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OBPALLIEHME BPEMEHH

O6pamenune BpeMEHH M aHTHYHHTADHBIE OmNEPaTOPH

{pynna cuMMeTpuM H30MHPOBAHHONM CHCTEMbl CONEPHKHT, HOMHMO
BpalleHHH W OTpameHW#, PpacCMOTPeHHEIX B NpelblAylHX TI/aBax,
CMeLUeHHs B MPOCTPAHCTBE M BO BPEMeHM, a TdKwke Nepexoabl K ABU-
KYLIMMCA cHcTeMaM koopauHaTl). Yucno cocTosHuft Tako# cHCTeMB
6eCKOHEYHO BeJHKO, H ONEepaTop SHEPTHH HMEET HeNpepbIBHHMN CHEKTP.
310 06CTOATENLCTBO Y& OHJO pasbscHeHO paHee B ria. 17. M3 Gec-
KOHEYHOH COBOKYNHOCTH BCEX COCTOSHMH MOMXHO BLHIGpaTh KOHEYHOE
MHOXKECTBO COCTOSIHHH: COCTOSIHMSl C HYJeBHM WMNYJAbCOM M Onpele-
NeHHOH 3Hepruefl. OrpaHuyeHHe COCTOSHHAMH C HYJEBHM HMNYJLCOM
COOTBETCTBYET TOYKE 3DEHHsi CHEeKTPOCKONMH, TIe pPaccMaTPHBAETCH
TONLKO BHYMPEHHAS 3HEp2Us ATOMHBIX H/H MOJIEKYJSDHHIX CHCTEM,
a He MX KWHeTHYeckas SHeprus. PaKTHYeCKH TOYHOCTb CHEKTPOCKO-
NHYECKHX H3MEPEHHH 4acTO OTPaHHYeHAa [JBHMKEHHEM ATOMOB H/M MOJe-
KyJd, B TAKMX CJAY4asX NPEANPHHMMAIOTCS BCE MEpH I/ YMEHbIIEHHS
CKOPOCTH JIBH)XEHHS, HaCKO/JbKO 3TO BO3MONHO.

Orpanuyende HyJeBHIM WMNYALCOM MCK/IOYAeT Nepexoibl K JBU-
KYWMMCS cucTeMaM kKoopauHaT. OHO (aKTHUYECKH HCK/AI0YaeT TaKke
H ONEpaTOphl CMeLIeHHs: BOJHOBas (PYyHKUMSI YACTHUB C HY/JIEBHM HM-
NyAbCOM HHBAPHAHTHA OTHOCHTE/NbHO NPOCTPAHCTBEHHBLIX CMEIUEHUH,
a cMelleHHe BO BpPEMEHH Ha [ NPUBOAMT K YMHOMEHHIO €€ Ha 10-
BOJILHO TPHUBMAJbHBIM MHOXMUTe b exp (— iEt[h), rae E aBasercs sHep-
rueft 3TOro cocroduus. C ApYro#t CTOPOHH, KAK YKe YNOMHHANOCH
paHblie, NMOCTY/AaT HYJAEBOTO MMNY/AbCAa MOMKET OHITb 3aMeHeH MNpeano-
JOXEHHEM O CTAaTHYECKOM BHEIWIHEM ToJe, KaK, Hanphmep, NOJE He-
NOABHAKHOTO fApa. ITO MCKJKOY3ET TaKKe H TPAHC/SIHOHHYIO CHM-
METPHIO H TepexOA K [BMKYIUMMCA CHCTeMaM KOODAMHAT Kak 3Jje-
MEeHTH CHMMeTpHu. Ha nepBhIfl B3rssil KaxeTcs, 4TO Hawa 3ajavya He
HMEET HOBHIX 3/EMEHTOB CUMMETDUM, KPOME YKe pacCMOTpeHHX. ITO,
OlHaKO, He BNO/IHE BEPHO: OCTAeTCsl JOMOJNHHTE/bHBH 3/EMEHT CHM-

) HMsnoxenne B 9TOM H cAefyomeM pasjetax HacrosumeH TaaBu cle-
AyeT B OCHOBHOH crathbe aBropa B Go6tt. Nachr., Math.-Phys., 546 (1932).
CM. 'rax)l(e“G. Liders, Zs. f. Phys, 133, 325 (1952).
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MeTpun — npeobpasopande f—>—£f, Ono npeobpasyeT COCTOSHHE ¢
B coctosuue O¢, B KOTOPOM BCe CKOPOCTH (BK/IOYas ,BpalueHHe"
3/eKTPOHA) HMMEIT NPOTHBONO/IONKHBIE HANPABJAEHHS TO OTHOLIEHHIO
K HanpaB/ieHusiM B cocTosHuM . ([TosToMy TepMuH ,ofpauieHue Ha-
npaBJeHus ABHXKeHUS“ fBASIETCS, NO-BUAMMOMY, O6Ojee TOYHEIM, XOTs
u O6osee IJIMHHBIM, UYeM TepMHH ,06paweHue BpeMeHu“.) BecbMa
BaXKHA CB®3b MexJy oOpalieHHeM BpEMEHM H HM3MEHEHHEeM, KOTOpoe
CHCTEMa HCNHITHIBaeT B TeueHHE ONPENeNeHHOrO TPOMENKYTKA BPEMEHH.
3aBUCHMOCTb OT BpeMeHM ONHChiBaeTcss ypaBHenueM lllpeaunrepa

O¢ !

O603HaudM CTaUMOHApHLIE COCTOSHHA M COOTBETCTBYIOLIME 3HAYEHHS
sueprun vepes W, u E,. Toraa B TeueHHE NPOMENKYTKA BPEMEHH ¢

cocrosuie ¢, = . a, U, nperepnesaeT MaMeHeHHe:
k

it Zk a ¥, —>q¢,= Ek] ake_iEkt/h‘Fk- (26.1a)

[Tpeobpazoanie, onuchiBaeMoe (26.1a), HaabiBaeTcs ,CMelIEHHeM BO
BpeMeHM Ha t“. OHO sIBJAeTCS YHUTapHOU Omepaumef.

Crenyiole yeTHpe ONEPALUMH, BEHNOMHEHHbBIE NOC/IE10BATeNbHO Hal
NPOU3BOMbHBIM COCTOAHHMEM, TNPHBOAAT K TOMY, YTO CHCTEeMa BO3Bpa-
IaeTcs B CBOe NMepBOHAauyanbHOe cocTosiHue. [leppasi onepauus — obpa-
IleHHE BPEMEHH, BTOPAs — CMELIEHHE BO BpeMeHH HA f, TpeThs —
CHOBa ofpamienve BpEMEHM, a ueTBepTas — ONSTL CMelllelHe BO Bpe-
MEHH Ha f{. DTH vyeTblpe OMNEPALUH, B3ATHIE BMeCTe, BO3BPAILAIOT CH-
CTeMy B €e HCXONHOE COCTOfHHe, TaK KaK CMelleHHe BO BpEMEHH
nocne €ro O6paieHMss CABHTaeT CHCTeMY NO BpeMeHH Hasan. [lsa
o0pauieHHs BPEMeHH, C JLpyro#i CTOPOHbI, KOMINEHCHPYIOTCS B CMHICJe
HanpaBaeHus cKopocTefl. [10sTOMy MOXHO CKa3aTb, YTO ONepauMu

(Cmemenne Bo BpeMeHu Ha f) X (O6paweHne BpeMeHH) X (CMeuieHHe BO
BpeMeHH Ha f) X (O6pauieHHe BpeMEHH)

SKBHBA/IEHTHH €IMHUYHOMY oneparopy. C Opyro#f CTOpPOHH,

(CMeineHHe Bo BpeMeHH Ha f) X (O6paiieHHe BpeMEeHH) ==
== (O6pameHne BpeMeHH) )X (CMellleHHe BO BpemeHH Ha —f), (26.16)

NpUYeM OMEPATOPH, COOTBETCTBYIOIIME ABYM yacTsM paseHcTsa (26.16),
MOTYT OT/IMYATbCS, CaMOe OOJbluee, YMCAOBHM MHOXKUTENEM C “MOLY-
AeM 1, KoTopbifi He MMeeT (QU3MYECKOTO 3HAYEHHS.

Mockonbky O sBasieTcss ONepaTOpoM CHMMeTpPHH, OH OCTaBJSET
BEPOATHOCTH Tiepexona Mexnay INByMs coctosHusMM ¥ u @ Ge3 naMe-
HeHUS:

(¥, @)|2=| (6, 60)]2. (26.2)
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Torna u3 [puaoxenns k ra. 20 (crp. 276) caeayer, uro 6 MOMer
6LTL HOPMHPOBAaH TAaKHM 0GPa3OM, 4YTOOGL OH YAOBJETBOPS OLHOMY
u3 ayx ypaHenu#t (20.29). O6cyxnenne B Ilpunokenun x ra. 20
yie [OKa3LiBaeT, YTO OH YIOBJIETBOPSET 8mopofi BO3MOMHOCTH,
HMEHHO TOH, KOTOpas MOrJa OHTb HCKJO4YeHa AJs BCEX YHCTO Mpo-
CTPAHCTBEHHBIX ONEPAUHA CHMMETPHH. 3TO MOKHO TaKKe 3aKJIOUHTDH
u3 (26.la), HO 3TO BMIHO OoOJee “ICHO, €CAH TPOCAEIHTL XOA pac-
cykaeHH#t B yka3aHHOM [lpuaoxenud. [l0Ka3aTeJbCTBO CTaHOBHTCA
Hanbonee mPOCTHM, ecan HaGop oproroHansueix byukuust ¥, ¥, .
OTOXKAECTBUTL C COOGCTBEHHHIMH QYHKUMAMH TaMHJbTOHHMaHa; Ttoraa ¥,
SBJAIOTCA CTAUHOHAPHBIMM cOCTOsHHsMH. [lpu stom OW; 6yayT Towe
CTANHOHAPHHIMH  COCTOsHMAMH, Tak uro ¥, u 6, coorsercTByioT
OJHHM U TEM IKe 3HAUYEHHSM 3IHEPTHH.

Ecau 6b neppasi BoaMOkHOCTb H3 (20.29) 6bina npuMeHHMa TakKke
Kk onepatropy O, nocnexHufi Obl1 Obl JuHEHHEIM OMEepaToOpoOM. 31O
NPUBOAUT K TPOTHBOPEUMIO, OTKYAAa CJAelyeT, yTo Aad O peanusyercs
BTOpas BO3MOXHOCT, M3 (20.29). YUTo6n mnpuiiTH K TOMY NPOTHBO-
peuHio, CHOBAa PACCMOTPMM TIPOM3BO/LHOe cOCTOAHHE P) M pasnoXKHM
ero no CTAaUHOHAPHBIM COCTOAHMAM:

O, = Z a v, (26.3)
MpeanosnaraeMas JAuHeRHOCTL oneparopa O npusoaut K
00, = Y 4,07, (26.3a)

u, Tak Kak OW, Toxe ABJAAGTCA CTALMOHAPHBLIM COCTOSIHHEM C 3Hep-
rueft E,, MO UCTeUeHWH TIPOMEXYTKAa BpEMeHHM ! OHO nepeliger B co-
crosune exp(—IEt/h)8W,. Caenosateanno, cocrosune 0@, uepes
BpeMsi ! CTAaHOBHTCA COCTOSIHHEM

Na,e Etlow (26.36)

BTO COCTOSHME [OMKHO COBNAafaTh C COCTOSIHHEM, NMOJYYaeMbIM npH
npuMeHeHHU omeparopa B k

1E Lk
@_,:Eaxe L
Ecau onepaTop O sBAseTcsl AMHEMHBIM, TO 3TO COCTOSHHE WMEET BHI
Z
6@__, = Z axeiE" /hO‘Ifx, (26_33)

a ata dyukuus, BOOOLle TOBOpPA, He SBJIAETCA KPATHOM (C NOCTOAH-
HEIM MHOXuUTedeM) ¢yukuun (26.36), Tak Kak NOKasaTeaH MMelT
apyro#t 3xak. C/enoBaTenbHO, NPENTONOKEHHE O TOM, UTO 6 sapasercs
JMHEHHLIM OMEpaTopOM, TPHBOAMT K NpoTUBOpeudio, M 0 jo/mxex
YAOBJETBOPATL BTOPOH BO3MOXHOCTH U3 (20.29); unaue rosops, dyHk-
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uass 0@, ¢ TOUYHOCTHIO 1O MOCTOAHHOTO MHOMNMHTeNd AOMKHA ObiTh
paBHa

2L (030, + 4307, + a}6%, + ...).
4

Tak Kak Mbl MOweM CBO6OAHO BHOPaThb NOCTOAHHBLIE MHOXKHTENb
B onpenenenuu 6@, sbibepeM ero paBHLIM ai/a;, Tak uTO

00, =6(X a,7,) = X a:07,. $(26.4)
Onepatop, yaosaersopswuit cootHowenuo (26.4) aas mo6oro na-
6opa BeAMYMH @, Gy, ... M 32aHHOH NOJHOH OPTOrOHaJLHOH CH-

cremol W, OyneM HaswBaTh axmuaurefineis. Toraa ou Gyner yao-
BJETBOPATb AHAJOTHYHOMY COOTHOILEHHIO MO OTHOWIEHHID K JI06OH

cucteMe ¢yHKuuMA. B wacTHOCTH, ecau (I)lzzb,‘lft, MBI HMeeM

Q)+ 80, =a X a,¥, 48 X5V, = X (aa, +Bb) ¥,
T3K 4TO
6 (a0, + @) = 0 (X (2, +,) V) = X (a, +-60,)" O, ==
=o' X a;00, 1+ §* D 550V, = 0D, 4 "6D,.
3TO mnocjeiHee COOTHOLIEHHE,
0(a®) 4 D) =a"0D ;1 3°6D,, (26.5)
KoTopoe cnpaBeaauo Aad a6mx g, @, u mobLX aBYX uucen a, B,
apasgercl OObLIYHLIM ONpefeneHHeM aHTHIMHEHHOrO oneparopa. Omo
cleayeT M3 TOTO (aKT3, UTO AJd ONepaTopa OOpalueHH BPeMeHH
OCYILECTBJRETCA BTOPas BO3MOKHOCTH (20.29), a Takxe M3 HOpMU-

posku (26.4), npuHATOR Ans O(Z a,¥,). ToMumo Toro, uro onepa-
TOp O aHTH/AMHeeH, OH YAOBJETBOPHET elle COOTHOWeHHIO (26.2) ans
moboit napu dyukuui, Oneparop, ynosaerBopswowm (26.2) u (26.5),
6yleT Ha3bIBATLCA AHMUYHLMAPHbiM, W OYIeT BHBEAEHd HOPMAabHas
¢hOopMa aHTHYHMTapHOTO OIlleparopa.

