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[TPABHJIA OTBOPA W TPABWIA
MHTEHCHBHOCTEH IPU YYETE CITMHA

[Mpasuna orT6opa, NMpaBu/ia MHTEHCHBHOCTER M TpaBH/Ja HHTEPBAJIOB
B TEOPHH, BKJIIOYAIOIWEH CIHH, MOXHO pasfeJuTh Ha [1Ba KJjacca.
[Mpasuaa mepBoro kJjaacca (mpasuaa l-—4, cM. HHKeE) CIAEAYIOT U3 COO-
Gpaxennft cummerpun 0Oe3 kakux Ob TO HH ObIJIO NpeanoJoMmeHu#
OTHOCHTE/IbHO BEMHYHHB CIHHOBBLIX CHJA. OTH TparHJa Kak TMO coxep-
KAHHIO, TAK H 1O 00OCHOBAHHIO BECbMa CXOAHBI C MPABHJIAMH NPOCTOR
(6eccnuHoBoft) Teopun (cM. ra. 18), xoTopble CBA3aHbI C HHBApHaHT-
HOCTBIO OMNEpaTopa SHEPrHM OTHOCHTEJNbHO BpalUEHU® M OTpaxeHHH.
Jana BHBOJA NpaBuA BTOPOTo kJaacca (npasuna 5—7, CM. HHXe) olHOH
JHIIb H3OTPOMHOCTH NMPOCTPAHCTBA HENOCTATOYHO; HTOOB BLIBECTH HX,
CAefyeT Takke TpPEANoNOKHTb, YTO CIIMHOBbIE CHJIbBI Majbl 1O CpaBHe-
HHIO C 3JIEKTPOCTATHYECKHMH CHJIaMH TIPOCTOH TEOpHH, TaK uyTO OG-
cTBeHHbie QYHKUMH H COOCTBEHHbE 3HAYEHHS MPOCTOH TeOpHH Cymie-
CTBEHHO He MeHAIOTCS TpH BBeleHHH CTHHA B omepaTop ['aMuabToHA.

1. Tlpasuno orGopa AAS KBaHTOBOrO 4YHCJAA TOJHOTO MOMeHTa
COBNafaer ¢ npasuaoM or6opa N OpOUTANLHOTO KBAaHTOBOTO YHCIA
B npocto#t Teopuu. [IpH mepexone, CBABAHHOM C AHMOJbHBIM H3Iyue-
HueM, J Menserca Ha L1 uan O ¢ JOMOJHHTENLHBLIM OrpaHHUEHHEM,
YTO NMepexonbl MexAy ypoBHsaMH ¢ J=0 sanpeiueHnl. I AHNOJLHOTO
H3Jy4YeHHs XapaKTepHbl MaTpPHUYHEIE SJEMEHTH BeKTOPHBIX ONEpPaTopoB
(yMHOMeHHe HAa X+ Xo—+ ... X, H T. A.), a 3TH MarpHyHbe
9JIEMEHTHl HCYe33I0T, €CJAH BHILEYTOMSHYTHIE YCJOBHS HE BBIMOJHEHBI.

Hanee, npasuno orGopa nas yeTHocTH (Mpasuno Jlanopra) ocraercs
B cHne, Tak kak oneparop (), coenamaer ¢ onepatopoM P; mpocrott
reopud llpeannrepa. Bce MaTpHYHHE 3JeMEHTHI

L J

(lIrF’ vxlIrE)t (lIrF’ VlerE)p (lIro vlerE) (23'1)

A1060r0 10AAPHO20 BEKTOPHOTO omepatopa oOpawaioTcs B Hy/b, eCaH
yeTHoCTH Wr U Wg coctosHult Wr u Wg onuHakosbl. [lpH uHBepcHH
oceft MOJAPHBI BeKTOP COXpaHAeT CBOE HampaBJieHHe, TaK 4YTO €ro
KOMIIOHEHTH MEHAI0T 3HaK, T. €.

OV, 0r'=—V,.
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Tak xak OVr= wr¥r n O/¥Yr=we¥g, 3 yunrapuocru onepato-
pos Q; caenyer, uro

(Tr, V,¥)=(0/Yr, OV,07' O¥5) = —wpwp(¥r, V,¥p).

TakuM 00pasoM, MaTpuuHble 3jeMeHTbl (23.1) nomxHbl oBpamarbcs
B Hyab, eciH Wr n Wr HMEIOT ONMHAKOBYIO YeTHOCTh. (AHANOTHYHELIM
00pa3oM MOMHO TOKas3aTh, YTO MATPHYHBIR ojeMeHT axcuaLvHO20
BEKTOPHOTO onepatopa paBeH Hymo, ecih Wr u Wr umeor pasany-
HYI0 4eTHOCTb.)

[TockoAbKY YETHOCTb YPOBHS OCHOBHOH CTPYKTYpbl cOXpaHseTcs
BO BCEX KOMIIOHEHTaX TOHKOM CTPYKTYPhl, Mpapuno Jlanopra npume-
HHMO B paBHOH CTEeNeHH KO BCeM KOMIIOHEHTaM ypOBHA OCHOBHOM

CTPYKTYPHI.
Ecau CTIEKTp COCTOHT TOJbBKO H3 llyﬁ.'leTHblx ypoBHeﬁ ¢ YETHOCTbIO

w = (—1)L. kak, HanpuMep, B CHEKTpe BCAKOrO Bojnoponomono6HOro aToma,
M3 TIpaBHA OT6Opa Al J M W CJAENyIOT TAaKXE MpasBuna or6opa aasi L.
Cornacuo mpasuny Jlamopra, L MOWeT MEHATbCA TOMBKO HA HEYETHOE WHCIO;
paspenieHo uaMeHenue L Ha 1, HO He Ha 3 u Gonee, Tak Kak B 3TOM Clyuae
J(=L £ !];) namensniocs 66t Ha 2 uau Gonee, UTO Bejer K 3amnpery.

lpaBuno, uro TpaHCHOpMAalUHOHHbE CBOHCTBA He MeHAOTCA NpH
NepecTaHoBKE SJEKTPOHOB, Yke CONEPMUTCH B yTBepXAEHHH O TOM,
YTO BOJHOBHE (YHKUUH, KOTOpble BCE AHTHCHMMETPHYHH, OCTAIOTCH
AHTHCUMMETPHYHBIMH TIpH  RPOU3BOLLHOM BO3MY1UEHHH (He TOJBKO
MO BJHSAHUEM H3JYYEHHS).

2. B maruutHoM noJje, napajjaejibHOM OCH Z‘ YPOBHH C KBAHTOBBIM
YHCAIOM j paclenasiores Ha 2j -1 3eeMaHOBCkux kommnonent. ,lMpa-
BHJAbHbIMH JHMHeHHLIMH KOMOHHAUMSIMH® I/ BbyucJEHHS MAaTHUTHOM

SHEpPrHH KaK BO3MYIUEHHS ABAAOTCA CaMM (dYHyuuu lIfl{ KaK H B 1po-

crott Teopun. Ecau omepatrop Op npumenserca k ¢ynxuuam U,
npuyeM K ecTb BpalleHHe Ha Yroad o BOKpyr ocu Z, BOJHOBas
b ynKnus ‘I"l{ MPOCTO yMHOXKaeTcs Ha e'*®, MarnurHoe mO/e MOJHOCTBIO
YCTpaHfA€T BLIPOKIAEHHE, B MArHHTHOM TIOJ€ KaXaoMy C06CTBeHHOMy
3HAYEHHI0 TIPUHALJIENHT TOMbKO OAHA COOCTBeHHas dyHKILMSA,

[MycTh BCcrOMoOrarebHEIR oneparop Hy, B KOTOpH# BXOAHT MAarHUT-
HOe MOJe, Pas/loxeH B DN MO CTENEHSIM KOMIOHEHT HATPSKEHHOCTH

noas &¢,, H,, H,:

Hy= (¥, V,+ BNV, + N+ (F Vet .. )+ ... (23.2)
Torna xospduumentst V., V,, V, npu mneppo#t cremenn KOMKHBI
00pa3oBbIBaTh aKCHAJNbHHE BEKTOPHBI! ONepaTop, tak kak camo noJe &%
ABJISETCSl AKCHAJbHLIM BEKTOPOM, a Oneparop H, B UeJIOM NO/KEH
ObiTh cKansapoM. [lepBoe TNpHOIMXEHHE IS SHeprMH BO3MYLUEHHS,
00yc/osnenHo#t B3aMMOLEHCTBHEM C MATHHTHBIM TIOJIEM, KOTOpO€ Ha-

npaBieHo 1o ocu Z, ) .
&, (%, V%)),
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COTJIACHO pOpMYJe AN MaTPHYHBIX 5JIeMEHTOB BEKTOPHBIX ONEPaTOPOB,
TNpONOPUHOHAABHO . [CM. cpeddiolo dopmyay (21.196)]. IMosromy pacs
IENJEHHE B MarHHTHOM TIOJe TPOMOPUMOHAJIBHO TNepBOR CTeneHH
HaNpSHKEHHOCTH TOJA TNpH cAabbiX TNMOJAX, TpPHYEM MEepBOHAYAILHBEIR
ypoBeHb pacuienafgerca Ha 2j+4-1 paBHOOTCTOAIWUX KOMNOHeHT. ORHaKo,
B MPOTHBOMOJIOXHOCTb DACIUEN/IEHHIO B NMPOCTOR TEOpHH STO paclle-
IUIeHHe He OJAMHAKOBO NJS BCEX YPOBHEH M He MOMET GBITh BBIYHCJIEHO
B o6mieM BHle. OHO MoxeT OBITb pacCYHTaHO HHCJAEHHO TOJBKO AJs
»HOpManbHO# CBA3H“, T. €. eCaH BhipaxeHue (22.27) apasercs xopo-
UM TIpHOJIHXKEeHHEM AAs COOCTBEHHbIX (DYHKIUBR.

