMmkHBI HaxoAHTbcA ApyruM cnocobom. Ilnortho
3aMOJHHM NMPOCTPAHCTBO IPYNNbl TOUKaMH, Ecian 0003HAUHTD 3TH TOUYKH
yepes R, R,, ..., TO B o6lueM cay4yae HEBO3MOXKHO AOOHTbLCA TOTO,
4TOGb MHOXECTBO ToYek SR, SR,, ... COBNAajJa0 C MHOXKECTBOM TOYEK
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Ry, Ry, ... 1n1a Bcex S, KOTOpbie CAMH PACMOJIOKeHb MJIOTHO B MpO-'
crpaHctBe rpynnsl. OfHAKO TOUKH R, Ry, ... B MPOCTPAHCTBE rPyNMbI
MOXHO pacnoJOXHTb TakHM 00pasoM, uTOOBl nA4OMHOCML TOUYEK
SR, SR,, ... Oblia Tako#t :e BO BCEX HACTAX MPOCTPAHCTBA TPYMNHI,
KaK H niomuocms TOueR R;, R,, ... B TeX e 4acTaX TpPOCTPAHCTBA
rpynnbl, OTO MO3BOAAT HaM OMNpeAe/HTh HHTerpas mo rpymne, Ais
KOTOPOrO HMeeT MeCTO COOTHOLUeHHe, sABAfoleecs aHanorom (10.1).
Takum o6pasoM, cxeMa Ha ¢Hr. 3 3aMeHsieTCs ApYro# cxeMofi, B KOTO-
poft KOHUbI (OCTpHA) CTPENOK, H30OpaKaloWHX TOYKH SR,, SR, ...,
He COBMAj4alOT C HX HavyalaMu, T. e. TOukaMH R,, R,, ... OuHako
TJIOTHOCTb KOHUOB CTpeaoK OyAaeT BCIOAY paBHa NJOTHOCTH TOYEK
Ry, Ry, ..., U3 KOTODHIX OHH HCX0AAT. [IpH TakoM »HHBADHAHTHOM
pacnpeseeHHH® s M1060# HenpepLBHOM (YHKUHH B TMPOCTPAHCTBE
napametpoB J(R) paBeHCTBO

;}J(R,)= Zi]J(SR,) (10.2)

(rze R npoGeraet Bce MPOCTPAHCTBO MPYMNEL) HMEET MeCTO A Hempe-
PBIBHBIX (YHKUHH B TMPOCTPAHCTBE IPYNMbI, TAK KaK YHCJAO 3/E€MEHTOB
rpynnel B npaeo#t yact (10.2), cooTBercTByiOLLEe 3AEMEHTY 0ObeMa
B MPOCTPAHCTBE MAapaMeTpPOB OKOJIO SR, =Q, COBNalaeT C YHCIOM
37eMEHTOB Ipynmbl R;, cofepxkallHxcd B TOM e 3/eMeHTe o0beMa.

Ina yno6ctBa BbluHCIeHHH cymMa B neBo#t vactu (10.2) samensercs
HHTerpajiom

[I@®RaR=[I(R) g R)dp,dp, ... dp,,  (10.23)

rae py, Po, -+.» P,— NApaMeTpH 3jeMeHTa R, a HHTerpupoBaHHe
pacnpoCcTpaHAeTCcs Ha BCe 3HAYEHHs 3THX MapaMeTpPOB, KOTOpLIE OMpe-
[eJAI0T 3JEeMEHTH TPYIMbI, T, €. Ha Bce MPOCTpaHCTBO rpynnel. BecoBag
¢yHKung g (R) siBaseTcs mpocTo MAOTHOCTHIO Touek R, B cymMe (10.2)
B OKpecTHOCTH 3jemeHTa R. Jlemaa uacts (10.2a) npeactasiset coboit
cokpalleHHoe 0603HaueHHe WMHTErpaja B TMpaBoH 4YacTH; OH HasHBaercs
uumezpason I'ypsuya, WIH HHBADHAHTHBLIM HHTETpajoM MO MPOCTPAaH-
ctBy rpynnbl. VI3 HHBapHaHTHOH mnpupoabl MIAOTHOCTH g (R) caenyer,
YTO paBeHCTBO

fJ(SR)dR:fJ(R)dR (10.26)

CNpaBeAnHBO AJs BCAKOH HenpepbiBHOR ¢yHKUHH J B MPOCTPAaHCTBe
rpynnel (BCAKOH HenpepbiBHOH (YHKIHMH nNapaMeTpos TPYNNb) H AJd
KaXAO0r0 3jeMeHTa rpynnet S.