[TpocTeHIIMM aHTHYHHTApHEIM  OMEPaTOPOM  ABASETCA TEPEXON
K KOMILUIEKCHO-CONPSKEHHbIM BEJAHYHHAM. ITy Onepaulio Mbi 0603Ha-
yuM yepes K. [eficteie K 3akaiouaeTcs B 3aMeHe BHIPAMEHHA, K KO-
TOPOMY OH NpPHMEHSAETCH, HA KOMILIEKCHO-COMPSKEHHOE:

Ko =1¢". (26.6)
flcho, uto oneparop K fBA€TCS aHTH/IMHeHHBIM. [TOCKOAbLKY
(KY, K®) = (¥*, )= (¥, D), (26.6a)

K ynosiersopser TaKwe cooTHowenno (26.2). Ciaenosarenbio, ou
ABJSIeTCA AHTUYHHTApHHIM, KpoMe TOro, oH 06Jalaer BaXHBLIM CBOH-
CTBOM: .

K2=1. (26.66)
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B camoM neune, .
K20 =K (K®) = KD* = (0*)* = .

Paccmorpum npoussenenne |J = 0K anTuynuraproro omeparopa 6
u K. OHO auHeftHO:

U (@@, + B®,) = 0K (a®, + p®,) = 6 (a"0f 4 8°0}) =
' = af0f - BOD] = abK D, + BOKD, = aU D, + BUD,.

Kpowme toro, 6K octaBiser abCOMIOTHYIO BEHUHHY CKANSAPHOTO TPOM3-
BelleHMS WHBApHAaHTHOH, TaK Kak o6a ero cOMHOXHUTead 06JaaaioT
3TUM CcBOHCTBOM. [J03TOMY OHO YyZROBJAETBOPAET TPEANONOKEHUAM,
u310KeHHHM B [Ipunoxenud k ra. 20, ¢ nepBo#i BO3MOKHOCTBLIO H3
(20.29), u, caenoBateabHo, yuurapHo. OTciola cielyeT, 4TO 8CAKuli
GHMUYRUMAPHLLE onepamop, B YacTHOCTH O, moocem Goms 3anucax
8 8ude Npou3sedenuss HeKoOmMopoz0 YHUMAPHOZO0 ONepamopa u one-
pamopa KomnaexcHozo conpascerus K

0K =U, .6 =UK. (26.7)

3710 HOpPMaabHHHA BHA AHTHYHHTApHBIX ONepaTopoB. Y3 Hero cieayer,
utr0 6 ynoBiaeTBOpsieT cOOTHOIeHWsM (26.4) u (26.5), a Takke coOT-

HOIIEHHUIO
(60, 8Y)=(UK®, UKY)=(K?, KY),
TaK yto (26.6a) cnpaBelIMBO A/ JI060T0 aHTHYHHTAPHOTO OMEPaTOpa;
T (00, 6T = (Q, ¥)* = (T, D). (26.8)

BaMETHM JaJjee, UYTO TPOHU3BEACHHE ABYX AHTHYHHTAPHBIX onepa-
TOPOB YHHTApHO:
U]KUZK(I) - Ull(Uz(I)’k == U] (UQ(I)*)* — U1U§‘I’
HJHU

UlKU2K=U1U;- (26.9)

AHanoruyHbiM 00pasoM NpOM3BeleHHE YHHTAPHOTO H AHTHYHUTAPHOTO
ONepaTopOB aHTHYHHTAPHO.

Omnepatop oOpauieHHst BpeMeHH HMeeT elle OIHO BaXHOE CBOHU-
ctBo: xota 6@, Boobuie roBops, He coBmamaer ¢ cocrosHueM @, co-
crosHue 620 =000 cosnapaer ¢ cocrosuueM O@. Caenopareabno,
02® moxer or1aHuaThes OT @ TOALKO MOCTOSHHBIM MHOXHTedaeM. [To-

KaeM, 4YTO 3TOT MHOXUTeAb paBeH au6o -+ 1, 6o — 1. Ecau
sanucaty 6 = UK, 10
02 =UKUK=UU*=l. (26.10)

BB cuny yuurapsocTH U, UMeeM UU" =1, rak uro (26.10) npusonut
k U'=cU" vm U=cU". [epexon Kk TPaHCMOHHPOBAHHBIM Omepa-
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TOpaM B 3TOM pPAaBEHCTBE J1aeT UT=cU, 1ak uro U=cUT=02U.
1o cHoBa ageT ¢ = 11, Tak uro U MOmeT ObiTb AM6O CHMMETpHY-
HBbIM, JH60 AHTHCUMMETPHUYHBLIM H
62 = *1. (26.10a)
YuraTeab Oe3 Tpyla y3HaeT 3JeCh Te e pacCykIeHHs, KOTOphie Npu-
Beau K (24.36). [losgHee MbI yBMAMM, 4YTO BepXHM# 3HaK OTBeyaeT
npoctoft Teopun UlpenauHrepa M Teopuu, YyuMTHIBalOWER CNUH, eCau
YUCJIO IMEKTPOHOB YeTHO. HHKHMH 3HAK OTHOCHTCS K TEOPHU C yue-
TOM CNHHA, KOTAA YMCJAO 3/EKTPOHOB HJH, B Oosee oblueM cayuae,
YUCJIO YAaCTUL C MOAYLUENBIM CMIMHOM HEYETHO. ’
CootHolueHue (26.10a) BbnoaHseTcs He TOJBKO M caMoro obpa-
IeHHs] BpEMEHH, HO M AJs MNpOU3BeleHHs oOpalleHHsl BpeMeHH Ha
APYTYIO omepauuio cHMMeTpuu. TO, YTO NOC/JAEL0BATENLHOCTb ABYX
obpaiieHMft BpeMeHH BOCCTAaHABAMBAaeT TEPBOHAYAJIbHOE COCTOSIHHE,
ABASIETCS CJEACTBHEM MHBOJIOUMOHHOTO XapakTepal) ¢pU3HUecKkoro ome-
paropa obpauienuss BpeMenu. CootHolleHue 62=cl u BHIpaKaeT 5T0
ceoficteo. OpnHako TOT ¢akT, yTO ¢ MOWeT GbITb PABHBIM TOJBKO
—+1 uau — 1, sBAsieTCs MATEeMaTMYECKMM CJEICTBMEM AHTHYHUTap-
HOCTH 0. 31ech MOMOMKeHHe COBEpIIEHHO WMHOE, YeM TO, C KOTOPBIM
Mbl UMeJu Iea0 B caydae Bpaulenull. Ecam R — Bpalenue Ha w, TO
Kak ¢u3MuecKas ONepauus oHAa HHBOMIOUMOHHA. TeM He MeHee O?e
MOkeT ObITb KPAaTHBIM €IMHMYHOH MaTpuue C JIOOHM MHOMMHTe/EM
Moayas 1. Nockoabky Qg comepkaT CBOGOAHHH MHOXMTENb, STOT

OmepaTop MOXHO HODMHPOBAaTb TaK, 4YTOOHI O%:l. daxTHUeCKH
HOPMHPOBKA, npou3BeleHHas B ra., 20, naer O%;:l, eCJH YHCJIO

3/JEKTPOHOB UYEeTHO, H O%;:—l, €CJAM OHO HeuyeTHO. ITO, OMHAaKo,
ABASIETCS CJAeICTBUEM HOPMUDOBKM, TOrAa Kak coorHowenue (26.10a)
BLIMOJIHAETCS  aBTOMaTHyeckH. JleHcTBuTeabHO, 3aMeHa 6O Ha o6
¢ lo|=1 (yr0 BnoJHe nONMycTHMO) He MeHser 02 Bomce: whwd—=
= wu*H = 62,

Onpenenenre onepatopa o6pauieHus BpeMeHH

C Touxkn 3penus oOpalleHHs BpeMeHM CYLIECTBYIOT [JBA BaXHBIX
Kaacca ¢uaMyeckux BeauyMH. KoopauMHaThl, TNOJHAsS SHEPTHS H KMHe-
THYeCKasi SHeprus TpHHAalJexaT K MNepBOMy KJaccy. BeposTHocTb
Onpele/eHHOTO 3Ha4YeHHs A JI0OOH M3 9THX BEJHYMH OJIMHAKOBA IJA @
H 1as O, He3aBHCUMO OT TOro, KakOBO ¢. IJTH BEJMYMHB JHOO He
CBfI3aHbBl CO BpeMeHeM, JHOO COAepXKAT HETHYIO CTeneHb BPEMEHHOH
nepeMeHHOH. B pe3ayabTaTe oOpalllenue HamnpaBjieHMs JBHeHHs He
OKa3blBAeT HHUKAKOTO BJAMSHMSA HA 3TH BeJMyHHH. CKOpPOCTb, MMMYJbC,

1) MuBomonmne# Mh HasnBaeM Takylo ONEPaLHIO, KBajpaT KOTOPOH
ALJASETCA TOMAECTBEHHOH oleparyeii.
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MOM@HT KOJMYECTBA JBHXKEHMS, a TaKxKe NMPOEKUMH CMMHA HA 3aJaHHOE
HampaB/ieHHe TPHHALJMEHAT KO BTOPOMY KJaccy onepatopos. Ecau
KaKas-qH00 M3 3TMX BENMYMH HMEeT 3HAYeHHE A B COCTOSHUM ¢, TO
OHa HMeeT 3HayeHHe — A B COCTOsHMM O¢. DTU BeJMUMHBI COmepHKAT
HEYETHYIO CTeneHb BpeMeHHOM mepeMenHol. PasyMeeTcs, cyliecTBylOT
¢du3MUeCKHe BeJMUMHBI, KaK, HampHMep, KOOpIAMHATA NJIOC CKOPOCTb,
KOTOpPbIE He TIPUHALJMEKAT HH K OLHOMY M3 3THX KiaccoB. Ham, oauaxo,
He TIpUAETCSl UMeTb NeJO C BeJMYMHaMM NOA0GHOro poaa.
Oneparopsl, COOTBETCTBYIOLME BeJHYMHAM TePBOTO KJacca, KOM-
MyTHpyIOT ¢ 6. [leficTBUTENbHO, ec/M q SIBASETCS TaKUM ONepPaTopoM,
a @, — COCTOSIHHE, B KOTODOM (] MMEeT 3Hayenue A, TO q, =A4,.
Tax rax q umeem 3unaxenue N, maxoce u 0aa 0, umeen maroie
q6¢, =1, 0¢,. CrenosarenbHo, €CaH ¢ — NPOU3BONbHAS BOMHOBAs (YHK-

s @de&v TO B CHJY JHHEHHOCTH (] MMeeM

Oqcp_—— 6q Z ad, = J Z ahg, = Z a:)‘zeq)v (26.11a)

NOCKOJ/IbKY BEeJHYMHBI A, BenlecTBeHHbl. C APYro#t CTOpPOHHI,

qbs = qb X a4, = q X 200, = X alqdy, = X a\0y.. (26.116)

Orciona caepyer, 4TO €CaM ¢ — OMEPATOP MEPBOro KJacCa, TO
6q=q9. (26.11)
C npyroft cTOpOHB, €C/AH ONEpaTop P TPHHAAMEKUT KO BTOPOMY
KJacCy, Te e apryMeHThl NPUBOAAT K TOMY, 4YTO
6p =— pb (26.12)
u 6 aHTMKOMMyTHpYeT C 9TMMM omeparopamu. [lpenbinywee paccy-
KAeHHe SBASETCS CTPOTHM TOJLKO B TOM C/Aydae, €CIH (Q H p MMEIOT
TOYEYHBIE CTEeKTPbl; OIHAKO MOXHO TIOK33aTb, YTO COOTHOILEHHS
(26.11) u (26.12) cnpaBeanuBbl AJs BCEX OMEPATOPOB COOTBETCTBEHHO
NepBOrO M BTOPOTO KJ4ACCOB.
PaccMoTpuM cHauana mpocTyio Teopuio llpepunrepa, xoropas He
yuuTHIBaeT cnuHa. Ecau Mb HanuweM 6 = UK, 10 u3 6x = x6, rae
Xx — n00asi U3 KOOPAMHAT, MOJYHHM

UKxe = Ux¢® = xUKe = xUg", (26.13)
tak 4ro U KOMMyTHpyeT c onepaunedt YMHONeHus Ha N0y U3
koopauHaT. Tak Kak oONepaTopbl HMMyJbCa ho TIpUHALIEKAT KO

i ox
BTOPOMY KJaccy oneparopos, M3 (26.12) uMeeM
hopg _ ho o  hD B o(UgY
UK Tar=—TUSr =" 7 UKe=—7 5 (26.133)