Mnaye oOCTOMT Mel0 € COOTHOLIGHHAMH WHTEHCHBHOCTeH 3ee-
MaHOBCKHX KoMnoHeHT. Cuaa JMHHM, COOTBeTCTBYIOLER Tnepexony
C 1-KOMINOHEHTH 0oJjiee BBLICOKO JIealEro YpPOBHA Ha {1 -KOMIOHEHTY
Gosiee HM3KOTO YDPOBHS, C TOYHOCTBIO A0 YHHBEPCAJAbHOTO NMOCTOSHHOIO
MHOXHTeJs paBHA KBaapaTy aGCOMOTHOR BEJIHYHHBI OJHOTO H3 MaTpHy-
HHX 3JIeMEHTOB

e 1 g
(wll:”' zzkll"’:yj) ﬁ(qﬂ:}’ z(xk—Fi)’k)ws"j):
k k

1 Nj Nljy
- W7, —z(xk———tyk)‘l"w >,
V2< -

B 3aBUCUMOCTH OT TOrO, SIBAAETCS JH CBET TOJSPH30BAaHHLIM COOTBET-
CTBEHHO 10 OCH Z, 1O KPYry BIPAaBO HWJH BJIEBO OTHOCHTENbHO OCH Z,
OTH TPH BeJMYHHBI NPEACTABAAIOT COGOR MaTpHyHble 3JEMEHTBl Tpex
pasnnunbix kommoHent (0, —1, +1) BexTopnoro oneparopa. Wx or-
HOIIEHHA TpPH PAa3AMYHBIX ., P/ H TONAPH3ALUHAX MOXHO MOJMYYUTH
HenocpeacTBeHHO u3 BhlpaweHutt (21.19). DT dopMmyabl NOKasbIBAIOT
TaKKe, YTO MArHHTHOE KBAHTOBOE YHCJO {» MOXeET H3MEeHATHCA TOJIbKO
Ha O (w-KoMmoueHTbl) AW 1 (o-KoMmoHeHTb). OTHOCHTEJbHblE HH=

TEHCHBHOCTH B Nepexolax, Hampumep ¢ j—>j— 1, pasubl
Ap—)p—l_—:(j_'_l"‘)(j_'_l"‘— D,
Ay =20 +wm{ —1) (23.3)
Apspir=0J—p—10G—p).

CyMMa 3THX Tpex BHIpaxeHuH, npeacrapasioumas co6oit BEpOATHOCTh
nepexona ¢ 6ojiee BLICOKOTO YPOBHA C MaTHUTHBIM KBAHTOBbIM UYHCJIOM (L
Ha BCE 3eeMaHOBCKHE YPOBHH 060/lee HH3KOTO YDOBHA, OAMHAKOBA AJs
BCEX 3€eMAHOBCKMX KOMIIOHEHT BEDPXHEro YpOBHs, T. €. HE 3aBHCHUT
ot p. To e caMoe CrpaBelJMBO 1] CyMMbl BEpOATHOCTEH Mepexonos
IJf BCeX JHHHE, uMelOwMX OOIM# HHKHHR 3eeMaHOBCKHH ypOBEHb.

AT0 npasuso cymm 08 sepoamuocmel nepexodos HUMEET Npo-
croe ¢uauyeckoe obocHosanue. Cymma Tpex BblpaxeHu#t B (23.3)

N
ABAAETCS NONHOR BEPOATHOCTHIO mepexona u3 cocrosHus W' Bo Bce
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COCTOfIHUS, IHEPTUU KOTOpLx COOTBETCTBYIOT HHXHeMy yposuio. Ho
TaK KaK COCTOAHHuS ‘I"XL’ C pa3inyHbIMH P NpeoOpas3yloTCa B JHHeHHbIE
KOMOMHAUHH TeX Me COCTOSHHUH NPH BpAllleHHAX OCel M NOSTOMY OT-
JMYAIOTCA /MWL BpAlleHHeM M TaK Kak NOJHAs BePOATHOCThL Nepexona
He NO/KHA 3aBHCETh OT BpalleHH#, OHAa He MOXKET 3aBHCETb OT .

MareMaTHu€CKH NPABHJIO CYMM MOXHO BBHIBECTH HaunGoJee APOCTO C IO-
Mouipio cooTHourenus (21.18a), ecan COCTaBHTb BHIPAXEHHE

Tsn i =2 X D0 (R, DY) (R),,, D) (R);, D (R),, X

voy' Ath'
®
X DYV (R, D (Ryyrr TR, e jror TR e jrae-

Ecan TpocyMMHDOBaTh 3TO BbIpaXeHHE 1O [ M p, TO B CHAY YHHTAPHOCTH
) u D nepehie ueTsHpe MHOXuTENl B TNpaBoil uacTH 3aMeHATCA Ha

d
A °

Torlla HHTErPHPOBAtiHE 10 BCE€M BpaAllleHHAM JHA€T, €CJAH YUYECTb COOTHO-
IIeHHSl OPTOrOHAJbHOCTH,

1 5
N T8 = m2| T oo [ (23.E.1)
wp voy'

9To HelocpelcTBEHHO MOKasbBaeT, uTo cymMa (23.E.1) ne 3aBucur or p’,

3. daexTpHuecKoe noje, napaadelbHOe OCH Z, pacluenseT ypo-
BeHb C MOJHHIM KBaHTOBLIM UHCJAOM j Ha j— 1 KOMIOHEHT B cayuae
YeTHOrO UHCJA 3JEKTPOHOB, KaK H B NpOCTOH TeOpHH, KOTOpas 06-
cyxnasacs B . 18. OHH NpHHanAeKAT mpencTaBJie HHAM

3(1’), 3(1’—1)’ e, 3(‘2), 3(1)' 3(0) WIH 3(0')

IByMepHOH# rpynnbl BpauieHH#t u oTpaxenut. [locaenHuHt ypobeub

npunanaexur npexcrasaennam 3° uan 3, ecan w (—1) paeno coor-
peTcTBeHHO —1 uau —1. [lpaBuaa or6opa us ra. 18 MOmHO Take
BBIBECTH 3/1€Ch TEM e CHOCOOOM, 3a TeM JHIUbL HCKJIOUEHHEM, uTo L
CJelyeT 3aMeHHTb Ha j.

Addexr llltapka B cayyae HEYETHOrO YHCJAa 3JeKTPOHOB Oyner
pzccmoTpen Gonee monpobro. PaxTHueckH caM pe3y/bTaT MOXHO MO-
Jy4YHTh BecbMa mnpocto. OnHako 3AeCh eCTb ONHH NPHHIMAHATLHBIA
BOMpOC, KOTOpHIK caelyeT OOCYMHTb.

Tpynnocte BO3HMKaET Bcnencwue TOro, YTO KawIOMY BPAILeHHID R
COOTBETCTBYIOT 1BE MATpHILEI + 2Y(R). To e camoe mmeer vecTo
48 HecOGCTBEHHBIX BpalideHHit:

U RN = o (R),

Touar k2 wusepcun coorseTcTyeT OAna Marpnua + wi. OaHAKO 5icKe
TPIHeCKOe NOJE (HUMaeT CHMMEIPHIO OTHOCHTCTLHO HHBEPCHH, H, XOTA
OCTAi0TCS MIIOTHE HecOOCTBEHNLIE BPalleHHs, COOTEETCTBY IOLIHC MATD HILbl
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OCTAIOTCA TeMH e B CHAY HX [IBY3HaYHOCTH, HE3aBHCHMO OT TOrO,
w=-+1um w==—1. ITo NOKa3LIBAET, UTO HEKOTOPHI} CylLIeCTBEH-
HHH 3/7eMeHT OKa3a/ics TOTePSHHBIM BCJENCTBHE ABY3HAYHOCTH. s
HEKOTOPEIX ONpeNeNeHHBIX CBOMCTB CHMMETPHH 3TO ReHCTBUTEJBHO
Tak. B ciayuae e rpynnel CUMMETDHH B SJEKTPHUECKOM TOJIE HHE-
crepyowuit 60nee NOAPOOHLI aHANH3 He TNPHUBORHT K KakHUM-au00
HOBHM pe3yJbTaTaM, KpOMe OUEeBHAHBIX.