Ocraercqd /JMlUbL NMOKa3aTh, YTO B NMPOCTPAHCTBE TIpynnbl JAeHCTBH-
TeJIbHO MOXKHO TNOCTPOWTL HHBAPHAHTHYIO MNJOTHOCTb, H OMpPENeNHTDb
9Ty MJOTHOCTb. Mbl mofireM OOpAaTHBLIM NMyTeM: cHavyana HaljaeM nJoT-
HO.Tb H3 MpeAnoJoKeHHda 00. ee HHBAPDHAHTHOCTH, a 3aTeM NOKaxeM



Henpepoignsie 2pynnse 117

"HHBAPHAHTHBI XapaKTep NOJYYeHHOro pacnpefeneHus. Ilpexpe ueM
HAXOQHTb HHBAapHAHTHOE pacnpefefeHHe, c/AeiyeT 3aMeTHTb, YTO OHO
MOKeT OBITH Ompefe/feHO TOJBKO € TOYHOCTHIO OO MOCTOSHHOTO MHO-
JHTENS; ACHO, YTO €C/AH TJIOTHOCT g (R) HHBapHaHTHAa, TO BCAKas
MJIOTHOCTb, KpaTHad eft, 6yaeT Takxke HHBapHaHTHA. [110THOCTH BOH3H
ofHOM M3 TOYeK MOxeT ObiTh BHIOpPaHa NPOH3BONBHO; MH TPHMEM,
YTO MJIOTHOCTb B OKPECTHOCTH eAMHHYHOro siaeMenta g(E) pasHa g..

PaccmoTpuM Tenepb Manbift sneMeHT o6nemMa U B OKpeCTHOCTH
snemeHta rpymnbel Q (cM. ¢ur. 4). Ecau BenHuHHy sTOro sjaemeHta

dur, 4. Toukn Ha cxeMe £B-
AFI0TCA  TOYKAMH CYMMHpOBa-
Hus R; B (102); mnonoxeuns,
B KOTODbIE 3TH OTHEJbHbIE TOUKH
NepeBOAATCA IPH  YMHOMEHHH

crepa Ha Q7l, mokasaum cBer-

JALIMH  KpywkamH. B okpect-

HOCTH TOMXIeCTBEHHOrO 3JMeMeHTa

IJIOTHOCTH TOYEK H KPYXKKOB
PaBHBHL

o6beMa 0603HauuTh Yepes V, To B HeM HMewTca g(Q)V Touek cywm-
MHpOBaHHA., [IpHMeHHM Tenepb NOCTYJAT HHBapHAHTHOCTH pacmpese-
JIeHHS TO OTHOWIEHHIO K yMHOXEHHIO caeBa Ha Q™' Toraa sneMent
o6veMa U npeobpasyerca B saemeHT o6veMa U, (cM. ¢ur. 4), comep-
WalKH BCe TOYKH Q_IR, npuueM R Haxogutca B U. O603HauuM
BEJHYMHY 3jeMeHTa o6beMa U, uepes V; Torga 4YHC/IO TOYEK CyM-
MupoBaHua B U, nomkuo ObiTb paBHo gV, mockoiabky U, Haxoaurcsa
B OKDeCTHOCTH €IMHHYHOTO 3JeMeHTa. YHCI0 TOYeK CyYMMHpPOBa-
HHSA Q_IR, B TOM e caMoM o6beMe paBHo, ogHako, g(Q)V, rtak
4To TpeGOBaHHE HHBAPHAHTHOCTH AaeT g (Q)V = g,V,, Ham

gQ)= l,Vigo-

Becopas ¢ynkuua g (Q) npOMOpUHOHANbHA YBEJHYEHHIO, KOTOpOe
37eMeHT o0beMa 'BOAH3H  HCOBLITHIBAET TpPH MNPOGKTHPOBAHHH Ha
OKPECTHOCTb €AHHHYHOTO 3JEMEHTa NyTeM YMHOXEHH cJeBa Ha Q.