MuuMast eluHMUa [ B BBID&KEHHM [1Js1 OMNEpaTopa MMNYJbCAa KOMIeH-
cupyeT 3HaK MuHyc B (26.12) u U koMMyTupyeT c onepauuedt dugh-
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gepenyuposanus No moboit u3 xoopauHar. OTCIONa MOXKHO 3aK/IO-
yuth, 4r0 U AOMKHO OBITH NPOCTO YMHOMEHHEM Ha TOCTOSHHYIO
c MoayaeM 1. [lockoabKy 9Ta mNOCTOSHHAs MOXeT ObTbL BHOpaHa
TIPOM3BOJIBHO, TOJOKHMM ee paBHOH 1; TOraa AJs TEOpMM, HE YYMTBI-
BalOILER CMHHA, NOJYYUM

=K, Op=¢" (26.14)
OTO NMOKA3bLIBAET, YTO BOJHOBHE (YHKIMH CTALMOHAPHBIX COCTOAHMH
MOTyT ObITb BHIGPAHBI 'BELIECTBEHHBIMU, 4YTO B LAaHHOM CJyuae COBep-
INEHHO OYEBMAHO, TOCKOJBbKY TaMUJbTOHUAH SIBJASETCS BELECTBEHHDIM,
OnHako cnelyeT 3aMeTHTb, YTO CcooTHoweHus (26.14) cnpasemviuBu
TOMLKO B TOM CJy4Yae, €CJAH ONEpaTophl KOOPAMHAT M MMMNYJIbCOB

h o
OepyTcsi B BHIE X H T 9% (cM. ra. 4). Ecau ucnonbaoBath ,uMnysabc-

0
Hble KOOpAMHATH“ M TOACTABUTDb tb?); BMeCTO OOBLIYHBIX KOOpJAMHAT,

a YMHOEHHE BOJHOBOM GYHKLUMH HAa ,UMIOYJbCHYIO® nEpeMEHHYI0 p
LJs MMNYJAbCHHX KoopauHar, To 6 cranosurcs paeieiM UK, rae U
HE SIBAAETCS €AHHWYHBIM OMEPATOPOM, a NMPOU3BOIAMT MOACTAHOBKY — p
BMECTO p:

Ug(— Py — Py oes —P)=0(Py, Pyr ---» Pp. (26.142)

PaccMoTpuM Tenepb TeopHIo, yuuThiBawluylo cnud. Onepatop U
IOJKEH YAOBJAETBOPSITb COOTHOWeEHUsIM (26.13) u (26.13a) Takxke n
B 9TOM CJy4Yae, HO 3TUX YCJAOBHH HENOCTATOYHO LJS MOJHOTO OmNpe-
AejeHuss UJ; OHM TOKasbBalOT Juwb, 4to U He jpelicTByer Ha Aekap-
TOBbHl KOOpAMHATHI, HO TEM He MeHee MOXeT NeHCTBOBAaTL Ha CMUHOBLIE
KOOpAMHATH. B 3TOM OTHOWIEHMM OH MMeeT CBOMCTBa, NPOTHBO-
NOJIOKHBIE CBOHCTBaM GeccnUHOBHX onepatopoB B ra. 20. Yrobu
noaHocTbio onpedeauts 6 = UK, HeoGXxeaiuMo paccMOTpeTb noBeie-
HHE CTIMHOBLIX TEPEMEHHBIX Sy, Sy Sz «-+v Spp Spys Sy TPH
obpaiuernu BpeMeHd. CnHHOBHE MepeMeHHble KaK MOMEHTH KOJMYeCTBa
IBUXKEHUS] TIPHHALJEKAT KO BTOPOMY KJaccy OMNepaTopoB, TaK YTO
OHM aHTHKOMMYTHPYIOT ¢ 0. ITockoabKy BCE §;, BElECTBEHHBI, /4
Bcex =1, 2, ..., n MMeeM

0s,, = UKs,, = Us, K.

D10 BHpaxeHHe A0MKHO OHTb pasHo —s; 0 =—s, UK, Tax
uto 8;, anmurxommymupyem ¢ U. To ke caMmoe MMeeT MeCTO LA S,
KOTOpHE TOXe BCe BeluecTBeHHbl. C ApPYro# CTOPOHBI, MHMMBIH OTe-
parop s;, Kommymupyem c U. Chaenosarenbto,

Us;,,=—s; U, Us;=s,U, Us,=—s,U. (26.136)

OneparopoM, yIOBJAETBOPSIOIIMM 3THM TpeOOBaHHSAM, SBASETCH MpPOU3-
BelleHHe BCeX MHHMBIX CNHHOBBIX OTEPaTOPOB:

U=s,,8y, ... S, (26.15)
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JeHCcTBUTENBHO, C TOYHOCTbIO N0 MHOXMTedeH, |J — eNMHCTBEHHHIH
oneparop, KOTOpHIH yaoBJAeTBOpsSieT cOOTHOWeHUsM (26.136). Tlpen-
NOJIOKHM, YTO cyuiectsyeT BTOpoe pewtenne ;U 3stux ypasHenuit.
Torna Mbl HaxonuM, yto (J; HOMKEH KOMMYTHPOBAThH CO BCEMH S,
Siy» Sjz M, C/elOBaTe/bHO, C

€81, CoSp,F - oo 6,80, (26.E.1)

npu BCeX 3HaueHusx ¢. ONHAKO MaTpHla, KOMMYTHPYIOILAs CO BCEMH
9TMMH MarpullaMi, §BJASEeTCS AWATOHANbHON MaTpHileH, Tak Kaxk TNpH
"HaasexalieM BHIOOpe BeMMYMH € HHKAaKue 1BA NHATOHAMbLHBIE 3JEMEHTA
MaTpuubl (26.E.1) e pasHbl. C Apyroft CTOpOHBI, HW OZMH MaTpHy-
HBIH 3JIEMEHT MaTpHLbI

(sly + slz) (SQy +s2z) e (s.ny + snz) (26E2)

He 06paniaeTcs B HyJAb, TAK YTO TOJbKO TOCTOSHHAs MATPHILA KOM-
Mmytupyer kak ¢ (26.E.1), tak u c (26.E.2). [lockoabky nocTosH-
Has B O ocraercs ewe cBOGOAHON, MOXHO HAMHCATh

0=s,,8y --- 8,K (26.15a)
UK
0D (xy, ¥y, 2, Sy vos Xy Yo 2y S =
_t—s" —s,...—s"@(xl’ yls zl’ _Sl' c e xn’ yn’ Zn, —Z")*.
(26.156)
Jlerko mposeputb, uro 62=1, ecau n yerHo, u 02=—1, ecau n

HevetHo. Cymwecrsyer apyras ¢opMa omeparopa 8, koropas mnoay-
4aeTcs, €CAM 3aMcTHTh, YTO QW’)({O, , O})=tsy. Tax xak O{o v 0}

- 1
aaxmouaercs B npuMenennn DY ({0, w, 0}) K KawaoH cruHOBOH
nepeMeHHOM, cpaBHeHue ¢ (26 15a) nokasbiBaer, 4TO

0=(— l)"O{o, , O}K (26.158)

BuBeneM, Haxomel, COOTHOLIeHMS! MeX1y OMNepaTopoM obpaiie-
Hust BpeMeHH O u yHurapHbiMu onepatopaMu Qp uau Qu, KOTOpbie
COOTBETCTBYIOT BpAlLEHHAM CUCTEM KOOpAMHAT. [1OCKOJbKY BpalLeHHs
u ofpalleHHe BpeMeHH KOMMYTHPYIOT KaK (PM3HYeCKHe ONepalluH,
Oxrb u 60x MOryT OTIMYATBLCS TONBLKO MOCTOSTHHBIM MHOXHTEJNEM Cp,
KOTOPHI#t, ONHAKO, MOxeT 3aBuceTb OT R. CienomaresbHo,

07'0x0 = crOg w1 67100 = c,Ou. (26.16)
Flpoussenenue 1ByX Takux cooTHowenult, B cu1y OQrQOs= Ogs. AaeT

CRCSOR3= 6~1OR60-10,§6 = 0‘10R36 =CRSORS-
(26.16a)
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[ostoMy uHCaa cp 00pa3ylOT npeicraBiaeHue TPYNnbl BpaleHu#t (uau
AByMepHOH YHUMOAYnApHOW yHHTapHOH rpynnbl npeo6pas3oBaHuft u).
Tak Kak €NMHCTBEHHOE OIHOMEDHOE NpEeACTAaBJAEHHe TPYNNb YMCTHIX
BpAalUEHHH WM YHMTApHOH TpPyNMNE €CTb TOXKAECTBEHHOE MPeNCTaBJje-
HUe €= 1, T0

Or0=00r Him O,0=00, (26.17)

AN BCeX COOCTBEHHBIX BpauleHH#. DTO COOTHOIIEHHE MOXeT ObiTb
NPOBEPEHO TaKxKe MNMPSMbIM BBLIYMCAEHHEM; OHO SKBHBAJIEHTHO COOTHO-
Y]

D (R)s, =5, D (R (26.172)

[penbiayuide paccyxAEHHS He HCKJIOYAIOT BO3MOXKHOCTU TOTO,
yTo 06e YacTH CcOOTHOWeHUS (26.17) pasHbl 1m0 abGCOIOTHOR BeJu-
YMHe, HO MMeIOT TNPOTHUBOMOJOXHbBIE 3HAKM, €CJM R sBJseTCs Hecob-
CTBEHHEIM BpallleHueM. B COOTBETCTBYIOIEM TNpeacTaB/ieHuH (Cp) TOA-
HOR rpynnbl BpaueHu#t (1) cooTBeTcTByeT COOCTBEHHBIM BpALUEHUSAM,
a (—1)— Bpawenusm ¢ onpeseaureseM —1. OnnHako Jerko npose-
putb, uTo cootHowenue (26.17) cnpaseatuso u aas omeparopa O,

NpOCTPaHCTBEHHOH uHBepcHU. [03TOMY OHO CHpaBeMMBO [JIsl BCEX
PacCMOTPEHHBIX paHee Onepaiuit CUMMETPUH.

EcTecTBeHHO, YTO PAaCCyXAEHHS STOTO pasfena He A0KA3bIBAIOT, YTO
ypaBHeHUs] KBAHTOBOH MeXaHMKW WHBADHAHTHBI OTHOCHTENbHO Ofpa-
ueHuss BpeMeHH. OHM TNOKAa3HIBAIOT, OAHAKO, YTO eC/AM 3TA WHBApHU-
4HTHOCTb [HeHCTBHTE/JHHO MMeEeT MeCTO, TO OnepaTtop OOpalieHHs Bpe-
Menu O = UK nomkeH 3anaBaTbCs, C TOYHOCTBI) A0 MNOCTOSHHOIQ
MHOXMHTeNs, BhipameHusMu (26.14) uan (26.15a) coorBeTcTBEHHO Aas
TpPOCTO# TEOpHH MJM AJs TEOpUM, u3JA0oKeHHOH B ra, 20.

lpeo6pasoBanue coGCTBEHHHX ¢YHKUMHA aHTHYHHTAPHLIMH
onepaTopamu

CUMMETpHS N0 OTHOIUEHHIO K OTPaXEeHMIO BpeMeHH He HMeeT
JaNeKo MAyIMX CJAeicTBM B TeOpMH aTOMHBIX cnekTtpos. Oma
fBJifleTcs ropasgo 60Jee MOLIHBIM CPEJCTBOM NPH MCCJAENOBAHMH CH-
creM ¢ Oojiee HM3KOH cUMMeTpuel, TaKMX, HAMPUMEp, KAK MHOTOATOM-
HbIE MOJEKY/ABl MIM aTOMBl B KpHCTaiane. JeHcTBUTenbHO, Tpeobpas3o-
BaHHe (26.15) O6bi10 HaHneHO BnepBbie MpH MCCAEAOBAHHM BpALUEHHS
TUIOCKOCTH TOJISIpU3auuu 1), sIBJeHUs, KOTOPOe MPOSBASETCS B CHCTEMAX,
HE HMEIOLMX KAKOH-1M60 TIOCKOCTH cuMMeTpuH. OnHAKO BaXHO

1) H. A. Kramers, Koninkl. Ned. Akad. Wetenschap. Proc., 33, 959
(1930). Bce 3nauenne OOpamieHHs BpeMEHH B KJAacCHYeCKoR TeopHM Gbuio
NMOHATO JHLIb HemaBHO; cM. H. Zocher, C. Tordk, Proc. Natl. Acad
Sci. (USA), 39, 681 (1953).
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OTMETHTb, YTO TeOpHUs TMPEACTaBJeHUH Tpynn JuHeHHBIMM Tpeobpas3o-
BaHHSIMH He JAaeT NOJHOM MareMaTHYecKOH OCHOBBI Vs PacCMOTpeHMsd
rPYNNBl CUMMETPUHM, COIEpHKalled aHTUYHUTAPHBIE ONMepaTOpbl, W HaM
NPUAETCS TOBTOPUTL HEKOTOpble M3 paccyxieHuft ra. 11.