Yro6bl MONYYHTb OJNHO3HAYHLIE TPENCTaBAEeHHs, BCTIOMHHM, UTO AJd
HEUYETHOrO YHMC/Aa SJEKTPOHOB BpallaTeJbHas CHMMETDHS BBIPXKAETCH
¢ nomowpio oneparopoB (g, KOTOpHe 06pa3yloT rpymnny, u3oMopd-
HyI0 1BYMepHOR yHuTapHo#t rpymne. YToObl BEIpa3HTh HHBapHAHTHOCTD
OTHOCHTEJNBHO HecOOCTBEHHBIX BpalleHu#, BOCHOJNb3yeMCS ONepaTo-
pamu Q;Qy. Habop oneparopop Qu—=10Qy,, 0O;O4 npeacrasaser
coboft mpsMoe mpou3aseacHue rpynmel orpaxennfi (Op=1, Oy)
H rpynnel onepatopoB Q. Ecan o603Hayuts OOIWMA 3JeMEHT TpyNmbl
NPSIMOrO TPOM3BEAEHHS TPYNNBl OTPaXeHU# M yHHTapHOR Trpynmerl)
yepes 3, TO TIOJHasA CHMMETPUS OTHOCHTEJNBHO BpalleHH# M OTpaxe-
HU# MOxeT ObiTb BEIpaXeHa C moMowplo onepatopos O, KoTOpEE
00pasylor rpynny, u30MOpdHYyl0 rpymme 3. DJEMEHTHl 3 M 06 co-
OTBETCTBYIOT JHOO YHCTHM BpAILEHUSIM, H B 5TOM CJyyae 3 HMeEeT
UL Eu, 1u60 HecOGCTBEHHLIM BpallleHHsIM, H B 3TOM CJyuae 3 HMeeT
pul fu. ONHAKO Ka}[OMy BpalleHHIO, COOCTBEHHOMY HJH HeCOOCTBEH-
HOMY, COOTBETCTBYIOT 1Ba 3 WM Oj.

Ecan HaknanplBaeTcsi BHEIUHEE TOJE, TO ONEPAUHsMH CHMMETDHH 2)
OCTAIOTCSl TOJMBKO T€ §, KOTOphle COOTBETCTBYIOT BpAaLIEHHSM, CO0-
CTBEHHBIM HJAH HeCOOCTBEHHHIM, NPHHAMIEMALIMM Tpynne CHMMETPHH
cucreMel BO BHewiHeM moJte. CooTBeTcTByMOIMe MM Matpuibl D (3),

0,¥, = § D®),.,Y%,. (23.4)

o6pasylor (ORHO3HAYHOE) NpENCTaBJeHHEe TpYNIbl COOTBETCTBYIOILHX 3,
a pasnaHyHble YPOBHH CHCTEMbl B T0J€ MPHHAMJIEWKAT PasJUYHLIM mpen-
cTapleHusIM 3TOH rpymmbl. I'pynma cuMMeTpun CHCTeMbl He H3OMOpdHa
3TO#t rpynne, a (ABYKparHo) roMoMopdHa, Tak Kak ABa § COOTBET-
CTBYIOT KamJIOMy H3 €€ 3JEMEHTOB.

B c/ayuae ONHOPORHOTO 3JEKTPHYECKOrO NOJs, NapasiebHOro ocH Z,
K I'pyirne CHMMETPHM NpHHAAMENKAT BpalleHUs BOKPYr Z M OTpaxeHHs

1) TaxuM 06pa3oM, BeAHYHHL § SBASIOTCA 3JeMeHTaMu a6cTpakTHOH
rpynnel, Ho He Matpuy, a nmap Ju, rae J ects ambo E, aubo I, a u ecthb
BJeMEeHT YHHTapHOA rpynmel. 3akon yMHOxeHns (cM. ra. 16) nMeer Bua
Ju  Jyuy = JJ uu,.

2) JT0 3HAYMT, 4TO TOJIBKO OHH TIO-NIpExHeMY NMpeobpasyioT cOGCTBEHHbIE
$yHKIMH 3371aHHOrO0 COGCTBEHHOrO 3HaueHusl B COOCTBEHHBIE QPYHKIIMH TOrO Ke
COGCTBEHHOrO 3HaueHud,
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B TJOCKOCTAX, Npoxoasiux uepes Z. Bpawenusm Bokpyr ocu Z
Ha Yrol a COOTBETCTBYIOT MaTpHLUH

1 )
0 e? 0 —e
(—r<agn) ) (23.5)

[cm. (15.16)]. OTpamenue B maockocTH ZX dBASETCS NMpPOU3BELEHHEM
HHBEPCHHM M BpalleHHs BOKpyr ocH ¥V Ha yroa w. [losToMy cooTBet-
CTBYIOLLHE 3 HMEIOT BHI

0 —1 , 0 1
3y=1 1 0/ 3y=1 _10) (23.5a)

Mpoussenenns (23.5) 1 (23.5a) COOTBETCTBYIOT OTPaXEHHSAM B ADY-
rMX TJIOCKOCTSX. B TmpeacTaBieHHH NPAMOro MpPOM3BeNEHHS TpYIIEI
OTpaKeHMM W YHUTAPHOR Trpynmel, NpHHALJEHAlLLEM YDOBHIO C ueT-
HOCTBIO @ H TMOJHEIM KBAaHTOBEIM YHCJOM J, MaTpHIbl, COOTBETCTBYIO-
e 3JeMeHTaM rpynmel (23.5), MMelOT BHA

e=il ... 0 e-iie .. 0

DGB)=| - -, p@E)=—1 - .. (23.6)

. . . .

0 ... el 0 ...ele

AHaNOTHYHEIM 06p330M MaTpHUE, COOTBETCTBYIOLIHE SJEMEHTAM IpYIIIb

(23.5a), pasHHl

0 O ... 0 fw\
0 o ...
D@y)=|" . . . D(3;) (23.6)
0 —w ... 0 0 |
w o ... 0 0]

{npu sToM B (15.21a) creayer noacrasut a =0, b=—1 a1 3, u
a=0, 6=-+1 aas 3)',] Marpuun (23.6) u (23.6a) m ux npousse-
IeHust o6pa3yloT TpeiCTaBieHHe TOH NOArpynnH TpPAMOro MpOH3Be-
IeHHs TPYNAH OTPaMEHHK M YHHTAPHOM TrpymmEl, 3/MEMEHTE KOTOpOH
COOTBETCTBYIOT 3J/EMEHTAM CHMMETPHH CHCTEMEl, OCTAIOIMMCH H TIpH
Ha/IAYMH 3JEKTPHYECKOrO NOAS. TO TNpeAcTaBJeHHe MOxeT OHTL npu-
BEJEHO MyTeM nepeMeHH MOopsAKa CTPOK M CTOJAGUOB TaK, UTOOHl OHM
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Haxomamwitucs B mopaake — j, j, —j+1, j—1, ..., — 1 1y

sMecto —j, —Jj+1, ..., j—1, j. Torna oHO pacnajaetcs Ha
NOC/E10BATENLHOCTS ABYXPAAHBIX HENPHBONMMBIX TpEACTaBIeHUR

—Iima — p—ima
7™ (3,)— ¢ 0 7™ (31) = ¢ 0 (23.7)
a 0 elme |’ 3 0 — gime

H

0 — 0
(23.7a)

rae m NPpUHUMAEET 3HAYEHHS

m=J J—1 J—2 o, (23.8)

TaK YTO ypOBEeHb C KBAaHTOBHM YHCJOM TOJHOrO MOMeHTa j paciuen-
AseTcs Ha j -1/, LITAPKOBCKUX KOMIOHEHT C 3JEKTPHYECKHMH KBaH-
TOBEIMH ukcaamu (23.8).

B o9ToM cayuae oOkaswiBaeTcs, UTO NpelCTaBAEHHS Z™ g
w=-+] 1 w=—— 1 9KBHBaJeHTHH, TaK KaK OHH MOryT OwITb npe-
o6pa3oBaHbl OLHO B ADPYroe ¢ NMOMOLIBI0 MAaTPHILEI

(50

TakuM 00pa3oM, YPOBHH C OJNMHAKOBEIMH 3SJEKTPHYECKHMH KBaHTO-
BEIMH YHCJ3aMH, BO3HHKAIOIHE M3 YETHHIX M HEUETHHIX YPOBHeH, HMEIOT
OlMHaKOBEle TpaHchOPMALHOHHBE CBOHCTBA, M npasuia orbopa Oyayt
WISl HUX OAMHAKOBHMH. JTOro CJAel0BaJ0 OXHAATh, TaK KaK MNPaBHJIO
JlanopTa HempHMeHHMMO B 3JEKTPHYECKOM ToOJe TaKme H K YETHOMY
YHCJAY 3JEKTPOHOB, @ €NUHCTBEHHLIM pAa3iHYHeM Mexiy YPOBHSAMH,
BO3HHKAIOILMMH OT YeTHHIX HJH HEUETHHIX YpOBHel, fIBJseTcs Nos3Je-
Hue ypoBHe#t O u O’ cooTBeTcTBeHHO. A5l HEYETHOro YHCAA HJEKTPO-
HOB Jaxe 3Ta YepTa, CBA3aHHAs C YETHOCTHIO, HCYe3aeT, NOCKOJBKY
ypoBHH O u (' He MOTyT BO3HMKaTh.