Uro6bl BuuHcAHTb VfV, nonycTHM, uto U COCTOHT H3 9J€MEHTOB
TPYNNH, TNepBbif NapaMeTp KOTOPHX JEWHT Mexay ¢, # ¢;-+4,,
BTOPOR — MeX1y ¢y H ¢o—+48,, ..., n-f mNapaMeTp JeXHT Mexny
g9, v ¢,+4,, rae ¢q;, ¢, ..., g,— napaMeTpn 37aeMenta Q. Toraa
obveM U pasen

V=A4A...4,.
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-1
Ec/H Npen0J0XHTb, YTO napaMerput saeMeta E=Q " Iq,, ¢, -.., ¢,
paBHbl Hya10, To oOveM o6aactw U, npu npeHeOGpekeHHH WieHaMH
6oJlee BBHICOKHX MOPSAKOB OTHOCHTENbHO A Gyaet. paBeH

(@7 A goe 0 94))ees PAQT gL gy s 44))
0= - . . . - . . . . . . . .

Q@ g g s 482, (Q7 g g0 s 4 HA))
- A1A2 cee All ><
><0[P1 (Q—l{rl» ooy "n})' Pz(Q—I {"h ) r,,}), 0oy Pn(Q—l {_"h aor r,,})l ,

d[rl, ra ...,rn}

npHueM Moc/elHee BBIPAKEHHE pulycageTca mnpH r, = p, (Q) =gq,,
ro=p(Q=q,, ..., r,=p,(Q)=gq,. Hanomuum, uto {q,, ..., q,} —
3JIeMeHT TpYmmbl € mapaMeTpaMu g, ..., g, 4 uto p;(R) ecTb [-#
napametp sJeMenta rpynnsl R. [lpu auddepeHUHpOBAHHH MO ¢, 3Je-

MEHT rpynnbl Q AOJkKeH pacCMaTpuBaTbhCAd MNOCTOAHHBLIM; NMEPEMEHHLIMH
ABJAKIOTCA TOJAbKO r,;1).

910 paBeHCTBO faeT And £ (Q) axob6uaH

olp Qg ... g ..., PR Q7 {q, ..., gu})]
o[qu veer Gl ’

BbiyHcAseMbit ipH ¢, = P, (Q), ..., ¢, = p,(Q) u aBasowHHca BHOR
¢GopMyIOH ANA MJIOTHOCTH, KOTOPYIO C/eAyeT MPHHATb B OKPECTHOCTH

sneMenta Q ¢ TeM, uTOOb moacTamoBka Q 'R, BMecTo R, He MeHana
YHC/a 3]€MEHTOB TDYNNbl B OKPeCTHOCTH TOX/JAECTBEHHOrO 3JEMEHTa,
HaoGopor, 3TO BbIpaxeHHE MOXHO paccMaTpHBaTb KaK MJOTHOCTH
BOH3H Q mocne nmoacTaHOBKH QF BMecto E, ecaH MIOTHOCTb BOIH3H
TOMXAECTBEHHOTO 3/eMeHTa Obila pasHa g, 4O TMOACTAHOBKH,