Kax Obino ykasano pasee (Haubojee $BHO TPH DPacCMOTPEHHH
s¢dexra Llrapka B ra. 23), rpynno#t, KOTOpyIO ClefyeT paccMaTpH-
BaTb IJA mOJYy4YeHHS CJAeACTBHM W3 CHMMETDMM HEKOTOpOH 3amauw,
ABJSETCA He rpynna ¢pu3HYeCKUX npeobpa3oBaHuit, a Tpynna KBaHTOBO-
MEeXaHHYECKMX OMepaToOpOB, COOTBETCTBYIOLIMX STHM Mpeo6pa3oBaHHAM.
Ecan 4uciao sneKTpOHOB HeueTHO, KBAHTOBOMEXaHHUYECKHE OMEpaTophl,
KOTOpbHlE COOTBETCTBYIOT BpAILEHUSIM, M30MOP(QHEI Tpymnne ABYMEPHHIX
YHUTApHBIX YHUMOAYJAADHBIX NpeoOpa3oBaHuft W M JHIIB TOMOMODP(HbI
rpynne Bpaueduit. AHasoruuHmM o6pasoM, 02 cooTBeTCTBYeT B 9TOM
cayyae He u=1, a u= —1. [loaHas rpynna coctoutT u3 npeobpa-
sopaHu#t Oy M 00y, TpUYeM nepBbie SBASIOTCS YHUTAPHBIMHM, 4 MO-
clelHHe — aHTUYHUTApHBIMU. [IpaBuna yMHOXEHHS HMeOT BHA

Ov0u= Ovu: 6Ov . Ou= OOV“:

(26.18)
Ov- 6Ou= 6Ow.b 6Ov . 6Ou= O;tvu-

[MocnenHue 1Ba COOTHOWEHHs caeayioT u3 (26.17), npuyeM B mocJen-
HEM COOTHOMIEHHM BEPXHMH 3HAK OTHOCHTCH K YETHOMY, 4 HHKHHH —
K HeuyeTHOMY 4HCAy 3JekTpoHoB. [lpaBuna ymHoxenus (26.18) noka-
3bIBAIOT, YTO YyHMTapHbBe OMNeparopbl 00pa3ylT NOArpynny (¢akrtH-
YeCKM HOpPMAJbHYIO TOATPYNNY C HHIEKCOM 2) M YTO aHTHYHHMTap-
Hele onmepaTopbl 06pa3yl0T cMexHBIR Kaacc sToit moarpynnul. TO e
caMOe CNpaBelJHBO IJs BCEX TpyNN, COIePXALIMX KaK YHHTapHbIE,
TaK U aHTHYHUTApHBIE ONEpPaTOpHI.

[MepecMoTpuM Temepb u3aomenue ra. 11, nauunas ¢ nm. 5. Coor-
HoweHue (11.23) OyneT cnpaBeanMBO TaKKe M LIS aHTUYHHTAPHBIX
oneparopos 0y, TNOCKOJBKY OHO JHIUL BBIPAXAeT TOT (aKT, YTO
()qua7t aBasiercst coOcTBeHHON ¢yHKIMeH, ecau TakOBOH ABAAETCHA ¢y

Oqu)z - ; D (OOH)M ‘Px- (26 19)

Ilanee, ocraercss B cuje yTBepwkieHue, uro D (0Q,) Gyayr yuurap-
HBIMH, €CJH . OPTOHOPMHDOBaHBL. ITO SBJSETCS CJAEACTBHEM TOTO,
yro, B cuay (26.8), coorHoleHue

(Oqu)m OOu‘Px):(Ou‘Px. quax):(q))\y q)1)=6)\1 (2620)
BBHITIOJIHAETCSA TaK Ke, KaK H 1Js YHHTApHBIX ONEpaTOpOB. YHHTap-

HOcTb MaTtpuu, D [cooTHowenue (11.32)] Obisna NpsIMHM CJeACTBHEM
COOTBETCTBYIOLIETO COOTHOLIEHHS LS YHUTApPHBIX ONepaTOpOB.
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[Tpoussenerne Marpuu D(OOv) u D(Ou) uan D(BQ,) yxe He
6yner pasio D(60,Qy) =D (00u) umu D (60v604) =D (O 1uv).
B wactHocTH, ecam mpumenuts 0QOv k (26.19), To Gaaromaps yHu-
TAPHOCTH STOH MATPHIBI HMEEM

OOVOOu‘Pz B Z)\ OOVD (6 Ou)thx = g D(eou);xﬁ qu))\ —
=2 D(OO0uhD (00+)ady.
e

TaK 4TO

D(®Ov)D (60u)'=D(00:004) =D (O1vu). (26.21a)
AHanornyHbIM 06pas3oM
D (60v) D (0w’ =D (60vOu) =D (6 Owu), (26.216)

tak yro Marpuusl D (Q,), D (00Qu) yxe He 06pasyior npeacrasiaerus
TPYNINBl COOTBETCTBYIOLUMX OMNepaTopoB. [IpaBuaa yMHOMeHHS, KOTO-
pble CTpaBel/IMBbl [/ TpEelCTaBJAeHUH,

D (Ov) D (Ouw)=D (OvOu) =D (Ow). (26.218)
D(Ov)D (604)=D (Ov00Ou)=D (60vs),  (26.21r)

NPUMEHUMB TOJBKO B TOM CJyyae, eC/AM TepBBIH MHOXHMTeAb COOTBET-
CTBYeT YHUTAPHOMY Omnepatopy. B mnpoTHBHOM ciyyae noOsBAsieTCS
MaTpHUA, KOMIIEKCHO-COTpskeHHass co BTopbiM D. YactHuM caen-
CTBHEM 3TOTO SABJSETCH TO, YTO

D ((00u)™")=(D (004" ' =D (60)". (26.22)

B uactHoctu, Matpuua D (0Q,) cummerpuuna, ecan 60, — aHTHyHH-

tapHass MHBOJIOUMA: (0Q4)?=1. 310 uMeeT MeCTO TaKke M A5

caMoro omneparopa oOpauieHuss BpeMeHM O, eC/AH YUCJAO 5/1EKTPOHOB

YeTHO; 3TO BHMOJHSeTcs M Aas 00Oy Tpu HEYeTHOM 4HUCJIE 3JEKTPO-

HOB, €C/AH U COOTBETCTBYET BPALUEHHIO HA w, TaK uro u= — 1,
Ecan 3aMeHnTb ¢ HOBBHIMH JHHEHHBIMM KOMOMHALHSMU

b= awb  h=Zhh

C MOMOLUBI0 MpeoOpa3oBaHHUS a=ﬁ—1, To Marpuubl D (Q,), xoTOpHE

COOTBETCTBYIOT YHHTapHOMY mnpeobpasdosaHuio ,, 3aMeHSOTCH, CO-
raacio (11.30), na

D(Qy) =a"'D(Ou & (26.232)
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C npyro#t cTopoHH,

Oqu);. - 6Ou Z avp.q)v - Z a:pequ)v -
= Z g oy D (00u)uds = z Z @ oD (00 u)esPreie

Tak yro D (6Q,) 3aMeHseTcs Ha
D(OO0w=a"'D(00u)a" (26.236)

910 MOXHO 6BUIO OB TNOJYuMTL ke M3 (26.21a) uau (26.216), no-

ckoAbKy D ynOBJeTBOpSeT STUM YypaBHeHMSIM JUIIb B TOM Cay4ae,
€ClM B TMpPeoGpa3soBaHMM MATpPHL, COOTBETCTBYIOIUMX AHTHYHHTAPHBIM
npeo0pa3oBaHHAM, & 3aMeHUTb Ha &,

Cucrembl ypasHeHu#t (26.21) u (26.23) noKa3biBalOT, YTO MaTpHILH,
KOTOpble npeobpas3yloT cobcTBeHHHe QYHKUMH NpPH ONEpaluax TPy,
He 00pasyloT MNpEeNCTaB/eHHs STOH Tpynmbl, ecaM Tpynna co-
IEpXKUT aHTUYHUTapHBIE OmepaTopbl. Pelwenne ypasHeHu#t (26.21)
He JlaeTCd HEMNOCPeACTBEHHO Teopuel mnpelacTaBleHud, a MOJKHO
ObTh HAaRAEHO NyTeM CreLUMadbHOrO BHIYUC/AEHHS. B YacTHOCTH, He-
BO3MOMHO MCKJIOUHTbL 3HAK KOMIUIEKCHOTO compskeHus B (26.21a)
H (26.216) nyrem mnepeonpenenenuss Marpuu D (6Qu). Paspensis se-
IIECTBEHHBIE M MHHMblE 4acTH — KaK B BOJHOBHX (YHKUHMSAX, TaK U
B Tpeo0pa3oBaHHAX — MOMHO ObO OB NMpPHAATL STHM YPaBHEHHSM
6onee ectrecTBeHHb#t BMA. OAHAKO C HUMM Jerye oOpaliaTbCs B TOM
BHIE, B KOTOPOM OHH AaHbl 31eChb.

CucteMa Marpun D, ynosnersopsiolux ypaBHeusM (26.21), He
ABJISIETCA MPEACTABAEHHEM TPYNNbl YHUTAPHBIX W AHTHYHHTAPHHX Orme-
patopoB Qu ¥ 60, B 06bLIYHOM cMbicje. TeM He MeHee TaKOBBI
YPaBHeHHsl, BO3HHKAWOIMe M3 cOoOpakeHH#t WHBAPHAHTHOCTH MO OTHO-
IIEHHIO K OMNepauusiM, CBs3aHHBIM C oOpauieHueM BpeMeHH. Onu Oy-
AYT Ha3LIBATbCA KORpeOCcMmasienusmi, 4TOOH HAMOMHHATDL O 3HaKe
KOMIIEKCHOTO conpsbkeHust B (26.21). PasyMeercs, MOHATHE KOTpel-
CTaB/IEHHS NMPUMEHMMO TOJBKO K TPYINE ONepaTopoB, KOTAa HEKOTO-
pHlE M3 HHX AHTHYHHUTAPHBL.

IIpuBenenune xonpencTaBaeHHH

Hacrosumu#t pasnen npeacrabaser coOoff mepsbift 1uar B Onpele-
JEHMM KOTpEACTaBAeHHH, T. e. peweHuit ypasHenuht (26.21). Ora
3anaya O6yjner paccMaTpMBAaTBCS B STOM W B CJelylOLieM pasaenax
KaK MareMaTHueckasi 3ajaya. B uacTHocTH, He Oyler NpEANOJararbcs,
YTO yHHTapHble omepaTopn )y COOTBETCTBYIOT BpallEHHSIM, a TaKXke,
YTO aHTUYHMTApHble OMEepaToOpH colepxaT OOpaleHHe BpeMEHM.
Y061 YNPOCTUTL 0003HAueHUs, 0603HAYMM YHHTApHBIE OTIEPATOPDI oM
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-
q\ePes u;, Uy, Uz ... OHM 00pasyloT HHBADHAHTHYIO NOATpymmy,
KoTOpas OyaeT Ha3biBaTbcs yHumapHol nodzpynnod. HenpupoauMuie
NpeAcTaBleHUs 3TOH noArpynnbl 6yAyT TPEANOJaraThCs H3BECTHHIMH;
TUMHYHOE HENPUBOAMMOE TPEACTaBJAEHHE, TIPEANOJIAraeMoe YHUTap-
HbIM, 6yneT 0603HaueHo vepes A (u). AHTHyHHTapHble onepatoph 60y
O6ynyT 0003HayeHbl KpaTKO 4Yepe3 a;, &g, &g -.- . 1OTHA UeThIpe
ypasHeHus (26.21) npuHUMAOT BUA

D(u)D(u) =D(uu,). D(u)D(a)=D(ua),
D(@)D(u)=D(au), D(a;)D(ay)'=D(aa,
Jlpa peietns ypapHennit (26.21) 6yLyT Ha3bIBATHCA SKBUBANEHTHLIMH,

€C/lM OHM MOTYT ObITb Tpeo0pa3oBaHbl OLHO B JAPYroe C MOMOLUbIO
YHUTApHOM MaTpHubl &, TaK uTO

D(w= a"'D(u)a,
D(@)=a"'D(a)a’,

), (26:21)

(26.23)

a peluenHe ypasHeHutt (26.21) GylneT Ha3BIBATBCH HENPUBOLMMBIM, €CJIM
OHO He MOMXeT OBITb CBeleHO K NMpHBEJEHHOMY BUAY C TIOMOIUBIO TIpe-
oGpasoBanns (26.23). Marpuua D(u) He MeHsercs, ecau & =wol
KpaTHa eIuHu4HOH MaTpuue; oaHako D (a) yMHOxkaeTca Ha 0-lo* = 0*.
CieloBaTeJbHO, J1Ba pelueHHs ypaBHeHu# (26.21) HaBepHsika KBHMBa-
JeHTHbl, ecau ux D(u) cosmapaioT, a D(a) oTauyaioTca o6LMM yu-
CNEHHBIM MHOXKMTedeM. Pukcupys o0O01MH a30BBIH MHOMKHTEIL Ma-
tpu D(a), Mbl duxcupyeM $asoBbit MHOMHTENb BOJHOBHIX (YHKLUUH,
KOTOpble npeobpasyiorca ¢ noMowpio D(a); obwuit ¢asosbifl MHOMKH-
TeAb BCEX BOJHOBHIX (yHKUUH, NPUHALAEKAIMX PA3AMYHBIM CTPOKAM
NpEeACTaBAeHHs, OCTaeTCa CBOGOAHBIM, TMOKA PAaCCMATPUBAIOTCH YHUTAp-
Hble OTepauuu CUMMeTpHU. JlajbHeHllHe BBIYHUCAEHUS MOTYT GBITb Cle-
AaHbl Gosee TNPO3payHBIMM, €CJAH TPEANOJONKHTb, YTO CYIUECTBYIOT
BOAHOBble QYHKUMH §;, $y, 3, ..., $; KOTOpHE NpeobpasylTCs NOA
NeHCTBMEM COOTBETCTBYIOILMX ONEpPaTOPOB U M @ COTJIACHO COOTHO-
IIEHUAM

f
U‘Px = Z D(u)h q)l'
! (26.19a)

f
aq)x = Zl D (a)h q’l'

B ¢usnyeckoit 3anaue HauboJsee HHTEpPECHH HMEHHO 3TH BOJHOBLIE
¢yukuuu. Ecan MHTepecoBaTbC YMCTO MaTeMaTHYeCKOM 3amaveft peue-
HUA ypaBHeHuR (26.21), TO BO/NHOBbIE PYHKUMH $, MOMHO 3aMEHUTDH
BEKTOPAMH B ,NIPOCTPAHCTBE MpeACTaBleHHs"“, DTO NPOCTPAHCTBO Npej-
CTaBleHM MMeeT f u3MepeHui, rae f— 4MCJIO CTPOK H CTOJGLOB
MaTpuu D. MoxHO cyuTaTh, 4TO MaTpuubl D AeHCTBYIOT HAa BeKTOpH
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B STOM NpPOCTpaHCTBe npencrasienus, npuyeM D(u) u D(a) npe06pa/-
3YIOT x-# eNMHHYHBIH BEKTOp B BEKTOPH C A KOMNoHeHTaMH D (u).
u D (a),, coorBercTBeHHO. TakUM 00Pa3oM, MOXHO NMPENNONOKHTh, YTO
elMHUYHble BEKTOpPH B TNpPOCTPAHCTBE NPEACTABJEHUA HTPaOT pOJb
BOMHOBHIX ¢yHkuu# . OMHAKO CleAyeT OXMAATb, UTO MCMOJb30BaHHE
TIOHATHS BOJHOBBLIX (YHKUMR crenaeT nocaelyiouluft aHaniu3 MeHee
aOCTPaKTHBIM, 4YeM aHamu3, WUCMOJb3YIOLIMH TPOCTPAHCTBO MNpeacTa-
BJAEHHS.