4. Ecin onepaTop BOSMyILEHHS AJf 3JeKTPHYECKOrO TOJS pasio-
KUTb B paf Tuna (28.2), TO M3 NOJAPHOH MPHPOAB BEKTOpPA 3JeK-
TPHYECKOrO noas chaedyer, u4to Kosdduumedts V,, V,, V, DOMKHB
ObITh KOMIIOHEHTAaMH IOJAPHOrO BekTOpa. [lO3TOMYy MaTpHYHblE 3Je-
MEHTHI

(w7, va),

KoTophle Moriau Ok ONHMCHBATL 3¢¢exT, NPONnopuHOHAILHEHA NepBoH
N,
CTeNEeHH HaNpsMEHHOCTH TOJs#A, o6palaiTcs B HyJb, TaK Kak lI"pj
N
u ‘I"pf’ HMEIOT OJMHAKOBYIO YETHOCTb
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PaculenseHue, BO3HHKalOllee BO BTODOM NPHOJNHMXEHHH, MpO-
NOPUHOHAMLHO $2; MOWKHO MOKa3aTb, YTO B STOM NpPHOJMKEHHH CMe-
LleHHe U pacliernVIeHHe TPONOPLHOHAMBHB 2,

5. BOMbWMHCTBO M3 BEHIBEAEHHHX A0 CHX NOp NpPABHJI B TOH Mepe,
B KaKoH OHH OTHOCATCS K H3OTPONMHOMY CJyYalo, SIBJSIOTCH UYaCTHHLIMH
cayyasMu cootHoluenu#t (21.19): ’

(P) — .
TNjp; N1yt = SJJ'M Bute, w TN N - (23.9)
lMocneaHee paBeHCTBO TO3BOJAECT ONpPENENHTh OTHOLIEHHE MAaTPHUUHBIX
9JIEMEHTOB
(p) NJ TengN'J'
TN Ny (lpu TV )
— N NI r ’
T o oo (e, Tehel'TTy

(23.9a)

: N' ryr
ecJIM COOTBETCTBYIONIHe coberBenHbie hynkuun ¥y’ n UM 3 rakme ‘Iff:’:j
r e
n WY/ TpHHAAJIeKAT OLHHM H TeM Ke COOCTBEeHHHIM 3HaueHHAM Ejv
r
H E?f (T. €. €CAH OHH SIBASIOTCA TAPTHEPAMH) M eCiH onepaTopbl T

# T aBAAIOTCA KOMIOHEHTAMH ONHOTO H TOTO K€ HEMpuBoOUM020
MeH30PHO20 ONepamopa

Or'T?0r =X D (R),, T°. (23.96)

Ckansipu, coorserctByiomue npeacrabiennio D, u BekTOpH, €OOT-

BETCTBYIOLLHE DY, u 1. 1. seamoTcs HeNnpHBOLHMEIMH TeH30PaMH.
Beauunnu Tyy; arjr B (23.9) 9BJAAIOTCA UHCAAMH, KOTOPHE HEb3s
onpeleJuTh OOLIMMH METOAAMH, TaK KaK OHM 3aBHCAT OT Habopa ome-
paropos T H OT YaCTHOro BHAA HCHOJB3YEMOrO IaMHJbTOHHAHA.

o cux nop HaM BCTPeTHJACh JHIIL OAHa (OPMyJa, KOTOPYIO
Hear3s Oblno sanucats B BHie (23.9). Dro 6un0 coorTHoweHue (18.8)
Anst HOpMaJeHOro s¢dekra 3eemana. [Ipu BuBose ero OHJIO yuTeHO,
YTO paccMaTpuBaeMHit BeKTOpHHI omeparop L, ompefenseTcs COOTHO-
weHueM (17.8), T. e. HMeeT BHA

0
L,=— m.(WP{WO} (23.10)

npu ¢==0. B apyrux cayuasx BEBOA NpaBHJ, BBIXOAfILHX 33 PaMKH
cooTHoweHHs (23.9), BO3MOMEH TOJbBKO C TIOMOILUBIO NOTOJHHTEJBHBIX
NpeATONONEHHH HIAH npubanxenutt.

HanGonee BawHLIM IpPEANOJOXEHHEM 9TOrO POAA sABJAETCA NONY-
IleHHE O ,HODMaJbHOH“ CBSI3U MewAy CHHHOBBIM H OpOHTAJBHHM
MoMeHTaMH, uan CBs3H Peccena — Caynnepca. [lono6GHas cBs3b mnpel-
noJarajsach B NMpeAblAyllieit riaBe; OHa XapaKTepHU3yeTcs paclieneHHeM
TOHKO# CTPYKTYpH, KOTOPOE€ MaJO MO CpPaBHEHHIO C DPAaCCTOAHHAMH
MEXAY COCeIHHMH YDOBHSMHM OCHOBHOM CTpPyKTypH. B 9Tom cayuae
MOXeT ObITh ONpeleseHO He TONbKO KBAHTOBOE UMCJ/IO MOJHOIO MOMeHTa,
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HO H COXpaHeH CMEIC/] TOHSATHH MYJBTUIIETHOO YHCAA M OpOGHTalb-
HOI'O KBaHTOBOIO YMcJa. JTO TOJE3HO BHIPa3HTb B fIBHOM BHAE, 3aMe-
HuB cumBoa N Ha Tpofino#t cumBon NSL nas yposHelt ¢ oaHHM H
TEM e KBAHTOBHIM YHCJOM J, rae S — MyJbTHIAETHOE uucao, L — opbu-
TaJbHOE KBaHTOBOE YHCA0, a N CIYMHT TONLKO IJs PasjiHyeHHs MEWLY
YPOBHAMH ¢ OLHHMHU M TeMH we S, L u J1). Hanoxenue B ocraBlueics
yacTH 3TOH IJaBbl OyleT ONMMPAThCAd HAa MNPEANOJONEHHE O ,HOpManb-
HOR cBA3K®.
CornacHo (22.27), co6cTBeHHEIE (DYHKLUHH HMEIOT BHA

NSLJ SES)  gNSL
V™™ = 2 Siy, m—pEm2p, p- (23.11)
.
® aNSL =NSL aNSL
yukund EZ5,, BEXSy:,, ..., BEgy ABASIOTCH QYHKUMAMH-HApT-
HepaMH OTHOCHTeAbHO Qp H MPHHALIEKAT PA3JHYHBIM CTPOKAM Tpel-
(S). =NSL  =NSL =NSL
crapaenus D; 10 e camoe nmeeT MecTO A By, —z, By oy g1, « .., By

1O OTHOIUEHHIO K onepaTopaM Pg M npencraBsieHHIO E(”. Ecmu (23.11)
CrpaBellJIHBO, TO OTHOIIEHHe MaTPHYHBIX 3JIEMEHTOB

(lIr/mVSLJ, T(GP)[Ir/mV:S'L'J') TNSLJm NS m (23.12)

¢ pasauunbiMu J, J', m, m’/, o, p, HO ¢ oAauHakoBhiMM NSL u N’'S’'L’

MOHO BLIYHCAHTD, €C/H TOAbKO T ABISIOTCA KOMIOHEHTaMH TeH30pa
paira ¢ no otHoweHuw K Qg, paira p no oTHoweHHw k Pg, u
HETIPUBOAMMOIO MO OTHOLUEHHIO K HHM OOOMM:

QR Tk = Z, ED(‘”(R)W,T(G'P)' (23.13a)
PFITPp — Z, P (R)PP,T“’P')_ (23.136)
P

Mo oTHOIIEHHIO K AeHCTBUTENbHHIM OonepaTopaM cuMMerpud Qg TeH-
sop T He aBasercs B oOlleM CJyuae HENPHBOAUMEIM; OH APHHAILJIEHHT
NpAMOMY TIPOM3BEAEHHIO IBYX HENPHBOAHMBLIX NPEACTaBJEHHH

Ox'T®0r = Qz'Pr' - T*PrQr =
=2 Qr'D” (R),, T Qr = ,Z, D9 (R),, D (R, T *".
4 3

Ornocuteapio onepaunfi Qp QyHKUHH :Q’LSL npu v=—238, ..., S
npHHaaJIexar DS y spasiores naprHepamu. M3 (23.13a) caenyer, uro
COOTHOILEHUE, aHanoruyHoe (23.9), umeer BuA

~NSL =N'S'L S
(\':‘.4\,},L , T(cp)ﬁy'p' )= i, wag'gc), . twst.; Nt (23.14a)

1) Kak u BCioly NpH HOPMaJAbHOH CBSI3H, CHMBOJOM J MB CHOBa 0603Ha-
YaeM KBaHTOBOE YHCJO MMOJHOIMO MOMEHTA.
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[Mono6HEM 006pasoM, HMeeM