Ecan maotHocts Touek R, naerca BhipakenueM (10.3) B kamnoft

To4ke Q, TO MJIOTHOCTb TOYEK Q_IR, 6yseT paBHa g, B OKPECTHOCTH
eLMHHYHOrO 3/eMeHTa Aaa moboro Q. Kpome Toro, mioTHocTb Touek QR
Gyzner naBathCa BhipaxeHHeM (10.3) B oxpecTHOCTH Q, ecaH MJOT-
HOCTh TOYEK R, paBHa &, B OKPectHOocTH E, Tak Kak npeoOpasoBaHHe
R,—QR; nnwp BO3BpAlaeT TOYKH TyAa, OTKYAAd OHH ,MPHILIH®.
OTo cnpaBelHBO Takxke A4 J06oro Q. OmHaKo ClefyeT elle noka-
3aTh, WTO MJOTHOCTb TOYEK SR; naerca BmpamenneM (10.3) Bo BcakOH
Touke T=S5Q, ecin MIOTHOCTb Touek R, papHa (10.3) Bo BcAKOH
Touke Q. YroOw NOKa3aThb 3TO, pasobbeM npeoGpasosanHe S Ha ABa

-1

mHONHTeN: S =(SQ)Q . CornacHo mepBoMy 3aMeyaHHIO, MJIOTHOCTb
_I -

TOYeK Q 'R; B OKPECTHOCTH E€IHHMYHOTO 3/eMeHTa O6yjeT paBHA g

¢« e - . . . —

gQ)=g,

(10.3)

") 3Hauenns p, (Q) nas r, BBOXATCA nocae Auddepennupopanui, Pop-
myna (10.3) asaserca BmpakeHueM suna ,(0/0x) f(x, y) npu x = y*. Ecin,
HanpuMep, f(x, y) = x?y% 10 9f (x, y)/0x = 2y* npu x = y.
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CrefoBatenbHO, BTOPOe 3aMeuyaHHe MOXHO TPHMEHHMTb K pacmpefe-

JIEHH IO Q"IR,. 3ro ocywectsasercs 3ameHo#t Q Ha SQ =T u noka-
-1

8bIBaET, YTO MIOTHOCTh Touek (SQ)Q 'R, naerca supaxenneM (10.3).

B CHJAY acCOUMATHBHOCTH TPYNNOBOTO YMHOMXEHHS TOUKH (SQ)Q_IR,
ABAAIOTCA TOUKaMH SR,; TakuM 00pa3oM, MH TOKasa/H, 4TO MIOTHOCThb
3THX TOYeK Jjaertcsi supaxendeM (10.3) B mnpoussonvHolt Touke T,
eC/H TJOTHOCTb TOYEK R, BbIpakaeTcd TeM e paseHcTsoM, ur.
HIMIOCTPHPYET 3TO A0KA3aTeJbCTBO, OCHOBAHHOE, KaK JIETKO 3aMETHTb,
Ha CBOMCTBE ACCOUHATHBHOCTH YMHOXeHHS.

dur. 5 CxeMma (B Tex e 060-
3HayeHHAX, 9T0 M Ha ¢ur, 12
paslleleHHs MOACTAHOBKH S
BMecTo R Ha jBa 9rtana: Ha

noacraiosky Q'R BMecTo R

u noxacraHoBky SQQT!R s
OKOHYaTeJAbHOH TOYKH.

Pr

Crenyer saMeTuTh, YTO ecau J(R) HHrie He OTPHUATEJBbHO (T. e.
HH Aas oamoro R), To BhipaxkenHe (10.2a) Moxer oOpawiaTbCs B HYAb
TOMLKO B TOM cayyae, ecad J(R) BCIOLy paBHO HYJdK. D10 06CTOA-
TeAbCTBO CYIIECTBEHHO A/ HOBOTO BHBOJA TeOpeMbl 1 mpenbayineH
r/1aBbL,

PaccMoTpuM Temepp SIBHOe BHPaXeHHe HHBADHAHTHOrO HHTErpana
['ypsHua H TOKaxeM elle Pad myTeM NPAMOrO BLIYHCJIEHHA, YTO BHIOOP
(GYHKUHH MJIOTHOCTH, onpefieneHHol BbipaxenHeM (10.3), neicTBuTeIBHO
csoaut (10.26) k toxaectsy. Hurerpan B npasott yactu (10.26) paseH

[i®ar= [...[I((ry «ee. 1) &Py onv 1 dry.dry, (10.4)

rie HHTerpHPOBAHHE pACTPOCTPaHAeTCd Ha BCIO 006/1aCThb H3MEHEeHHs
napaMetpoB. [ToKaxeM, 4TO paBeHCTBO