Matpuusl D(u), KOTOpBIE COOTBETCTBYIOT YHHMTapHBIM Npeo6paso-
BaHUAM, 0OpasyloT TNpeicTaBieHHe YHHWTapHOH noarpymnbl. [Ipeano-
aoxuM, uyto D (u) xax TnpeAacTaBjleHMe YHMTAapHOR mOATPYnNNB NOJ-
HOCTbI0 TIPMBENEHO U UTO pa3MEpHOCTb [ ero NepBOH HENMPUBOAMMOH
yacti A(u) He npeBbllIaeT pa3MepHOCTH JI06O# Apyroft HempuBOLM=
Mo#t uactH npeacrtasieHus D(u). ITo MoxeT OHITH CHENTaHO NYTEM
BbIOOpa COOTBETCTBYIOLUMX JHHEHHBIX KOMOGMHALMH BOJHOBBIX (pYHKUHA
(MCTOb30BaHUA HaAfexmalleld CHCTeMbl KOOPAMHAT B TPOCTPAHCTBE
npeactasiaenus). CiaenoBaTeNbHO, MBI HMeeM

1l
up, = DAWH mpr < L (26.24)
1

3aMeTuM, 4TO A oOmnpereJeHO TOJMbKO IJf YHUTApHHIX ONEpaTopoB,
a A (a), HanpuMep, He uMeer cMbicaa. OJHAKO, NOCKOMBKY &8, U a~lua
BXOAAT B YHUTAPHYIO TOATPYNNy, BhipakeHus Buia A(a,a,) HIM
A (a~l!ua) BrnoJHe oOmnpejeaeHb.

PaccMoTpuM, nanee, [ BOJHOBBIX (yHKLUHHA

f
Yl=agh,= Z. D(aphtdy  (x<D). (26.25)

CyMMupOBaHHe B MPaBO# YacTH NO/MKHO TPOHU3BOAMTHCH TO BCEM BOJI-
HOBBIM (YHKUMAM, TMOCKOJbKY Mbl He JeJadH HUKAaKHX TpeanojoMe-
Huft oruocurearHo D(a). Onepatop a, B (26.25) saBasercs mpous-
BOJbHBIM (UKCHPOBAHHBIM AHTMYHMTApHBLIM oONepaTopoM. [lokameM,
YTO ¢/ TPHHAAJEKAT HEKOTOPOMY HEMPUBOAMMOMY TpEICTaB/IEHHIO

yHUTapHOH moarpynnel. PaccMorpum
up,=u ; D(aghh = ; g D@ DU)nb, =
=Z D WD @), (26.26)
Onnako, cornacHo (26.21),
D(u)D(ay)=D(uaj)=D(a;)D(aj'ua,)’.  (26.26a)
TaK 4TO
=D D(az'ua,) § = ~lya ) ¢
ute =2 D (ag)uD (a5 uag) b, = 2D (aguag)y b (26.260)
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3aMeTHM, YTO Mbl MCMOJb30BAJH TOAbKO COOTHOMWeHHs (26.21), HO He
3aKOHBl YMHOXEHHS OMepaTopoB U H a.
Mockoabky aj'ua, BXOAMT B YHMTaPHYI MOArpynmy npH » </,
MBI UMeeM
-1 J— -1
D(a;'uay)) =A(ag'uay), mpn A</

)\1_
D (ao“'uao)h= 0 mpu A2>1L

TakuM o6pasoM,
1
uy, = Zl A (ao“luao); Y =D, (26.27)

M QyHKUMH ¢, ABAAIOUIMEC JHHEHHBIMM KOMOMHAaUMAMM (YHKUUH ¢,
TpUHaANeKaT [~MepHOMY NpeiACTaBAeHUIO

A(u=A(a;'uay)" (26.272)

To, YTO 3T MaTpHLbl 00pasyioT NpelCTaBAeHHs YHUTAPHOH MOATPYTIHI,
cnenyer u3 (26.27). dro Takke cJaenyer u3 Toro d¢akra, yro A

ABASIETCS TAKHM NpeACTaBAeHHeM H 4YTO a;'ua, yuurapuo. Kpome

TOrO, MpeACTaBieHde A JOMKHO OBITb HEMPHBONMMBIM, TAK KK OHO
corepxkurcss B D(U) M Tak Kak 3TO NOCJAelHee He COAEPKMT mpen-
crapjeHuft 60/lee HM3KOH pa3MepHOCTH, ueM [.

Huxe Mb o6cynuM cBf3b Mexay npeictasienuamd A u A. Ho
CHaya/Ja TMOKaXeM, YTO BOJIHOBblE (PYHKLMH

ap, =2 D (@), ¥, (26.284)
af, =X aD @), =2 I D(@fD @), (26.280)
npu “x <! MOryT ObITb BbIpa}eHbl AHHeHHO yepe3 $,. $, rae crosa

x < l. MMockoavky D (a)= D(aO)D(ao“la)‘, (26.28a) MOxHO 3amucaTh
NpocTO B BUie

ay, = XD (@), ¢, =2 X D(a,),D(a;'a) ¢, =

l 3
= Zl Afagla) ¢, (<D (26.292)

Mocnennu#t war creayer u3 Toro, Yro a;'a BXOIMT B YHHTapHYIO
noarpynny u x<C/J, TaK urTo D(ao“'a) =zA(a0-1a) npu v/,

v i
a B MPOTHBHOM cJyyae oOpanigercs B Hy/ab. AHaNOTHYHHIM 0Opa30OM

u3 D(@)D(ay,)*=D(aa,) caeayer, uro npu * <! (26.286) npunu-
MaeT BUI

ap, == D (@ag),. b, = # NCER L (26.290)
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Tenepr nNOKaxeM clepyoLYIO JaeMMy: DYHKyuu np”‘:aoqax (npu
x < l) au6o mozym Goimo 8upadicens. Aunelno weped g, by, ..., P,
Aub0 8Ce AuUHElHO Re3asucums Om nruX u Opye om dpyza. B mnpo-
llecce JOKa3aTeJbCTBA STOH JeMMH MB 4YacTo OyAeM HMeTh Helo
¢ dyHxuuaMu § H qa:-—:aoqax npHu x < /. TTosToMy yno6Ho ycaoBUTBCH,
YTO B 5TOM pasiefe x JexHT MexAy | u [. 3aMeTMM, npexie BCero,
YT0 GYHKUMH ¢ OPTOrOHA/MbHBI APYT APYTY, TAaK KaK OHM NpPHHAAIE-

AT Pas3/MYHBIM CTPOKaM HeNpuBOAMMOro npeiactasiexus A. Caeno-
BaTe/NbHO, BCAKOE JMHEMHOE COOTHOWEHME Mexay ¢/ u ¢ MOKHO

NpUBECTH K BULY
Z a:q)*: = (‘Pl' cpl - Z axqaxs (26.30)

rae ¢, 0. Torma u3 (26.27) u cBoHicTBa MMHEHHOCTH U cJeayeT,
YTO BCE Up, TaKKe AB/AAIOTCA JNMHEHHBLIMH KOMOMHALMAMM QyHKUMA ¢,
TIpHYEM 3TO OTHOCHTCA KO BCeM JHHeHHBIM KOMOMHALMAM QYHKUMR UQ,.
[IpenctaBuM Bce qa B BHIE JHHEHHBIX KOMOMHALMA ¢yHKUMR Uy,
Torna onu OyAyT Takke JHHEHHBIMM KOMOMHAUMAMM (yHKUMA §,,
OTKyNa BbITEKAeT, YTO BCe ¢/ ABASIOTCA JHHEHHBIMH KOMOMHALMAMH
GyHkuuit §,, ecaMm MexAy HHMH MMeeT MeCTO ONHO COOTHOILEHHe
Buaa (26.30).

Yro6u noayuuTs Bce ¢ kak anHeHHble KoMOuHauuu QyHKUMH Up,

npeobpasyeM A TakuM 06pa3oM, uTOObH (YHKLUME ¢, TpHHaAMeKaNIa
nepBoft cTpoke. ITO MOkeT ObTb AOCTUTHYTO YHHTApHEM npe06paso-
BaHHEM, NIEPBLIM CTO/GLOM KOTOPOTO ABASETCH 0, AN ;- [ToaToMy
NapTHEPbl (GYHKUHH ¢, MOTYT ObITb TOJYYEHBl KaK nHHenHue KOMOU-
HaUMKH yHKUMH ug, ¢ nomouwio (12.3a). Orciona gpyuxuuu ¢ Moryr

6bITb HaliaeHbl MyTeM npeo6pa3oBaHHd, OOPAaTHOTO YMOMAHYTOMY BBbillie
YHHTapHOMY npeo6pasoBanuio. TakuM oOpa3oM, fAeMMa J10Ka3aHa.

Ecau qa: ABAAIOTCA NMHEeHHBIMU KOMOWHALMAMH QyHKuuit ¢, TO u3
NPONENAHHOTO BbILle BHIYMCAEeHMS, HayuHaa ¢ (26.24) u (26.29a), cae-
ayer, u4ro u¢d, M aP, Takke ABAAIOTCA AHHEHHHIMM KOMOHHALMAMH
95TUX (yHKUURA., B 9TOM cayuyae xompeicTap/ieHHe TPHBOAMTCHA K [-Mep-
Ho# u (f —/)-MepHo# wacTaMm. Bce D,, obpawanTca B Hyab, eC/H
v <{!I, A> [, npuyeM TO e CNpaBefIHBO U n.rm v > 1, N1, Tocnennee
yTBepaeHue BepHO, Tak Kak Bce D(u) u D(a) yuurapub. B pesyib-
tare D(u)' =D (U™ u, cornacko (26.22), D) =D(@"Y. Mo-
ckoabky D(u™'h, u D(a~'),, MMEIOT JHIIL HYIM B NPAMOYTOJbHUKE
AL eI, Manuuu D(u), u D(a), Oyayr MMerb TOJbKO Hy/H
npu p > I, AL

Ecau, ¢ apyro#t cTopoHbl, QyHKUMM § M ¢ JIMHEHHO HE3aBUCHMBI,
TO MOXHO BbIOPATb OPTOTOHAJNbHBIA Ha60p, MepBbLIMH [ YJAEHAMM KOTO-
POro ABAAIOTCA ¢,, AanpHeHmuMu [ YJeHaMu — JTHHEAHbIE KOMOHHAUHK
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/
¢, M §), a OCTalbHble — OPTOTOHaMbHBE KaK ¢, Tak u ¢/, D10 Mower
6bITb IOCTUTHYTO MpHMeHeHueM Mertona I'pama — LlIMuATa K QYHKUMAM

4 Goo ev e Y5 q’,v q’;' tey ‘P; q’1+1’ q’1+2’ SRR q’f- Pynxunu §, v ‘P:
O6ynyT Toria JMHeHHBIMM KOMOMHAlUMAMH TepBHIX 2/ yjaeHoB Halopa.
Ecau u MJAM a TpUMEHSETCH K OAHOMY M3 mepBHX 2/ ujieHOB HaGopa,
TO MOJYHAIOWASACH NMpH STOM ¢yHKuHA 6yleT cHOBAa JuHeHHOH KOMOM-
Hauue#t mepBHX 2/ ueHOB. JTO ONATb CJAEAYET W3 BBHIYMC/EHUSA, Tpel-
IIECTBYIOILETO JNaHHOMY 0OCyxAeHMI0O U npuBoAswero k (26.24),
(26.27), (26.29a) u (26.296). CnenoparesbHo, ecau D B3aro B TOM
BULE, KaKOH OblJ TOAKO YTO OMMCaH I8 OPTOTOHa/AbHOrO Habopa,
10 BCe D(u), H D (a),, obpawaiorcs B Hyab npu A2l p > 2L
Orcroaa, kak M paHblie, BbITekaeT, yTo D pacnajpaercs Ha ABe yacT,
OllHa M3 KOTOpbIX 2[-MepHa, a npyraﬂ—(f—Ql) mepHa. [lepsas
HaCTb COAEPKHMT TOJIBKO [BA HEMPHUBOAMMBIX NMPEACTABJIECHHA YHHTapHOM
noarpynmst A u A.

Mpusenenne D MoxeT OBITL MNpPOAO/MMEHO Aajee, eCaAH K (f—l)-
_MepHOH wau (f — 2/)-MepHO#t BTOPOH YacTU NPHMEHHTb TOT K€ METOL,
KAKO# TpuMeHAJCS BhHILIE KO BCeMy npeictaBiaennio D. B pesyabTare
3TOTO Pa3NOKEHHS Kax1as TPUBEJeHHAA 4YacTb KOMpelcTaB/leHus OyneT
colepxath JAU00 OLHO HEMPHBOAMMOE NpelCTaBJeHHE YHUTapHOH moa-

rpynnsl, au6o ABa Takux mpeactasiaequs, A(u) 1 A= A(aaluao )‘

Haxownenne HenpuBOAMMBIX KOMpeacTaBieHui

HenpupoauMbie npeiactas/ieHus A u A yHHTapHOR NOAT pyINbL MOTYT
OLiTL 60 HeSKBUBAJEHTHBIMM, JMOO SKBMBANEHTHHIMU. [lepBhift M3
3THX JABYX BO3MOXHBIX CJyyaeB TNpolle; TO3TOMY CHayaja Mbl pac-
CMOTPHM 3TOT CJy4ai.