(B, TRV ) = Sm, oSt nrsrrv, (23.146)
8 cuny (23.136) U noCcKOAbKY um npu w=—L, ..., L npeobpa-

3YIOTCS COIJIaCHO TpeACTaBAEHHIO b npH omepauuax Pg.
Kom6unupys (23.142) u (23.146), umeem

rQrype
(EQ/LSL' T(ap)Ei\'{lﬁ' L ) (Sq

= Bvro, vOutp, oSS DS ob sty nrstrr (23.14)
umm, ¢ yueroM (23.11),
(WSt T(ap)lIrN:S'L’J')z

_ (LS) (L'S (Sq)
Zs.u, m-— uSJ' u), m'—p' m pto, m' uauﬂ: uSS’ m—u,ax

(LP) frrer. o (LS) (L'S")
X sEifhtns; nrsr = XS5 o S8 aie X
I

S L
Xt ot S D, SN NS Nor1re (23.15)

At dopMyas OMNpelelsiOT OTHOLUEHHS BCEX MAaTpPHYHBIX 9JEMEHTOB
(23.12) ¢ onunakosuiMu NSL u N’S’L’,

B Bripamenuu (23.15), kak u B (23.9), Bce s(J};f), NepBHR HIKHUR
HHAEKC KOTOpHIX 6OJbllle, 4eM CyMMa ABYX BEPXHHX WUHIAEKCOB, HJH
MeHbllle, 4eM abCcoJIOTHas BeJAHunHa WX pasHoctd (J > L—+S8S wan
J<|L—S8|), nomxHbl 6bTh NONOKeHH paBHBIMK HYO. To e camoe
Gyaer mpu |p|> L, npu |v| > S wm |p—+v| > J.

6. Moxer nokasatbcs, OYATO KJACC ONeparopoB, ONpelelNeHHBIH
cooTHoweHussMu (23.13a) u (23.136), ABAseTCS BeCbMa HCKYCCTBEHHEIM.
Onxako nourd Bce BaxHeHllHe ONepaTOpPH ABJSIOTCS KOMIOHEHTaMH
TEH30POB MJH CYMMaMH KOMTIIOHEHT TE€H30pOB 3TOro poaAa. B uactnocth,
Bce OecCIMHOBHIE ONEPaTOpbl CHMMETPHUHB (T. €. CKajfphl) MO OTHO-
wennio k Qpg, Tak uro (23.13a) cnpaBenauBo aaf HHX npH ¢ =0,
IMosTomy mon nefictBueM Pg oHH Tmpeo6pazyloTcss TOUHO TaK e, Kak
u ol IRefictBieM Qp, H fBAAIOTCA CKaJAApaMH, BEKTOPAMH H T. A. MO
OTHOILEHHIO K TI0C/IeHEMY, €CJH OHH SBJSIOTCA HMH B 1eHCTBHTENLHOCTH,

ITpoBepum cooTHoweHHe (23.15) B HECKOJbKHUX NMPOCTHIX CAydYasx.
Hns GeccniuHOBHX ONMEPAaTopoB H BCeX onepatopos ¢ ¢ = 0 MH BHAHM,
4T0 CKaisapHoe mpousBedenue (23.15) obpamaerca B Hy/b, eCau S’ =+ S.
3T0 COOTBETCTBYET BHBENEHHOMY paHee NpaBuiy, YTO MAaTPHUHHE 3Jie-
MEHTH MEX ALY COCTOSHHAMH, NIPHHALJCKALIUMH PA3NTHYHHM MY/IbTHILIET-
HOCTAM, 06GpawmaloTca B HyAb (npaBuiao A, ctp. 234). Ecan k Tomy xe
p=0 (T. e. eclH 3TOT ONEPATOp ABJIAETCA CKAJAPOM MO OTHOIUEHHIO
K Ppr, a cienoBaresbHo, M 1o oTHoweHu0 K Qg), TO L0JKHO GHTH
L' == L. TlocKoJabKy p_c_O (ckansp umeer TOJABKO 0-KOMIOHEHTY),
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cymMma (23.15) moxer OHTbL BHYHMC/IEH3, €CJAH BOCNOJB30BAThCH COOT-
HOIIEHHUSIMH OPTOrOHAJILHOCTH AJf KO3(QHIHEHTOB BEKTOPHOIO CJ0~
weHus {cm. (17.28)]
LS S —
ZS( ) (LS) =3, (23.16)

3w, m—pSItp, mop

H TeM OGCTOATENLCTBOM, YTO s(“’ —sfgsogn_}L o= 1. [lns omepatopa,
IBJISIIOILErocs CKanapoM B oﬁoux CMbICJIax (p =0, ¢ =0), noayuaem,

4TO MaTPUYHHE SMEMEHTH
NSLJ N'STLIT
(wa, 1YL ) =3ss 303 dmmtnsy; sty (23.17)

a) obpawaiorcs B Hyab npu J ==J WM m’' ==m U He 3aBUCAT OT M
npu J'=J u m'=m, uTo ABJAAETCA NMPaBHJOM 1Jf ONEpaTOpOB, CHM-
MeTpHYHHX OTHOCHTedbHO Op, M 0) ONMHAKOBH 1/S BCEX KOMIIOHEHT
TOHKOR CTPYKTYpPH HEKOTOPOrO YpPOBHSt OCHOBHOH CTPYKTYpH He3a-
BucuMo ot J. [lns 3TOrO HenocTaToyHo, uToOH oneparop T 6w
ckanspoM otHocutedbHo Qpr=PrQpg; OH L0MKeH GHTH CKaJAfpPOM
oTHocuTenbHO Pp H Qg B OTAENLHOCTH, TMpHUYEM CBA3b NOMKHA OHITH
»HOpMaJbHORY,

OnHHM H3 OMepaToOpOB, CKaASpHbIM B OGOHX CMBIC/IAX, SIBASIETCH, HANpPH-
paTop P P
Mep, raMHAbTOHHAH Hy mpocTofi TeopuH Llpeguurepa. B aToM ciyvae
NSLJ N'S'L'J'Y _ pNSL
(TS, Hew o )= EN 0 nbggiby 18 1 s

rae EVSL gpasieTcss cO6CTBEHHBIM 3HaueHHEM npocroro ypaBHenHsl lllpenpun-

repa; ENVST oquHakoBo A1l BCEX KOMIOHEHT TOHKOH CTPYKTYphl, TAK KaK 312
TEOpHSl HE NA€T HHKAKOrO PacileneHHs TOHKOH CTPYKTyphlL

Popmyart Xéuas — Kponura aas uHTeHcHBHOCTeH

Ecin T =V® ssasercs ckanspom otHocureasio Qp H BekTo-
POM OTHOCHTENRHO Pr [KaK, HanpuMep, ONepaTop YMHOXEHHs Ha

%—2:}:‘ (X +iye) g Zps — {/17 Ek: (¥ — iy,

onpenesiolui BePOATHOCTH AUMNOJLHHX TepexoloB], 10 p=1,4=0
u, cornacHo (23.15), Mbl MOXeM HamHCaTh

VNSLJm, N'S'L']'m 8SS' 8m+p, m' X

LS I's L
ZS( b, m— oS, p)+p, me }LS(L')}L,p NsL, N'sL (23.15a)

Marpuunsie saeMeHTH (23.15a) OyayTr obpamwatscss B Hyab, KpOMe
cayuaes, koraa '=S u L'=L w L'=LE1 (uJ=J wn
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J'=J =X 1). Tak Kak MBI y}xe 3HaeM OTHOLUCHHe MATPHYHBIX 3JEeMeH-
TOB NpH pasiHyHHIX m, m’ U p [cooTHowenne (23.9)],

(¢) (J1)
VNSLIm; N'S'L'J'm! = Si'moBm+o, m'V NSLI, N'S'L' 1", (23.18)

MOXXHO TIOACTABHTb MX KOHKPETHHE 3HAYeHUS H BBHIUMCIAHTL AJA STHX
3HauyeHH! MX OTHOLUEHHS AJA pasiuyHbix J u J'. PopMyan ans s npu-
MyT Haubonee mpocToft BMA, ecaM nNOACTaBUTe Mm=—J, m'=J u
p=m" —m=J —J. Toraa, uanpuMep, Belpaxenne (17.276) wu
Taba. 4 Ha ctp. 231 npu L'=L—1 J=J-+1 npusonsar k cje-
AYIOleMy COOTHOLUEHHIO:

(LS wy
S;, p-),J— CSEL1 1

_ =) YVEFS=NHIQT+1D)!

C VUFLFSFDIUFS—DIT—SFI)!

) CENSFT= YV E—e=D =5 _
L—w!S—=J+u)!  Vo@eL+))

o (—DE-1-GHDY T T F S =T )17 F-3)!

T VUF LI S DL IFS—LFDIUFI=SF =)
CF CFI—)!