[iwar= [ ... [Jr, ryoens rhgdry 1y 2ens DX

Xdry oo dr=[JSRYAR= [ ... [J(S{ry ryvees DX .
Xglry ro oo, rpl)dry ... dr, (10.5)

HMeeT MeCTO AJd BCeX SJEMEHTOB S, ecay TQIbko g(R) sanaercy
BuipaxerneM (10.3).
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CHayala BBeleM HOBble TepeMeliHble B MHTErpaje B NpaBOH uacTH
(10.5), a uMeHHO, mapaMeTpel X;, X, X, ..., X, NPOU3BEACHHS

X={x, X ..., X} =SR=S8{r|, ry ..., 1)

Hunaue rosop4,
X, =pp(S{ry, ro oo, ) (10.6)

ro=Pp(S7 (21 Xy oers X)) (10.6a)

OO6nacTe MHTErpHPOBAHUA HE MeHAeTCd, TaK KaK SR, Tak e Kak v R,
npoberaet Bcio rpynmy. Toraa noayuaem

fasrRarR=[ ... [1Siry ry-os ) ery 1 oo DX
X dr, ...a’r,,:f fJ({xl, Xy ooy X)X
o(ry, ryy ..., rp)
X g(R) o(xy xg ..., Xn)
rae R ¥ mapaMeTpel r; pacCMaTpHBAIOTCA KaK (YHKUHH NapaMeTpoB X,
cornaco (10.6a). Ecau tenepb B3ate g(R) u3 (10.3), To MOxHO

CKOMOHMHHPOBAaTb MOCJeHHEe 1BAa MHOXHTE/d NOAbIHTErpajbHOrO Bbipa-
®eHHd, COTNACHO TeopeMe O AKOOHMaHAX HeABHHX (pyHKuuH l):

dx,...dx

n?

of...p, (RN rocor V)] o(rpr)y
go 0[--.rk...] o(x[y DY ] xﬂ) _
ol...p, (R7Yr,oooor 1).o
= & [ k(o[...{xlk...] Dzl o

npu 3TOM akoOHaH Bbuucaserca npH r,=p,(R), ..., r,=p,(R),

-1
rae R ° paccMaTpuBaeTcsl MOCTORHHBLIM TPH AHddepeHUNPOBaHHH O X,
Tak ke kak H B (10.3), a napamerpn r, cuHTaRTCd QyHK-
uuamu  (10.6a) ot x,. Cnenosatenbho, ecam {ry, ry, ..., r,}=

-1

=S "-{x, X, ..., X,] noacrasleHo B pasexctso (10.7), To
=1o-1 -1

(B cuny R Is7l=x ) NoJy4aeM COOTHOLUeHHE

Of...py (X" {xp o0 2,)) -
£o | 'pk(o[..%k...]x"}) ]=g({x1,---r %)),

KOTOpOe BHUHCAEHO?) mpu x, =p,(X), ..., x,=p,(X). Takum
o6pa3oM, mpasag uacT, paseHcta (10.5) pefictBuTenvuo coBmapaer
C JeBOR ¢ TOYHOCTHIO 10 0603HaueHHH NepeMeHHbBIX WHTErPHUPOBAHHUS.

1) Ecau (10.7) nmeet MeCTO 141 POH3BOJAbHBEIX 3HAYeHHH MapaMeTpoB Ip,
TO 3’1‘? PaBEHCTBO CNpaBelJHBO TaKike IS 3HaueHus rp = p (R), TpeGyemoro
aas (10.3). .