. Ecau A(u) u A(aj'ua,) HedKBHBA/CHTHb, BOJTHOBHE (yHK-
unu § U ¢, =a P, OpPTOrOHaJbHBI, TaK KaK OHM TpHHAAJEKAT pa3-
JUYHBIM TIPEACTABAEHUSAM YHUTapHOH noarpynnbl.. CienoaTenbHo,
NepBbHIMH 2/ yneHaMu OPTOrOHAMLHOTO Habopa, OMpeNeJeHHOro B Mpe-
AbiylieM pasjene, OyayT caMu GyHKuuM ¢, H ¢, a matpuust D (u)
u D (a) nawrca cooTHowenusmu (26.24), (26.27), (26.29a) u (26.296):

A@) 0
D(u)=( . A(ao"uao)*>’ (26.31)

0 A(aao)
D(a)=(A(aO"a)* N )

PasyMeercs, sTu MaTpuupl MOryT OBITH MOABEPTHYTH NpeoOpasoBaHHIO
nonoGus, B 4aCTHOCTH, €CAM HYXHQ 3aMEHHTb @y ADYTHM SJ/€MEHTOM

(26.31a)
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rpynnbl a,;, caepyeT npeobpasosats ¢ D ¢ noMoupio

[0 taay)
a= T
0 A(a0 al)
CucreMa Matpuu (26.31) u (26.31a) sBnseTcs, OYEBHIHO, HEMpPUBO-
aumot, ecnn A (u) u A(u)=A(a;'ua,)’ CyTb HeSKBHBAJEHTHIC He-
NPHBOAUMBIE TIPeACTaBAeHHA. YHTaTe b MOXET JerKO YOeIuThCH B TOM,
YTO CTpPaBeldJHBOCTbL STOTO YTBEPMIEHHS He 3aBHCHT OT BHIGOPA aHTH-
YHHTApHOTO oOmnepaTopa a, JaMeTuM, uyto D(a) no/mkHO mpeoGpaso-
BHIBATBCA coOrJacHo (26.236).

2. B 1pyroM BO3MOXHOM CJjyyae npencTaBieHus A (u) u

Aw=A(azlua,) =B"AWE . (26.32)

SKBUBAJNEHTHEL. [IpH STOM cJelyeT pasauuath JBa CaAyyas: NMpeacTa-
BaeHHe D MOMET MMETb CTO/BKO e CTPOK W CTOJOLOB, CKOJABLKO H A,
WIH OHO MOMET WUMeTb BABOe Ooabllle CTPOK H cTOAOUOB. B meppom
cayyae MaTpuusl D (u) yxe ompelefeHbl Kak

D (u)=A(u). (26.32a)

B nocaeaneM cayuyae MOXHO NpHHATH, 4TOo D (U) UMeeT BUA

(AW 0
D=1 A(u))'

MaTpHlbl, COOTBETCTBYIOIIME YHUTAPHBLIM OMNEPATOPAaM, ONpPElENAloTCs
B o0oux cayuasx. Yrobwl onpeneauts D (a), Mbl 10/MkHBI 60see TOd-
po6HO paccMOTpeTb NpeicTasjerue A.
o=l .
MpuMenss (26.32) x ynurapHOMy mnpeo6pa3oBanuio ags'ua, N0
JAyyaeM

(26.326)

A(aj?ual) =B"'A(a; ua,)B. (26.33)
KoMniekCHOe COTpsKEHHE ke 3TOrO paBeHCTBA BMecTe C (26.32) naer
A(a;?)A A (ad)=A(az’ual) =F" B A(u)BB*, (26.33a)

NOCKO/MbKY ag? M al BXOAAT B yHuTapHylo moarpynny. OTciona cie-
Lyer, uro Matpuua BB*A (ao“Q) KOMMYTHpYeT CO BCeMM MaTpuuamu A (u)
HENpPUBOIMMOrO MpelCTaBJeHHS W SBJSETCH, CJAELOBATEJbHO, TOCTOSH-
HOH Martpuue#t ol; TakuM 0Opa3oM,

Bpr =wA (a%). (26.34)

B cuny yHHTapHOCTH BCeX MaTpull B (26.34), uMeeM |w [ = L. TToxaxem,
Aanee, urto w== Et 1. C 3ToH ueAbI0 MOACTaBUM uza% B (26.33),
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UTO nHaer

A(ady =8""'A(ad)B. (26.34a)
u BeipasuM Aa? ¢ nomoubio (26.34):

wp'B=p""(o7'BB)p=10""p'B. (26.346)

TakuM o0pa3oM, o?=1, o= + 1. Mostomy au6o

Bp'=A(al), B=A(a})p’ (26.35a)
Br=—A(al) B=—A(al)p (26.356)

[MpeawecTByioliee paccMOTpeHue MMeeT OOJbILIOE CXOACTBO C pac-
CMOTPEHMEM BO BTOPOM pasnede ri. 24. OHO yKasbiBaeT Ha pas/uyHe
MexX1y TNpencTapleHUsIMH A, SKBUBAJEHTHHIMH TPOW3BOJIHOMY Tmpen-
craBieHui0 A u3 (26.27a), BeCbMa MOXOXKee Ha pa3/iHyue MemAy TNOTeH-
LHa/IbHO-BEILECTBEHHBIMH M TICEBJOBEINECTBEHHBIMU TPeNCTaBIeHUAMH
A8 TeX TpeldcTaB/eHuH, KOTOpHE 3KBUBAJNEHTHBI KOMIIEKCHO-COMpA-
KEeHHBIM K HMM. Jlerxko ybGeiuTbcsi B TOM, YTO MpH 3aAaHHOM A Te e
caMble BO3MOXHOCTH (26.35a) u (26.356) OTHOCATCA HE3aBMCUMO
K BbIOOpY aHTHYHHTapHOTO Npeo0pa3oBaHUA a.

BepHemcs Tenmepb Kk 3aflaye OmpefeNeHHs HeNPHBOAMMHIX xonpeﬂ-
cTaBleHu#l. DTy 3alauy MOXKHO YIPOCTHTb, €CJIH 3aMEeTHTb, YTO BCA-
KOe a MOxeT ObITb 3aMHCAaHO B BHAE MPOM3BEAEHHS Ua, C PUKCHPOBaH-
HBIM @, HO C mepeMeHHbIM U. CornacHo BTOPOMY ypaBHeHuio (26.21),

D (uay)=D (u) D (ay). (26.36)

[Toacrap/iaa ua, BMecTO a B 1Ba ApYyTue ypaBHeHus (26.21) u 3amenas
BCeé a MNpOM3BEJEHMEM YHHTapHOrO ONepaTopa Ha @, NPHBOAMM 3TH
*ypaBHEHMS K BUAY

D (ua,) D (u,)’ =D (uayu,) =D (uau,a;'ay).

aubo

D (u,a,) D (uzap)' =D (u,aqu,a,)= D (u,a,u,a5 'af).

#
Ecan ciona noacraeuts (26.36) u npeanonoxuts, uyro D (u) o6pasyer
NpeAcCTaBNeHHE YHUTADHOM MOATPYNNEI, TO 3TH YPAaBHEHHA 3aMUINYTCH
B BHIAC

D (u)D(a,) D (u,)’ =D (ua,u,a; ") D (a)=D (u) D (au,a;")D(a,)
(26.37)
D (u)D (30) D (5} D (a) =D (u) D (a,usai") D a3). (26.572)

[lepBoe M3 5THX ypaBHeHu# YIAOBJIETBOPHAETCSH, €CAH COOTHOLIEHHEe

D (u))’=D(a,)~' D(a,u,a;")D(a,)
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HMEeT MeCTO IJig BCAKOro uj. B aroM BBIpDAXKEHUU U; MOKHO 3AMEHHMTH
Ha a()—luaO’ Nnoca€e 4Ero noJyuuM

D (a;'ua,)’ =D (a,) "' D (u)D (ay). (26.38)

Ecam 370 ypaBHenue ynoBneTsopseTcss AJas BCeX u M ecau D(a)
onpeneneno cornaacio (26.36), To TpeTbe ypaBHenue (26.21) Gyner
ynoBieTBopaTbCA. [Ipeanonaras Temepb, uto (26.38) BHnoausercs,
W BBOnA aj'ua, BMecTo u, B (26.37a), 310 mnocaenHee ypashenne

MOXHO 3aMEHUTDL CﬂeﬂleUJ.HM:
D(a,)D (ao)' =D (ag). (26.38a)

9T0 ypaBueHue TpelcTaBaser coGOH uacTHHH cayyalt nocCAenHero
ypabHenus (26.21). OnHako npeAbAymMH 4HAJAM3 TOKA3BLIBAET, HTO
ecin D(a,) ynomnersopsieT ypasHeHusaM (26.38) u (26.38a) u ecau
apyrue D(a) onpeaenens coraacHo (26.36), oHu GYAYyT yAOBAETBO-
pATb BCEM YypaBHeHHAM (26.21). 3To nO3BO/fAET 3HAUUTEJLHO MPOLIE
onpeleauts MaTpuubl D (a), kotopee BMecTe ¢ D (u), YKazaHHBIMM
B (26.32a) nan (26.326), o6pasyiorT peweHue cHcTeMbl (26.21). 3anaua
CBOAMTCA K pelieHHi0 ypaBHeHu# (26.38) uam (26.38a), B xoropbie
BXOAMT ToMbKO D (ay).

PaccMoTpuM mpexae Bcero cayuéa#t (26.32a), B xotopoM D cozep-
KT A muwb oauH pas. CpasHenue (26.32) c¢ (26.38) nokasbisaer,
YTO C TOYHOCTbIO [0 HECYLIECTBEHHOTO MHOXHTea [CM. 3aMeyaHue
nocne (26.23) Ha cTp. 339]

D (ag) =B. (26.392)

Cnenosatenabho, ypaBHeHHe (26.38a) 6yaeT yAOBJETBOPATBCHE B TOM
M TOJBKO TOM cJay4yae, eCiM K A OTHOCUTCH BO3MOXHOCTb (26.35a),
TaK YTO COOTHOWeHHe (26.32a) MOweT OBbITb CHPaBELAUBO TOABLKO
B TOM cJay4yae, ecau a8 A UMeloT MecTo cooTHoleHus (26.35a).
Hao6opor, Te A, K KOTOpHIM mnpuMeHumO (26.35a), MOryT ObITb
IOTIO/MHEHB 10 KOTpeACTaBJAeHHs MOJHOH rpynnbl ¢ noMoupbIo (26.36):

D(a)=A(aa;")§. (26.40a)

Ecau D copmepxut A nBaxad, D(u) naercs BepaxenueMm (26.320).
OHo MOXeT ObITb TaxKe 3aNMHCaHO Kak mpsamoe npoussederne 1> A (u),
T. € KaK TNpAMOe TpOHM3BeleHHe IBYMEPHON eNMHHYHOR MaTpHUH
u A(u). B 3ToM cayuae yacTHbIM peinenueM ypasHenus (26.38) Gyner

0
D(a) = <g p) =1X§. (26.E.3)
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Toraa HauGosee oOLIMM pewteHHeM ypaBHeHus (26.38) Oyner peluexue
(26.E.3), yMHOXeHHOe cJeBa Ha MaTpuly

c,1 €501
( ueon ): e X1, (26.E.4)

Col €0l

KOTOpas KOMMyTupyeT co BceMH D (u) Buma (26.326). 3to cirenyer
u3 JaeMMu LHypa ra. 9, TeopeMa 2. Marpuua ¢ B mpaBoift uactu
(26.E.4) npenctraBaser coOoif MPOU3BOJBHYIO MaTpHLy C IOBYMS CTpO-
KaMi M JByMf CcT0a6uaMu, a (26.E.4)— npaMoe npousseleHue Takolt
MaTpHllBl Ha EIMHHYHYI0 MaTpHUy TOM e pasMepHOCTH, uTO M A.
[MostoMy o6wuM pemweHneM ypaBHenus (26.38) B sTom cayuae 6yner

cuP cpb
e cof

D(ay)= ( ) =c X5 (26.396)

MNockoabky D (a;) ROMKHO OHTH YHHTADHBIM, MaTpHLA C TaKke
nomkHa ObITb yHuTapHOH. Bropoe ycnosue (26.38a) nns D(a,) maer

(€ X P (c"XBY)=cc" X " =D (a)=1X A(al).

B 3toM paseHcTBe 1 mpeacTaBifeT coGOH ABYMEPHYI0 €AUHMYHYIO
matpuuy. Ws B* = * A (al) creayer, uro cc*= * 1. Tpeanoaoxuw,
YTO B ITOM CJyyae NPUMEHHM HUJCHU{ 3HAK, HIKe OYAEeT TOKAa3aHo,
YTO TNpeACTaB/JeHHEe CTAHOBMTCA NPUBOLMMBIM, €CJAH B3ATb BEPXHMHU
3Hak [H, caenoBaTeabHO, (26.35a)]. Toraa u3 yc/10BMS YHUTAPHOCTH
cct=1 caenyer, yro ¢*=——cF=—c'T, T. e. YTO ¢ aHTHCHMMe-
TpHyHa, [Tockoabky obuuit MHOXuTeab BO Bcex D(a) ocraercs mpous-
BOJILHBIM, MOMXHO MOJOKHTD

F 01
°_(_10'

a 3TO JaeT B CJyuae, KOTAa IJd TNpeicTaBjaeHHS A OCYyLIECTBASETCH
BO3MOXHOCTb (26 350),

0 A (aao'l)ﬁ

D@=|_, (aa;")B 0 .