XV == 1s=7FmTt X
CFS—T—DIFS—NUFS—LFDUFS—LF9_

X IE) (VT E) VAT

— ¢(L-1, S)
SJ+I 41, J—{.LX

1/(L+S =D FS—NUFS—LFDULS—LFD
X T+ @I+ 3) 2L @CLFT)

X

X

[Moab3sysack cooTHouleHHeM (23.16) M BblllenpuBeleHHBIM PaBEHCTBOM,
noJay4aeM

LS) (LY (L-1, )
V?vsul N'SL— IJ+IJ+1—ZSJ vy J~uSL=1, , 1SU41, i1, J~pUN'SL; NSL—1—=

_1/-(L + S~ (L + S—J) (+S—L+ 1)U+ S—L+2)
- @I+ @/ F3)2L 2L 1) UNsL; N'SL-1

IS CyMMBl MaTpHYHBIX 3JeMeHTOB (23.15a). [losToMy mnoAcTaHOBKa
S.(,‘Q_l)l, s 1B (2318) s VNSLJ; N'S'L'J Daet

VNsLy N'sL-1 741=

_‘/(L FS—I D) (FS—NUFS-LFHUFS—LF2)
- QT +2) 2/ F3)2L L+ 1) UNSL; N'SL-1°
(23.19a)
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AHanoruunsie GopMy.JiH

VNsLr N1st-17 =
L+S—NU+S—L+DHU =S+ L(UFL+S+])
2E@I+2)(L) QL+ 1) UnsL; N'sL-v
(23.196)

VinsLy N1SL-1 j-1=
=]/ (—S+L-—1)({=S+LY(U+S+LYJW+L+S+1) 0
T —=1) @D @LF1) NSL; N'SL—1
(23.198)

MOryT OHITb BhIBeleHH TaKHM e MNyTeM. JTH paBeHCTBA BMeCTe
¢ (23.18) naiorT BHpameHHs] AJA BCEX MaTPHUHBIX 3/EMEHTOB oOmepa-
TOPOB [HMINOJMBHEIX NEPEeXONOB MeX1y BOJHOBHIMH (YHKIUUSIMH IBYX
MYJBTHILIETOB 4epe3 ONHY H Ty XKe BEIHUHHY Uyo . nrgs ;- Op6urans-
Hble KBAHTOBEIE YHCAA 3THX ABYX MYJbTUIIETOB paBH L u L' =L—1,
AmnanoruyHoe BHUMC/IeHHe Tpu L' =L paet:

ViNsLr, N1sLre1 =
CFS=NU—SFLENIESLFHUTLESTY
QI +2)@QI43)2LY(L4T) UNsL; NsL
(23.19r)

ViNsLr, vstr-1==

__l/(L+s—J+ DU—SFOHUFSOHUFLFSED
202/ —1)@2LYL+1T) UnstL; NSt

(23.191)

1
B sTOM cayuae s(LL 3; .y OBIIH YaCTHYHO CKOMOMHMPOBaHH C Tep-

BEHM ¥ YaCTHYHO CO BTOPHM MHOMHUTeteM B (23.15a). Jluwe BEBOL
COOTBETCTBYOILER GopMyanl aas L'=L u J'=J tpebyeT cneuuan-
HOrO pacCMOTpeHHs; KO3(PdHUHEHTH S(LLPB IOJKHE OBITH pa3buTh Ha

CYMMy ABYX CJaraeMbix

P02\ R— P — L . V-L—P'lL—P: .
Lwo VI(LF1D) VL({ILFI) VL F])

CymmupoBatue B (23.15a) ¢ mepBHM u/EHOM MOXeT ObITh BHIOJHEHO
HEMOCPEACTBEHHO, €C/AH BOCNOJMb3OBATHCS COOTHOLICHHAMH OPTOTOHa/b-
HocTd (23.16); Torma cyMMa mo p naer

L

UNsL; N'SL VIicLh



Mpasusa or6opa u npasuara uHTeHcusHOCTeld npu yuere CnUHG 329

CyMMHpOBaHHe CO BTOpDHIM UY/JEHOM MONeT OHTH BHINOJHEHO, €C/H
yuecThb, uTO

s, YI—p= () VI FS=DT @ F !

Ty s Tp VUFSFLFDITFS=DHIT~— S-*-L)l><
LW (+S=m!
Xl/-(L—p-——l)l(S—'-/-*-P-)l—
=_S(L——— s) LFs= J)(J+S—L+1)
J+—,u+2 s - 2/ -2

M COOTHOMIeHHSt opToroHansHocTH (23.16). Ilpu stom aas (23.15a)
noJyyaeM

Z(S(LS) S — L - (L+S— J)(J+S—L+1)
T =) SLas VICFD)  @+VLILFD

_JUED+LEL+D—S(S+])
2(0+HVIIZFD

OTKyda OKOHYaTeJbHO HMeeM

VT UFDVILUL+ )] UnsL; N'sSL (23.19)

VinsLs N'sLr =

OTHOLEHHS MaTPHYHBIX 37eMeHTOB s L’ = L -1 moran 6u 6biThb
MOJy4YeHHb NMPSMbIMH BBIUHCJECHHAMH TOTO e pOja; C ApYro# CTOpPOHH,
3aMETHM, YTO M3 S5PMHTOBOCTH omepatopa VO caenyer, uro

0 (0)*
V&I)'SL-I J'm's NSLim — VN)SLJm; N'SL-1J'm'

CnepoBaTe/bHO, paccMaTpHBaeMble OTHOMIEHHS MOTYT ObITb BHIYHC/EHH
¢ noMousio ¢popmya (23.19a) — (23.19s).

dopMyanl (23.19a) — (23.19¢) npeacrapasior coboli GopMyan aas
HHTeHCHBHOCTeH XEHJAA — KpoHura, paioue OTHOLIEHHS HHTEHCHBHO-
CTel KOMIOHEHT TOHKOH CTPYKTypH JHHHH., YUTOOH noayuurb moaHyio
MHTEHCHBHOCTb KOMIIOHEHTHl TOHKOH CTpyKTypnl NSLJ—>N'S'L'J,
C/leflyeT MPOCYMMHPOBATh HHTEHCHBHOCTH |VA‘29LJm’ NS m |2 OTlefb-
HbIX 3€eMaHOBCKHX KOMIIOHEHT 10 BCeM 3HaueHHsM m, m’ W p:

2 Zlvgv?SLJm, N'SL'J'm |2 ) IVNSLJ N’ SL'J'SS m, m' ml2_
m'm p mm

= |Vstrnser 2 Z 1=/ 4 1) |VNsLrneserr |2
m

IlosToMy nonHas HHTEHCHBHOCTh JHHHH J-—>J' ONpejensercsds mpexie
BCEro MaTpUuHbIM 3JeMeHTOM Visiznisioiy.
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dopmyaa Jlange

7. Bropoe npuaoxeHue c¢opMyas (23.19e) ceasanHo ¢ addexrom
3eeMaHa, BsaumopelcTBie MarHUTHOre nOJS C aTOMOM OMHCHIBAETCS
JABYMS JOMOJHHTENbHBIMH UJIEHaMH TaMHJAbTOHHaHa. [lepBHIM u/neHOM
apaserca V = n$¥L,. rie 1=-e/2myc u my— Macca sjekTpoHa. ITOT
yJeH ONHChIBAET B3aHMOJEHCTBHE MATHHTHOTO MOJA C TOKaMH, CO3ja-
BaeMBIMH [BH)KEHHEM OSJEKTPOHOB; OH HMeeT TOT e CaMbl BHA, UTO
u B npocro#t Teopun Hlpeaunrepa [cM. (18.6) m (18.7)]. IeficTeHe
omeparopa L, 3ak/0YaeTcs MPOCTO B YMHOMEHHH BOJMHOBOH (YHKUHH
Ha Z-KOMIIOHEHTY MOMEHTa KOJHYeCTBA IBHXKEHHS:

NSL L
1 Zq)xu = phq)a’f . (23.20)
[Tcstomy, coraacHo (22.25),

ENSL — 3 LNSLfS =1 > pyNSLF(S) — phENSL,

4 Y

TAK YTO B ITOM CJyuyae Unsr:N's’'L' TIPHHHMAeT BHI
HNSL !"INSL . e
=y ’ —y =ph=01 3 )
@ LEY ) =p UNSLy NSL TS
Kak caenyer H3 cpapHenus ¢ (23.14). CoraacHo (23.19e), sTo naer
JU+D+LUL+D)—SES+])
YT F1)

Torna cootHomeHHe (23.18) nokasbiBaeT, YTO MaTpHuHbie 3JEMEHTHI
oneparopa L, paBHb

NSLJ NSLT J(J+1)+L(L+1)—S(S+1)

Bropo#t ujsen V omneparopa MarHHTHOH 3SHEePrHH B TraMHJbTOHHaHe
OTHCHIBAET B3aHMONEHCTBHE MAarHHTHOrO MOJS CO CIHHOBBIM MarHHTHBIM
MOMEHTOM 5JIEKTPOHA; OH paBeH CKAa/JApHOMY MPOU3BENEHHI0 MarHHT-
HOrO MOMEHTa Ha HAMPSKEHHOCTb TMOJs, T. e. (M= e/2mc)

20 (s, H +s,H, +5,5,), (23.22)

MM B Clyuyae HeCKOJbKHX 3JEKTPOHOB — CyMMe uJeHOB Buua (23.22).