?) 3HaueHus P, (X) mepeMeHHHIX X, TOACTABAAIOTCA 3Aech noCae Jaup-

¢epeHuuposanus,
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$opmyay (10.3) MOXXHO nepenmHcaTb ¢ HCHOAb3OBAHHEM PAaBEHCTBA
-1

Q - lqn 99 --+v 9, =e1, €y, ..., e,) =E, c NOMOLILIO KOTOPOTO
BBOAATCA HOBHIe MNEPEMEHHble ¢ BMeCTO MNEPEMeHHHX ¢, pPaccMaTpH-
BaEMBIX Ha KAKOH-TO MOMEHT Kaik cBOOONHO MeHsiwollHecs (Toraa kak Q
AB/NAETCA MOCTOSHHBIM 3/eMeHTOM rpynnbl). TeopeMa 0 sxoOHaHax
HedBHBIX (QyHKUMH naeT

O Py ((oy &y o &) -]

ol en. 1

= o[ P, (@ gy - g,) -] 0C )

o[-+ 4y -1 o)
rie ¢, — QyHKUMH OT ¢, T. e. ¢, = p,(Qle,, &, ..., e,}). Tak xak
pe(lel, e, ..., e,))=¢,, neBas 4acTb MOC/MEIHErO PABEHCTBA MPOCTO

paBHa 1 H, BBIpaXas g, Hepe3 e,, MBI MOJyyaeM

o[ p (@ (4 a,) ] _[dc--qk---)]“__,

T RRIGRANS
_ [0l m@ey ey
—[ 0[...1ek,__] ] . (10.8)

3HaueHHe BbLIPAKEHHA B JeBOR yacTH npu ¢, = p,(Q) pasHO 3Ha-
YEHHIO BBIPAXKEHHA B MPaBo# yacTu npu e, = p, (E). Toraa ansa (10.3)
MOXHO HamycaTh

-1
g(Q)=g0[ Olp (Qfen ... end) ..o Pa(Q{en ..., ea])] ] . (10.9)

9 [elr v eﬂ]

npuueM e, = p, (E), ..., e, = p,(E) (cM. npuMep Ha cTp. 182).

$axTuyecku#t pacyeT GYHKUMH NJIOTHOCTH g (R) AMd MHTerpana
I'ypBHUa YacTO BecbMa TPYAOeMOK, €CJH HeNnOCPeACTBEHHO BBIUHC/ATDH
seauduHbl B (10.3) uan (10.9). dna MHOrux uene# (B yaCTHOCTH, AAS
BLIBOLA COOTHOILEHHH OPTOrOHa/MbHOCTH I/, 9 NpHMEHHTENbHO K Hempe-
PLIBHBIM rpynnaM) TpebyeTcd JHWb 3HATb, YTO MHBAPHAHTHHH HHTE-
rpan cywecmsyem.

6. Jlad cMellaHHBIX HeMpPEepBLIBHHIX IPYNN HHTerpaa 'ypsulla Moker
ObLITb BBIpaXEH 4epe3 MHTerpaja [ypBHua A4 TOH YacTH TpyMnH,
KOTOpas CBA3aHa C €IAMHHYHHIM 3JeMeHTOM. (Q603HauuM 06JjacTb, CBs-
3aHHYI0 C e/NMHHYHbIM 3/eMeHTOM, uYepe3 (;, a ocTA/JbHBE CBSA3HHE
obnactn — uepes ®,;, &3, ..., @,

DneMenthl obnactH &, ob6pasywoT noarpynny (GaKTHYECKH, HHBa-
PMAHTHYI0 TOArpynny), npuueM @, dABIAIOTCA CMEXHBIMH KJAccaMu
no 3ToH noArpynne, Kak Mbl yxe Bufiesau Ha cTp. 119. Ecau B34Th
Nno OLHOMY 3/eMeHTy, HanpuMep A,, U3 kaxao# ob6aactu (3, To nyTem
yMHOeHHs Ha A, obaacte &, MoxHO cnpoextuposaTh Ha (&, Tak
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Kak Beca ofnacTe#f, KOTOpHe MOryT OBITb CNPOEKTHPOBAHLHl OAHA Ha
IpYrylo, paBHBl, TO MHTerpa’n

f[J(R)—I—J(A2R)—|— ce. +J(A,RIAR =

®,

=f[J(SR)—|—J(SA2R)—|— oo +J(SARNER, (10.10)
@l

B3ATHH no (;, WUHBApHAHTEH OTHOCHTEJLHO YMHOMXEHHs 9JEMEeHTOB
rpynnsl Ha NMPOU3BOJBHBIA 3neMeHT rpynnbl S. TakuM ofpasom, uHTe-

rpan T'ypBuua pand NOJHOM TpyNnbl MHBADHAHTEH, eC/H f...dR
®,

03HayaeT MHTerpai ['ypBuuA AAs npocTo HenpepulBHOW noarpynne ;.