(26.406)

Ocraerca ewe paccMoTpeTb /b Caydyall cc*=—1, B stoM cay-
Yae ¢ ABAAETCA CHMMeTpHYHOH yHuTapHO# MaTpuuelt. Cornacho (24.46),
OHa MOXeT ObITb 3amucaHa B BHIe r~lwr, rie r— BelleCTBeHHad
OPTOTOHAMbHAR MATpPHLUA, 2 ® — AMAroRaibHas Marpuua. [lostomy,
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ecin D npeobpasyercs ¢ MOMOLIBIO
e=r"1X1. (24.41)

(r aByMepHa, a 1 [-Mepua), D(u)=1 > A ne meusercs, a D(a,)) =
= ¢ X B nepexonut B (r X 1)(r~lor X B)(r~!' X 1)=w X B. Takum
o0pasoM, 3TO MNpeACTaBleHHE pacnajaeTcs Ha ABA [-MEpHHIX Tpel-
cTaBjends THna (26.40a).

PesioMupys, Mbl MOMeEM CKas3aTh, UTO UMEOMCSE MPU MURQ He-
npusodumux Konpeocmasaenuli, T. €. HENPHBOAUMBIX peLIcHHH
cucteMbl (26.21). Tun uenpHBOOMMBIX KONpeACTaBJeHHH, KOTOpPBIH
paccMaTpHBAaJCH paHbllle APYTHX, HO KOTOpPHI# Mbl OyldeM HasbIBaTb
Mmpemoum MUNOM, COOepHCUmM 084 HEIKBUBANCHIMHbLY HENPUBOOUMbX
npedcmasaenus yHumaprol nodzpynnst, A H

A= A@ lua)’, (26.272)

e a — aHTHYHHTapHbI oOmepaTop. 3aMeTHM, u4TO A W A 95KBHBa-
MEHTHBI, COOTHOIIEHHE MEXAY TpeAcTaBieHHAMH A £ A  B3aHMHO.
Honpedcmasaenus nepsozo muna codepscam Auus 00HO Henpuso-
oumoe npedcmassenue A ynumapuol nodzpynne.. B smom cay-
wae — KOTOPHA ABASETCA HauGoJee 4acTHM — A H A SKBUBALEHMHML;
mampuya B, npeo6pazyowas A 8 A, ydosaemsopsem coomnoue-
nuo B*=A(af), TMocrennntt THN KonpeicTasaenuH, KOTOPLIH OyieT
Ha3blBATLCH BMOPbLIM MUROM, COOepacum OOHO U MO Jce Henpuso-
oumoe npedcmassenue A yHumapHoli nodzpynnu 08asxcos. 3mo A

maroe sxeusanrenmuo A, Ho 8 smom caywae 0af mampuys B,
Komopasa npeo6pasyem A 8 A, ssnoansemcsa coomuowenue Bf*=
=—A(ag). B mpemvem mune wonpedcmasaenut A u A neswsu-

8a.senmus,, DTH TPH THNA KONpeACTaBJeHHH AAIOTCH napaMH COOT-
uHowenutt (26.32a) u (26.40a), (26.326) u (26.406) u, Hakoueu,
(26.31) u (26.31a). Y3 3TOro mnepeyHs ciaelyer, 4TO KaKAOE HENMpH-
BOLMMOE TPpeACTaBJeHHe YHUTapHOR mMOATPYNNB COAEPMHHTCA JIHIIb

B OIHOM HETPHBOAMMOM KonpencTaBieHud. Ecan A H A sKBHBaJNEHTHEH,
TO A comepHTCA B KONpPEACTABJICHHH JIHIIL OJHH pa3, €CJIH OHQ
ynosiersopser (26.35a), M nBa pasa, eCJH I/ HETO BHIOJHAETCH
(26.356). O1ciona Takxke clelyeT, YTO HENPHBOLHMbBIE YaCTH KONpEd-
CTaBJIeHHs TOJIHOCTBIO OTpe/e/ISIOTCS HeNMPHBOAHMBIMH YaCTAMH MaTpHI,
COOTBETCTBYIOWMX YHHTapHOM moarpymnne, H, CJAelOBaTe/NbHO, Xapak-
TepoM yHuTapHol noarpynnsl. Konpeacrapiaenue, kak M npeicTaBleHHe,
He MOKeT ObITb pa3bHTO Ha HENPHBOIAHMMBIC YaCTH ABYMS CYLIECTBCHHO
pasnuuHbIMH cnocobamu, OTciona, hajee, cjelyeT, YTO aHTHYHHTapHBble
OTlepaTopbl HUKOTAA He MPHBOAAT K JOMOJNHHTENbHOR KaacCHpUKaLHH
THNIOB COOCTBEHHBIX 3HaueHHH . (He TPHBOAAT K HOBBIM KBaHTOBHIM
yucaaM) CBepX TOH KJaacCH(HKAUMM, KOTOpas AAeTCA YHHTapHO# mon-
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rpymmno#t 1), OuH MOryT GbiTb OTBETCTBEHHBI 33 COBMAaAeHHe COGCTBEH-

HHX 3HaueHu#t. Tak, ecuau Aun A HE3KBHBAJIEHTHBI, COOCTBEHHOE 3HA-
YeHHE C TIpEACTaB/ACHHEM A Bcerna cosnanaet ¢ COGCTBEHHBIM 3HAUEHHEM

¢ mpeicTaBieHHeM A. AHTHYHHTapHble ONEpaTOPbl CHMMETDHH MOTYT
ObITh TaKike OTBETCTBEHHE! 32 O6pallleHHe MaTPHYHBIX SJEMEHTOB B HYJIb.

Yurarenl0 peKOMeHAyeTCS INpPOBEPHTb, YTO HE3aBHCHMO OT TOrO,
KaKOH aHTHYHHTapHBIH OmMepaTop HrpaeT poJb @, B MPEAIUECTBYIOLIEM
BBIYHCJACHHH, TOJAYYaeTCH TOT ke CaMbift THN pacLIMpeHHS YHHTApHOTO
NpeACTaB/JIeHHS HA KOMpeacTaB/eHHe. [ljia 3TOrO HYXKHO JHLIb MOKa-
3aTb, YTO eCAH B (26.32) 3aMeHHTb @, Ha ApYrod aHTHYHHUTapHbIH

onepatop uya, COOTBETCTBYMOUEe A SKBHBAJEHTHO A, €CaH MOC/El-

HEMY 3KBHBaJEHTHO A, daBaeMoe BhlpaenHeM (26.32). OxaanBaetcs,
YTO €CJH &, 3aMEHHTb Ha Ugd, TO B H3 cooTHoweHHs (26.32) same-
uaetcs Ha Y= A(u,)p. [lajsee, B 3aBHCHMOCTH OT TOTO, KAaKOMYy H3
cooTHowenu#t (26.35a) nan (26.356) ynosaersopser B, y 6yzer yapo-
BJETBOPATL TOMY K€ CaMOMY COOTHOLIEHHIO C 3aMeHOR a, Ha Uga,.
Bce 3TO ciepyeT H3 BHILIEH3JIOXKEHHOH TeOpHHM, TaK KaK THN KONpen-
CTaBJIeHHS, COJEpHallero ompefeleHHoe A, He MOXET 3aBHCETb OT
npou3Bosa B BHIGOpe OmnepaTopa a,.

ChencTBna WMHBAPHAHTHOCTM OTHOCHTEABLHO OOpameHus BpPEMEHH

PaccMoTpHuM cHavana cayva#t, Korjna UMeeTcs NOAHAA 8pauwamens-
Has cummempus. TlpelcTaBiaseTcs eCTeCTBEHHBLIM BLIOpaTh B Kaue-
cTBe @, caM omepatop o6paiweHus BpeMeHH 0. Bce peaysabTaThl,
pasyMeeTcs, He 3aBHCAT OT 93TOro BhiGopa. M3 (26.17) u (26.32)

clefyeT, 4TO B 3TOM caydae A =A* uJH, eCJH BOCMO/b30BATbCH
B 3TOM CJyyae CTaHAapTHHIM 0603HauYeHHEM IJs TNpeiACTaBJeHHH,

D = V¥, (26.42)

Marpuuett B, npeoGpasyiomett DY k stomy Buny, spaserca MaTpuua
-1 —1.4* —1,T

C~'=C" u3(24.3). Caenosarensto, Bp* = C~'C** =C7'C’, u rax xax
T

C' =C npu ueanix J, 1o BB*=1. Kaxk MBl BHIeJH, B 3TOM cCJyyae

62=1, uro cooTsercTByeT Ju60 mpocTo#t Teopuu lLlIpenuurepa, He

YYHTBIBalOUleR cnHHa, AHOG0 YETHOMY WYHCAY 9JEKTPOHOB. [losTomy

CTpaBelMHBO COOTHouleHHe (26.35a), H Bce KOMpeACTaBIeHH OTHOCATCA

) 9To He MPOTHBOPEYHT ,THIIAM® B TEOPHH 3JEMEHTApHHIX YacTHU. OHH
Pa3JHYaTCAd TPYNNaMH OMEPATOPOB CHMMETPHH, BHIPANAIOIIHX OJHY H Ty HKe
¢dusnueckyio cumMerpHio, Tak, nad yactun TemoB 1 ¥ 2 62 = (—1)%%, a nag
qactun THNOB 3 M 4 62= —(—1)?%, rge s—cnMH "YacTHuBL. ['pymma ome-
PaTopoB KMeeT pa3NHYHBHE 3aKOHBI YMHOMEHHS JJISl paslHuHBIX THIIOB,
Kawjbi# e Ha60p 3aKOHOB YMHOMEHHd HMEeT JHIIb OXHO KOMPEICTaBACHHE,
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K nepBoMy Tuny. TO ke camOe CnpaBelJMBO H 1/ HEYETHOTO YHCJA
3JIeKTPOHOB. B 9TOM cayuae J Heuetno u Bf* = ¢c'c'=—cCr=—1,
TaKk Kak npn 3ToM C=— C’. Tockoabky 02= —1, ecau wuncio
SMEKTPOHOB HEYETHO, TO BCE KOMPEACTABJEHHS CHOBA MpPHHAAJAEKAT
K NepBoMy THNY. B cayiae noanoli spawamensnoli cummempuu
obpaujerue BpemeHu He npusodum K KAKOMY-au6o O00noOAHumens-
HOMY BHPOICOERLIO,

Onnako coobpaxeHHs, CBA3aHHHE C OOGPALIGHHEM BpeMEHH, TNpH-
BOIAT K CYUWECTBEHHBHIM pe3yabTaTaM OTHOCHTEJbHO BeLIECTBEHHOCTH
cobcteentbix Gyukuni. Tak kxak B 9TOM CJaydae, corjacHo (26.39a)
nau (26.40a), D(ay)=D(0)=p=0C, B mnpocro#t teopun llpenun-
repa MOXHO HamMcaThb

— g — — [-p

O =¥ =2C, 4 =D, (26.43)
3neck MaTpuua C 6bu1a noactabiaeHa B ¢opMe (24.6). Caenyer yuects,
yTo u3 (26.43) BhITekaeT onpeleneHHbI BHIOOD $a3oBOro MHONKHTENS;
tTako#t BpIGOp OHJ chenad, korpa Mel B (26.39a) monowuam D(a)
pasubiM B, a ue of!). B nannom cayuae ¢! qﬂ_u ABJIIOTCA KOM-
TIEKCHO-COTIPSKEHHBIMH  APYT APYTy, €CaH [-—p 4YeTHO; TpPH HeueT-
HOM [— (& KOMIVIEKCHO-COTIpSIKEHHBIMH OyAyT —qafL H qﬂ_u. B wyacT-
HOCTH, ¢} BellECTBEHHBl TpPH YETHBIX [ W YHCTO MHHMMbI NPH HeyeT-

HHX /. TOT ke pe3yJbTaT MOXeT OBITH MOJyYeH A4 GL B BOJHOBBHIX
obyuxuyuax (19.18) aroma reams. Toraa us (19.19) u (19.19a) cae-
1yeT, uTo BCce ( BelleCTBEHHBI /IS YETHBIX COCTOSIHHH M YHCTO MHHMH
18 HeyeTHbIX, PasyMeercsi, MOXKHO HM3MeHHTb BCe CBOHCTBA BelllecT-
BEHHOCTH, YMHOXHB BCE BOJIHOBBE (DYHKLHH, NMPHHAL/IEKAUIHE pa3/IHYy-
HbIM CTPOKaM HEKOTOpOro MNpejacTaB/eHHs, Ha OOLIHH MHOXHTeJb.

B Teopuu, yuuThBalOWEH CrHH, cOOTHOLIeHHe (26.43) 3amenserca
CAENAYIOUIHUM:

004 (. .., Xpy Yoo Zps Spy o0 o)==

=l's"52""’sﬂ‘1’ﬁ4(..., Xpo Vpo 2o — 8, -0 N =
=A21;CMfM\IJ'fw(..., Xpo Yoo Zps Spy oo o) =
= (— 1M (o X Ve Zas Spe e o) (26.43a)

B srom cayuae WY, u ¥/, cBAsaHbl C NPOTHBOMOJOXHBIMH Hampa-
BJaeHHAMH crHua. Tak, B yacTHOCTH, ecan M =0, BoJHOBas (QyHK-
A

) dror BHOGOP da3n OTAHYAETCA OT BblbOpa, CACJNAHHOTO B IBHOM BhIpa-
WeHHH BOJNHOBRIX OyHKuMit B ra. 15, muomurenem i, Muorza cdepuueckie
rapMOHHKH YIOGHO OMPEAENsTb TaK, YTOOH! OHH BKJIOYAJNH 3TOT MHOMMHTEJb,
Cr»;)., B 4aCTHOCTH, UMTHpOBaHHyi0 Ha cTp. 352 pabory BumenxapHa, Baaita
n Poysa.
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LUHA BelIECTBEHHA, €CJAH MOJHHH MOMEHT J M Z-KOMNOHEHTa CTIHHOBOTO

MOMeHTa 06a 4eTHHl UM 006a HeuyeTHb!; BOJHOBAA (PYHKUHUA W) — uncro
MHHMA, €CJH J 4eTHO, a Z-KOMIOHEHTa CMHHOBOTO MOMeEHTa HeyeTHa,
HJad Hao6opoT.