Ecad MarHuTHOe TOJe Hampap/ieHO Mo ocH Z, 1o V= 21S,, rae
S, ecTb Z-KOMNOHEHTa TOJHOrO CnuHa. COOTBETCTBYWLUIHMM ONepaTo-
pOM ABJSETCS YMHOXEHHE Ha

VNsLrNsLr="h . (23.20a)

(23.21)

.;_n S 4S5 -+ +5,)=S,, (23.22a)
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TAK KaK g, MpeAcTapider CoGOH, cornacHo (20.21), ymHOXeHHe Ha S.
Byner nokasano, yro -

e O
S,¥=— Lhd—a O{G.O,O}lyluo' (23.23a)
AT10 cooTHOWeHHe aHanoruuHo (18.7):
lij
Lzlyz—-—-ihwp{a'o, 0}‘y|a=0' (23.236)

MuoxuTtens !/, mnospasercs B (23.22a) BcaeacTBHe TOrO, YTO CIHH
npeacTapaseT cOOOH MOMeHT KOJMHYeCTBA JBHKeHHS, paBHbI fif/2. Tak

— isa
Kak SDW’)(OL, 0,0), , =3,e? ,TOcCOOTHOwWEHHE, ONpeLeasIOLIee Qp
1.1
2573
[cM. (21.66)], npHHHMAeT BHL

O{a,o,o}ly('--’ Xpr Voo Zps Spa o0 0)=

= X O(0,0,0)1 1, Wt X Vi 2 b bn ) ==
tl...t"=j:1 Q—Sk,-Q—tk
= 18,0 ’
=t Et 8sk,k82 LA YO Xpr Voo Zpy L o0 )=
1y ey by
1
=871(sl+ +s") am’
OTKYIa HeNOCPeACTBEHHO cjeayeT paBeHCTBO (23.23a).
[TosToMy HMeeM Takue
BNSE, Q,ENSYY = wh, (23.226)

Teneps S, sBAfeTCS CcKanspoM NO OTHOWeEHHIO K Pp H Bek-
TopoM no oTHomeHHI K Qlp, Torma kak L, dBaseTcd BeKTOpOM
OTHOCHTebHO Pp H CKanspoM oTHocHTe bHO Qp. [IpH BHUHCAEHHH
BHIp@XEHHA (‘Fﬁsu, SZ‘IJ'ﬁSU) ¢ momolmio BeanunH (23.226) L u S
clelyeT MO3ITOMY IIOMEHATb MecTaMH, NoC/e 4ero pMecto (23.21) mo-
JyYHM

NSLJ NSLIy JUF+DFSESF+D—LULFD
(WS, g Uy = mh TES) . (23.24)
MarpryHble 3/eMEHTEI TIOJIHOTO ONMePaTOpa B3AMMONEHCTBHS C MArHHT-
oM noneM V-V =n¥L,-}-21'S, MOKHO BBIUHCIHTbL, €C/H
cnokuTh (23.21) H yABOGHHYI0 BeJMYHHY MaTPHUHOTO saeMeHTa (23.24).

CMeLleHHe 3eeMAHOBCKHX KOMIOHEHT C MATHHTHBIM KBAHTOBLIM YHC/IOM M
OKa3blBaeTCsd paBHBIM

_ehgp (D +FSESHY—LEL+1)
AE, = 570 m T . (23.25)
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10 0o6biuHas dopMyna Jlanne. OHa nokasbiBaeT, YTO BCJACACTBHE aHO-
ManbHOro (BaBoe 6O/ibLIErO, YeM KJACCHUECKOe 3HAyeHHe) MarHHTHOTO
MOMEHTa, CBS3aHHOTO CO CIHHHOM 3/IEKTPOHA, Pa3/NHyHble YPOBHH B Mar-
HHTHOM TOJIE pacLIeNfiOTcsl no-pasHoMy. IleHcTBHTe/bHOE pacluene-
HHe TOJyyYaeTcd, eCaM pacuielienne MFm HopManbHOro sdekTa
3eeMaHa yMHOXHTL Ha

1 S+1)—
g1 LUt )+g}(;;3) LL+D (23.25a)

Buison ¢opMyn (23.19) u aHanorHyHwx ¢GOPMYJ MOMXHO YNPOCTHTS,
€c/IH BaMEeTHTb, YTO BHYMC/ASIEMble OTHOLIEHHS MATPHYHBLIX SJEMEHTOB
He NOJukHE [cornacHo (23.15)] 3aBuceTh OT KOHKpeTHOH MeXaHHYeCKOH
8allayH M OT YaCTHOro BH[Ja Omeparopa T%*) 1 moryr saBucerb TOMBKO
OT HX TPaHCHOPMAUHOHHBLIX CBOHCTB. [[eHCTBHTENBHO, BHIUMCASIEMblE
OTHOMIEHHS SIBJAAOTCA TMPOCTO CyMMaMu npou3BefeHHH KosddHUHEH-
TOB s(ﬁ;f). OnHako Bce S ABAAIOTCS TPOCTO YHC/AAMH, 3a1aBaeMbIMH
BolpaxkeHneM (17.27), Tak yTO 5TH OTHOMIEHHS OJHHAKOBH A BCEX
ONepaTopoB C ONMHAKOBHIMH TPaHC(HOPMALHOHHBLIMH CcBOHCcTBaMH. Ta-
KHM 00pa3oM, OHH MOryT ObIThb BHIUHCJEHHl Ais Ja1000ro TeH3opa ¢ Hyx-
HEIMH TpaHChOpMauHOHHbHIMH CceOHcTBaMH (23.13a) u (23.136), mpuuem
peay/abTaThl PaCOPOCTPAHAIOTC HA BCe TEH30DHl C ONHHAKOBHMH p H q.

IIpaBuao HWHTEpBAJOB

8. B kauectBe mnpuMepa BHBeleM TpaBuJIO HHTepBanoB JlaHne,
T. €. OTHOLIeHHe CABHIOB YpPOBHeH

(lyi\nISLJ’ H llyi\nISLJ) — AE_IIVSL

NSl PA3NMYHBHIX KOMIIOHEHT TOHKOH CTPYKTYPH OJHOTO H TOro e
ypPOBHSL OCHOBHOH cTpykTyprl. Omeparop H,; npeacrasaser coGo#
106aBKYy K MpPOCTOMy omeparopy sHepruu lllpennHrepa, OmHcHBaOLLYIO
MarHHTHEIE MOMEHTH 3/IEKTPOHOB.

Onepatop H; coctont ua nByx uacte#t. [leppas yacTb naet B3anMo-
DNeHCTBHE MArHUTHBIX MOMEHTOB 9JeKTPOHOB C TOKAaMH, BbI3BAHHBIMH
MX [BHMeHHeM; BTOpas e [NaeT B3aHMOJeHCTBHe MarHHTHHIX MOMeH-
TOB MeXLYy COGOH.

INeppast (mourH BcerAa 60/bLIAsT) YAaCTb COCTOHT W3 CYMMH /1 BHpa-
wenth B=B,-+B,+ ... +B,, rie B, onucnBaeT BsanmoneH-
CTBHEe MarHMTHOrO MOMeHTa R-ro sjJekTpoHa ¢ TokamH. Kpome nekap-
TOBbIX KOOpAMHAT, B, IeficTByeT Ha CNHHOBbHIE KOOPIWHATH TOJBLKO
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k-ro 3anexktTpoHal), Tax yro
Bk = Skkax + Skyvky + Skzvk:’ (23-26)

rne Vi Viy Vi, — Geccnunonrie onepatopbl. Tak kak B, momken
ObITb CKanApOM N0 OTHOWEHHIO K Ogr M TaK KAK S, Sz, Sp,
ABJAOTCS KOMIIOHEHTaMH BEKTOPHOTO OfllepaTopa, omeparopbl V,,,
Viys Vi TaKKe 1OMKHBI GBITb KOMIOHEHTaMH BEKTOPHOTO ONeparopa.
BMecTo oTHOmienuH BceX MaTPHUHLIX 3JeMEHTOB olleparopa B

(‘I,-zSLJ, B‘Iri\n,SLJ) . (lyzSL‘/” B‘I,-zSLJ')’

KOTOpHle Mbl XOTHM BBIYHC/HTb, MOXHO HPOCTO BHUHCJHTL 3TO OTHO-
leHHe AA9 OAHOrO B, — 5TH OTHOWEHHS OAMHAKOBHI 11d BCeX K.
Kpome toro, s,V SpyViy, 85, Vi, 9BATIOTCT XX-, Yy- U 22-KOM-
TIOHEHTaMH TeH30pa, KOTOpbI# ynOBJAeTBOpsieT COOTHOmweHHsM (23.13a)
H (23.136) u sBadeTca BEKTOPOM B 0GOMX cMbicaAax (p=gq =1).
[TosToMy oTHOLIeHHe /MI0OBIX ABYX M3 BblparkeHHH

(TR, spaVaTRY),  (ThsY, SiyVeyUnt),
(T2, seVe¥N)

OIHHAKOBO I/ BCeX aHAJOTHYHBIX TEH30POB, NPHYEM 5TO BEPHO TaKXe
M 18 OTHOHIEHHH STHX BbIpaXeHHH K aHaJOTHYHBIM BHPAXKEHHAM,
B KoTOpbix J 3aMeHeHO Ha J'.