Tak kak A,R npoberaeT BCe 3JeMEHTBl CMeXHOro kaacca ©,,
korga R npoGeraet noarpynny &;, TO A KaXIOr0 CMEXHOr0 KJacca
no &, B nesoit yactu (10.10) nossaserca no ogHoMy uneny. Ho npasas
yacTh (10.10) Taxke BKJIIOYaET MO OIZHOMY W/IEHY M/ KAKAOTO CMEK-
HOro KkJjacca; cMexHbilt kaacc O, = A/, npencrasied usneHoM,
B koropu#t Bxomutr SAR, ecin G, = A G, aBaserca cMexubM

KJacCOM, COJepKallUM S“Av. TTokaxeM, uTO

[JaRrdr=[JESAR AR, (10.11)
®, ®,

OTKyAa cJeayeT, 4YTO COOTBETCTBYWOLIMe UJEeHB B MNpaBo# H JesoH
yactax (10.10) paBHml.

Tycts S_IA, comepxuTca B CMexHoM kaacce A,®,. Tlycts TaKke
AT=S8""4, 1. e A,=ST'AT, rme T comepxurca B nom-
rpynne &,. Torma noncramoska storo Boipawenus B (10.11) naer

[JaRryarR=[J(s-$7'A,T7'R)aR= [ J(A,TT'R)dR.
®, @, ®,

3TO COOTHOLUEHHE, GUEBUIHO, CNpaBeaIuBO, TAK KaK €ro npasad 4acTb

oTAMuaeTcs OT JeBOM TOJAbKO TeM, u4To BMecto R crour T 'R,
a, COrJacHo runotese, unrerpan I'ypsuna no (, unHBapmauteH OTHO-

CUTEJbHO TaKOW MOJACTaHOBKH (T_l ABJAETCA 3/EMEHTOM @l).

OTo nokasniBaeT SKBUBAMEHTHOCTb BhlpaxeHud (10.10) unterpany
l'ypsuua ajd nOJHOW CMEIUAHHOM HEeNnpepeiBHOM rpynnel H OAHOBpe-
MEHHO CBOIHT €ro K HHTerpany, B3ATOMY NO TOH YacTH TIpYNNHI,
KOTOpass MpPOCTO CBA3aHA C TOMJECTBEHHBIM 3/eMeHTOM. (Bca ata apry-
MEHTaUHs CNpaBel/HBa, pasyMeeTcd, He Toabko Aaa &, Ho u AJsA
11000/ MOArpynnb ¢ KOHEUHBIM HHAEKCOM,)
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7. Vs cootHowenus (10.5) cremyeT TOYHO TaK Ke, KaK M AJId
KOHEUHBIX TPYMN, YTO BCAKOe MNpPeACTaBleHHe MOXHO Mpeo6pasoBarTh
B yHuTapHoe (ra. 9, TeopeMa 1), ecqH TOJBKO CXOAMTCA HHTerpan

[ D@R), DR, aR.

DTo BCeraa BHNOJHACTCA, €C/AH TOMbKO 00BeM IpyRRH de KOHeYeH,

KaKk, HampuMep, B cayyae rpynnul BpauwleHusd, CoOTHOIZHHe OPTOro-
HaMBHOCTH [Js KO3GhQHUUUEHTOB mnpeiacTaBieHu# (ra. 9, Teopema 4)
NPHHUMAET BUJI

[ D7 RYAD®" Ry dR = 222225 [ (10.12)

rie /,— pasMepHOCTb NpeJCTaBACHHA D™ (R). B cOOTBeTCTBHHU C 3TUM
COOTHOLIeHHe OpTOroHasbHocTH (9.33) AnA XapakTepoB NMPUHHMAET BHA,

[0 Ry x" (RyaR =2y [ dR. (10.13)