[MpenlnecTsyouine paccykieHHss COOTBETCTBYIOT paccymneﬂuau
ra. 19 B Tot Mepe, B KakOoH OHH HalOT HHAOPMALUHIO OTHOCHTEJLHO
BO/MHOBLIX pyHKuu#, OTCi0Na MOKHO CHeNaThb Pl 3aKMIOUYEHHH OTHO-
CHTEJIbHO BeJIHYHHBI MATPHYHHX 3JeMeHTOB. C apyro#t cropombl, Ma-
TPHYHblE 3JEMEHTB MOTYT pPAacCMaTpPHBAaTbCA HEMOCPEACTBEHHO, ITO
6b0 cpenado B ri. 21, rie BBeAGHO TMOHATHE O HENPHBOJHMHIX
TEH30PHBIX OnepaTopax. PaccymaenHs, CXOLHbIE C H3MOMEHHEM B I, 21,
MOXHO TPOBECTH TaKXxe ¢ INOMOWIbIO AHTHYHHTApHBIX OMepaToOpoOB.
PaccMOTpuM, B YacTHOCTH, CHMMeTpHUHBI (T. €. CKa/aspHbIft) oOmepa-
TOp p, COACPXKAWMH HEYeTHYIO CTENMeHb BPEMEHH, T. €. TakOH, ans
KOTOpOro cmpaeelnuBo (26.12), TaxkuM omepaTopoM, HampHMep,
AIBJAETCA CKAaJgpHOE MpPOH3BeleHHE KOOPAMHATHOTO BEKTOpPA H CIHHO-
BOTO (HJH OpOMTA/NLHOrO) MOMEHTa KOJNHYECTBA IBHMKEHHS

xS,+yS,+2S, uwm xL,+yL,+z2L,

aas 11060# 4acTHUH, HJIH CKaJApHOE MpOHM3BeleHHE KOOPAHHATH H
ckopocTH H T. 4. CpenHee 3HayeHHE TaKoOro onepaTopa paBHO HYJIO
Aas mo6Oro CTaUHOHAPHOTO COCTOfHHS, KpPOME Cayyas, KOTAa OTCYT-
CTBYET CJay4yalHO€ BLIpOXKIEHHE, ﬂeHCTBHTeano, B MaTPHYHOM 3JIEMEHTE

(X a7, pXa¥) (26.E.5)

CMELIAHHBIE WIEHBl C { = v oépamalo'rcx B HYJb, TdK Kak wi H p‘L’,J
NpHHALIEKAT PA3JIHYHBIM CTPOKAM HEKOTOpOTo mpeicTaBieHus. Kpome
TOro, 0o6pallaeTcs B HYJb H 4ieH ¢ p=yv. B 3ToM MOXHO yOepuTbca
u3 (26.8) u (26.43a) caenyiowuM obGpasom:

(s, pTy)=(0pYy, OWy) =— (p¥}, 6W;) =
=—(— 1)21-2u(Pw‘w \F{-u)=“‘(‘rl—w P\Fj—u)' (26.44)

[Mocnennee paBeHCTBO cJaefyeT H3 TOro, 4ro 2J— 2p Bcerpa ecthb
YETHOE YHCJIO M YTO P Kak OMepaTOp (HSHYECKOH BENMUHHK
siBaseTcs spMutoBuM. Coraacuo (26.44), (¥, p¥,) HMeOT NpoTHBO-
NOJOXKHBIE 3HAKH A & H — . I'Iocxom;xy ‘IJ"L u W_  sasasgoTca
napTHepaMH, a4 p — CHMMETPHYHLIA OmepaTop, STH JBa Bpra)KeHHﬂ
LoJkHBl OHTH paBHBL. [103TOMY OHM O6pawlalnTCa B HYJb, TaK Ke Kak
H BhlpaxenHe (26.E.5). VMeeTcs MHOrO noAOGHLIX TPHMEpPOB, HEKO-
TOpHle M3 KOTOPBHIX NMPHUBOAAT K ONpele/IeHHbIM 3aKJAI0YEHHAM OTHOCH-
TEJbHO BEUIECTBEHHOCTH HJIM YHCTO# MHHMOCTH MaTPHYHBIX SJIEMEHTOB.
Tax, wanpumep, €cAM p YAOBJETBOPAET MePeYHCAECHHBLIM BHILIE YCJI0-
BHAM, HO JBE BOJIHOBble (YHKUHH B MATPHYHOM 3JEMEHTE

(T, p®;) (26.E.%)
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HEe COBIaAaKT, TO 3TO CKaJADHOE TIDOHU3BEACHHE fABJAAETCH YHCTO MHH-

mbiM. [lpu sTOM mpeamnonaraercs, yTo a3l PyHxuui ‘I!'i H @ﬁ onpe-
IeNeHBbl TaK, YTO KOMpEACTaBJeHHE HMEET OJAMHAKOBHHA BHA A8 OOeHX
M3 HHX H, B YacTHOCTH, YTO 15 OGEHX BHINOJHAETCA COOTHOLIEHHE
(26.43a). Ecan p ecTb Z-KOMMOHEHTa BEKTOPHOIO OMEPaTOpa, HMeIo-
wero noaobHuE CBOMCTBA OTHOCHTENBHO OOpalleHHs BpeMeHH, Bhlpa-
werie (26.E.6) BewecTBeHHO. IDTH pe3yJbTaThl MOTYT GHITH MOJYUYEHH
Ha OCHOBE apryMeHTOB, BBITEKAIOWHX M3 (26.44), u MOryTt 6biTh 0606-
WEHB COOTBETCTBYIOWMM OOpa3OM Ha HENpPHBOAHMbE TeH30pPHBIE Olle-
paTophl TMPOH3BOJILHOTO paHra.

PaccMoTpuM Tenepb NpOTHBOMOJOXKHBIA Ccayyalht nosrnozo omcym-
CMmeus NpoCmMpPAncmeennol cummempuu. B 3TOM cayyae yHuTapHas
MOATpyMNNa CBOAMTCA K €AHHHYHOMY 3jaemeHTy H A =(1). [Tostomy A

H A coBnagainT, a § ecTb MpoH3BOJbHOEe uMca0 ¢ ‘MoaydeM 1. Takum
obpasom, BB*==(1). C npyro#t cropoun, 62=1, eciu uuciao siex-
TPOHOB YeTHO, HO 62=——1, ecaH OHO HeueTHO. B peayabrate KoO-
npeicTaB/eHHe (MMeeTCs TOJbKO ONHO) OTHOCHTCH K NEpBOMY THIY
B TEpPBOM CJy4Yae, HO KO BTOPOMY THIY, €CJH YHCJAO 3JEKTPOHOB
HEYeTHO M YYHTHIBaeTCA cNHH. B 3TOM nocjennem caydae Bce OG-
CTBEHHHE 3HAYEHHS [BYKDATHO BHPOKAEHH: ecaH BHOpath B=/(1),
TO 1B€ BOJHOBHE PYHKUHH .9, MpeoOpasyioTca NpH OGpalICHHH Bpe-
MeHH corjacHo (26.406),

0 =—gy O =1,. (26.45)

D10 — Teopema Kpamepca o BHIpOXIEHHH B ee NMepBOHAYAILHOM BHIE.
dakT HaTMUMA BHPOXKIEHHA ClelyeT Yxe H3 TOro, uro ecau O ecmo

maxol anmuynumapusi onepamop, umo 6 =—1, mo ¢ u 6}
8ce2da opmozonaspHbl, DTO caepyetr u3 (26.8):
' (§, 09) = (009, 69)=(— ¢, 69). (26.45a)

B ciayyae 4eTHOro YHC/Ja SAEKTPOHOB HJH, C IpYyroft CTOpOHH, A4
npoctoll Teopun lllpexuurepa BEIpOXKAEHHA HET, H COOTHOLUEHHE

0 = (26.46)

CMpaBelJHBO 1/ JI0O0OTO0 CTALHOHAPHOTO COCTOAHMA, €CIH (a3oBHIA
MHOXHTeJb BHOpaH HaidexauuM o6pasoM. Cayvait OTCYTCTBHS mnpo-
CTPAaHCTBEHHON CHMMETDHH, HO TPH HAJHYHH HHBAPHAHTHOCTH OTHOCH-
TeJbHO OOpalieHHA BpEMeHH, BaXKeH MJS aTOMOB B ACHMMETPHYHOM
3JIeKTPHYECKOM MoJe, KOTOpOe npeodnanae'r B YaCTHOCTH, B KpHCTaJ-
JaX HHBKOH CHMMETPHH.

B kauecTBe mocsefHero mpHMEpa pPacCMOTPHM CJayyalt OLHOPOAHOrO
MATHHTHOTO MOJiA B Harmpapiesun ocd Z, CoOTBeTCTBYIOL1adA YHHTapHas
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noArpynmna 6blJa omnpefe/eHa B IJ. 18; oHa COCTOMT H3 BCeX Bpaule-
HUHA O{!z 0-ob BOKPYr OCH Z W Tpou3BeleHHH STHX BpauieHHH# Ha

uHBepcHIO npocTpancTea ;. VIHTepeCHHIM MOMEHTOM fBJASeTCH 34eCh
TO, 4TO O6palieHHe BpeMeHH, KaK TAKOBOE, MpPH ITOM He HABJAETCH
3/IeMeHTOM CHMMETPHH; TaKHM 3JeMeHTOM SABJSETCA JHIIbL MpOU3Bele-
HHe OOpallleHHi BpeMEHH Ha OmepauHIo, KOTOpas obpaulaeT HanmpasJe-
HHe MarHuTHOTO MOAf. ITO NOCTHIaeTcsd BpalleHHeM BOKpYT M1060%H
OCH B IMIOCKOCTH XY Ha yroa w, a Takxke OTPaxeHHeM B J0GOH 170-
CKOCTH, mpoxoaswe# yepe3 ocy Z. [lpousBeldcHue 60{()’ =, 0} obpate-
HHA BpEMEHM H BpallleHHf Ha yroa m BOKPYT Y MoxeT ObITL BHIOpaHO
B KayecTBe @, [losromy, mockoabky 6 u Or KOMMyTHpYIOT,

-1

a-o—lo{m, 0,33 =0 {0, =, 0}6—10{11, 0, 0}60{0, %0}
= Ozol, =, O}O{a, 0, o}o{o, ) O{a, 0, 0}

VpaBuenue (26.32), onpeneadioliee B, NpUHHMaeT BHA
A(|—a, 0, 0}y =B7'A{(a, 0, 0)}B, (26.47)

NpHYeM YypaBHeHHe, B KOTOpPOe BXOAHT NMpPOCTPAHCTBeHHas HHBEPCHA,
BHNOJHsAeTcs apToMatyecku. Tak kak A ({a, 0, 0})=(e*"), ypasHe-
HHe (26.47) cuoBa naeT B = (wJ, U BCe KOMPeACTaBJECHHS OTHOCATCS
K nmepsoMy THmy. Kak u cJel0oBasO OXHLATh, BCe COGCTBeHHble 3Ha-
YeHHs SBJSIOTCA TNPOCTHIMH TIPH HAaJMYHH MarHuTHOro moas, OpnHako,
ecny B3gTb B KayecTBe [ eIHMHHUHYIO MarpHUy, paBeHCTBO (26.39a)

MMOKA3LIBAET, yTO
00, . ¥, =9, (26.472)

WJIH, TIOACTaBASA NpoH3peleHue (— i)” O{o . o}K u3 (26.158) BMecTO 0O
i PG s 03O0, 0y BMECTO Oy o b

(—9" O{0, z, O}KP{o, x, o}o{o, x, o}q’u = ‘Pu-

Tak xak P u O{o «, o) BEIWICCTBEHHE H TaK KaK KBaApar MOC/JeAHEro
orepatopa pased (—1)", moayvaeM cOOTHOwEHHE

P, ¥y =4, (26.476)

H.TH
l”q)p(— X1 V1 — 2 Sy veer — X Voo — 2, 8N =
=9, (%1, Y1 21 S1a v vy Xpu Yoo 240 Sp)y (26.478)

KOTOPOE BHIMOJAHACTCA MPH HAJHYHH NPOH3BOALHO CHJABHOTO ORHOPOA-
HOrO MAarHMUTHOTO nNOJAS BAOJb OcH Z. BHOGOp (ha3soBOro MHOXHTeJS,
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Korophift cienyer w3 §=(1), copnasaer ¢ BHOGOPOM, KOTOpHI# ompe-
J
ZenseTcs BHOGOPOM (azoBoro Muoxuteas ana Wy npy M=y B (26.43a),
TaK 4TO COOTHOWeHHs (26.47) Brmoausiorcs aas By Takwke u 6es
H3MeHeHHs $a30BOro MHOMHTeN. OHH MOT'YT GHITb MOMyYeH bl U3 (26.43a)
nyTeM MpHMEHEHHS K HeMy Ofleparopa 0{01c o) H HCTOML30BAHHS
FAULS
TpaucopMauHOHHHX CBOHCTB GyHKUHH Wy, Hapaly c ABHEIM Bbpa-
)
KEHHEM AJd 9({0, % 0})