To ke caMOe CrpaBelAHBO AJS CYMMbl TpeX NpHBEIeHHBIX BHIpa-
KeHuH (23.27), Tak YTO NOCTATOYHO BLIYHC/AHTL OTHOMIEHHS MATPHUHBIX
5JIeMEHTOB

(23.27)

(‘FzSLJ, (T(xx)_+_ T(.V.V)+ T(ZZ)) lyzsl",) (23.28)

npH pasaHuHbiX J, rae T — mpou3BosbHLIA OmepaTop, BEeKTOPHBIH
B OGOMX cMbicnax. EcTecTBeHHO, 3TH omepaTopwl 6yayT BHOGpaHbl TaK,
yToObl BbHIMHC/EHHe BhipaweHHa (23.28) Obuio Hanbojee TpPOCTHIM,
IycTb

T =L,S, TW=L,S, T"=L,S, ... (23.29)

Toraa mpexae Bcero
0 ) p
Fe 0oy = QLw) 37 Plaooy T Plaooy 57 Qace)e  (23-30)

1) Beaxu#t omeparop, pefcTBymomuHi TOAbKO Ha k-10 CIMHOBYIO KOOpIH-
HaTy, MOXHO 3anucath B BHAE Sg+ 8p,Vir+ 8pyVay 1 SpzViea Te S Viy
Vey H_Vp; ABASIOTCA OeccnMHOBRIMH OmepaTopamd.” B Bhipaxenne nas By
yren S, He BXxoiuT. OnHako, Iaxe ecau 6b OH BXOLHJ, OH JOMkeH ObiTb
CKansipoM MO OTHOmleHHIo kaK Kk Pp, Tak u k Qp OH coOTBeTCTBOBAM Gbl
B (23.133) 1 (23.136) cayualo p =g =0 u BuabiBan G6b, coraacHo (23.17),

OJMHAKOBOE CMEIleHHe BCeX KOMIOHEHT TOHKOH CTPYKTYpH Oe3 M3MEHeHHs
pacuenjeHus.
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[lpu a =0, coraacHo (23.23a) u (23.236), sTto naer

by O
L,-}-S,=—ih v O{aOO} L=0. (23.30a)
[Tockoabky O {aoo}ly =exp (ima) ¥, orciona crenyer, uto
(L,+S)¥,=mi¥, (23.31)
H
(L,+S)*Y, =m?¥ . (23.31a)
TakuM 06pasoM, mojyuaem '
J g J
E (‘I’ersu. (Lz 4 82)2 \Fzsu) — E M2 — S+ lg @+ ]
m=-J m=—-J
(23.32)

B 3TOM BHIpaXEHHH Z MOMXHO 3aMeHHTb Ha X HJAH Y, TaK KaK mocje
CYMMHDOBAHHS 1O m HeJb3s PasAHYHTb OCH KoopiauHaT. Yro6w moka-
3aTb 5TO, NpenosokuM, uto Qp NpeicTaB/iseT BpalleHHe, MepeBO-
afwee ocb Z B ocb X. Toraga (23.32) nmpHHHMaeT BUA

> (OR—x‘P’ZSU, Op~1(L,+S,) O OR—x‘FZSLJ) _
- 3 3 DR D (R o (W, (L 8. W) =
= X 3w (T, (LS TR ) =
. =20, (Let-8" ™).
ChneposaresHo,

DU, (L4 S 24 (Ly 4+ Sy 2 (L, + 8,1 i) =
— I 1)@ 1). (23.33)
Ho, nockomky (L, -+ S, (L, -+ S,?-4(L,+ S,)? ects cxansp,

T. €. ONeparop, CHMMeTpHYHHH OTHOCHTeMbHO Qp, Bce 2/ 1 wune-
HOB B JeBOH uacTh (23.33) OAMHAKOBH M PaBHbLI

(O, (L, 4+ S P4 (L, 4 S,)2+(L,+ S0 ) =
= I+ 1). (23.33a)
,D,Jlﬂ Op6HTaJIbHOl"O MOMeHTa KOJHu4yeCTBa IABHXeHHd H3
L,ENSL — phEhst (23.34)

2z v

aHaJIOT HYHbIM 06p830M ciaenyer, uro

&N, (L2 4- L) ElSYY =L L +1). (23.35)
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Toraa u3 (23.11) u cooTHoweHu#t opToroHaabHocTh (17.28) caenyer,
yto

@ (L4 LB+ L)Y ) =rLE+ 1),  (28.350)

2 2 2
Tak Kak Ly Ly} L; aBaserca ckaadpoM B O6OMX cMbicnax. AHa-
JIOTHYHO AJISi CNMIHHA M3 COOTHOLUIEHHH

S BN = o{mm}u“L L= vhENSt  (a=0) (23.36)
crenyer,” uro
(WY, (SE+S)+SHUn ) =mS(S+1).  (23.362)
Boluuras (23.352) u (23.36a) u3 (23.33a), noayuaeM
@y, LS, +L,8,+L,8,)¥n) =
z-%h?[J(J—}—1)—L(L+1)—S(S+1)]. (23.37)

CornacHO mpelbilylleMy, CABMTH KOMIOHEHT TOHKOH CTPYKTYpHI
OIHOTO H TOrO Ke YPOBH OCHOBHOH CTPYKTYphl MpOMOPLHOHALHH
MaTpHUHBIM 3JeMeHTaM (23.37):

AEYSt —ep WU+ —LEL+1)—SS+ 1] (23.37a)

[TosTOMYy pasHOCTb MeX1y CMellleHHIMH ypOBHeH IBYX moc/eioBare/b=
HHX KOMIIOHEHT TOHKOH CTPYKTYpHI

AENPE —AEYSt =2e\ g, (1) (23.376)

NponopuHOHanbHA 6O0/blIeMYy H3 IBYX KBaHTOBBIX YHCeJ IOJHOTrO MO-
MeHTa. DTO H eCTb npPasusro uHmepsanos Jlande.

[paBuno uHTepBajos JlaHZe ChpaBel/HBO TOJBKO B Clyuyde HOp-
MajbHOM CBAI3H, T. €. B CJyuade, KOTJa paculell/ieHHE TOHKOH CTpyK-
Typbl MaJO MO CpPABHEHHIO C PACCTOSHHAMH MeXIy YpOBHAMH OCHOB-
HO# cTpykTypsl. KpoMe TOro, oHo nompasymeBaeT NpenNnoOJNOKeHHE
O TOM, YTO B3aHMOIRHCTBHSIMH MEXAY CIHHOBHIMH MAarHHTHBIMH MOMEH-
TaMH MOXHO TpeHebpeub. Kak mokasan lettaenbepr!), 310 mpeamnoJo-
MeHHe He ONPABAHBAETCA HJ BCeX JErKHX 5JEMeHTOB, OCOGeHHO
11a He. [losToMy mnpaBHAO HHTepBAaNOB Jyvulle BCero BHIOJHAETCA
sl 3/1eMEHTOB €O CPEJHHMH aTOMHBLIMH HOMepaMH.

Baaumone#icTeHe CNMHOBBIX MATHHTHHIX MOMEHTOB MeXLYy coOoH
cocTouT W3 IByx uacTeHi, Ilepmas vacTe npencrabaser coGo# ckanap

) Cmv. W. Heisenberg, Zs. f Phys, 39, 499 (1926).
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B O60MX CMHICAaX W MOSTOMY HHKAK He BJHSET HAa TOHKYIO CTPYK-
Typy. Bropas uacth npunamaexut T2 B o6oux oTHomenuax. B ue-
JOM TOJyYaeTcs cMellleHue ypoBHe# 1), mponopunoHamuoe [J(J - 1)—
— L(L41)— S(S—+ 1))?, napany c uaeHom Buaa (23.37a) 4 une-
HOM, He 3aBucAuwM OT J. OTHOWEHHe KOHCTAHTH MNPOMOPLUHOHAMb-
HOCTH STOrO 4JeHa K e, He MOXeT ObiTb OMpefefeHO H3 OOLIMX

cooOpaxeHut, Tak YyTO €C/JH yuTeHO CIHH-CIHHOBOe B3auMojeHcTBHe,
¢OpMy/Ia HHTEPBANOB COJNEPKHT 0Be HeonpedeAeHHsle TIOCTOSIHHEBIE,

') Dlokasateanctso mpenocrapasiercs uutatemo. CM. takke G. Araki,
Progr. Theor. Phys. (Kyoto), 3, 152 (1948).



